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Spin-lattice coupling constants of a Mn++ ion in a cubic environment are calculated on 
the overlap and covalent model. It is found that only the overlap model can account for 
the signs of the constants in the case of Mn++ in MgO,. that is, the Mn-0 bond is mainly of 
ionic character. The spin-lattice relaxation time is expressed in terms of the coupling con
stants for the one phonon process. Its magnitude is a reasonable one, when the observed 
values of the coupling constants are used. 

§ I. Introduction 

An ideal ionic crystal has been defined as being produced by combining 

highly electropositive metals with highly electronegative elements, each constitu

ent ion having a closed shell structure and being well seJ?arated from each 
other.1l*l The inadequacy of this idealized model of ionic crystals is in the 

following three respects (see I): (1) overlap ; (2) deformation; (3) covalency. 

Alkali halides are regard~d as approximately ideal ionic crystals, and the effects 
of the three inadequacies have most extensively been investigated on the nuclear 
quadrupolar relaxation in these crystals (see I) . It was found that the overlap 

effect dominates in crystals with light elements, such as NaCl. Oxides of transi
tion metals have also been investigated along these lines with respect to the 
superexchange interaction,2J and it was found that the deformation of oxygen 
ions has the largest contribution to the superexchange interaction in MnO. 

Now a Mn++ ion, which has a 6S term, shows a magnetic anisotropy when 

introduced into a crystal. This occurs because the electrons of the ion is no 
more spherically symmetrically distributed when it is in a crystal. The devia
tion from spherical symmetry may come from the above three origins. W atanabe3J 

considered the deformation of the ion in a crystalli~e electric field, while the 
present author4l**l have taken account of the other two effects. When a Mn++ 

ion is introduced into a zinc flouride crystal, in which it is surrounded by six 

flourine ions, it was found from the sign of the anisotropy constant that the 
effect of overlap dominates over that of covalency. The magnitude of the overlap 

integral to account for the observed anisotropy seems to be reasonable. These 

*l This paper will be referred to as I in the following. 
**l This paper will be referred to as I in the following. 
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Spin-Lattice Interaction of a Mn++ Ion in MgO 1027 

facts may come from a large electronegativity of a flourine ion and g1ve support 

to approximate ionic character of the Mn-F bond. Now it is quite interesting 

to see which effect dominates in a Mn-0 bond. Recent measurements5l.6l on the 
spin-lattice interaction constants of a Mn++ ion in MgO have revealed this point 

and its account will- be given in the next section. In the third section the spin

lattice relaxation time is expressed in terms of the spin-lattice interaction con

stants and compared with an experiment. 

§ 2. Spin-lattice interaction coefficients 

We consider a Mn++ ion in a cubic crystal, especially in MgO. A spin 

Hamiltonian, which is quadratic in spin operators, is generally expressed by 

(1) 

with Di1=D1i and D:cx+Dyy+D •• =O, x, y, z referring to the crystallographic 
axes. When the crystal is unstrained, (I) vanishes identically. When it is 

strained, D's are connected with the strain components by 

Dxx Gu -G1r/2 -Gu/2 exx 

Dyy -Gu/2 Gu -Gu/2 0 eyy 

D •• -Gu/2 -Gu/2 Gu e •• (2) 
Dyz eyz 

Dzx ezx 

Dxy exy 

where e:cx=fJujfJx, eyy=fJvjfJy, e •• =fJwjfJz, 

eyz= fJvjfJz + fJwjfJy, ezx= fJwjfJx+ fJujfJz, exy= fJujfJy + fJvjfJx. (3) 

u (r) = (u(r), v (r), w (r)) is the displacement at the position r. G11 and G44 

are the spin-lattice coupling coefficients. Using (2) in (1), we have 

H= (Gu/2) {exx(3Sx2 -S(S+1)) +eyy(3Sy2 -S(S+1)) +e •• (3S.2 -S(S+1))} 

(4) 

Now let us consider the Mn++ ion and the six oxygen ions surrounding it 

(Fig. 1). As shown in the figure, we assume that two ions on the z-axis lie 

at a distance a' from the Mn + + ion, whereas the remaining four ions are at a 

distance a. The latter are displaced in the x-y plane so that the lines joining 

them and the center make an angle. e with the x- or y-axis. We have obtained 

in II the spin Hamiltonian in this situation which is given by 

where 

H=DS,2 +E(SxSy+SySx), 

D=- (9/35).d·P, 

(5) 

(6) 
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1028 J. Kondo 

E= (9/35),a(a)sin28·P.*l (7) 

P was defined in II as 

(8) 

where Ro and R2 are integrals involving r12- 3, <~>a spin-orbit coupling parameter 
and (JE) an average excitation energy from 6S to higher terms . .a was defined 
by 

(9) 

S and ,1. being the overlap integral and the degree of covalency between the 
manganous ion and the oxygen ion, respectively (see II). We assume that ,a 
is a function of the distance between them only. Then .J is defined by 

z 

a' 

a' 

Fig. 1. 

