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�
It
�

is shownthat the exchange-correlationfunctionalof spin-densityfunctional theory is identical,on
a� certainsetof densities,with the exchange-correlationfunctionalof current-densityfunctional theory.
This rigorous connectionis usedto constructnew approximationsof the exchange-correlationfunc-
tionals.
�

Theseincludea conceptuallynew generalized-gradientspin-densityfunctionalanda nonlocal
current-density� functional. [S0031-9007(97)02428-9]

PACSnumbers:31.15.Ew,31.10.+z, 31.25.Eb

Density-functional
	

theory (DFT) hasbeenwidely and
very
 successfullyappliedin solid-statephysicsandquan-
tum
�

chemistry[1]. The power of the methodlies in its
numerical� simplicity which follows from mappingthe in-
teracting
�

many-bodysystemof interestonto an auxiliary
system(the so-calledKohn-Shamsystem)of noninteract-
ing particles moving in an effective single-particlepo-
tential.
�

The latter consistsof the externalpotential, the
Hartreeterm, andthe so-calledexchange-correlation(xc)
potential
 which containsall themany-bodyaspectsof the
original� interactingsystem. In practice,this quantityhas
to
�

be approximated. To deal with the presenceof ex-
ternal
�

magneticfields, two generalizationsof DFT have
been
�

developed;spin-densityfunctional theory (SDFT)
[2] andcurrent-densityfunctionaltheory(CDFT) [3]. In
SDF
�

T only the Zeemanterm is takeninto account,while
in
�

CDFT the coupling of the magneticfield to the or-
bital
�

currentsis alsoincluded,thusallowing for the treat-
ment� of systemsin strong magneticfields. CDFT has
been
�

usedsuccessfullyto describethe magneticbehavior
of� atoms,molecules[4], andextendedsystems[5]. How-
ever,� to date, there exist only a few approximationsof
the
�

xc functional of CDFT: The local densityapproxi-
mation (LDA) of the exchangeenergyis known exactly
[6], and the LDA of the correlationenergyhasbeencal-
culated� [7] within theRPA. In SDFT, on theotherhand,
a� largevariety of approximatexc functionalsis available.
These
�

include the LDA (beyondRPA), gradientdepen-
dent
�

approximations(GDA), aswell asnonlocalschemes
[1]. The purposeof the presentLetter is to establishan
exact� connectionbetweenSDFT andCDFT which is then
used� to constructnew approximatefunctionalsfor both
SDF
�

T andCDFT.
The
�

Hamiltonianof SDFT is givenby

������ �!#"%$&('*)+-, .0/214357698;:=<?>A@CBEDGF (1)
�

where,H as usual, IJ , KL , and MN stand for the operators
of� kinetic energy,externalpotential,andparticle-particle
interaction,
�

respectively. The Hamiltonian of CDFT in
turn
�

is

OP�QSRUTWVXZY\[]_^a`bdc egf2hjikml9n;o=p?qsr9t;u
vxw y z|{2}S~�2���9�;�������9�;�s� ���������� �g������|�C�E ¢¡¤£9¥;¦¨§ª©

(2)
�

whereH « denotes
�

the chargeof particlesinvolved. The
density
�

is definedin termsof field operatorsas

¬|­9®;¯±°³²µ´¶|·9¸;¹¢º±» ¼¾½À¿Á¾ÂÃÅÄ9Æ;ÇÀÈÉËÊÍÌ9Î;Ï¢ÐÍÑ (3)
�

The physicalcurrentdensityis given by Ò�Ó9Ô;Õ±Ö_×2Ø�Ù9Ú;Û¤ÜÝªÞ�ß9à;á¤âäãªåçæ9è;é
, where

ê2ë�ì9í;îjïZðÍñò2ó�ô9õ;ö¢÷jø ùúûªü�ýÅþ�ÿ����������	�

����������
������������ �!�"�#�$�%�&
(4)
�

is
�

theparamagneticcurrentdensity,')()*�+�,.-0/213547698�:�;=<?>�@�A (5)
�

is thediamagneticcontribution,andB)CED�F�G.H IJLKNMPORQ�S�T (6)
�

is the spin-currentdensity. The spin magnetizationURV�W�X
is finally givenby

Y�Z�[�\.]_^a`bRc�d�e�f.g2hji kml7n op�qrts�u�vxwzy|{~}����������� (7)
�

withH the Bohr magneton�j�5�_��������)��� and� the vector
of� the Pauli matrices � . In the following, the physical
(i.e.,
�

gaugeinvariant) orbital current will be denotedas�������������
:= ���a �¡�¢¤£P¥)¦¨§�©�ª , while the sum of the paramag-

netic and spin currentswill be abbreviatedas «)¬9­�®�¯ :=°�±a²�³�´¤µP¶)·E¸�¹�º
.

