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ABSTRACT: We develop the embedding formalism to describe symmetric traceless tensors
in Anti-de Sitter space. We use this formalism to construct the bulk-to-bulk propagator
of massive spin J fields and check that it has the expected short distance and massless
limits. We also find a split representation for the bulk-to-bulk propagator, by writing it
as an integral over the boundary of the product of two bulk-to-boundary propagators. We
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ciated to AdS graviton exchange between minimally coupled scalars of general dimension,
including the regular part of the amplitude.
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1 Introduction

Higher spin fields play an important role in all known examples of the AdS/CFT duality [1].
In the case of the N' = 4 SYM there are massive string states in AdS, which must be taken
into account at finite 't Hooft coupling A, and whose effect appears at infinite coupling
in the form of 1/ VA corrections. More recently there has been a resurgence of higher
spin gauge theories in AdSy [2-5], conjectured to be dual to three-dimensional CFTs like
the O(N) vector model [6], the Gross-Neveu model [7] or certain large N Chern-Simons
theories [8]. In all these recent cases, computations involving AdS higher spin fields pose
additional technical challenges. The goal of this paper is to develop a formalism to deal
with tensor fields in AdS, that makes computations almost as simple as those with scalar
fields.

More specifically, we shall develop the embedding formalism for treating massive sym-
metric traceless AdS tensor fields with J indices (or spin J fields, for short), but some of the
methods here developed should be extendable to antisymmetric tensors or mixed symme-
try tensors. The basic idea of the embedding formalism is that fields in Euclidean AdSgq
space, or their CFTy dual operators, can be expressed in terms of fields in an embedding
Minkowski space M%t2. The action of the AdSg, | isometry group, or of the conformal
group SO(d + 1,1), can then be realised as the group of linear Lorentz transformations.
This fact has been explored in many places in the literature to simplify computations,
including computations of correlation functions of higher spin fields [9-12], of conformal
blocks for external operators with spin [13, 14], and of Witten diagrams to derive Feynman
rules in Mellin space [15-17], to name a few.

We shall start, in section 2, by introducing the basic definitions that allow us to
describe AdS fields in the embedding formalism, including the representation of differential
operators such as the Laplacian. As a first application of the formalism, we compute in
section 3 the bulk-to-bulk propagator of a massive spin J field in AdS. Explicit expressions
for the scalar and spin 1 cases are known for a long time, while the expressions for the
massive spin 2 and p-form cases are known only more recently [18]. The new propagator
has the required short distance behaviour derived in [19] using zeta function regularisation.
It also reproduces the known form of the vector propagator, as well as the traceless part
of the graviton propagator in the massless limit, as given in [20]. In general it is known
that the bulk-to-bulk propagator is closely related to the product of two bulk-to-boundary
propagators integrated over a common boundary point [21, 22]. In section 4 we make
this relation precise by deriving a split representation for spin J propagators in AdS. We
also consider the case of the graviton propagator whose split representation has generated
some discussion in the literature [23, 24]. Taking one of the bulk points to the boundary,
the spin J propagator also defines the bulk-to-boundary propagator for this field. As
an application of this result we derive in section 5 the relation between the AdS local
coupling of two scalar fields and one spin J field, and the OPE coefficient of the dual
CFT operators. Finally, in section 6 we make use of this split representation to derive
the conformal block expansion of four-point correlation functions computed via Witten
diagrams. In particular, we determine the Mellin amplitude associated to AdS graviton



Figure 1. Euclidean AdS and its boundary in the embedding space. This picture shows the AdSs
surface X2 = —1 and the identification of a boundary point (in blue) with a light ray (in red) of
the light cone P? = 0, which intersects the Poincaré section on a (black) point.

exchange between minimally coupled massive scalars in general spacetime dimension. A

number of technical computations are left to appendices.

2 Embedding formalism for AdS

In this paper we consider tensor fields in Euclidean (d-+1)-dimensional Anti de Sitter space
AdS44+1. Obviously this is just the (d + 1)-dimensional hyperbolic space. Our expressions
can be Wick-rotated to Minkowski signature, provided one is careful with the ie prescription
(see [25, 26] for some details). In this section we introduce notation and develop the
embedding formalism to treat tensor fields in AdS;1q. We shall see how the use of this
formalism simplifies computations considerably, making conformal invariance manifest at
all time, just like for tensor fields in d-dimensional CFTs. This simple idea has been used
before (e.g. [27, 28]) and is also known has tractor calculus [29, 30].
Euclidean AdSg411 space can be defined by the set of future directed unit vectors,

X2 =1, X%>0, (2.1)

in (d 4 2)—dimensional Minkowski space M%*2. As it is well known, the isometry group of
AdS441 is the d-dimensional conformal group SO(d+ 1,1). This group acts linearly on the
embedding space M?*2, and its action is interior to points on the hyperboloid X? = —1.
A simple example is that of AdS;,; written in Poincaré coordinates z# = (z,y%), with y a
d-dimensional vector. In this case AdS points are parameterized as

1
X=-
z

(1,22 + 9%, y%), (2.2)



where we used light cone coordinates
X4 = (XX, X%, (2.3)

with metric
X X =napXAXP = —XtX™ + 5, X°X°. (2.4)

Here and below, we use capital letters to denote embedding space indices in M2, lower
case letters to denote indices in R?, and greek letters to denote AdSg,; indices.

AdS boundary points can be obtained by sending some of the X coordinates to infinity.
In this limit the hyperboloid approaches the light cone, so that a given specific point at
infinity in the hyperboloid approaches one light ray. This allows for the identification of
the AdS boundary with light rays, according to

P’=0, P=XP, )eR. (2.5)

For example, for the Poincaré patch considered above, boundary points are parame-
terised by

P=(1,y%y"). (2.6)

figure 1 summarizes this geometric picture.

We wish to establish the relation between fields in AdSzy; and M2, In particular,
here we will consider traceless symmetric tensors. Let us then consider a traceless sym-
metric tensor of M%*2 with components Ha, a,(X), defined on the surface X? = —1 and
transverse to this surface,

XY Hy, 4,(X)=0. (2.7)

This defines a tensor in AdSg4y1, whose components are simply obtained by the projection

oxA  gxAs

h - e
Pty = g i

Hyp,.oa,(X). (2.8)

The extension of the embedding tensor H(X) away from the AdSy; submanifold X2 = —1
is not physical. On one hand, this means that components of the tensor that are transverse
to the hyperboloid, i.e. of the type

Haya,(X) = X4, Y a,..4,)(X). (2.9)

are unphysical. Indeed, these components, which do not satisfy the transverse condi-
tion (2.7), have vanishing projection to AdS;y1. On the other hand, it also means that
whenever we take a derivative in the embedding space, that derivative can only be tangent
to the AdS;41 submanifold.

We wish to have a more economical way of encoding AdS;11 tensors, without having to
deal with all the indices and constraints arising from the linear realization of the SO(d+1, 1)
symmetry. Let us first recall how this can be achieved in the case of R tensors, extensively
discussed in [11]. In this case a symmetric traceless tensor with components Fjy,...4,(P)
is defined on the light-cone P2 = 0 of the embedding space with the requirement that



F(AP) = A™2F(P), for A > 0, where A is the conformal dimension. This tensor can be
encoded in the polynomial

F(P,Z) =2 .. . Z%F4,..a,(P), (2.10)

where Z2 = 0 encodes the traceless condition. To be tangent to the light-cone P? = 0 the
embedding tensor must satisfy PAlFAl... A; = 0, which can be implemented by requiring
F(P,Z+aP) = F(P,Z) for any . In addition, we can impose the orthogonality condition
P -7 = 0 because Fa,..a; = P4, Va,..4,) has vanishing projection into physical R?
tensors. Moving to the case of AdS symmetric traceless tensors Ha, a,(X), defined on
the submanifold X2 = —1, they can be encoded by (d 4 1)-dimensional polynomials as

H(X,W) =W . WA Hy,  4,(X), (2.11)

where W2 = 0 = X - W. The traceless condition allows one to restrict the polynomial to
the submanifold W2 = 0, and the transverse condition allows for the further restriction
X - W = 0. In sum, a symmetric traceless tensor can be fully encoded by a polynomial
H(X,W) defined on the submanifold X2 +1 = W? = X - W = 0. To recover the AdS
tensor from a given polynomial we define the operator

d—1 0 0 0 0

0 0 1 0?2 0 0
+XA(W'aW> <X'aw>‘2WA<W+<X'aw> <Xaw>>

We constructed this second order differential operator such that it is interior with respect
to the submanifold X2 +1 = W?2 = X - W =0 (i.e. its action on a function only depends
on the value of the function on this submanifold). Moreover, it is transverse (X4K, =
0), symmetric (K4Kp = KpK,) and traceless (K4K“ = 0), so that its action on any
polynomial of W will define a transverse symmetric traceless AdS tensor. To be precise, it
acts as a projector since

1

THE,

K, . . Ka,WB . whr =g P g, P, (2.13)

{A Ag}

where
Gap =nap + XaXp, (2.14)

is the induced AdS metric (and therefore a projector). Our convention for the index
symmetrization is normalized according to

1

B B B B

G{All...GAJ}J:J! g Gyt Gy 7 — traces, (2.15)
s

where the sum is over all permutations of the A indices and we subtract the traces using the
AdS metric G4p. In particular, notice that acting on the polynomial (2.11), the projector
K 4 simplifies to

d—1 0 0



because the tensor Hy4, 4, is already traceless and transverse. It is then straightforward
to show that the components of the symmetric and traceless AdS tensor in (2.11) can be
recovered from its polynomial via

1

"R,

Hyp,oa,(X) Ka,...Ka,HX,W), (2.17)

L
where (a); = I'(a + J)/T'(a) is the Pochhammer symbol. Thus from now on we will work
with polynomials that uniquely determine AdS symmetric traceless tensors.

Our main goal in this paper is to construct in a systematic way and in full generality
the AdS propagator for a massive spin J field. This means that we need to define an
embedding differential operator that computes the AdS covariant derivative. Acting on
symmetric traceless tensors encoded in polynomials of W, as in (2.11), the embedding
differential operator that does the job is

0 0 0

As necessary, this operator is interior to the submanifold X? +1 = W2 = X - W =
0 and transverse (X4V4 = 0). With the help of this differential operator and of the
projector (2.12), we can compute the divergence of a tensor by

1
T&E )
The left hand side of this equation is the polynomial whose projection to AdS gives the

(V- H)(X, W) = V. KHX,W). (2.19)

divergence D, ht luz._, uy- Instead, in the right hand side we freed first one embedding index
acting with K 4, and then contracted it with the embedding differential operator V 4.!

The Laplacian of a tensor field in AdS, V2H, can be simply recovered from the poly-
nomial

(V?H) (X,W)=V -VHX,W), (2.20)

which, after projection to AdS, computes D*D,hy,,. ;.-

The embedding space can also be used to compute covariant derivatives of more general
tensors (with open indices). Given an embedding tensor T4, .. 4, obeying the transversality

condition (2.7), its covariant derivative is simply given by

0
VBTAl...An (X) = GBCGAlcl ... GAnC" W TCl...Cn (X> ) (2-21)

where the projector G, is the AdS metric given in (2.14).

3 AdS propagators of spinning particles

Let us first recall some basic results on particles with spin 1 and 2. A massive spin 1
particle is described by the Euclidean action

1 1 1
/A N d /g [2(DMAZ,)2 — §(D“A#)2 + §M2A“A# — At (3.1)

1On the submanifold X2+1 = W? = X-W = 0, the order of the operators K4 and V* is not important
because V- K = K - V.



where D, is the AdS covariant derivative and j# is a classical source. This action gives
rise to the Proca equation

D?A, — D, (D"A,)) — M*A, = —j, . (3.2)

Taking the divergence of this equation in the absence of source, we conclude that D¥ A, = 0.
Thus, in the absence of source, the Proca equation is equivalent to DQAM =M QAM and
DYA, =0.

