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Spin relaxation in semiconductor quantum dots
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~Received 1 September 1999!

We have studied spin-flip processes in GaAs electron quantum dots that accompany transitions between
different discrete energy levels. Several different mechanisms that originate from spin-orbit coupling are
shown to be responsible for such processes. We have evaluated the rates for all mechanisms with and without
a magnetic field. We have shown that the spin relaxation of the electrons localized in the dots differs strikingly
from that of the delocalized electrons. The most effective spin-flip mechanisms related to the absence of the
inversion symmetry appear to be strongly suppressed for localized electrons. This results in unusually low
spin-flip rates.
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Quantum dots~QD’s! are small conductive regions i
semiconductor structures that contain a tunable numbe
carriers. The shape and size of quantum dots can be
trolled by the gate voltage. The localized electronic state
QD’s can be significantly modified by a magnetic field. A
this provides a valuable opportunity to study the proper
of the electron quantum states in detail and manipulate
electrons in these artificial atoms in a controllable way~see
Refs. 1 and 2 for review!.

The spin states in quantum dots are considered to
promising for physical realization of the quantum compu
tion algorithm.3 Quantum computation requires cohere
coupling between the dots, the coherence to be preserve
sufficiently long time scales. That makes it relevant to p
vide a complete theoretical estimation of the typical s
dephasing time of the electron in the QD. Transport exp
ments with QD’s have revealed that the current throug
quantum dot can be influenced by the spin effects.4 It opens
up a possibility to estimate spin relaxation rates by mean
transport measurement.5 The origin of this effect is that the
spin-flip process can provide a bottleneck for the energy
laxation in the dot, i.e., for transitions between the exci
and ground states. Indeed, in the absence of the spin flip
total spin of the dot is a good quantum number and no tr
sition is allowed between the states of different total spi
To illustrate, let us consider a QD with two electrons whi
can be placed in two levels. The ground state correspond
two electrons in the lowest level having opposite spinsS
50). One of the excited states corresponds to two electr
in different levels having the same spin direction (S51).
Due to the Pauli principle, the electron in the upper le
cannot get to the lower level without changing its sp
Therefore, the relaxation to the ground state of the dot ha
be accompanied by a spin flip.

In contrast to the situation in two-dimensional~2D! elec-
tron gas the electrons confined in the dot experience
electron-electron scattering~see Ref. 6!. The only source of
dissipation is the interaction with phonons. Moreover,
though the electron-electron interaction is quite importan
determining the energies of the states and the numbe
electrons in the dot, it is less important for the structure
the wave functions. To calculate the matrix elements,
approximate the many-electron wave functions by the Sl
PRB 610163-1829/2000/61~19!/12639~4!/$15.00
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determinants. In this way, we can treat the spin-flip proces
within the one-electron approach. The electron-electron
teraction can change only the numerical factors in our
sults.

Since most controllable QD’s are made on the basis of
electron gas GaAs heterostructures with the@100# growth
direction, we concentrate on the spin-flip mechanisms t
are relevant for GaAs, and for this confinement directio
Such mechanisms are very specific forAIII BV compounds.
The unit cell has no inversion symmetry, which gives rise
a strong spin-orbit splitting in the electron spectrum. T
splitting is known7,8to be the main source of the spin-fli
both in the 3D and 2D cases. Besides, the piezoelectric e
provides a strong coupling of electrons to the acous
phonons. Such coupling may be important for the inelas
relaxation in the GaAs crystal both with and without a sp
flip.