There
�

exist severalformulationsof CDFT which differ
by
�

the choiceof the current-densityvariable: From the
form
»

of the Hamiltonian ¼¾½�¿ it
�

appearsmost natural to
use� À�Á together

�
with Â and� Ã . This choicewasadopted

by
�

Vignale and Rasolt in the original formulation
[3] of CDFT, with the (commonly applied) additional
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assumption� of È having
É

a fixed direction in space.
Alternatively,
Ê

onecaninsert ËÍÌÏÎNÐPÑ in
�

(2) andthen
perform
 a partial integrationon theZeemanterm, leading
to
� ÒÔÓÕ Ö9×ÙØÙÚ)ÛÝÜßÞ

plus
 a surfacetermwhich vanishesfor
finite
à

systems. This yields theHamiltonianáâ¾ã|ä�åçæè_éëêìîíðïñóòõô ö ÷ùø�úüûý)þaÿ��������	��
��
� 
��������� ����������� "!$#&%�'�(*)"+ (8)

�
suggestingthe useof the densities, and� -/. . For each
of� the three Hamiltonians, (1), (2), and (8), HK- and
KS-type theoremscan be formulated in the usual way,
for all 0 -representabledensities 132547698;:�<5=?>;@7A�BDC , andE3F5G7H/I�J

, respectively. In particular, the many-body
groundK statesof (1), (2), and (8) are uniquely deter-
mined by the respectivedensities,i.e., LNM�OQPNR"S�T5U$VXW ,YXZD[]\_^N`Dacb�d5e$f;g?h�i�j

, and kNlnm�oqpNrnsut3v5w?x/y�z . Like-
wise,H the correspondingKS Slater determinantsare
uniquely� fixed by thesedensities,i.e., {}|�~q�������5�$�X� ,���D���_�}�D�����5�7���$�����

, and �}�n���q������ �¡5¢7£/¤�¥ .
For
¦

finite
§

systems,̈N©«ª (with
� ¬®­®¯_°²±

)
�

and ³N´nµ
are� identical. Hencethe correspondingmany-bodywave
functions
»

mustbe identicalaswell, i.e., ¶N·D¸�¹�º5»$¼�½$¾�¿�ÀÂÁÃNÄnÅuÆ�Ç5È7É/Ê�ËÍÌ�ÎÐÏÒÑÓÕÔ_Ö²×9Ø . As an immediateconse-
quence,Ù we findÚ�ÛDÜ�Ý�Þ5ß?à;á7â�ã«äÂåçæ�èNéDênëíìîðïòñóõô�öN÷Dø7ù

úçû�üNýnþuÿ��������	��

�����
������� �������	 �!#"%$&('*),+ - (9)

�
According to the Levy-Lieb constrained-searchformula-
tion
�

[8] of DFT and its recentextension[9] to CDFT,
the
�

KS ground state .0/21#3�4�5�687�9#:2; is
�

the determinant
whichH minimizes<>=?A@ and� simultaneouslyyields B�C�D�EGFIH#JLK .
Likewise,
M N0O�PRQ�SUT�V�WYX

is
�

thedeterminantwhich minimizesZ\[]A^
and� simultaneouslyyields _�`�a�b�ced . However, sincef0g\h
also� yields i�j(k�l#m,npoqsr*t,u , we concludethatv0w\x�y�z�{�|G}�~#�L�������������������G���#�,����s������� . Conse-

quently,� the noninteractingkinetic energyfunctionalsare
identical:
���\� ¢¡�£�¤�¥G¦�§#¨2©�ª�«­¬0®2¯�°²±³µ´�¶�·\¸�¹�º�»­¼0½�¾2¿ÁÀÂÄÃ�Å�Æ�Ç#È