A massive spin 2 particle is described by the Euclidean action [18, 31, 32]

1 1
/ /g [2(Duhm)2 — 5(D,ﬁ)2 + D*hy DY h — Dyhy D*h* (3.3)
AdS
d 1 .
+d(h,)? + §h2 + 5(M2 +2)(h2, = h?) = T"hy,|

where TH" is a classical source and h = g"”h,,, is the trace of the field h,,. This action
can be obtained from the Einstein-Hilbert action for the metric g, + h,, in the presence
of a negative cosmological constant equal to —d(d — 1)/2, by expanding to quadratic order
in the metric fluctuation Ay, and adding the Fierz-Pauli mass term (M2 + 2)(h2, — h?)
to the lagrangian. The equation of motion can be written as [18]

(D* — M®)h,, — DD hgy — Dy D by — 2g,h (3.4)
M? +2 1 "
- (D“D” Cd-1 g“”) =~ + d—1 urTo”

where we recall that the AdS radius is 1 in our units. By taking the trace and the divergence
of this equation in the absence of source, we can derive

D?hy = M?hy, DFhy, =0, h=0. (3.5)

The generalization of these equations to higher spin is more involved. Starting from
spin 3 one must either introduce non-local terms or auxiliary fields [33-35]. However,
on-shell, these equations always reduce to

2
DQth---NJ =M h‘Ml---MJ ) Duhum---/u =0, h* B3y 0. (3'6)

This will be enough for our purposes, since it determines all poles associated with propa-
gating degrees of freedom.

3.1 Bulk-to-bulk propagator

To construct the bulk-to-bulk propagator of a spin J field between points X; and Xo,
respectively with polarization vectors W; and Ws, we need to consider polynomials of
degree J in both Wy and W5 that can be constructed from the three possible scalar products
Wy - Wa, X1 - Wy and Xo - Wy. The coefficient of each term can be a generic function of
the chordal distance u = —1 — X;-X5. Thus we write with full generality

J
Ta, (X1, Xoy W1, Wa) = S (Wia) (W1 - X2) (Wa - X1)) i () (3.7)
k=0

where we introduced the notation W9 = Wy - W,



To see how this formalism relates to the more conventional treatment, let us consider
the simple case of J = 1 and arbitrary dimension A. In this case we have

H(Xl,Xg, Wi, Wz) = Wia go(u) + (W1 . XQ)(WQ . Xl) gl(u) . (3.8)

Next we should act with the projector operator (2.12) to recover the components of the
propagator as an embedding tensor

A p(X,Y)=(nap+ XaXp+YaYp — (1 +u)XaYB) go(v)
+ (Xp—(1+u)Ys)(Ya— (1+u)Xa)gi(u). (3.9)

Finally we can project to some AdS coordinate system using (2.8). The terms proportional
to X 4 or Yp are then seen to have a vanishing projection. The result can be expressed, in
terms of the usual tensor structures constructed from derivatives of the chordal distance
between both points, as

0

Let us return to the problem of finding the general form of the functions g (u) in (3.49).
Based on a similar analysis in flat space that we include in appendix A, there is an al-
ternative way other than (3.7) of writing the propagator that turns out to simplify the
computation,

J
a7 (X1, Xo, Wi, Wa) = Z (Wh2)”~ k 1-Vi)(Ws - V2))kfk(u)- (3.11)
k=0

The equivalence of expressions (3.7) and (3.11) relates the functions gx(u) and fx(u)
through

J 2 .
- Z H_k < ) (Z jk)'fz(ﬂ—k) (u) ’ (3'12)

1=

where fi(k) (u) = 0¥ fi(u) denotes the k-th derivative of f;(u).
The equations for the bulk-to-bulk propagator of a massive spin J field are given by

(V2 — A(A —d) + J) Ta (X1, Xo, Wi, Wa) = —6(X1, Xo) (Wi2)? + ..., (3.13)
Vi Kia g (X1, Xo, Wi, Wa) =, (3.14)

where we wrote the mass squared in (3.6) in AdS units as M2 = A(A —d)—J, such that A
is the dimension of the dual operator. In these equations, the dots represent local source
terms that are not important for the propagating degrees of freedom. As we shall see, they
only change the propagator by contact terms. Since we will reproduce known formulae
for lower spin fields, and also to make explicit our normalisation of the delta function
singularity in the propagator equation, it is helpful to write these two equations in terms



of components of the physical tensors. A mechanical computation shows that acting with
the projector (2.12) we obtain the familiar equations

(D% - A(A - d) + J) HMI---MJWL--VJ(‘TL $2) = =G {1 " Yluglvs} (5(331,.752) + ..., (315)
Di“H#ln#JvVlmVJ(xl’w2) = ... (316)

where D7 is the covariant derivative acting on functions of x; and we use the same con-
vention for index symmetrization as given in (2.15).

The simplicity brought by the formalism can now be appreciated by the action of
the Laplacian on our ansatz (3.11). One obtains for the propagator equation (3.13) the
expression

J
(Wi2)76(X1, Xo) 4+ =D (Wip)H {2(J — k) (W - V)" (Wa - V) (X - W) (3.17)
k=0

+ Wi (W7 -Vy) (W -vz))k(u 2+ w02+ (d+1) (1 +u)dy + k(2 +k —2J) — A(A — d))} fi.

Although it is not explicit, this equation is actually symmetric under exchange of points 1
and 2. In fact, the term (X; - Wa) fi (u), arising from the first line, can be written as

W,V / "l ol (3.18)

so the tensor structure of this term can be obtain from that of the second line in (3.17) by
setting k — k+ 1. Further simplification is achieved by using instead the k-th derivative of
fr, since in (3.12) there are always at least k derivatives of fi. Thus, using the shorthand
notation hy = f,gk), (3.17) becomes

(u(z + )02 + (d+ 1)1+ u)dy — A(A — d))ho ~0, (3.19)
(u(z P )02 4 (d+ 14 2k) (1 +u)dy + 2k(k — T+ 1) — A(A — d))hk = 2(J +1 - k)hy_r,

for kK = 0 and k > 0, respectively. The former is nothing more than the equation for the
scalar propagator. Solving the latter for J up to 7 we found a recurrence relation for hy in
terms of hy_1 and hg_o. Inspired by this result we conjecture that the general solution is
defined recursively by

hyy = ck((d — 2427 — 1) ((d+J—2) hgr + L+ u) b)) + (2= k+.J) hk_g) . (3.20)

where 1t T
_l’_ —
= — 3.21
k k(d+2J —k—2)(A+J—-k—1)(d-A+J—-k—-1)’ ( )

and

) = r(A)
o) 2750 (A+1— )

1— 2
(2u)"2 5 Fy <A,A+ Td,ZA—d—i- 1,—u>. (3.22)

The normalization of hg is fixed by the §-function source in the propagator equation. The
equation for the divergence (3.14) was checked to hold for J up to 6. Previous results for
propagators in AdS were confirmed for J = 1 and J = 2, as we now discuss [18, 21, 22, 36].



3.1.1 Spin1l

In the case J = 1 explicitly considered above, using (3.12) and fi(Hk) = hl(k), it is simple to
see that the functions of the chordal distance that multiply the different tensor structures,

as described by (3.10), are given by

1+u

go(u) = (d—A) Fy(u) — ” Fy(u), (3.23)
(I +u)(d—-A) d+ (1+u)?
g1(u) = W Fi(u) — 22+ ) Fy(u), (3.24)
where
Fl(u) = N(?u)_A 2F1 <A, #, 1—-d+ QA, _12L> y
Fo(u) = N (2u) 2 5 F, <A+1,1_d2+2A,1—d+2A,—i>, (3.25)
with
N'A+1) (3.26)

N= 214/2(d — 1 — A)(A-1)T(A+1-9)

3.1.2 Spin 2

To make contact with previous results in the literature we will compare (3.7) for J = 2
with the result for massive symmetric spin 2 field in [18]. The solution of the equations of
motion for a symmetric spin two propagator can be organized in five structures (including

the trace part for now)
5 . .
GH1H2§V1V2 (U) = Z A(Z) (U) T;Sll)ug;ulyg ) (327)
i=1

where T,S?m;,,l,,2 are the five independent structures

K s = g2 (3.28)
T2 e = Ouy By Oy u By, (3.29)
TP s = Oy O 1 Oy Dot + Oy Dy Dy Doy (3.30)
TlSiLLQ;VWQ = 0y, u Oppu "2 + 0y u 0w g™, (3.31)
Tffi’LQ;M = 01y Opy U 0yt Dyt + Oy Oy u O Dy + (11 4 12), (3.32)

and the specific form of the functions A®)(u) is given in [18]. However, there are only
three symmetric and traceless structures that can be constructed from T,S?MMVQ. These

~10 -



correspond to following structures in the embedding formalism

3 1 4
(W12)2 — Tlle2§V1V2 o T}ULQ?”IVQ (1 + d - U(2 + ’l,L)) o T/£1L2;V1V2 (333)
2 (1+d)? 1+d ~’
w4 ) (w+ DT e | (L O Titsuvs
Wha(Wr - Xo)(Wa - X1) = = (14 d)? + 1+d B 4 ’
(3.34)
u2(2 + u)QT(l) v u(u+ 2)T(4) v
(W1 - Xo)(Wa - X1)% — 0+ d’;;m =2+ lE?I)JQ;VIZQ - . +‘§#2 =2 (3.35)
Therefore, the functions in the expansion (3.27) are given by
1 1
AW = go(), AP =g, AV =), (3.36)
1+d—u2+u) w(l+u)(u+2) u?(2 + u)?
AV (y) = — — _ .
1+u u(u +2)
A9y = g + T gy - D ). (3.39)

Using the results of the previous section for J = 2, we recover the results of [18]. This is
the full result for the propagator up to contact terms. In section 4.4 we shall discuss in
detail the contact terms for the spin 2 case.

3.2 Bulk-to-boundary propagator

In the embedding formalism, the bulk-to-boudary propagator of a spin J and dimension
A field has the simple form

(=2P-X)(W - Z) +2(W - P)(Z- X))’

A (X, P;W, Z) =Ca,g (—2P - X)A+7

(3.39)

This is the unique structure compatible with conformal symmetry, which in this formalism
is encoded by the constraint

a7 (X, AP; a0 W, a9 Z + BP) = A\~ % () 'Ta 5 (X, P; W, Z), (3.40)

for arbitrary constants A, a1, ap and 8. The normalization constant Ca ; is fixed by con-
sidering the bulk-to-bulk propagator, properly normalised by its short distance behaviour,
and then sending one of the bulk points to the boundary, according to

Jim A TIA (X, AP+ O W, 2) =TTa g(X, P W, Z). (3.41)
—00

Let us check that this works for the bulk-to-bulk propagator computed in the previous
section. First we observe that the recurrence relation (3.20) is simplified in the limit
u — oo. In this limit, this relation preserves the same asymptotic behaviour for all functions

hy(u). Hence, from the asymptotic behaviour of hg (u), we conclude that hy ~ spu™>, and
therefore (3.20) gives rise to a recursion relation for sy,
s = ck((d k42T —1)(d— A+ T —2) sp1 + (2 —k+J) sk_g) . (3.42)

- 11 -



This equation has the following solution

J! (—1)k

= 3.43
NI (T+A—k—1), (3.43)
which implies after the use of (3.12) that
J! J+A-1 _A 4
~ . .44
) % 50 T (3.44)
It is then clear that we recover the form of the bulk-to-boudary propagator (3.39),
J
A-1+2W -P)Y(X-Z2)-2(W -Z)(X P
A (X, P;W, Z) = sg pal +J) (2 I ) = X I ) . (3.45)

The constant sg is fixed by the normalisation imposed by the delta function source in the
propagator equation. We can just fix it by looking at the asymptotic behaviour of the
function ho(u), which fixes the normalisation constant Ca  introduced in (3.39) to be