The spin relaxation of the delocalized electrons in Ga
2D electron gas has been thoroughly studied.8 Some spin-flip
mechanisms that are effective in the 3D case, for instan
the Yafet-Elliot mechanism,7 do not work in two dimensions
The most effective mechanisms in the 2D case are relate
the broken inversion symmetry, either in the element
crystal cell or at the heterointerface.8,9 Those are described
by the terms in the electron Hamiltonian8 that are linear in
the two-dimensional electron momentum and proportiona
the first power of the small parameterD/Eg!1, D being the
spin-orbit splitting of the valence band of the bulk GaA
crystal andEg the band gap. Hence, the spin-flip rate is pr
portional to (D/Eg)2.8

In this paper we show that the zero-dimensional chara
of the states in the quantum dot leads to further suppres
of the spin-flip rate. We reveal a fairly interesting fact th
the terms which are linear inD/Eg disappear from the tran
sition matrix elements in the true two-dimensional case. T
contributions to the spin-flip rate which are quadratic
D/Eg appear only if we take into account either the adm
ture of the higher states of the size quantization in thz
direction, i.e., the weak deviation from the true 2D motio
or the higher orders in the expansion over the electron m
mentum in the plane,}p3. Thus, such contributions acquir
extra small factors: either the ratio of the lateral kinetic e
ergy Elat to the distance between the quantized levels in
12 639 ©2000 The American Physical Society
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12 640 PRB 61BRIEF REPORTS
z-direction Ez , or Elat /Eg . Therefore, they may becom
comparable to the competing term}(D/Eg)6 that stems
from the third order perturbations in terms}D/Eg .

We start with the following one-electron Hamiltonia
which is derived from the Kane model~see Ref. 7! and de-
scribes the electron in the conduction band in the presenc
magnetic fieldB normal to the 2D plane, arbitrary confinin
potential U(r ), both vertical and lateral~possible impurity
potential should be also added toU), and the phonons:

Ĥ5
p̂2

2m
1U~r !1Uph~r ,t !1

1

2
gmBŝzB1(

i 51

4

Ĥi ;

Ĥ15
\D

3mEg
2
ŝ@“U•p̂#;

~1!

Ĥ25
2D

3A2mEgmcvEg

ŝ•k̂; Ĥ35
1

2
V0ŝ•ŵ;

Ĥ45g̃mB~uxzŝx1uyzŝy!B

Here p̂52 i\“1(e/c)A is the 3D electron momentum op
erator,m the effective mass,ŝ the Pauli matrices. The firs
three terms in the Hamiltonian do not depend on the s
The third term describes the spin-independent interac
with the phonons, including the piezoelectric ones. Note, t
we use the conventional model of 3D phonons. The fou
term is the Zeeman energy. The other four terms describe
spin-orbit effects.Ĥ1 is due to the relativistic interaction
with the electric field caused by the confinement or impu
ties. It is enhanced due to the band effects.Ĥ2 stems from
the absence of the inversion symmetry in the bulk. Here,mcv

is the parameter of the Kane model,k̂x5 p̂x( p̂y
22 p̂z

2) and the
other components are obtained by the cyclic permutation
the indices,x,y,z being the main crystallographic axes.
the true 2D case the averaging ofĤ2 with the wave function
of the first quantized level in thez direction results in the
spin splitting proportional topx,y .8 Ĥ3 describes the spin
orbit splitting of the electron spectrum due to th
strain field produced by the acoustic phonons. There,ŵx

5(1/2)$uxy ,p̂y%12(1/2)$uxz ,p̂z%1 , where$,%1 denotes the
anticommutator. The other components are obtained by
clic permutations,ui j is the lattice strain tensor, andV0
}D/Eg is the characteristic velocity whose value is w
known for GaAs,10 V0583107 cm/s. In GaAs, the electron
g-factor (g520.44) differs strongly from the free electro
valueg052 owing to the strong spin-orbit interaction, whic
mixes the valence-band and conduction-band states.11 The
admixture should depend on the lattice deformation, lead
to a new mechanism of spin-phonon coupling in GaAs in
presence of an external magnetic field~see also Ref. 12!.
Coefficient g̃ can be found within the Kane approach,g̃
5(2m0 /A3m)(D/Eg)(d/Eg), d ~ order of several eV! is one
of the three deformation constants describing the strain ef
on the hole-band splitting.7