.J =,a (a') -,a (a). (10) 

y 

It may be reasonable to assume that .a 
is an exponentially decreasing ·function of r : 

,a(r) =.a(a)exp[ -a(r-a)/a], (11) 

where a is a measure of the rapidness of 
the decrease. 

If we consider only linear terms of 
strains, we have 

.J= -a,a(a)e •• (12) 

and 

sin 28 = - e:cv· (13) 

Using (12) and (13) in (5) with (6) and 
(7), we have 

H = (9/35) a,a (a) Pe •• S.2 - (9/35) .a (a) PexvCSxSv+ SvS:c). (14) 

Comparing this expression with ( 4), we obtain the following expressions for 
G's: 

Gu = (6/35) a,a (a) P, 

G44=- (9/35),a(a)P. 

(15) 

(16) 

Recently Watkins and Feher5> and Shiren6> have measured the amplitude 
and sign and the amplitude and relative sign, respectively, of G's for the iron
group ions in MgO. Their results are consistent with each other. Since the 
sign of G is important, we take Watkins' results, which are Gu = + 1.3 and 

*> D and E given here are twice those of (30) and (31) in II. This is because in II 
only a half of the oxygen ions have been assumed to be displaced from their regular positions. 
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Spin-Lattice Interaction of a Mn++ Ion in MgO 

G(4==- 0.27 cm-1/unit strain. ·Using these in (15) and (16), we have 

a=7.2, 

~(a) P= + 1 cm-1 • 

1029 

(17) 

(18) 

From (17) we see that the dependence of 11 on r IS rather great. That 
G11 is much larger than G44 is connected with this fact. From a=7.2 we have 
11 oc exp (- r/0.29), when r is measl1red in A, which seems to be reasonable. 
From (18) we ~u·srhave S 2>A2, which again indicates that the effect of overlap 
dominates over the covalency. Blume and Orbach7> have also calculated G's, 
considering the ·deformation of the ion by mixing higher terms under the crys
talline electric field which is produced by strains. The calculation seems to be 
essentially the same as that due to Watanabe. The result is that the signs of 
G's are in disagreement with the observation. Thus we see that only the overlap 
effect can account for the signs of the spin-lattice interaction coefficients for a 
Mn + + ion surrounded by oxygen ions. 

That. the overlap and the covalency appear with the opposite sign in the 
fine-structure constants, D apd E, can be seen as follows : When an oxygen 
ion. is displaced from the regular position towards the Mn++ ion, such d orbit 
that has maximum overlap with the oxygen ion appears with a coefficient greater 
than unity, i.e. 1 + S 2 , in tne expression for the charge density of the ion. Then 
the spin direction for the lowest energy is such that the demagnetizing field is 
sm~llest, that is, it is in the direction to the oxygen ion. When covalency is 
conc~~ned, the d orbit accepts an electron transferred from the oxygen ion, the 
probability of the electron on the d orbit being A2• But the spin direction of 
this electron is opposite to that of the Mn++ ion. The demagnetizing field is 
the largest in the direction of the oxygen ion, which is then the direction of 
the maximum energy.·· 

From (18), taking P=40 cm-1 as in II and neglecting A2 , we have 8 2 =0.025, 
which also seems to be a reasonable magnitude. 

§ 3. Spin-lattice relaxation time 

In this section we shall give a brief account of the calculation of the spin
lattice relaxation time, regarding ( 4) as a perturbation. We assume that the 
lattice vibrations are not affected by replacement of a magnesium ion by a 
manganous ion and restrict ourselves to the one-phonon process. A similar 
calculation has been done by Blume and Orbach/> but we wish to express the 
relaxation time in terms of the ·spin-lattice coupling constants, G's. Note that 
the following result applies not only to the Mn++ case but also to any spin in 
a cubic environment, in which the spin has negligible cubic splitting: The spin 
must have S> 1/2, since the interaction ( 4) is of quadrupole-type, in which case 
the Van Vleck cancellation does not occur. 
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1030 J. Kondo 

First the displac~ment u(r) is analysed in terms of the normal coordinates 

u (r) = ~k~Qks~s (k) exp (ik· r), (19) 

where ~. are the unit vectors in the directions of polarization of the mode s, 
which we assume are orthogonal to each other. Qks has the following matrix 
elements: 

<N~<. -1Jq,.,,JN,..,) = <Nk.Jqk.INk. -1) = (hNk~/2MNwk.) 112, (20) 

where MN is the total mass of the crystal. We assume that the phonon fre
quency Wks is independent of s and is given by 