B (J+A-1)T(A)
2?2 (A—1)T(A+1—-h)

Ca,g (3.46)

3.3 Short distance limit

Next we consider the short distance limit where u — 0. Our goal is to check computations
done in [19] that can also be done by directly computing the difference between the short
distance behaviour of spin J propagators of dimension A and d — A. First, let us note
that our solution for the spin J propagator is based on the recursion relation (3.19), where
the seed is given by the scalar propagator (3.22). It so happens that the scalar propagator
diverges at short distances. However, the coefficients of all the divergent terms are invariant
under A — d — A. Therefore, since the recurrence relation is also invariant under this
transformation, the difference of the spin J propagators of dimension A and d — A is finite
in the limit © — 0. Defining EO as the difference of hg for dimension A and d — A we can
obtain, from the explicit result (3.22),
A T(d— A+ k)T(A+k) .

ho(u) = sin(g(d - 2A)) kzo (1) (—u)k . (3.47)

To make contact with the computation of [19] we only need to consider the difference of
the trace of the spin J propagators. In the embedding formalism the trace can be obtained
simply by acting on the propagator with the operator

1
— (K - Ky)? (3.48)
— 2 ( 1 2) >
(J1(5H))
where K is defined in (2.12) and we were careful with the numerical factor to obtain exactly

the trace. We show in appendix B that in the limit v — 0 the action of this operator on
the difference of propagators II is

(K - K2)” TIa 7 (X1, Xo, W1, Wa) & (K - K2)? (Wia)” go(u = 0). (3.49)
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To compute go(u = 0) we need to use the relation (3.12) involving a sum over all the
hy(u = 0), which in turn can be determined using the recursion relation (3.20) and the
series expansion (3.47) of ho. We did this computation up to J = 12 and verified that the
result for the difference of the trace of the propagators exactly matches that of [19],

o) (A+J-1)(A-J—-d+1) F(ﬁl_ DT(d—1—A)sin(F(d - 2A7)) | (3.50)
20r T (144
where g(J) is given by
(20 +d—-2)(J+d-3)!
g(J) = D , d>3, (3.51)
g(0)=1,  g(J)=2, d=2. (3.52)

3.4 Massless limit

To analyse the massless limit of the spin J bulk-to-bulk propagator let us introduce the
new representation

J
HAJ = (W12)JG(U) + Wl -V <Z(W12)J_k (WQ . Xl)k (Wl . Xg)kil Lk(u)> . (3.53)
k=1

Comparing with expression (3.7) we conclude that

go(u) = G(u) + L1(u), (3.54)
gk(u) = —Li(u) + (k+ 1) Lgy(u), k=1,...,J—-1, (3.55)
gs(u) = —Lj(u). (3.56)

These relations can be inverted to give the functions Ly in terms of the functions g,

J u
Lk(u):—;IIM/ .../du'gl(u'). (3.57)
I—k+1

The function G(u) follows after a simple manipulation,

J U
G =go(w) + T+ [ [l g,
=1 | S —
!

oy i I2(i41)
=0 ; o PTG 1) i) = o) (3.58)

where we used equation (3.12) and fl-(iJrk) (u) = hgk)(u).

Expression (3.53) for the bulk-to-bulk propagator is very convenient to study the mass-
less limit. In this case, gauge invariance implies that the propagator is always coupled to
conserved currents. If the current is also traceless, then the functions Lj in (3.53) do not
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contribute to physical processes (because their contribution vanishes after integrating by
parts). In other words, the function G(u) is the only physical degree of freedom. This is the
same result found in [37] for every spin J. Notice that, one must be careful in intermediate
calculations because the gauge artifacts Ly(u) diverge in the massless limit A — J +d — 2
(this is clear from the explicit form of the coefficient aj in (3.21)). In general, however,
the conserved current is not traceless. The analysis of this case is more involved and was
considered in [38]. The main result is that the structures that couple to the multiple traces
of the current also remain finite in the massless limit. To clarify this point we now review
the spin 2 case.

3.4.1 Graviton

As explained above, it is important to isolate physical components from gauge artifacts.
The massive spin 2 symmetric and traceless propagator (3.27) can be rewritten in the form,

Oy Ou w0y Opytt + 9,y Oyt 0y, Oy U
Gmuz;mw = e 9 s G(u)+gulu2gV1V2 H(u)

+ O(y11 [Opy) Oy 1 Ot X (u)] + Oy (D) Opy t Oppyu X ()] (3.59)
+ 0, [(9“2)u Oy, U Opyu Y(u)} + 0, [8,,2)u Oy U Oyt Y(u)]
+ O, [8#211 Z(U)} Guyvy + Oy [&,Qu Z(U)} Guips

where (,) denotes symmetrization. Only the first line in this expression gives a finite
contribution when coupled to a conserved symmetric tensor (not necessarily traceless).
The physical components G(u) and H(u) can be written in terms of ho(u) as

G(u) = ho(u), (3.60)
H) =~ oy +1A(A = <d(2d C4 A - d) / . / du o ()
—d(1+u) /OO du'ho(u') + (d + A(A — d))h0> : (3.61)

Both functions are regular in the massless limit and agree with [20].

4 Split representation of AdS propagators

There is an alternative representation for bulk-to-bulk propagators which is often termed
as split representation. The aim of this section is to introduce this representation for spin
J fields and explicitly compute the propagator in some examples. We start by defining a
basis of spin J harmonic functions, denoted as €2, ;. As will be shown, the propagator can
be written as a linear combination of these functions.

4.1 Spin J harmonic functions in AdS

The integral over the boundary point of the product of two bulk-to-boudary propagators,
with dimensions h+iv and h—iv, is by construction invariant under the exchange v <+ —v.
Moreover, it depends just on the bulk points X; and X, and polarization vectors Wi and
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Figure 2. Representation of AdS harmonic function €2, ; in terms of two spin J bulk-to-boundary
propagators of dimension h + iv integrated over the boundary point.

Ws. This is schematically represented in figure 2 and leads to the following definition of

the AdS harmonic function

V2

QI/,J(X17X2; Wwh, W2):m

/dP Mppiv g (X1, Py Wi, Dz iy g (X2, P Wa, Z)
0
(4.1)

where Z denotes a polarization vector on the boundary and h = d/2 was introduced for

convenience. The operator Dy, given by,
0 0 1 0?
Di=(h-142 — | — — 74— 4.2
( * 8Z>8ZA 2” 9702 (42)

is the boundary counterpart of (2.12) and implements index contraction of tensors defined
on the boundary of AdS. In appendix C, we compute the integral (4.1) and show that it
is given by a linear combination of two bulk-to-bulk propagators [21]

1%
Q7 (X1, Xo; Wi, Wa) = %(Hh—f—iu,J(Xl,X% Wi, Wa) — Iy, g (X1, Xo; Wi, Wz)) - (4.3)
Notice that €2, ; is an eigenfunction of the Laplacian operator and is divergence free,

(V2+h2 4+ 02+ J) Qg (X1, Xo; Wi, Wa) =0, (4.4)
Vi Ky Qg (X1, Xos Wi, Wa) = 0.

These properties follow from (4.3) and equations (3.13)—(3.14) for the bulk-to-bulk propa-
gator.

Besides being an eigenfunction of the Laplacian, €2, ; satisfies an orthogonality relation.
To see this, consider the integral

1
TG,
This object can only depend on the invariants X - Xo, Wi - Wy and (W; - Xo)(Wa - X1).
Therefore, it is invariant under the exchange (X1, W1) <> (X2, Wa). By construction, Cy, »

/ dY Qp g (X1, Y, Wi, K) Q, g (Y, Xo; W, Wa) = C 5(X1, Xo; Wi, Wa),
AdS

is an eigenfunction of the Laplacian. Thus, the expression

(V3 —V3) Cyp(X1, Xoy Wi, W) = (12 —7%) Oy, 5(X1, Xo; Wi, Wa) =0, (4.6)
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must vanish because it must be both antisymmetric and symmetric under the permutation
(X1, W) <> (X2, Ws). This means C,, 3 only has support at 7 = +v. Notice also that C, 5
is a harmonic function in the variables X; and X», so it should be proportional to €2, ;.
Thus

1
Cy, (X1, Xo; W1, Wa) = 3 [6(v+7D) 4+ 6(v —1)] Qs (X1, Xo; Wi, Wa), (4.7)

where the constant of proportionality was determined in appendix D. Integrating C,,  over
v, we find

/ ay Qu,J(Xl,Y§W1aK)/dVQu,J(Ya Xos W, Wa) = Qp 7 (X1, Xo; W1, Wa),

1
(52, Jaas

(4.8)
which implies that

/ dv Qy 7(X1, Xo; W1, Wa) =38(X1, Xo)(Wi2)” + (W1 - V1)(Wa - V2)Q(X1, Xo; Wi, Wa),

(4.9)

since we can always add to the right hand side of (4.9) a total derivative because ()5 ; has
zero divergence. The function ) can be written as

J
Q(X1, Xo; Wi, Wo) = —Z/dV cra() (W - V)(Wa - V2))l_19u,Jfl(X17X2; Wi, Wa).
=1
(4.10)

This means that we can write the completeness relation?

J
Z/dl/ cr(w)(Wy - Vi) (Ws - V2)>lQu,J—l(XlaX2§ Wi, Wa) = §(X1, Xo)(Wia)”, (4.11)
=0

where ¢o(v) = 1. In appendix D we derive the general formula

- (T =141 (h+T—1-}),
W) = ah T2 2l — Dn(h - T~ =i + T — T+ i)

(4.12)

using a recursive argument to increase J and I.

4.2 Split representation

Let us express the propagator as a linear combination of harmonic functions,

J
O, (X1, Xo; Wi, Wa) = Z/dVal(V)((Wl V) (Wa - VQ))J_l Qi ( X1, Xo; We, Wa),
1=0

(4.13)

2We call this a completeness relation because if we use the representation (4.1) of the harmonic functions,
equation (4.11) tells us that the functions F,; p(X,W) = (W - V)th+il,,,],l(X7W;P, Z), with v € R,
PcR?and1=0,1,...J, form a complete basis for spin J (symmetric and traceless) tensors in AdS.