ÉËÊ�Ì�ÍÎ Ï�Ð�Ñ�Ò	Ó�Ô#Õ,ÖØ×Ù	ÚËÛ�Ü Ý (10)
Þ

For
ß

each of the three Hamiltonians, (1), (2), and (8),
the
à

xc energy is defined as áãâåäçæ�èpé�êeëíìîï ðUñ#ò²ó�ô#õ�öø÷Uù�úüû�ýÿþ��������	��

�����	� . Therefore, as an im-
mediateconsequenceof (9) and(10), we obtain

����������������! �"$#�%�&('�)+*,.- /�0�1325476$8:9<;=?>A@CB D (11)
Þ

Using
E

this identity, we find for thexc potentialsF3G.H , I
J.K ,LNM�OP.Q , and RTSVUW.X , which arefunctionalderivativesof the xc

energyY with respectto Z , [ , \$] , and ^3_ , respectively,

`badce$f�g�h�i�jlk�m$ndo�prqbsVtu$v w�x�y$z:{}|~5����� � (12)
Þ

�N����.�b�������l���$�d���(�N�V��.� �����$�:�<��5�� �¡ ¢ (13)
Þ

£¥¤d¦§.¨ª©�«�¬�­l®°¯$±³²�´(µr¶:·N¸V¹º.» ¼�½°¾$¿ÁÀ<ÂÃ?ÄAÅ�Æ Ç (14)
È

In
É

CDFT the true densitiesÊ�Ë�Ì�Í!Î�Ï$ÐdÑ canÒ all be obtained
from
Ó

thecorrespondingCDFT KS orbitals. In SDFT, on
the
Ô

otherhand,only thedensitiesÕ�Ö�×°ØÚÙ areÛ reproducedby
the
Ô

SDFT KS orbitals,while Ü$Ý is
Þ

a functionalof ß�à�á�âÚã :
ä$åbæ�ç�è�éÚêìë7íïîÚð�ñ�ò�ó�ôöõø÷úùû$üªýVþ ÿ �������	��

�

(15)
È

This quantitywill, in general,bedifferentfrom thecurrent
resultingfrom theSDFT KS orbitals:

������������������ �"!$#&%�'�(�)	*,+.-/103254$687�9�:�;�<�=
> ?@ACB�D

E
F
GIHKJMLNPOKQSRTVUXWSYZ\[K]S^M_`ba
c (16)

d

In
É

the following, we specializeto situationswhere egfhjilk
. In this case,mon
pq�r�s�t�u	vSwlx implies

Þ y1z|{�}�~������
�

and� vice versa. Furthermore,�����g�������l����� and,�
consequently,� ���b���	�������	��� . Fromthis, we readily
conclude� that the three versionsof the functional  ¢¡£"¤¦¥¨§©lª¬«­V®�¯b°

coincide:±
²´³¶µ�·�¸I¹�º´»l¼´½o¾À¿¿ ¿�Á3Â�ÃVÄ�Å1Æ,Ç�È�É�Ê�Ë�ËË Ë

ÌlÍ´Î�Ï Ð�Ñ�Ò¶ÓÕÔXÖ1×|Ø�Ù�Ú�Û�ÜÞÝàßáãâ�äæå ç
(17)
è

if
Þ éëê�ì�í�î�ïKðlñ

. The functional òSó�ô�õ�ö�÷ representsø the
magnetic field that, within SDFT, correspondsto the
densities
ù ú�û�ü�ý	þ

. We emphasizethatevenfor a vanishing
externalÿ magneticfield thespinmagnetization� neednot
be
�

zero. All atomsandmoleculeswith anoddnumberof
electrons,ÿ aswell asferromagneticsolids,areexamplesof
this
Ô

situation. As a consequence,the KS Hamiltonian
of� SDFT does not reduce to the KS Hamiltonian of
ordinary� DFT in thesecases. Likewise, �����	� neednot be
zero
 if �
������������� . For example,anatomwith a single� electronÿ outsidea closedshell, preparedin the ����� "!

state,will havea nonvanishingorbital current.
In
É

the following, we further specializeto situations
of� vanishingorbital current, i.e., we shall only consider
densities
ù

that lie in thefollowing set:# $&%('�)�*,+�-/.1032�46587�9;:�<>=@?�ACB�D�E,FHG3I�JLK/M
(18)
è

