Spinor L-Functions, Theta Correspondence, and
Bessel Coefficients

Ramin Takloo-Bighash
October 10, 2005

In this paper we prove two seemingly unrelated theorems. First we establish
the entireness of the spinor L-functions of certain automorphic cuspidal rep-
resentations of the similitude symplectic group of order four over the rational
numbers. We also prove a theorem related to the existence of Bessel models for
generic discrete series representations of the same group over the real numbers.
The two results are linked by the method of proof; in both cases it is based on
the pull-back of an appropriately chosen global Bessel functional via the theta
correspondence for the dual pair (GO(2,2), GSp(4)).

The first main theorem is related to analytic properties of spinor L-functions.
We prove the entireness of the spinor L-function for those generic automorphic
cuspidal representation which satisfy a condition at the archimedean place (see
below). Our study of the spinor L-function is based on an integral representation
which works for generic representations. These integrals which were introduced
by M. Novodvorsky in the Corvallis conference [26] serve as one of the few
available integral representations for the Spinor L-function of GSp(4). Some
of the details missing in Novodvorsky’s original paper have been reproduced
in Daniel Bump’s survey article [4]. Further details have been supplied by
[40]. Novodvorsky’s integral was first generalized by Ginzburg [10], and further
generalized by Soudry [39], to orthogonal groups of arbitrary odd degree.

In light of the results of [40], it is sufficient to study the integral of Novod-
vorsky at the archimedean place. Archimedean computations are often forbid-
ding, and unless one expects major simplifications due to the nature of the
parameters, the resulting integrals are often quite hard to manage. In our case
of interest, the work of Moriyama [25] benefits from exactly such simplifications
when he treats the case of cuspidal representations with archimedean compo-
nents in the generic (limit of) discrete series. In this work, we concentrate on
those archimedean representations for which direct computations have yielded
very little. For this reason, our methods are a bit indirect, in fact somewhat more
indirect than what at first seems necessary. Our method is based on the theta
correspondence. First we observe in Lemma 2.2 that Novodvorsky’s integral is
in fact a split Bessel functional. Then in 2.1 we pull the Bessel functional back
via the theta correspondence for the dual reductive pair (GO(2, 2), GSp(4)), and
prove that the resulting functional on GO(2,2) is Eulerian. On the other hand,



one can prove that the integral of Novodvorsky itself is Eulerian, with an Euler
product involving the Whittaker functions. Next obvious step is to pull back
the Whittaker function via the theta correspondence; we do this in 2.3. Now
we have obtained two different Euler product expansions which represent the
same object, but do not look the same. Then one uses the standard technique
of twisting with highly ramified characters in 2.5 to isolate the archimedean
place to obtain an identity expressing the local Novodvorsky integral at the
archimedean place in terms of an expression which does not go through the
local Whittaker functions for GSp(4). The advantage of using this expression
is that, first it avoids Whittaker functions on a group of rank two, so it is effec-
tively more elementary, and second one can devise a two complex variable zeta
function to study its analytic properties (see 2.2). This identity, at first, is estab-
lished only for those representations which appear as archimedean components
of global theta lifts from GO(2,2). Then one uses various density arguments
in 2.6 to extend the identity to a larger class of representations, namely the
special representations (see 2.4). At this time, we have not yet been able to give
a reasonable characterization of the class of all special representations; we do
know, however, that it contains discrete series representations, and an infinite
family of principal series representations. We have included some speculations
in 2.7.

The next main theorem of the paper is concerned with the existence of
Bessel models. It is well-known that automorphic representations associated
to holomorphic Siegel modular forms are not generic; that is, they fail to have
Whittaker models. It is also known that the genericity of such representations
specifically fails at the archimedean place. For this reason it is desirable to
determine when holomorphic discrete series representations posses Bessel models
which seem to be the next best thing in applications to L-functions [6, §].
The conjecture of Gross and Prasad (Conjecture 6.9 of [12]) predicts that the
existence of Bessel models for holomorphic discrete series is intertwined with the
existence of such models for other members of the Vogan L-packet of the given
discrete series representation, in particular the generic discrete series. It will be
clear from the method, however, that the interested mathematician will be able
to derive the desired result for holomorphic representations. In order to make
this more plausible we have kept the result in its naked form (see Theorem 3.1
for exact statement).

We now state our result. Let II be a generic discrete series representation
of GSp(4,R), with trivial central character. Then there is a pair (D, D;) of
discrete series representations of GL(2,R) with trivial central character such
that II is obtained by a theta lift from GO(2,2) by the representation that the
pair (Dy, D;) defines (see 1.6). In order to land in generic discrete series, we
need to assume that k,l > 2 satisfy k # [ and they have the same parity. Let
n be an integer with n > max(k,!), and with different parity from k (or ). We

set xn CO.SQ sin 0 = ¢ With these notations, we prove that II has
—sinf cosf

a ((1 1) , Xn,¥)-Bessel model.