~16 —



P

Figure 3. The split representation of the spin J propagator obtained by integrating over v and
summing over the spin [ of two bulk-to-boundary propagators of dimension h + iv integrated over
the boundary point, according to (4.13).

as represented in figure 3. This is the split representation of the propagator. The coefficients
a;(v) of the split representation can be obtained using the equations of motion. More
specifically, using the commutation relation

[V2,(W-V)"] = —n(2h — 1 + 2W - Oy — n)(W - V)", (4.14)
in equation (3.13), we find
[A(A —d) — T = Vi T g (X1, Xos Wi, Wa) = (4.15)

J
Z/du ) [(J = DR+ T +1—2) + 12 + (A — 2] (W - V1) (Wa - V2)) ',
=0

We shall assume that the traceless part of the contact terms has the following general form

[A(A —d) = J = V] Ty (X1, Xa: Wi, W) (4.16)
J
= ZUJ—S((Wl V1) (W - Vz))st [(W12)*8(X1, Xo)],
s=0

where vj_4 are constants and vy = 1 is fixed by the normalisation of the delta-function term
without derivatives. Using the representation (4.11) of the delta function, and comparing
with (4.15) we obtain

J
a(W)[(J =D+ J+1-2)+ 2+ (A=n)?] = vy sesev), (4.17)

s=l
for 0 <1 < J. Since cjp = 1, the case | = J gives immediately

1

aj(v) = (A h)E (4.18)

To determine the coefficients a;(v) for I < J we look for a solution of (4.17) with the
minimal number of poles in v. From the explicit form of ¢, s_;(v) given in (4.12), we are
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led to the ansatz

T

Tlq
pr— 4-1
() 2+ (h+1+q—1)2 b<J, (4.19)

Q
Il

where the J and A dependence of the residue is implicit. To determine these residues we
consider equation (4.17) when v?> — —(h + 1+ q — 1)2. This gives

Tl,q[(J_l)(2h+J+l—2) - (h—|—l—|—q_ 1)2+(A—h)2]
v—si(hH+q—1)

J
= Z’UJ_S lim [1/2 +(h+1+4+q— 1)2] Cs,5-1(V) (4.20)
s=l

(e sl b+ 1+ q—1) (h+1-3),_,

J
=2 v q—DU(s = DI(s =1 = )N2h + 20 = 1)s(2h + 2 + ¢ — 1)s1
s=l+q

On the other hand, the limit 2 — co of (4.17) gives
J—=l
V=Y Tig- (4.21)
q=1

Using these two equations, one finds that

B (—=1)% JU(2h + 20 — 2k — 2);,
TRENT =R+ T —k—1p(A+T —k—1)2h - A+ T —k—1);

Uk (4.22)

which in turn determines the residues 7, through equation (4.20). As an example, we
show the first coefficients,

J

aj_1(V) =— , 4.23

7-1) y2<1/2+(h—|—J—1)2> ( )

) J(J—1) J(J—1)

aj_o\V) = — ’
4y3(J+h—2)<u2+(h+J—1)2> 4y2(J+h—2)<u2+(h+J—2)2)

(4.24)

with yx, = (A+J—k)(2h—A+J—k). The expression for other coefficients, aj_x(v), cannot
be written explicitly in such a compact form. However, they are completely determined
by (4.20) and (4.22). In section 6, we shall use a very different argument to derive a
recursion relation that also fixes all coefficients a;(v).

In finding the solution for the coefficients a;(v) we made two simplifying assumptions:
the structure of the contact terms in the propagator equation (4.16) and the existence of a
minimal number of poles in v. In the next subsections, we consider the case of spin 1 and
2 and determine the full split representation. We will find that the above assumptions are
indeed correct.
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4.3 Spin 1

The divergence of the spin 1 propagator vanishes at separate points. However, one must
take special care with possible contact terms. Notice that, in general, these give non-zero
contributions to Witten diagrams. To determine the possible contact terms we return to
the Proca equation, which gives for the propagator

(D} +1—A(A —d) I, (21, 22) — DDy (21, 72) = —gud(z1,22) . (4.25)
In the embedding formalism this can be written as

2
V% +1- A(A — d) — ﬁ(Wl . Vl)(Kl : Vl):| HA,l(Xl,XQ; W1, WQ) = *W12 5(X17X2)~

It is straightforward to check that this equation is solved exactly by the split representation
we found in the previous section,

dv Q,1(X , Xo; Wi, W
a0, Xoi 1, ) :/ {/12(+1(A2_h)§ 2)

B / dv (Wy - V1)(Wa - V) Q,0(X1, X2)
B-D2h-A-D2+ 1)

(4.26)

In this calculation we used the basic properties (4.4) and (4.5) of the harmonic functions,
the simple commutators (D.25) given in appendix D and the completeness relation (4.11).
We conclude that, in this case, the coefficients a1 (v) and ag(v) are entirely determined by
their poles (4.18) and (4.23) without any additional regular piece.

4.4 Spin 2

The massive spin 2 propagator is traceless and divergenceless when the two bulk points it
connects are different. To determine possible contact terms we write the full propagator
as a sum of three terms. The first term is the traceless part that we discussed so far. Since
it is traceless it can be written as a polynomial in W7 and Wha,

2
A2 ( X1, Xos Wi, Wa) = Z/dV ar(v)((Wy - V1) (Wy - Vz))%l O (X1, Xos Wi, Wa),
1=0

(4.27)
where the poles of the coefficients were computed in section 4.2,
1 2
=)= B A Re ) = R A R DY) (4.28)
ap(v) = ! = (4.29)

2h(A —1)(2h —A—1) (12 + (h+1)2)  2RA(2h — A) (V2 + h2)°

We will show that this is the complete expression for these coefficients. In addition to the
traceless part of the propagator, we add a second term which is a pure trace,

(P + XA XP) (P + X XP) / dvt(v) Q0(X1, Xa2), (4.30)
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and a third term given by
[ (" + X' XP) VEVE + ViVT (1P + X§X7) } / dv q(v) Quo(X1, X2) . (4.31)

We now use the full equation of motion (3.4) to write the complete equation for the

propagator
(D% +2- A(A - d))Gmuz;sz _DungGUuz;Vle _DuzDgGmo;uwz _29u1uzGao;V1V2 (432)
A(A = d) - 1 2011 110 Gy v
+(D#1DM2 - dlgM/Q)GU wive T _5 (g/hl/lguzl/z + Gp1v2 Qo — %)5(1'17-%2) :

We can determine the coefficients ¢(v) and ¢(v) by imposing this equation, including contact
terms. To see this, let us apply the left hand side to each one of the terms (4.27), (4.30)
and (4.31), that make up the full propagator. Acting on the traceless part of the propagator,
the left hand side of (4.32) gives a traceless contribution

(2h — 1)2((Wy - V1) (Wa - V)
h(2h+ DAA —1)(2h — A)(2h— A — 1)

— (W12)25(X1, XQ) =+ 5 (5(X1, Xg) , (4.33)

plus a contribution with non zero trace,

V2 + h?

2h +1 (n“P + X5 X3) | Quo(X1, Xs),  (4.34)

/dl/ p(v) (nAB + XlelB) VgVQD +

where

_ 2 2(2h — 1)(v% 4 h?)
PV) = G A@h—A)  @h+1PAB - 1)2h—A)2h—A—1)"

(4.35)
Applying the left hand side of (4.32) to (4.30), we obtain
/ dvt(v) [a(y) (P + XA XP) + (2h - 1)v{‘vﬂ (P + X$XP) Q,0(X1, X2), (4.36)

where A(A—1)(2h— A —1)
o) = 2h — 1

Finally, the left hand side of (4.32) applied to (4.31) gives

— 2 — K. (4.37)

/ dv q(v) ( [o—(u) (n*P + X7 XP) + (2h — 1)vf‘vﬂ vivp (4.38)

V2 4+ h?
2h —1

b A a) [vAvE - (1'% + X2XP)| (197 + X§XP) ) ol Xo).

To perform these calculations the following identities were useful

VIVAVER(X) = VAVE [V2 - 2(2h 4+ 1)] F(X) + 2 (n*P + XAXP) V2 F(X),
VAVeVOVER(X) + VEVeVAVOR(X) = VAVE (2V2 - 4h) F(X), (4.39)

where F'(X) is a scalar function in AdS and the covariant derivative was defined in (2.21).
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Putting together the contributions from the three terms and requiring that they sum
up to the right hand side of (4.32), determines

B 2h —1
W)= ek T DAGB - D@k - M- A1)

1/2 2 _
) = o) +h*  A(Rh-A) ‘ (4.40)

2h +1 2h —1

Since both #(v) and ¢(v) are analytic in v, we conclude that the terms (4.30) and (4.31)
are pure contact terms, as expected.

It should be possible to generalize this analysis to propagators with higher spin, using
the appropriate equations of motion [33, 34, 39-41]. However, we will not attempt here to
find a closed formula for the contact terms of a propagator of arbitrary spin.

4.4.1 Graviton propagator

In the massless limit, the bulk propagator couples to a conserved current. This means one
can drop total derivatives of the propagator. The full propagator is then given by

/dl/ as(v) Q’:f’CB(Xl, X3) + (total derivative)

(h2 4 V2)2

+ (0 + XEXT) (P + X5 X)) /du {t(y) ool Gr

Qy0(X1,X2). (4.41)
The graviton propagator is obtained in the massless limit A — d = 2h. Recall that there
is no van Dam-Veltman-Zhakarov discontinuity in AdS [42, 43]. In this limit, both #(v)
and ag(v) diverge but the combination that appears in (4.41) remains finite. This gives
the split representation of the graviton propagator

d
HQJQB’CD(XL X5) = / ﬁyfﬂ Qfg’CD(Xl, X2) + (total derivative) (4.42)
(" + XPXP) (0P + X§XP) / Y 0,0(X1, X)
2h(2h — 1) (h+1)2 o2 WO

Notice that the total derivative (or pure gauge term) diverges in the massless limit.

5 Three-point function

A simple application of the above formalism is to consider a three-point Witten diagram
with two insertions of scalar fields ¢1, ¢2 and one of a spin J field at the boundary, as
represented in figure 4. This diagram, computed at tree level, will allow us to related the
OPE coefficient of the dual operators in the field theory to the local coupling of AdS fields.
The simplest AdS local cubic vertex of a spin J field to two scalars ¢; and ¢3 is of the form

Gp1¢2h /Ads dl\/& (qsz,“ - 'VHJ(bl)hmm/” , (5,1)

where g4, 4,1 is a bulk coupling constant. Notice that the derivatives can act on either of
the scalar fields because we consider a spin J field of vanishing divergence. Moreover, a
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Py

Figure 4. Witten diagram that computes a CF'T three-point function of a spin J primary operator
of dimension A and two scalar primary operators of dimension A; and As.

vertex with more derivatives can be reduced to this form by integrating by parts and using
the (linear) equations of motion of the fields.

To compute the cubic Witten diagram in figure 4 from the above vertex, we consider
insertions of the scalar field ¢; at the boundary point P;, of ¢9 at P> and of the spin J
field at P3. The corresponding bulk-to-boudary propagator for a field of dimension A and
spin J is given in (3.39). Thus, this Witten diagram is given by the integral over the AdS
interaction point of the bulk-to-boudary propagators, and generates the CFT three-point
function?®

(Op, (P1) O, (P2) On(Ps, Z))
Ta (X, P3; K, Z) (W - V) T, o(X, P1)

9o1¢2h
CaiCazCag Jaas ? TS5,
J
g h (Z’PI)P23_(Z'P2)P13
= %b(AlyAQ;A; J) Al-SAQ_A+J A +A—AgtJ A+A)2—A1+J ,
\/m Py 2 P, 2 Py 2

where K is the projector defined in (2.12) and we used the notation P;; = —2F; - P; and
Ca = Ca o for short. In the last equality, we used the fact that this three-point function is
determined by conformal symmetry up to an overall constant. To determine the constant
b(A1, A2, A, J) we have to perform the integral over AdS. In the case J = 0, the AdS
integral in (5.2) is well known [44, 45] and gives

WgF<A1+A§+A_d) F(A1+%2—A) F(A1+§—A2) F(A+A22—A1)

b(A1,Ag, A;0)=Ca,CA,CA

2T(A1) T(A2) T(A)
(5.3)
To compute the integral for general spin J, we use the differential operator
0 0 0
Dyy=72-P|Z-——P3-— PP\ Z  — 5.4
31 1( BV 3 8P3>+ 3 1( 8P3>’ (5.4)

3 The factor 1/\/m corresponds to the normalization choice of CFT operators that have unit
two-point function,
((=2Py - P2)(Z2 - Z1) + 2(Zs - P)(Z1 - P2))”
(=2P; - P)A+J ’

(O(P1, Z,)O(Py, Zs)) =
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introduced in [13]. Noting that

1
— (X, Py K, Z) (W - V)" Iz, o(X, P1)
JH9F)
A 1
— QJCAICA,J< 1 (D31)” (5.5)

(A)s (—2P5 - X)A(=2P; - X)A1+7

the computation of the above AdS integral reduces to that of the scalar case by commuting
the differential operator (Ds;)” with the integral symbol. Finally, using

((Z- P)Py — (Z - Py)Pi3)”