Using
N

againtheconstrained-searchcharacterizationof the
KS
O

determinants,we readilyconcludethat

PRQLS�T�U�V�W;XZYR[]\�^�_�`,acb,dLe�fZgRhji k�lnmoqpsrut (19)
è
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for
x y�z�{8|�}�~��

. This immediatelyyields

��������������"����������������c�,�L�
�����1�  ¡�¢¤£¥q¦s§©¨ ª (20)
è

and,« by virtue of (17),

¬;­®°¯L±�²�³,´�µ;¶&·;¸�¹º°»½¼�¾�¿,ÀÂÁ,ÃÅÄ3Æ�Ç;ÈjÉÊ°Ë Ì�ÍnÎÏÑÐZÒÔÓ (21)
è

for Õ�Ö�×�Ø�Ù�Ú�Û . Taking the functional derivativesof
this
Ô

equationwith respectto Ü and« Ý on� the set Þ weß
obtain�
àCáâ°ãÅä�å�æ�ç�è;éZêCë�ìí°î½ï�ð�ñ�òcó,ôLõ
ö�÷Cø1ùú°û ü�ý¤þÿ������ (22)

è

and«
���	�

��������������������! �"�#�$&%�')(+*�,�-/.10324�5 6�798:<;>=/?

(23)
è

for
x @�A�BDCFEHGJI

. A very important property of KHL�MN�O ,
first
P

pointedout by Vignale andRasolt[3], is that gauge
invariance
Þ

forcesthe functional to dependon the current
onlyQ through

Ô
thevorticity RTS&U�V�WYX[Z]\_^]`ba , i.e.,

cHd�ef�gih�j�kmlon�p]qsrHt uHv�wx�y!z�{�|�}&~��T�s��� (24)
è

This propertycarriesover directly to the �
� formulation
of� CDFT, i.e., �H�3�

���������D�
���H� �H�3����!�������b�¡ �¢ (25)
è

whereß £¡¤ stands for the vorticity ¥b¦<§©¨�ª�«[¬
­_®]¯b° .
Hencewe obtainfrom (21) that

±H²³�´Tµ�¶�·m¸F¹�º »H¼3½¾�¿ À�ÁiÂÃ<Ä>Å Ä�Å�ÆÇ (26)
è

for
x È�É�ÊDËFÌHÍÏÎ

. We observethat for Ð�Ñ�ÒmÓFÔ+ÕJÖ the
Ô

xc-energy× functional of SDFT dependson the magneti-
zation
 only throughthe combinationØ>Ù�ÚÚ ÚDÚÜÛ>Ý/Þ�ß�àâábãã ã .
This
ä

fact by itself is an interestingand previously un-
known
å

propertyof æèçé�ê . It appliesto all finite
ë

[10] systems
withß vanishingorbital currentsandno ì fields. This, in
fact, is exactly the situationwhereSDFT is usually em-
ployed.í

In the remainderof this Letter we show how (26) can
be
�

usedasa tool for theconstructionof approximatefunc-
tionals
Ô

for finite systems. First, we assumethat we are
givenî an approximateCDFT functional, ïHð3ñò�ó . Inserting
this
Ô

approximatefunctional on the right-hand side, the
equalityÿ (26) immediatelyyieldsanapproximationfor the
SDF
ô

T functional õHö÷�ø)ù�ú�û�üFý . If, for example,an LDA-
type
Ô

approximationis usedfor þHÿ����� ���	��

�
� , we obtain a
new� GDA for ����������	����� .

Next,
�

we demonstratethat (26) can also be used to
obtain� CDFT functionalsfrom SDFT. We assumethat
weß are given an approximateSDFT functional of the
magnetizationon the left-handside of (26). In general,
this
Ô

will not dependexplicitly on � through
Ô �
 

, although
the
Ô

right-handside of (26) must do so. To constructa

CDF
!