The first two terms in Hamiltonian~1! define a series o
discrete electron states in the dot. Most of the relations gi
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below hold for the arbitrary states in the general confinem
potential. To get down to concrete numbers, we assume
ther an elliptic or circular dot in the parabolic confineme
potential that can be characterized by frequenciesvx ,vy ,
and concentrate on the transitions between the low-ly
states. Such transitions occur with phonon emission.
most probable process would be that without a spin flip.
we mentioned above, we assume that this process is for
den by the Pauli principle. Therefore, we calculate the ra
of the spin-flip processes with phonon emission for differe
mechanisms related to spin-orbit termsĤ124 both with and
without a magnetic field. Since the spin-orbit coupling f
electrons is relatively weak, we treat these terms in
framework of the perturbation theory. The rates obtained
pend on the energy difference between the states.

The four spin-orbit terms in Eq.~1! generate a variety o
different spin-flip mechanisms. They can be subdivided i
two groups. The mechanisms of the first group are due to
spin-orbit admixture of different spin states. In the presen
of spin-orbit termsĤ1 ,Ĥ2 the electron spin-up state actual
acquires a small admixture of the spin-down state. This le
to a non-vanishing matrix element of the phonon-assis
transition between two states with opposite spins. The p
non itself does not flip the spin and provides only ener
conservation here. We revealed thatĤ2 always provides big-
ger admixture thanĤ1. In particular, it is possible to show
that spin-orbit coupling with the lateral electric field give
rise to a weaker effect. However, as we mentioned above
effect of the admixture on the matrix element tends to dis
pear in the first order of the perturbation theory. The eff
persists in~i! the third order of the perturbation theory an
appears in the first order if we take into account~ii ! the
third-order terms in the lateral momentum;~iii ! the admix-
ture of the higher states of the size quantization in thz
direction; ~iv! the impurity potential;~v! the Zeeman split-
ting in the magnetic field. Thus, in this group we have fi
mechanisms to compare. The mechanisms of the sec
group are due to direct spin-phonon coupling. They are
scribed either byĤ3 or Ĥ4.

It is not cleara priori which mechanism is the most e
fective. Below, we consider the mechanisms one by one

Admixture mechanisms. We begin with the derivation of
the general expression, which gives the phonon-assisted
sition rate between states 1 and 2 when there is no di
coupling between the spin and the phonon. The wave fu
tion of each state is a two-component spinor,C i(r ), i
5↑,↓. In the absence of direct spin-phonon coupling on
the scalar product of the two spinors,C1

†i(r )C2
i (r ), enters

the matrix element. We take into account only the coupl
to the piezo-phonons which is known to be the most eff
tive one in polar crystals for energy transfere less than 10
K.13 It is characterized by the piezomodulush14, eh1451.2
3107 eV/cm for GaAs. As explained below, we take in
account only transverse phonons and obtain

G125
2p

\
2

\~eh14!
2

2rst
E d3Q

~2p!3

At~Q!

Q
U

3E d3r exp~ iQr !C1
†i~r !C2

i ~r !U2

d~\stQ2e!,

~2!
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whereQ is the phonon wave vector,st the transverse soun
velocity, r the crystal mass density, andAt(Q) the anisot-
ropy factor for the transverse phonon that depends on
orientation ofQ with respect to the main crystallograph
axes. We consider the transitions between the neighbo
low-lying discrete energy levels, so thate5\sQ'\2/ml2,
l being the typical dot size in the lateral direction. Since
energy transfer is of the order of the electron energy its
and the perturbation theory in phonons requires that this
ergy exceedsms2, from the conditione@ms2 we obtain
Qz@q'1/l. This means that the phonon is emitted alm
perpendicular to the 2D plane. Then, assuming thatQzz0
,1, z0 being the width of the 2D layer in thez- direction,
we can easily calculate the integral overQz and overq
5(Qx ,Qy). The anisotropy factor for the@100# orientation
becomes14 At(Q)'2q2/Qz

2!1, the longitudinal phonons
give a much smaller contribution, and Eq.~2! reduces to

G1252
2st\

2~eh14!
2

re3 E dxdyK12
! ~¹x

21¹y
2!K12, ~3!

where we decompose the wave functions into the lateral
transverse parts,C(r )5F(x,y)x0(z); K12(x,y)[F1

†iF2
i .