A +Dg—AFJ A +A—Agt+d AtAdg—A+J
2

2 2
P12 P13 P23
1 1
— J
- (A+A2_A1_j> (D31) A1+A%7A+J A1+A;A27J A+A2;A1+J ) (5'6)
2 7 Py Py P

we arrive at the result

b(Al + J,Ag, A, 0) (57)

b(Ar, Ag, A J>:2J<A+A2—A1—J> Cay Cay (A1)

2 7 Ca0Car+g (A)g
g A1 +As+A—dt T\ P A1+As—A+T\ 1 (A+ALI Ao+ T\ 1 (AtAo—A1+J]
7T2F( LRSS +)F( LEA AT ) P (ATAL Aot ) [ (AtA2 At )

=Cn,CnsCa 21-T (A1) T(A) T(A + J)

The result (5.2) establishes the relation between the local AdS coupling g4, ¢, and the
CFT OPE coefficient Cy, g1,

c _ b(A1, A9, AL )
¢1p2h — \/m Gp12h -

As a check of this result, let us consider the case of the stress-energy tensor with A = d
and J = 2. In this case, the OPE coefficient is determined by a Ward identity [46, 47]

(5.8)

oo dAg
¢¢Tuu_ (d_l)mv

where C7p is the coefficient of the two point function of the (standard) stress tensor (notice

(5.9)

that here we are redefining the stress tensor such that it has unit two point function). This
is given by [48, 49]
1 d+17:0(d+1)

Cr = oGy d—1 T3(4)

(5.10)

where Gy is the gravitational coupling of the (d + 1)-dimensional (Euclidean) dual theory

_ L an Car oy 1 2, 1,09
SE—16TFGN/d x\/g[ dd—1) = R+ 5(V)* + S M36?| | (5.11)

and we are setting the AdS radius to one. Expanding this action around the AdS back-
ground, g,, = gﬁ,fls+\/ 32rG Ny hyw, and rescaling the scalar field ¢ — /167G v ¢, we obtain

canonically normalized kinetic terms (V¢)? for the scalar and (3.3) with M? = —2 for
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hyw. This means that the cubic coupling is given by gggn,, = vV87G . Substituting this
value in equation (5.8) and multiplying by 2 because ¢1 = ¢2,* we indeed confirm the Ward
identity (5.9) for generic dimension d.

Let us now specify to the case of planar N' =4 SYM at large 't Hooft coupling A and
use its dual description as type IIB superstring theory on AdSs x S°. The string theory
action takes the schematic form

1

S =
2/{%0

/dl%\/g [Lo+2Ly+...], (5.12)

where L}, is the part of the Lagrangian density with k spacetime derivatives, k1g is the grav-
itational coupling and ¢, is the string length. Expanding around the AdSs5 x S® background
and reducing to AdSs, the effective action becomes

1 [ s r g
S:%z/d:c\/g [es £0+£2+£S£4+...], (5.13)

where £, contains k or less spacetime derivatives (notice that some derivatives in the ten-
dimensional action can act on background fields and produce factors of 1/R which is 1
in our units). The gravitational coupling & satisfies k2 = 87TGS\?) and can be removed by
rescaling the fields so that they have canonically normalized kinetic terms in the action.

This gives the following scaling for the cubic coupling of the type (5.1),
Gprpah ~ K [esJ72 + O(ESJ)] : (5'14)

Converting to gauge theory parameters, the planar OPE coefficient for operators with unit
two point function will then be given by

J—2
1 /1N 7T b(A1, A0 A J 1
Coromn ~ — <> b2y, 82,4, ) [1 n o<>} | (5.15)
N \A VCA,CA,CA. VA
Note that the explicit dependence on the 't Hooft coupling comes from the tree level string
theory coupling of the dual fields. There is additionally an implicit dependence on the ’t
Hooft coupling through the dimension of the operators that are not protected, in general.
For example, in the case of two protected operators (fixed A; and Ay) and a non-protected
operator with A(\) ~ A/ and fixed J we find
1 ATHEE 9mA)

~ — . .1
Coroah ™ N Gu(z (A1 + Do 1 T~ AW)) (5:16)

The presence of poles (as a function of \) in the 3pt-functions as been previously observed
in [50] using Witten diagrams and in [51] using a large spin expansion that is valid to all
orders in planar perturbation theory.

4Notice that there is an extra Wick contraction in this case.
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6 Four-point function

As a further application if the embedding formalism we consider four-point functions of
scalar primary operators computed from Witten diagrams with a spin J field exchange. In
general, a four-point function of scalar primary operators in a conformal field theory can
be decomposed in partial waves as follows [52]

1 P\ [P\ B [
24 14
(O, - .. O¢>4> = A1+, Azti, (P) (P) Z/ dvby(v) Fyu(u,v),
Pra) =2 (Pay)” 2 1 13 1=0 /o0
(6.1)
where the conformal partial wave F,;(u,v) is a function of the cross ratios
PP PP
y = 12 34’ p— 1alB3 (6.2)
P13P24 P13P24
This function can be defined as the integral of the product of two three-point functions
Aj+A Az+A P. % P %
_A1tay _AzthAy 4 4
(P 5 (2 (224) 7 (3) T Ratuw (63
14 13

— ;/dl% (Op, (P1) Oy (P2) Ontini(Ps, D2))(On—in i (Ps, Z)O gy (P3) Oy, (Py))

where [ is a normalization constant given in equation (E.7) of appendix E and Dy is the
differential operator that implements index contraction defined in (4.2). In this expression,
the three-point functions are given by
I
((Z - P\)Pys — (Z - P2>P15)
<O¢1(P1)O¢2 (P2)0h+il/,l(P5v Z)> = T Ajthtiv—DAgtl  Agthtiv—Aj+l  Ajt+Agth—ivtl (6'4)
Py ’ Py ’ Py ’

We remark that the conformal partial wave F,;(u,v) can also be written as a conformal
block of dimension h+iv and spin [ plus the conformal block of its shadow operator, which
has dimension h — iv and the same spin.®

As an application of the technology developed in the previous sections, we will compute
the conformal partial wave decomposition of the four-point function associated to the
Witten diagram of figure 5. In this diagram, the external operators are scalar fields ¢;,
with dimension A;, which exchange a field of dimension A and spin J. The spin J field
couples to the external scalars through the cubic coupling (5.1). Next we use the split

representation of the spin J bulk-to-bulk propagator given by (4.1) and (4.13),

g hg h
m /XmdX2 A, (P1, X1) [(K1 - V1) T, (P2, X1)] Tla, (Ps, X2) (6.6)

J
(K> - V2) TIa, (P, Xo)] Z/d’/ a(v)(Wy - V1) Wy - Vo) 710, (X, Xos Wi, Wa)
1=0

5The conformal partial wave F, j(u,v) can be expressed in terms of conformal blocks Ga,s(u,v) as
F, 1(u,v) = Ku,7Ghyiv, 7 (U, 0) + 61, 1Gh—iv, 7 (u,v), (6.5)

where k,,7 is a normalization constant defined in [53].
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P2 P4 P2 P4

Py Ps Py Ps

Ps Ps

Figure 5. Witten diagram describing a spin J exchange between scalar primaries of arbitrary
dimension. Using the split representation of the bulk-to-bulk propagator this diagram can be
converted into the product of two three-point functions integrated over the common boundary
point Ps.

where g4, ¢,n and gg,4,n are the cubic couplings between the external scalars and the spin
J field. The corresponding diagram is also represented in figure 5. The integration over
the bulk points X; and X5 produces a product of two three-point functions integrated over
the point P5 exactly as in the definition of the conformal partial wave F, ;. Therefore, we
conclude that the coefficients b;(v) of the partial wave expansion (6.1) are proportional to
the functions a;(v) of the split representation (4.27) of the propagator. More precisely, we
can write

bi(V) = 91 8sn9ngah (V) ar(v) (6.7)

where aq(v) is independent of A and it is given in equation (E.8) of appendix E.
The structure of the coefficients b;(r) was studied in detail in appendix A.5 of [53]. In
particular, the residues of the spurious poles of b;(v) are related through

 Zirgabing(i(h —1+1))

b ~
(@) V4 (h+1l4q—1)

, qg=1,2,..., (6.8)

where

2(_2)q A1+As+1—2h—q Az+Ay+1—2h—q Aq1a+1—¢q Aszs+1—q
J! 2 q 2 q 2 q 2 q

ZJ,q = (J _ q)!q! F(q)(h +J - Q)q—l

(6.9)
In equation (6.8) we used the symbol &~ to mean that the two sides of the expression have
the same residue at the pole in v shown explicitly. Given (6.7) and (6.8) it is possible to
derive a similar constraint on the coefficients a;(v),

 Zivgq g (i(h+1 1)) ag(i(h —1+1))
o(il(h+q+1-1)) 2+ (h+1+q—1)°
(l+q)! (-1 arq(i(h —1+1))

_ : 6.10
g 207g =D (h+1Dg-102+ (h+1+q—1) .

al(y) ~
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where the last expression was guessed by generalizing the results of explicit calculations for
[1=0,...,20 and ¢ = 0,...,20. It is remarkable that all the dependence of the functions
Z14, 0q and oy, on the external dimensions A; cancelled. This had to happen because
a;(v) are the expansion coefficients of the bulk propagator in the split representation. This
is a very non-trivial consistency check of our results.

In fact, using (6.10) we can obtain the full split representation of a dimension A and
spin J bulk-to-bulk propagator. The starting point is a;(v) = 0 for [ > J and

1

aj(v) = A (6.11)

as derived in section 4. Then, for [ < J we take the minimal choice that is compatible
with (6.10),

J—l l+q ( 1>q+1 qu(i(h—l—i—l))

Mgt 207 (g = DI (h+Dg-102+ (h+1+q—1)°

(6.12)
=1

L=}

One can easily check that this reproduces the results (4.23) and (4.24) for [ = J — 1 and
[ = J—2. Moreover, one can check that this is consistent with the explicit expression (4.19)
for the coefficients a;(v) found in section 4.2.

6.1 Example: AdS graviton exchange

One application of the split representation derived above is the computation of the AdS
graviton exchange diagram. More precisely, we compute the contribution to the four-point
function of scalar primary operators, from the diagram in figure 5(a), where the exchanged
bulk field is the graviton. This reads®

(Og, (P1)Og, (P2)Og,(P3)p3(Fy)) (6.13)
_ 876N / dX1dX, TP (X)) TADCP (X, X0) TSN (Xa)
Ca,Cas Jaas '
where
TU2(X) = VaTla, (X, P)VpIIa, (X, Pb) + VpIIa, (X, P)VATIA, (X, Py) (6.14)

— (naB + Xa4XB) [VCHAI(X, P )VclIa, (X, Po) + A1(Ar — d)TIa, (X, P)IIA, (X, P) |,

and similarly for Tgﬁ) (X). This Witten diagram was first computed in [54] for some specific
values of Ay, Az and d. Here, we will use the split representation (4.42) of the graviton
propagator to obtain directly the conformal partial wave expansion of the Witten diagram
for all values of A, Asg and spacetime dimension d = 2h. This calculation is very similar
to the one discussed above for (6.6). Since the the sources Tlgl;)(Xl) and Té‘gé) (X2) are
conserved we can drop the total derivative terms in (4.42), as expected. To determine the
contribution from the remaining two terms, we use the representation (4.1) of the harmonic

5We include the denominator Ca,Ca, in order to obtain the four-point function of operators normalized
to have unit two-point function (see footnote 3).
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functions 2, 2 and 2, 9. After integrating over the bulk points X; and X3, we are left with
the integral over the boundary point P in (4.1), of the product of two three-point functions
like in the definition (6.3) of the conformal partial waves. Then the partial amplitudes, as
defined in (6.1), are given by

81G N 1
bQ(V) = QWhF(Al)F(A;),)F(Al +1-— h)F(Ag +1— h) V2L R2’ (615)
bo(v) = —snGyy LAALEE = A1) + (2h — D8 + )] [485(2h — Ag) + (2 — (K + 1))
o\V) = —oT

N 64t (2h — )T(A; + 1= WT(Az + 1 — WT(A)T(Ag) [ + (h+ 1)?]

which determine the conformal partial wave expansion of the graviton exchange diagram.
Notice that this result is consistent with the relation (6.8) for the spurious poles of the
partial amplitudes. Moreover, the pole of by(v) is fixed by the conformal Ward identity. To
see that, we first use the relation between the residues of the conformal partial amplitudes
bi(v) and OPE coefficients [52, 53, 55]. In the particular case of the stress-energy tensor
this gives

h(2h — T2 + 2) Cy,p,17,,C
lim (0% + h2) by(v) = (2h — DT (2h + 2) Coy1 1, Connyn |
vorih 203(h+ 1)I(A; — h+ 1)I(A3 — h+ 1)T'(A; + 1) (A3 + 1)
(6.16)

Secondly, the OPE coefficients are determined by the Ward identity as in (5.9). This
reproduces the relation (5.10) between the bulk gravitational coupling Gy and the CFT
central charge Cr.