(21) 

The direction cosines of the external field H are denoted by l, m, n and 
p is defined by 

(22) 

Let M denote a component of the spin in the direction of the field. Then the 
transition probability per unit time from M to M + 1, for example, is expressed 
by 

W(M~M+1) = (2n"/h)~~.-.J<M N~<.IHIM+1 N~. .• -1)l 21J(gf.lBH-hv0k). (23) 

Using (4), (3), (19), (20) and (21) in (23), we can easily calculate (23). 
The results for (23) and for other transition probabilities are expressed by 

W(M~M±1) = {l_G 2 + (_!G 2-l_G 2) p} (gl-lBH)s 
4 11 3 44 4 11 2n:ph4vo5 

X (N1 +-l_=t=l__) a(M _1__±1__) (24) 
2 2 2 2 ' 

W(M~M±2) = {! G112+4G442_ (: G442-! G112) p} 

x (2gf.lBH)s (N2 +l__=t=l__)i1(M-1±1), (25) 
2n:ph4v 05 2 2 

where p is the density of the crystal and 

Nl=1/{exp(YI-lBH/kT) -1}, (26) 

N2=1/{exp(2gf.lBH/kT) -1}, (27) 

a(M) =(M+-1_) 2 (8-M) (S+M+1), (28) 
2 

{1(M) = (1/16) (S-M -1) (S+M +2) (S-M) (S+M + 1). (29) 

The relaxation time is differently defined according to the conditions of 
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Spin-Lattice Interaction of a Mn++ Ion in MgO 1031 

experiments. Here we shall consider the variation with time of the magneti
zation defined by 

(30) 

when initially the population nM of each level M is equal so that <M) = 0. 
Its variation is expressed by a sum of several exponential functions : 

(31) 

As has been seen in I, however, (31) can practically be represented by a single 
exponential function 

<M)=<M)0 (1-exp( -t/T1)), (32) 

1/T1 being given by comparing the linear terms in t of both expressions. <M)0 

is the thermal equilibrium value of <M). 
The rate of change of nM is given by 

izM=W(M-1~M)nM_1 - W(M~M-1)nM 

+ W(M+1~M)nM+1- W(M~M+1)nM 
+ W(M-2~M)nM_2 - W(M~M-2)nM 

+ W(M+2~M) nM+2- W(M~M+2)nM. (33) 

For small t we put 

nM= {No/ (2S + 1)} (1-yMt), 

Where r M is determined from (33) aS 

rM=W(M~M-1)- W(M-1~M) + W(M~M+1)- W(M+1~M) 

(34) 

+ W(M~M-2)- W(M-2~M)+ W(M~M+2)- W(M+2~M). 
(35) 

Then, for small t, we have from (34) 

<M)= {No/(28+1)} (L;HMYM)t. 

Comparing (36) with (32), we obtain 

1/Tl ={No/ (2S + 1)} (L;MMrM) I<M)o. 

Using (35), (24) and (25) in (37) and noting that 

<M)o=NoSBs(gpBSH/kT), 

we have the following expression for the spin-lattice relaxation time T1 : 

__!_= 3(28+3) (2S-1) (gpBH) 2kT {G 2+ 2G 2+ (-.!G 2 __ ~G 2.) p} 
T1 10nph4v.o" 11 44 3 44 4 11 ' 

(36) 

(37) 

(38) 

(39) 

where we have assumed that kT';:fi>gpBH. When this condition is not satisfied, 
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1032 J. Kondo 

kT should be replaced by (8+1)gp.BH/3B8 (gp.B8H/kT). That 1/TI is propor
tional to H 2T has been shown by Blume and Orbach.7> From (39), we see 
that T 1 depends on the direction of the applied field. This is peculiar to the 
one-phonon process. If G44 is neglected, it is the longest when H is in [111], 
where it is 4/3 of that when H is in [100]. 

When H is measured in koe, v0 in 106 em/sec,() in gr/cm3 and G's in em-\ 
(39) becomes 

1/TI = 3.62 (28 -1) (28 + 3) (g2H 2T / ()v06) 

X {Gn2 +2G442 +(:G4l- !Gu2)P} sec-1• (40) 

Blume and Orbach7> reported that Castle and Feldman found that T 1T= 1.3 at 
X-band. The condition of their experiment is not clear. However, we want to 
see if ( 40) gives a correct order of magnitude of the relaxation time. Taking 
H=2, ()=3.7, Vo=5, G11 =1.3, G44 = -;-0.27, 8=5/2 and p=1/5, we have T 1T=3.8. 
Thus the agreement may be fairly good. 

The author would like to thank Professor K. Y osida for reading the manu
script. 
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