In the absence of the spin-orbit interaction,K12Þ0 only if
states 1,2 have the same spin. The spin-orbit interac
mixes up the spinor components resulting in nonzeroK12
even if 1,2 have opposite spins.

As a reference, we give the expression for the transit
rate without a spin-flip which follows from Eq.~3! for the
transitionnx51, ny50⇒nx50, ny50 in the elliptic quan-
tum dot (e5\vx)

G↑↑5G↓↓5
G0

4
Avy

vx
S 31

vy

vx
D ; G05

2~eh14!
2m2st

pr\2e
. ~4!

G0 has the value of 3.13108 s21 for the transfer energy of 1
K. Let us consider the spin-flip transitions. The projection
Eq. ~1! to the lateral wave functions yeilds the following 2
spin-orbit Hamiltonian:

Ĥ̃25b~2sxp̂x1syp̂y!; b5
2

3
^pz

2&
D

~2mEg!1/2mcvEg

.

~5!

Constantb in Eq. ~5! depends on the confinement streng
and takes the values in the interval (143)•105 cm/s for

GaAs heterostructures. TermĤ̃2 leads to a nonzero value o
K12. At first sight, K12 should be proportional to the firs
power ofb. However, in contrast to the extended 2D stat
in quantum dots we can actually remove the terms linear ib
from the Hamiltonian by the following spin-dependent un
tary transformation:

F5F Î 1
imb

\
~xŝx2yŝy!1O~b2!GF8. ~6!

We stress that the boundedness of the electron wave f
tions is essential to this procedure. The spin-dependent
}b2 in the resulting Hamiltonian contains onlyŝz so that it
causes no spin-flip. The terms}b3 should be taken into
account, which gives the rate}b6. Here we give the resul
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for the case of a circular dot (vx5vy5v0) for the phonon-
assisted spin-flip transition between the first excited a
ground states (e5\v0):

G15
8

3
G0S mb2

e D 3

. ~7!

The applicability of the perturbation theory inĤ̃2 requires
mb2!\v0, so thatG1!G0, as expected. However, the spin
flip rate exhibits a sharp dependence onb and the lateral
confinement energy. Forb513105 cm/s ande510 K G1
'1022 s21, whereas forb533105 cm/s ande51K G1
'4.63104 s21.

Note that the term}ŝxpxpy
22ŝypypx

2 in HamiltonianĤ2

@Eq. ~1!# cannot be removed by the above mentioned tra
formation and gives contribution to the value ofK12 in the
first order of the perturbation theory. The result for the tra
sition nx51, ny50⇒nx50, ny50 in the elliptic quantum
dot (e5\vx) reads

G25
3

4

mb2e

Ez
2

G0Avy

vx
F S 11

vx

vy
D S vx1vy

2vx1vy
D 2

1S 115•
vy

vx
D vy

4

~vx
224vy

2!2G , ~8!

whereEz5^pz
2&/m. This contribution does not depend one

and Ez and equals 12s21 for a circular dot. Since rateG1
falls off with increasing energy, contributionG2 prevails at
e>Amb2Ez. This crossover energy ranges from 1 to 6
whenb ranges from 1 to 33105 cm/s.