6.1.1 Mellin amplitude

Recalling that given a conformal four-point function, its Mellin amplitude M (s,t) is de-
fined by

(041 (P1) Oy (P2) Oy (P3) O (P1)) = (P12)A11(P34)A3

dsdt t st t t\ . of —5\,2fs+t
X/WM(S7t)U2U 2 P(Al 2>P<A3 2>F <2>F < 9 )7

where the integration contours run parallel to the imaginary axis and the cross-ratios u

(6.17)

and v were defined in (6.2). As explained in [53, 55], the Mellin amplitude also admits a
conformal partial wave expansion,

M(s,t) =S / dvby(v) Mo (s, 1) (6.18)
=0

where the partial waves M, (s,t) involve Mack polynomials and are given in [53] in our
conventions.

In the case of the graviton exchange diagram, we find the Mellin amplitude can be
expressed as the following integral
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(t+2—-h)2+12
) = f [t )+ g T
1’\(2A1+22—h—i1/) F(2A1+22—h+il/) 1"(2A3+22—h—il/) F(2A3+22—h+iV> F(h—t—ziV—Q) F(h—t—gil/—Q)

e (2550) T (2547 D) (i) |

Abo(v) (6.19)

X

where the spin 2 Mack polynomial reads

(2h —t—3)2h—t—1)

8h[(h —1)2+ 1/2]

h% — 8hs? — 8hst — 2ht? — 4ht — 2h + v + 2 + 4t + 3
8h ’

The integral over v can be done explicitly using the following identities,

/du | | p— Hi:lr<%ﬂ> _ F(al + a2> F(al + a3> F(ag + a3> 7 (6.21)

Pya(s,t) = (6.20)

87T (iv)T(—iv) 5 5 ;
and
: v IWv) N~ Bm
W/-mﬁhr(u2+(A_h)2)—7;)t_A_2m, (6.22)
where

T ( h+7:211—t) F(a-ﬁ-i;—h) F(b+i12/—h)

W) = T(iv) ’

B _P<a+A—2h>F<b+A—2h> (1+259),,0+5%57),
" 2 2 mT(A—=h+1+m)

(6.23)

The final result for generic conformal weights A; of the external scalars and spacetime
dimension is

(0.9}
Qa.m(s)
M(S’ t) = C¢1¢1Tuuc¢3¢3TuV Z t _ 2h _:12 _ 2m (624)
m=0

87TGNF(A1 + Ag — h) (hS — A1A3 — S(Al + Ag))
1T (AT (A3 DA + 1 - WT(As +1-h)

where

(1 — 2h)RT(2h + 2) Py o(s, 2h — 2 + 2m)

2m() = TS+ )+ Dl (A 1— h— )T + 1 —h—m)

(6.25)

is the spin 2 Mack polynomial as defined in [53] and the product of OPE coefficients is

given by

A1AST3(h+ 1)
CoronT CononTin = STON iy o0 P2k + 2)

Notice that this value for the OPE coefficient is consistent with (6.15) and (6.16). The final

result (6.24) for the Mellin amplitude consists of two pieces. The first piece is a sum of poles

(6.26)
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with residues entirely determined by the product of OPE coefficients Cy, 4,7, Cops57,, -
This piece follows from the structure of the Mellin amplitudes and was known before (see
appendix A.3 of [53]). The second term in (6.24) was not known before and required a
careful treatment of the contact terms in the graviton propagator.

In the large s ~ t limit, the Mellin amplitude simplifies to

8nGNT (A1 + As—h+1) 52 4 st

M{s:0) > = R AT (AT (A, + 1 - WD (R + 1 —h) ¢

(6.27)

Using the flat space limit of AdS [15], this corresponds to the following bulk scattering

amplitude between massless scalars’

S% 4+ ST
T )

where S and T are the usual flat space Mandelstam invariants. This is the correct result

T(S,T) ~ —87G N (6.28)

for the graviton exchange amplitude between minimally coupled massless scalars [56, 57].
Another check of the result (6.24) is the property M(s,t) = M(—s — t,t), that follows
from the invariance of the Witten diagram under the exchange of points 1 <+ 2 (or 3 <> 4).
Finally, as an example, we present the result when Ay = Ag = 2h =4,

M (s, t) =

26N ((s+4)(s+2)  8(s+2)*  6s(s+2)+8
3 (t—6) (t —4) (t —2)

+5(3s+ 8)) . (6.29)

which matches the result obtained in [15] (after the appropriate change of conventions).

The four-point function associated to an AdS graviton exchange between scalar primary
operators can be expanded in conformal blocks in the crossed channel. More precisely, we
can write

(O, (P1) O, (P2) Oy (Ps) O (Pa)) = > p(n, 1) GRh D (Pr, ., Pa), (6.30)
n,l=0

where G(Al?%(lz)ﬁ‘l) is the conformal block describing the exchange of an operator with spin [

and dimension

A(n,l) =A1 4+ Az +2n+1+v(n,l), (6.31)

in the (13)(24) channel. The anomalous dimensions y(n,!) are small if the interactions in
the dual AdS space are weak. In fact, we can think of v(n,[) as the gravitational binding
energy of a two particle state with angular momentum [ [58]. The quantum number n
increases the ellipticity of the corresponding classical orbits and we will set it to zero
for simplicity. Using the techniques described in [53], one can compute the anomalous
dimensions in terms of the Mellin amplitude. To first order in the gravitational coupling

o= 7 v (s {)r(s-5)

t
X 3F2<_Z7Z+A1+A3_1)2;A11A3;1> ) (632)

we obtain

"See equation (132) of [53] for the flat space limit formula in the present conventions.
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where the Mellin amplitude was given in (6.24). Using the large [ asymptotic behaviour,

PAYT(As) 1
DA - DT (a5

3Fy (—l,l+ A1+ Ag—1, %; A1, Ag; 1) ~ (6.33)

we conclude that the large spin behaviour of the anomalous dimension (0, 1) is controlled

the leading t-pole of the Mellin amplitude (6.24). This gives

(O )~ —C C ['(2h + 2)['(A1)T'(A3) 1
YWY, b)) = 161 Ty C3ps Ty 2F2(h + 1)F(A1 —h+ 1)F(A3 —h+ 1) 12h—2"

(6.34)

which agrees with the results of [59-61] (in particular see formula (B.33) of [60]), if we
assume that the stress-energy tensor is the operator with minimal twist.

7 Concluding remarks

In this work we developed the embedding formalism to deal with tensor fields in Anti-de
Sitter spacetime. In particular, we encoded symmetric traceless tensors into polynomials of
an auxiliary null vector and found differential operators that implement the laplacian and
divergence in this language. With this technology, we were able to obtain the bulk-to-bulk
propagator of massive spinning particles in AdS. We also found a split representation for
these propagators. This is a very useful integral representation because it is based on the
product of bulk-to-boundary propagators. For example, it leads directly to the conformal
partial wave expansion of four-point Witten diagrams. Up to spin 2, we gave complete
split representations of the bulk-to-bulk propagator, including contact terms. By a careful
study of the massless limit, we obtained the split representation of the graviton propagator
which was the subject of some controversy in the literature [23, 24]. For spin greater than
2, we only gave the split representation up to contact terms, i.e. for non-coincident points.
It should also be possible to obtain the complete split representation, for instance studying
the non-local equations of motion proposed in [34].

We illustrated the use of the embedding formalism and the split representation of
the propagators, by computing three and four-point functions involving tensor fields. In
particular, we obtained a closed formula for the conformal partial wave expansion and the
Mellin amplitude associated to graviton exchange between to scalars of arbitrary conformal
weight in general spacetime dimension.

There are several natural extensions of our work. An obvious one is to study anti-
symmetric and mixed symmetry tensors. More interesting, would be the generalization to
spinorial fields. Another simple extension is the study of higher spin fields in de Sitter
space. We leave these ideas for the future, hoping to have convinced the reader that em-
bedding methods can be very powerful in the treatment of higher spin fields in AdS, for
example in the computation of Witten diagrams.
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A Harmonic functions in flat space

In this appendix we collect some basic facts about harmonic functions in flat space, hope-
fully this will make the transition to AdS more transparent. The equation for the propa-
gator of a spin J field in flat space is simpler than the AdS one (3.13),

(82 o m2) H;?’Ll...AJBl...BJ (X o Y) — _P;:EAJ BlBJ(S(X o Y) ’ (Al)
where P,,2 is a projector. For example,

9498
pAp —yan 0707

A2
m2 (42)
More generally, the projector is
Pié"'A"Bl"'BJ = Z HPAQB (A; and B; traces) . (A.3)
permB =1
The projector commutes with the Laplacian, therefore
Hél...AJBl...BJ (X _ y) _ Pié---AJBL--BJHm (X _ X) . (A.4)

The analogue of AdS harmonic function (4.3) in flat space is

QA B BJ(X X) = w {HAl AjBi.. BI(X X) - [A1-AsBi.. B](X X)}

27.[. w —w

— pAi-AsBr.. BJQ (X _ Y) ) (A.5)

—2

The harmonic function can be written using an integral representation
0,(X) = y/dK X5 (K? —0?) (A.6)
that can be explicitly checked from

et X et X
+iv(X) /d K? + (+iv + €)? /d K? — 12 +ie (A7)

The generalization of harmonic functions €2, to spin J is now straightforward,

QAl---AJBl---BJ(X) dK K X5 Z H AiB; ﬂ — traces
v Jl 1 2 ’
7TB 1=
(A.8)
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where the sum is over the permutations of all B; indices. For example, for spin 2 we have

= ok oo
A1B; KM KD A2B3 KA KB
e e\
v 14
+< B KAlKBQ> < A>By _KAzKBl>
n 5 n 2
v 1%
2 A1Az KAl KA2 B1 B3 KBl K32
A\ T )\ )
v 1%

with d 4+ 1 being the spacetime dimension.
These harmonic functions satisfy orthogonality and completeness relations similar
to (4.7) and (4.11). For scalars, we have

/duQV(X—X) =§(X - X), (A.10)

and

v+7)+6(v+7D)
2

/dYQV(X Y)Y (Y —X) = 0, (X —X). (A1)

The generalization of (A.11) to non-zero spin is simply

/dY QAl...AJBl...BJ (X _ Y) QEIBJCICJ (Y _ Y)

_ 5(V+V)42r§(u+v) QAT GG (X X)) (A.12)

On the other hand, the generalization of (A.10) to generic spin is more subtle. For spin 1
and 2 one has

[av [9;43 (Xx-X)+ Lo, (x - X)| =nPs(x-X). (A1)
and
< 1 =B — 1 —B __
[ av {gflAzBle (X - X) + L om0 0P (x - X) + L ompPom (x - X)

L JAaB2A.B +~ L A,3BroAB ~
+55070 70 1(X—X)+ﬁ8 207 (X - X)

+IE L gnong™ g0, (x - X) + LytaePieg, (x - X)
_ % (i BrgheBe o pAiBaydaBn) 5(x _X) (A.14)

respectively. This should be compared with the completeness formula (4.11) for harmonic
functions in AdS. In fact, the limit v > 1 of (4.11) matches exactly the flat space formulas
above.
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B Embedding space operations

The embedding formalism gives a compact form to write all tensor structures of the spin
J propagators in AdS and it allows simpler tensor manipulations. The main aim of this
section is to compute the trace over all structures present in the propagator,

(K1 - K2)” (W) (Wa - X2)(Wa - X1)). (B.1)

To make the derivation more pedagogical, we will present two intermediate tensor opera-
tions that are necessary to compute the trace (B.1).