T functionalfrom a givenSDFT functionalvia (26),
weß thushaveto find a way to write a functional "$#�%'& as«
a« functional ()+*-,
.	/�021�35476 , which can then be usedon the
left-hand
8

sideof (26).
To
ä

this end we employ the Helmholtz theorem(HT)
of� vectoranalysis,which statesthat a vectorfield canbe
decomposed
ù

in a part which dependsonly on the sources
and« anotherthatdependsonly on thecurl of thefield:9;:�<>=�?A@CBEDGF>H7IKJMLONQP�R>S-TVUGW�XZYK[]\G^Q_K`badcfe (27)

è
In thesecondtermwerewritetheargumentby dividing and
multiplying with thedensityandthenusetheHT again,this
time
Ô

for thevectorfield g]hGi;j�k>lnmporq�s>t . This yieldsu;v�w>x�yAz|{~}��b�p�K���f�;���>�-�
�G��� �r�K�b� �>� ��� �����Q���>�

�r���>�
 �¡�¢ £]¤ £]¤�¥;¦�§>¨

©rªK«b¬ (28)
è

withß a constant­|® . Insertingthis resulton the left-hand
sideof Eq. (26) we obtainanotherrigorousidentity. The
latter canbesimplifiedby usingthe fact that the exactxc
functionaldependson themagnetizationonly¯ through

Ô
the

vorticity° ±
² . Sincethevorticity dependsonly on thecurl
of� ³;´�µ>¶ , the constant·|¸ drops

ù
out andonecanaddany

gradientî of a scalarfunction to the magnetizationwithout
changing± the functional. The sameargumentholds for
the
Ô

combination¹�ºG»Q¼�½>¾n¿pÀrÁ�Â>Ã . The vorticity depends
on� this quantityonly throughits curl, so that the addition
of� any gradientof a scalarfield to Ä�ÅÇÆ;È�É>ÊnËpÌrÍ�Î>Ï does

Ð
notÑ changethe functional. Now we usethis freedomby
adding« gradienttermsin sucha way that the secondand
third
Ò

termsin Eq. (28) vanishidentically. Explicitly, for
the
Ò

secondtermthismeansto substituteÓ;Ô�Õ>ÖV×�ØÚÙÜÛ Ý2Þ for
x

ß;à�á>â , which doesnot changethe vorticity, andto chooseã$ä åçæ
suchthat è�éfê;ë�ì>íVîðïòñ$ó ô2õ÷öAø . For thethird term

weß add ùûú$ü ýÿþ to
� �������	��

�����	���

and« proceedin thesame
manner. Thecorrespondingpartof the fourth term is not
changed± by theseadditions. It cannow beidentifiedwith
the
�

vorticity for �����	������� . This leadsto

�� "!#%$'&)('*,+.-'/10325476�8�9�:�;<%= >@?BA
C DFEHG I JLK7MON1PRQ5S7T (29)
è

for
x U	V'WYX[Z�\^]

. Equation(29)constitutesanexplicit pre-
scriptionfor obtaining_a`"bc%dfe	g'h,i7j'k1lRmon7p,q , given r�st%uwv	x'y5z[{ .

The
|

prescription(29) is far more generalthan it ap-
pearsí at first sight. Thecrucialpoint is that,although(29)
wasß derivedfrom (26) which wasvalid only for systems
withß vanishingparamagneticcurrent,(29) canalsobeem-
ployedí to constructCDFT functionalsfor current-carrying
systems(which constitutetheprimeapplicationof CDFT
by
�

its very nature). This is due to the simple fact that
any« functional identity }O~)���a�����	��� implies �@�	�������a����	������� providedí that ����� lies within the domainof
the
�

respectivefunctionals. In ourcase,this meansthatthe
complete� functionaldependenceof ����� %¡ on� thevorticity is

1874
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determined
¢

by (29),evenif we droptherequirement£�¤¦¥§
. Theonly changeis that ¨.©'ª1«­¬Y®.¯±°³²´¶µ¸·º¹¹¹B¹)»½¼L¾[¿
À�Á.ÂÂ Â

is replacedby Ã.Ä¦ÅÇÆ.È�É1Ê­ËYÌ7ÍÏÎ�ÐÒÑ^Ó	Ô�Õ�ÖØ×7Ù . This is an
advantage« of the ÚÜÛ formulation of CDFT as compared
to
�

the Ý�Þ formulation: Oncethe dependenceon ß7à@á1â­ã5ä7å
is known, the dependenceon æ.ç�è1é­ê,ëwì , andthuson í�î , is
automatically« knownaswell. Thuswe finally have