Besides, there are contributions to the spin-flip rate p
portional tob2, which are related either to the virtual trans
tions to the higher quantized energy levels in thez direction
or to the presence of an impurity potential that leads to n
separability of the transverse~z! and longitudinal variables in
Hamiltonian~1!. It can be proven that both effects give sma
contributions to the rate not exceedingG2. Virtual transitions
yield the rateG3.G2 min(1,e2/ms2Ez) which is .1 s21

at e51 K. For impurities we estimate G4
.G2(Uimp /e)2(z0 /r c)

2, z0 being the thickness of the 2D
layer in thez direction, r c@z0 the correlation radius of the
donor potential, andUimp the magnitude of the donor poten
tial fluctuations. We assume that the latter does not exc
Elat.e, so thatG4!G2.

The finite Zeeman splitting in the energy spectrum a
leads to contributions}b2. Here we give the final expressio
for the case of a circular dot (vx5vy5v0) in the arbitrary
magnetic fieldvc.v0 (vc5eB/mc). The solutions of the
unperturbed Hamiltonian are the Darwin-Fock states cha
terized by two quantum numbers:n,l . We consider transi-
tions n50, l 561, ↑⇒n50, l 50, ↓ and using Eqs.~3! and
~5! obtain:

G556G0~B!S mb2v

\v0
2 D S gmBB

\v0
D 2

,

~9!

G0~B!5
2~eh14!

2m2stv
2

pre3
,
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where the energy transfere( l 561)5\v1\vcl /2, v
5Av0

21(vc
2/4) and G0(B) is the inelastic rate without a

spin flip. To estimate, we choosevc.v0.e so that G5
.G0(mb2/e)(gmBB/e)2. This contribution has the same e
ergy dependence asG1. It increases with magnetic field ap
proachingG1 at relatively low magnetic fieldsgmBB.mb2

(B.0.0140.1 T). Note that our consideration correspon
directly to a transition between singlet and triplet states
two electrons in vertical QD.15 Here, depending on the mag
netic field value the energy transfer~the distance betwen th
two levels! can vary in a wide interval, so that theG0(B)
value also changes by many orders of magnitude. Here
give an estimation forB52.8 T where\vc5\v055 meV.
At this point the experimental value ofe'10 K andG0(B)
'1.331019 s21. Then usingb533105 cm/s we obtain
G5'8.431027G0(B)'1.131013 s21.

Direct spin-phonon coupling. Term Ĥ3 has been em-
ployed by D. Frenkel to describe the spin relaxation of
localized states.16 Adopting his method to our situation an
making use of the conditionQx,y!Qz we obtain a genera
relation

G652
V0

2\2

128rseE dxdyI12
! ~¹x

21¹y
2!I 12;

~10!
I 12[F1~¹x2 i¹y!F2

!2F2
!~¹x2 i¹y!F1 .

Here, we give the final expression for the elliptic dot and
transitionnx51, ny50⇒nx50, ny50 (e5\vx)
c

n

s
r

e

e

e

G65
m3V0

2e2

128prs\4
Avy

vx
S 11

vy

vx
D . ~11!

The corresponding rate is found to be very small (1021

41011 s21) for the energy transfer 1410 K.

The last contribution comes fromĤ4. The estimation

gives G7.(g̃mBB)2(me2/rs3\4) or, in other terms,G7

.G6(g̃mBB/mV0s)2. Therefore,G7 exceedsG6 in a rela-
tively strong magnetic field.3 T.

In conclusion, we have calculated the rates for t
phonon-assisted spin-flip transitions in a quantum dot for
possible spin-orbit mechanisms. The localized characte
the electron wave functions suppresses the most effec
intrinsic spin-flip mechanisms related to the absence of
version symmetry in GaAs-like crystals. The admixtu
mechanisms clearly dominate. The third-order mechan
@Eq. ~7!# dominates in zero magnetic field exhibiting a sha
dependence on lateral energy. The Zeeman splitting me
nism @Eq. ~9!# takes over already in relatively low-magnet
fields. If the corresponding rates become very low
(.10 s21), the p3 mechanism@Eq. ~8!# prevails.
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