First operation — symmetric traceless contraction. The first operation is the

8

action of the differential operator K; on the W;p variables.® For that we will use the

identity,

(K- P)T(W-Q)’
JHh=3),

=B BYIG,, . Gayy =

1

where Ctl,lf2 (t) is the Gegenbauer polynomial and

P-Q+(P-X)(@Q-X)

(P-X)((Q X)?+Q2)*
(B.3)

Bys=Ps+ (X -P)Xa, Ga=Qua+(Q-X)Xa, t=

where it was used that P? = 0. This last expression will also be useful to compute (E.3)
below.

Second operation. The second operation is the action of the operator K on a specific
vector containing the polarization vector W,

Kay oo . Ka,(Wa, +aYa,(W-Y))...(Wa, +a¥a,(W-Y)), (B.4)

where « is any function that does not depend on W, and Y is a generic bulk vector
satisfying Y2 = —1. The result of this operation is

1 1 al+X-Y)1-X'Y
(2h—1)J (h+> 2F1<1,—J,h+,a( + I )> . (B.5)
2); 2
This expression was guessed by performing the operation for J = 1, ...,5 and should be

valid for any J.

8In this process we consider K> as a generic vector. To compute the trace (B.1), K2 needs to act on the
variables W2 and so we have to remember that the differential operator K2 has to be placed to the left of
all vectors Ws.
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Trace over structures of propagator. Multiplying (B.1) by % and summing over
[ gives a generator of all the structures,

(K - KQ)J<W1 - (W + z(Ws - Xl)X2)>J. (B.6)

The original expression can be recovered expanding the final result in z. Applying (B.2)
to this expression, we obtain

[J/2] Qk: J' ( )J
KT~ 2K

(Ko - X1)2 (K2 (Wa + a Xy (W - Xl)))“]%(w2 X%, (B.7)

k=0

where |J/2| is the integer part of J/2, @ = 1+ 2(X; - X3) and 0 = 22 — o?. In this
calculation we have used Ky - (:EXQ(X 1° Wg)) = 0. The evaluation of the expression outside
the fraction in (B.7) can be done by multiplying by 2wy and summing over k,
giving

(K2 (Wa + (a +y) X1 (W - Xl)))J + (K2 (Wa+ (o — ) X1 (Wy Xl)))J. (B.8)

Then, using the second tensor operation (B.4) we obtain

s Im2 m
( (2 —|—U)) a™m™ 2ky2k
2(2h—1) < > mzo kzo 2m h+ ) (m — 2k)!(2k)! ‘ (B.9)

Notice that, as expected, this expression just depends on even powers of y. Thus, the
expression outside the fraction in (B.7) is recovered by matching powers of y,

(2h — 1)y (h+ 1), ZJ: (=) (=)™ mi(u(2 + ) "™ (B.10)

1
J! — 2m(h+3),  (1+J—2k)m—y
Joining all pieces in a single expression we conclude that
1
(K - K2)” (Wia + 2(Wy - Xo) (W - X)) (B.11)

JI(2h — 1) (h+ 3);

2 g ) e (— J)mm!(u(2+u))nl(2(1+u)a:— 1 —u(2+u)x2)k(a:(l+x) - 1)m_2k
N Z Z 22k k| 2m (h+3), (m—2k)! '

k=0 m=0

This simplifies dramatically in the limit « — 0, as only the x = 0 term survives. The final
result is

1
(Kl'KQ)J(W12+$(W1'XQ)(WQ‘XI))J = (2h—1)J <h + 2) (h — 2) J'+O( ) (B.12)
J J
C Split representation of the bulk-to-bulk propagator

The harmonic functions €2, ; can be defined by the integral over the boundary point that
connects two bulk-to-boudary propagators, as in equation (4.1). Alternatively, the har-
monic functions {2, ; can be defined by the difference of two bulk-to-bulk propagators with

— 35 —



dimensions h + iv and h — iv, as in equation (4.3). The goal of this appendix is to show
that these are equivalent definitions.
We start from equation (4.1),

2
——————— [ dP 44 g (X1, Ps Wi, Dz) iy 5 (Xo, Py Wa, Z) . 1
wJ!(h—l)J/a heiv,d (X1 1, D7) Up—i,1 (X2 2, 7) (C.1)
The boundary contraction can be done using an identity similar to (B.2) [11, 13], with
result J
27 J'Chiv,1Chiv gV° ((P-Wi)(P- W) Ch (1)
P htiv+J h—iv+J (C.2)
m(h—1); o (=2P-X )"t (op. xy)hm
where t is defined as
P.-X )P -X P-X P-X
tZXl-XQ—‘r( 1)( 2) W1~W2—71W1-X2— 2W2 Xi. (03)

(P - W) (P - W) P P W,

It is possible to choose polarizations such that W; - Xs and Ws - X vanish. With this
specific choice only the term in (ng)‘] survives. Using the definition of the Gegenbauer
polynomial and performing a Feynman parametrization, (C.2) becomes

d
lOkO/dP/ a4 (C.4)

(—1)k+lzlqh+l D2k +20)(h — 1), (Wi2)" " (W1 - P)(Wa - P))' (2 X, - Xo)!=2%
k(L= 2k)(J = Dlg? D(h 4 iv + ) T(h —iv + 1) (=2P - V)"

J |t/2
J'Ch+w JCh i, JV2 2

)

with Y = X1 + ¢Xs. The integral over the boundary point P is conformal and can be done
using the equality [14]

= — traces . (C.5)

pA . pAx gh(2h+420) YA YA

As the integration variables are contracted with Wy and Ws, and since W; - X; = 0, we

have l l h( .
(Wy - P)"(Wy - P) " (2h + 21)_, 1! .
dpP = . .
/a (_2P . Y)2h+21 (_2)l (h + l)l (—Y2)h+l (WIQ) (C 6)
The sum over k can be done and gives an hypergeometric function, so (C.4) becomes
Ch—HVJCh ’LVJZ/ Z/ hJ'F h+l)(W12) 2Fl(_l7%_h_<]73_2h_2<]’_%)
—D)IT(h+iv+ )T (h —iv 4 1) (—2u) "' gl -htiv=t (—y2)h+t”
(C.7)
Finally, using the equality
>~ d —¢ ' NG 1 2
/ ﬁ a - ( +C) 57+CC) 2F1<—|—C,b+c,1+2c,_>
o o (et 2u> T'(b) (2u) 2 !
I'b—c)' 1 2
+(C)b(_c)2F1(—C,b—C,1—QC,—), (C.8)
L(b) (2u)"¢ 2 u
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Pl P2 Pl P2

Figure 6. Product of two harmonic functions ,, ;(X1,Y; Wy, K) and Qp, ;(Y, Xo; W, W3), where K
acts on the polarisation vector W of Y, represented as the integral over bulk-to-boudary propagators.
After integration over the bulk point Y, we are left with two bulk-to-boudary propagators and one
two-point function on the boundary.

the integral over ¢ can also be expressed in terms of hypergeometric functions. These two
hypergeometric functions correspond precisely to the two propagators with A = h + iv
in (4.3). Thus, from the term proportional to (Wi2)” in the propagator (3.7), we obtain
B 27ThJ!CA’JCQh_A’JF(1 +h—A)
T'(2h — A) (2u)®
DR (=13 —h—J3-2h—2J,—2) o1 (3 + A= h,A+1,1+2A — 2h,—2)

go(u (C.9)

U

J
(_
X; (J— D! (2h — A),

We checked up to J =5 that this expression for go is reproduced by formula (3.12) where
the functions fi(z+k) = hgk) are determined by (3.20) and (3.22). This shows that (4.3) is
equivalent to (4.1).

D AdS harmonic functions

Orthogonality. The AdS harmonic functions satisfy the orthogonality relation (4.7) that
says that the integral of two € functions over a commom bulk point gives again an 2
function. The argument that led to the orthogonality relation could not fix the overall
constant multiplying the right hand side of (4.7). The goal of this appendix is to fix this
constant by evaluating this bulk integral using the representation (4.1) of the AdS harmonic
functions. This computation is represented in figure 6. We need to do the following integral

1 VU 2
AP, dPydY Ty siy 1(X1, Pi; Wi, Dy ) Ty (Y, P K, Z
Nh—-1), <7rJ!(h—1)J)/ 1P heviv,d (X1, Pr; Wi, Dzy) i g (Y, Py 1)

X Up—iz g (Y, Po; W, Dz,) Up iz g (Xo, Po; Wa, Z2), (D.1)
where the operator K and Dz were included to perform the index contraction between the
propagators. We start by performing the integral over the bulk point Y,

1

m /dY Hh—iu,J(Y, Pl;K, Zl)Hh,ipJ(Y, PQ;VV,ZQ) . (D.Z)
2)J
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After the contraction over the polarizations, this gives®

(—=4)"Chiv.sCh—iv,s / ay I,z j, (D.3)

where
I,775= —iv+
v,U,J ( 2P1 . Y)h—iy—i—J( 2]32 .Y )h w+J

(P Z2)(P2- Y)Y - 21) (D.4)

J
+ Py Z20)(PL Y)Y - Z2) = (P B)(Y - Z0)(Y - Z2) = (P Y)(P2 - Y)(Z1 - 22))
and the constant Ca s is defined in (3.46). Next we define the differential operator

1
D = D91 D19 + D192D2y — Hyo ((Pl -0p,)(P2 - Op,) + §(P1 -0p, + P2 - 0p,)

—2(Z1-92,)(Py-Op, + Py - Op,) — 271 - 07, + A(Zy - 02,)(Z1 - azl)) . (D.5)

where
Hyy = 2((Py - Zo)(Py- Z1) — (Py - P2)(Zy - Z2)) | (D.6)
Dij = (Z;- B) (Zj';)Zj—Pj';P)Jr(Pj'R) (Zj'aap)- (D.7)

Then we have
1
4h—iv+ J)(h—iv+ J)
Thus, the differential operator D allows us to write

1 ; 1

D ((P2) Ip,s) = (Pi2)" ' 15 g1 - (D.8)

Ly = - — D : — . D.
PT T 4I (=) (h— i) ;(P) ~ (—2P; - Y)h=(—2P, - Y )" (D-9)
So the integral (D.3) can be rewritten as
Ch—iv,gCh—iv,J 7 1
; 2 DY [ dY . = . D.1
(h - il/)J(h - Z.v)J(P]_Q)J / (—2P1 . Y)h—ZV(_2P2 . Y)h—w ( O)

Now the integral over Y only involves scalar bulk-to-boudary propagators. So, let us
analyze

/ dy
2p1 Y)h zy( 2p2 Y)h—iv
S e ZQh—iu—iﬁ-l—e
d
/d / o _ _ (D.11)

(ZL‘—I‘l)z]h w[z2+($_$2)2]h v’

where the bulk-to-boudary propagator was written in Poincaré coordinates and we have

introduced a regulator z¢, planning to take the limit ¢ — 0 at the end. Using the Fourier
representation of the propagator, we obtain

dZ ddk _'LV ZVE K3 xT T
/ / P g @i=2) T, ((k]2) T (Jk]2) (D.12)

9Notice that generally contraction of symmetric and traceless structures gives a Gegenbauer polynomial.