ï�ð"ñò%ó�ô	õ'ö,÷7ø7ù�ú�û�üý%þ ÿ�� ��� ����� 	 
���
 � (30)
è

Through
�

(30) everyapproximationfor a functionalof the
magnetization� generatesa functionalof thecurrentdensity���

whichß canbeusedin CDFT.
The explicit form of the functionals ��� and« ��� is [11]����� �"!$# %'&)(+*-,'. /10325476 8"9;:�<3=

for scalarfunctions >'?A@�B and«C�D1E FHG$I J'K+L+M3NPO Q1RASUTWV7XAY�Z5[�\^]
for vectorial functions_a` b�c

, with dfe g"hji1k-lnm oprqts�uwvyxjz�{}| ~����1�j� � . These forms
are« correctwheneverthefield to bedecomposedvanishes
faster than ������� as« � approaches« infinity. While this
condition� is satisfiedby � for all finite systems,it is
generallyî not satisfied by ���W��� �����)�'� ��� . Various
generalizationsî of �7�A���w�1 A¡ for more slowly vanishingor
even¢ weakly diverging fields exist, see,e.g., Ref. [12].
Our
£

Eqs.(29) and (30) hold for these casesas well.
Instead
¤

of using thesegeneralizations,however,one can
also« explicitly subtract out the asymptotic functional¥§¦ ¨�©«ª­¬¯®

lim
8 °+±³²µ´�¶W·�¸ ¹�º�»)¼'½ ¾�¿

and« apply the HT
decomposition
¢

only to theremainder.
Given
À

approximateCDFT potentials, ÁHÂÃÅÄ andÆ ÇUÈÉÅÊ
Eqs.(22) and(23) canreadilybeusedto deduceapproxi-
mateSDFT potentialsËHÌÍÅÎ andÆ ÏÑÐÒÅÓ . Conversely,applying
the
�

HT oncemore, we can useEq. (22) to constructan
approximateÆ CDFT xc potential from a given SDFT
potentialÔ as

ÕHÖ+×ØÅÙaÚ Û�ÜjÝ�Þ�ßáàãâHäåÅæ ç�è5é�ê ë ìîí�ï ð (31)
ñ

The
�

xc vectorpotentialof CDFT is givenby [3]

ò�ó ôîõUö+÷øÅùûú
ütýnþ+ÿ��������	��


�

����

� ������������� � (32)
ñ

Inserting(30) on theright-handsideof (32), we obtain!#"%$&�')(+*-,�.0/214365879�:<;>=@?BA�C (33)
ñ

It
¤

is a notoriousfact that the constructionof approximate
CDF
D

T functionalsis anextremelydemandingtask: Even
the
�

simplestpossibleCDFT functional,theexchange-only
LDA, is a very complicatedfunctional[6] which is rather
hardto implementin practice. In view of thelargevariety
ofE simple and reliable SDFT functionals,we expectthe
approximateÆ CDFT functionalsresultingfrom (30), (31),
andÆ (33) to be very useful in practicalapplications. To
demonstrate
¢

this with an explicit examplewe employthe
local
F

spindensity(LSD) approximationon the right-hand
side of Eq. (33). Within this approximation,only theG componentH of IKJL�M has

N
a nonvanishingvalue, which is

givenO by PKQSRUTV�WYX+Z-[�\^]`_ba)cSdUef�g�hji+k-lnm0o)pSq>rs�t�ujv+w-xzy�{<|~}�� . Here�)�S�>������ andÆ �)�S�>������ denote
¢

the ordinary xc potentials of

SDF
�

T within theLSD approximation. Togetherwith the
explicit¢ form of the functional �2� givenO above,Eq. (33)
leads
F

to thesimpleapproximation
�#�%������^�

���<���
�4�# �¡£¢+¤�¥z¤~¥>¦)§S¨U©ª�«­¬¯®+°4±³²n´0µ)¶S·>¸¹�º�»j¼+½4¾À¿zÁ

ÂÄÃÆÅbÇ ÈÉ ÊÌËÄÍ4ÎbÏ (34)
ñ

for
Ð

thevectorpotentialof CDFT[13].
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