In this particular case the expression is simplified because the denominator of ¢ in (B.2) vanishes.
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where the function ﬁw(lk\z) is just the Fourier transform

/ddxem (D.13)
( - ‘

Z2 + IL‘2)h i
2

_ey2 _ k%
— /OO @ Shfiz/ e e 4 /ddCC e—s(x—i%)Q — 7Th /oo @ Sfiu 678227%
0 S I'(h —iv) T(h—iv) Jo s ’

This turns (D.12) into

wwv+iv

h d '
m / dk ik (w1—a2) 4 2 dz dsdt Zesfiutfiﬁefz(ertJr%Jr%)
T(h—wv)U(h—iv) ] (27)d k2 z st ’

(D.14)

sk?

where the dependence on k was brought into an explicit form by doing a rescaling s — %,

t— 4 ® and z — 22, The second integral in (D.14) is

i i 0 —iU(v+9)—iV (v—7)
dZd%wz%‘wf”%fﬂ@+“ﬁ+i)ZQF&)/Q wav ¢ E
@ st —c0 (4 cosh(U) cosh(V))
Hn m==x1 F(W) . . - B
2T (e) = 21l (i) (—iv) [6(v =) + 6(v + D) |, (D.15)

where U and V are related to t and s by s = VTV and t = eV~V. We conclude that the
integral (D.11) over AdS of two scalar bulk-to-boudary propagators is

ZV+ZV

22T ()T (—iv) dk Jik-(z1—a2) k2 - -
t ) | o (5) 7 Be-nrswen)
2T (—iv) 22T ()T (—iv)

=Tty T S )t — )

5d(:)31 — 562)5(V + ﬁ) .

Now we just have to act J times with the differential operator D according to (D.10).
Notice that
B 1 (ng)‘] _ (H12)J+1
(J+A-1)(J+A) (P-P)~» (P -P)A

(D.16)

where the structure Hy is defined in (D.6), so D will generate the structure of the spin J
boundary two-point function,

(-1’ D 1 _ (Hw)!

— D.17
(A=1),(A); ~ (=2P-P)A — (=2P, - Py)A (D.17)
Finally, we conclude that
1
i [ Y i (VP K 20) Wi (Y, P W, 22
JH(h=13), ’ ’
2rh T (h —iv — DI (—iv)  (Hyz)”
= Ch—iv,sCh—iv,J |0(v — T - - ;
Cmin 1C :J[ VD T~ DEh i) (o)
12702 ()T (—i D754 Py, P
+6(v+7) J2n T D(iv)U(—iv) (P1, ) (D.18)

(h—iv);(h— i), D(h+ i) T(h—iv)  (Pa)?
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There remains one integral to do on the boundary, say on the point P,. Let us start
by performing the integral of the term proportional to 6(v — 7) in (D.18),

/dP Wytin, g (Xo, P2y Wa, Dz,)(Hi2)?
2 (= 1)y (Pry)hiv

(D.19)
This integrand can be written as the limit of two bulk-to-boundary propagators

Optin,g(Xo, Po;Wa, Dz,) 1 .
dP: ’ | 10— 7 (X1, Po; W1, Zo) . D.20
/ ’ JI(h—1); Chivg Xk a1, P, Z2) (D-20)

W1 —21

If one naively takes the limit outside, the integral is proportional to the harmonic function
Q7 (X1, Xo; Wi, Wa), which itself can be written as a sum of two bulk-to-bulk propagators
as in (4.3). Then the limit X; — P; of the bulk-to-bulk propagators just gives a sum of two
bulk-to-boundary propagators from Xs to P; with dimension h + iv and h — iv. However,
this cannot be correct because the original integral (D.19) had dimension h — iv at point

P;. Dropping the term with wrong dimension, one obtains the result'®
U yiv, 1 (Xo, Po; Wa, Dy,)(H12)” i
dP. : : =— My g(Xo, Pi;Wo, Z7) . (D.21
/ 2 Tl — 1)1 (Ppo)h—iv+7 WCh g " iv,g(Xo, Pi;Wa, Z1) . (D.21)

The contribution from the term proportional to d(v 4+ 7) in (D.18) can be easily fixed
using a simple symmetry argument, since the original integral (D.1) is an even function of
7. Thus, we conclude that (D.1) is given by

[6(v+7)+6(v—7
27TJ!(h— 1)J

which shows (4.7).

2
)] /dP1 ppin, g (X1, Py Wi, Dz, ) iy, g (Xo, Pr; Wo, Z7), (D.22)

Completeness. The goal of this section is to determine the coefficients c;;(v) that ap-
pear in the completeness relation (4.11),

J
Z/dl/ CJ’Z(V)((Wl . vl)(Wg . VQ))ZQV,J,Z(Xl, XQ; Wl, WQ) = 5(X1,X2)(W12)J . (D23)
=0

Our strategy will be to find a recursion relation that fixes all coefficients c;;(v) starting
from the initial condition ¢jo(v) = 1 derived in the main text. With this in mind, we take

the divergence of the equation above at the point X;. On the right hand side we use'!

J(2h + 2J — 3)
2

Vi Ky [5(X1, Xo)(Whe)’] = — Wa - Vo [6(X1, X2)(Wi2)” 1], (D.24)

and on the left hand side we use the commutation relations

2h — 1 3(2h — 1 2h — 1)2
+DW>V2 - <(DW)2 + (2)DW (2))DW,

(V2 W V] =-2(h—1+Dw)W-V, (D.25)

[v«,w-v]:(

10The extra term was generated when we naively interchanged the limit with the integration symbol.
"' To derive this formula one needs to use Wi - Xo 0(X1, X2) = 0 and similar identities.
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where Dy = W - Oy . Using these basic commutators, one can show that
[V2,(W-Vx)"] = —n(2h — 1+ 2Dy — n)(W - Vx)". (D.26)
Similarly, with a bit more effort, one finds
v KW V)] = %(W V) N2k + 1+ 2Dy — 2) (D.27)
x[1—=1—(1+Dw—-1)(2h+1+Dw —2)+ V?].

Using these commutators, the divergence of equation (4.11) can be written as
J 2 2
I+1)@3—-1—-2rh-2J)|(h+J -1
—WQ.VQZ/CZVCH(V)( + 1 4T =17 + 7] (D.28)
=1 2
J(2h +2J —3)
2
Shifting the summation variable | — [ + 1, we can identify this equation as W5 - Vo acting

X (W= V1) (Wa - V)10 (X, Xo3 Wi, W) = W Vo [5(X1, Xo) Wiy ']
on (4.11) with J replaced by J — 1. This gives the recursion relation

() = J(2h + 20 — 3) cr1(v)
T = ) +27 —1=3) (h+ J —1)2 412"

(D.29)

which supplemented with the initial condition cjo(v) = 1 determines all ¢;;(v). In fact,
one can write the general solution in closed form,

2(J—1+1)(h+J—-1-3),
N2h+2J =2 —1)(h+J—l—iv)y(h+J—1+iv) "

cri(v) = (D.30)

E Computation of partial amplitude

The goal of this appendix is to derive the expression for the function «;(v) appearing in

the partial amplitude (6.7). The tensor operations present in (6.6) are of the form

s W1 - Z)(Ps - X1) — 2(W - Ps)(Z - X1))'
(—2P5 - Xp)~

(2P5 - W)™ (201 - 2)(Ps - X1) = (Wh - P5)(Z - X1)) (A + 1),

(W - V1) Ay = Cay (W1 - V)

_cC , E.1
Ca, (W1 -V1)? (2W; - Py)?
Wy V) I, =222 YU — e, (A , E.2
(W1 - Vi)" Ila, (—2P; - Xl)AQ Ay (A2) (_2P2'X1)A2+J (E.2)
and
K-V TIx, (W-V) '
(*) = ( V) AQ( V) Al _ (E3)

CaCayJ! (h =),
(2(Py - Ps)(X1 - Z) —2(Py- Z)(Ps - X1))'
(2P - X1)22 T (—2P5 - Xxp)A
AT —h—J+m)(2(Ps- X1)(Ps - X1))™ (Pas)? =™
[(1—h—J+2)0 (225220 ;) (J — 1 — m)!

= (A2); (A+1); 27 (T -D)'T(3/2—h—J)

X

m=0
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The first two operations follow almost immediately from the definition, just notice that
in (E.1) the differential operator can act only in the denominator as it gives zero once it
acts on the numerator. To obtain (E.3) we use (B.2).

The function F), ; is defined as the integral over the boundary of three-point functions.
So, to derive F, ; from (6.6) we need to integrate over one of the bulk points, say X,
generating a structure that has the form of a three-point function at points Py, P» and Ps.
Joining all the pieces that connect to the bulk point X7, we have

[
Ba,p0,00,0((Z - Po)(Py- Ps) — (Z - P1) (P2 - Ps))
Agtl+A1—A A +AFI—Ay  AtAxfl—-A, ) (E.4)
2

P12 : P15 : P25

/dX1 HAl (*) CA2 CAJ =

where the function Ba, A, A, is given by
B = JZ:I Ca, Cai (D), (A+1),_, (—1)7*™ (J — 1122
Brbebl = VT (J =1 =m)Im!Catj—m—i
F(W) (m—h—J)! (%)l DAL Aot T AT —m—10

F'm+2-2h—=2J)(A+J—m—1); CAytJ—m

X

(E.5)

Notice that to perform the integration over X; we used an identity similar to (5.6). The
function ba, A, A, is the same as in (5.7). The integration over Xy produces a similar term
and so the next step to read off the relation is to integrate the product of two three-point
functions over the boundary point.

At this point we just need to bring the expression close to equation (3.16) of [62] that
is related to the function F, ;. So we just need to evaluate

7 J
(Pos(Dyz - Py) — Pi5(Dyz - P)) (Pi5(Z - P3) — Ps5(Z - Py))
dpPs A TA—AgtJ  AgtA-A+J  AjtAy-AtJ  Aztd-A-Ag+J  Agtd—A-AztJ AzthAg-diAtd
Py 2 Py 2 P, 2 Py 2 Py 2 Py 2

(E.6)

where the operator Dy is the projection operator (4.2), as defined in [11, 13]. Its action
produces a Gegenbauer polynomial. The integral over Ps, involving these polynomials,
is precisely (3.16) of [62], where it was shown to be equal to a linear combination of
conformal blocks. Taking into account the definition of the function F, ; in terms of
conformal blocks,!? it is possible to extract the coefficient 3,

B2 g +h ()T (—iv) (h —iv — 1) 7 (h+iv — 1)
F(A1+A2;h7il/+;]> F(h+J+A12*A2+iI/> P<h+J7A12+A2+Z’l/> F(A1+A2;J+Z'l/7h>

1
X .
F<h+J+A3—A4—iV) F(h+J+A4—A3—z’y> F<A3+A4+J—h—iu) 1-\<A3+A4+iu—h+J)
2 2

51/7A1-,J =

2 2
(E.7)

2Notice that the conformal blocks of [62] and [53] have different normalization.
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The coefficient o;(v) can be read after gathering all the components together,

VQﬁl/,Ai,l

a1 = BA, Ao htivd, ] BAs, Ay h—ivl, ] —7
1,882, +1V77 3,4, wit, FJ!(h_l)J,

or explicitly,

o (v) =

(J = N)T2(32220) Ry (v, Ay, Do) Ryy(—v, Ag, Ay)
- m3h 1A AT 2T (A + 1 — R)T(Ag + 1 — R)T(A3 + 1 — h)[(Ag + 1 — h)( ’ |
E.9

where we defined

oA A ()P p+1—h=J)(h+J —p+iv), (J —p+Ag),
21(v, Aq, 2)_2 (J=1l—p)p'T(p+2—2h—2J)

=0
X(A1+A2—h+l+iu> <h+l+i1/—A12)
2 J—-l—-p 2 J—l—-p .

3

(E.10)
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