A few remarks are in order. It is clear from our presentation of the theorem
that our proof of Theorem 3.1 uses theta correspondence; in fact, we will use
global theta correspondence, along with various substantial local and global
results from the theory of automorphic forms [13, 23, 29, 43]. It may be desirable
to find a direct local proof of the existence theorem as in [46]. Our attempts
in this direction, however, have not been successful. Inspired by [36, 37], one
is tempted to write down an integral and try to prove that the integral does
not vanish for the correct choice of the data. There are convergence issues
that one needs to deal with. In the Whittaker situation, what saves the day
is the fact that one can do the analysis of the integrals “one root at a time”;
we have no been able to successfully follow such an approach for the Bessel
integrals. In order to establish the conjecture of Gross-Prasad for the pair
(SO(5),S0(2)) for discrete series packets, one needs to study generic discrete
series representations of PGSp(4), holomorphic discrete series representations
of PGSp(4), and related representations of SO(4,1). The case of SO(4,1) is
simpler as the group in question has rank one. Here we have considered the
representations of the group PGSp(4). Thanks to Wallach’s recent paper [46],
the case of holomorphic representations is much better understood. This is the
reason why we can concentrated our efforts on the generic case. Shalika has
informed the author that he can prove the converse statement of our Theorem
3.1 using local methods based on [21]. Consequently, the “if” in the theorem
may be replaced by “if and only if.” Perhaps, it should also be pointed out here
that, in light of Theorem 3.4 of [45], our results automatically extend to generic
limits of discrete series.

As mentioned above, the main contribution of this work, if any, is the
archimedean analysis. Some of the results of this paper, especially in the case
of discrete series representations, were announced in [41]. As stated above,
the appearance of [25] has made our results for discrete series representations
obsolete; Moriyama has obtained better and more explicit results for generic
(limits of) discrete series, and some other representations, using more direct
methods. Also we have recently learned that Asgari and Shahidi have prepared
two manuscripts [1, 2] which contain, among other things, the functorial trans-
fer of generic automorphic forms from spinor groups to general linear groups;
these results have trivialized our theorem on the entireness of the L-function, as
GSp(4) is nothing but GSpin;. With this in mind, our results on the entireness
of L-functions are certainly not new; our result on the existence of Bessel func-
tionals, however, seems to be new. At any rate, we hope that the methods of our
paper would be of interest. For example, it may be possible to use our results to
explicitly compute the I'-factors at the archimedean place; our attempts in this
direction, however, have yielded very little. Brooks Roberts has used methods
very similar to ours in [31] to study various non-archimedean questions; Roberts
had also, independently of us and around the same time, discovered Lemma 2.2
and had in fact done at least the computations of 2.1 and 2.3. It seems to me
that both of us were influenced by Masaaki Furusawa, and communication with
Furusawa and Shalika was our common source of inspiration. I learned about
Bessel functionals and theta correspondence from J. A. Shalika while a graduate



student at Johns Hopkins. The idea of pulling back global Bessel functionals
via theta correspondence came up in a conversation with Shalika while trying to
understand a paper of Bocherer and Schulze-Pillot ([3]). Here we thank Shalika
for continued support and encouragement over the past few years. Most of pre-
liminary computations that led to the writing of this paper were also performed
at Johns Hopkins under his supervision. I would like to thank Shalika for sug-
gesting the problems that motivated this research, for useful conversations, and
for lending us his notes on Bessel models. The author has benefited from con-
versations with Jeffrey Adams, Mahdi Asgari, Philippe Michel, Peter Sarnak,
Freydoon Shahidi, Akshay Venkatesh, and especially Brooks Roberts. Com-
ments by Tonomori Moriyama, Ralf Schmidt, and particularly the anonymous
referee on an earlier draft of this paper were quite helpful. The author wishes
to thank the Park City Mathematical Institute where he first met Michel, and
learned of the work of Kowalski, Michel, and Vanderkam on the non-vanishing
of the Rankin-Selberg L-functions at the center of critical strip. He also wishes
to thank the Clay Mathematical Institute and the National Security Agency for
partial support of the project.
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1 Preliminaries on GSp(4)

1.1 The group GSp(4)

In this paper, the group GSp(4) over an arbitrary field K is the group of all
matrices g € GL4(K) that satisfy the following equation for some scalar v(g) €
K:

‘979 = v(g)J,

where J = 1 1 . It is a standard fact that G = GSp(4) is a
-1

reductive group. The map (F*)? — G, given by
(a,b,\) — diag(a,b,Xa™ ", Ao 1)

gives a parameterization of a maximal torus T in G. The Weyl group is a
dihedral group of order eight. We have three standard parabolic subgroups:
The Borel subgroup B, The Siegel subgroup P, and the Klingen subgroup @
with the following Levi decompositions:

a 1 =z 1 s r
B— b 1 1 X 1 71“ t ’
b= —x 1 1
1 s r
P= (9 oztgl) ! ) "ligean@y.
1

and finally @ is the maximal parabolic subgroup with non-abelian unipotent
radical associated to the long simple root. If ¢ is an additive character of the
field K, we define a character 6, of the unipotent radical N(B) of the Borel
subgroup by the following;:

1 =z 1 S
1 1 r t
6( X "D = e+,
—x 1 1

When K is a local field, we take always take 1 to be an unramified Tate char-
acter.
We define various subgroups of the group G = Sp(4) over the real numbers.
We have
G(R) = {g € GL4(R) | "gJg = J},



0 I
where as before J = (_ L 0
of matrices X € sl4(R) such that ‘XJ + JX = 0. The Cartan involution is
given by 0(X) = —*X. Then we let £ and p be the +1 and —1 eigen-spaces of
0, respectively. We have

). Then the Lie algebra g of G will be the set

- {(_AB ﬁ) |A+iBeUQ2),

and
p— {(fé BA) |A="A,B="B}.
Let K be the analytic subgroup defined by €. Next let

cos 01 sin 64
cos 05 sin 65

—sin 6 cos 0
—sin 0y cos 09

T:{ ‘91,92€R}. (1)

We have T' C K. The Lie algebra of T', denoted by t, is a Cartan subalgebra.
We now describe the root spaces associated with T'. Set

1 0 — 0

1{o 0o 0 o0
Ea_i - 0 =1 0]

00 0 0

1 0 0 0

1{o 1 0 —i
Es=510 0 o o |

0 —i 0 —1

0 1 0 i

1]1-1 0 i 0
By = 0 —i 0 1|

- 0 -1 0

0 1 0 —i

11 0 =i o

EBs=510 —i o -1

- 0 -1 0

Then F,, Fg, E, and Es are elements of gC. Then we have
Ad(t)E, = 2 E,,
Ad(t)Eg = €*2 Eg,
Ad(t)E, = ei((’l*G?)Ev,



Ad(t)Es = e'1+02) g5,

One way to verify these identity is to use the Cayley transform. For this, let
5 (ily —ily
= (7 )

Note that C' € GSp,(C). One can then verify that

6i01
61’02

for obvious choices of z and w. Next we set for each index a, E_, = —TE,.
We will then have

|
N
S
O = O S,

0
“2(0 —i 0 1
— 0 1 0

If for each index +a, we set X0 = C " 1E;,C, then X4, will be a root vector

for the with respect to the diagonal Cartan subgroup. The correspondence is

the following

C¥<—>Z2

ﬁ<—>w2
¥ 2

0 — zw



Let X, be a typical root vector. Then

0010
0000
Xa=10 00 0
0000
0000
00 0 1
Xs=10 00 0
0000
0 1 0 0
0 0 0 0
=10 00 0
-1.0 0 0
00 0 1
0010
X5=10 00 0
0000

One can easily verify that the normalization of X,’s and E,’s as above
matches the one in the paper of [21].
Next, we observe that E,, Eg, Es € p, whereas F, € £. This implies that

An = {:I:aﬂ :t/87 :l:é}’

A = {+7}

It is clear that W (¢, tC) = {1, w}, with w = (12)(34).
It will then be easy to see that

A ={£(2,0),£(1,-1),£(1,1),£(0,2)},
and

Ay = {£(1,-1)}.

1.2 Discrete series

Analytically integral elements of (b®)" are given by pairs (a,b), and since the
action of Wy induced equivalence of discrete series, we can assume that a > b.
Since, we are interested in non-singular pairs, we need to assume a # 0, b # 0,
a # b. There are four cases to be considered:

I. a > b > 0. In this case, we have

A;r = {(2a O>7 (1,-1),(1, 1)7 (07 2)}7



and
A=(a+1,b4+2), A+dg=(a+2,b+1).

II. a > —b > 0. In this case, we have
A;\r = {(2a O)’ (17 _1)’ (17 1)a (07 _2)}7
and
A:(a+17b)7 )\+§G:(a+27b—1)

III. —b > a > 0. In this case, we have

Ai— = {(27 O)v (17 _1)5 (_17 _1)7 (Ov _2>}a

and

A=(a,b—-1), A+dg=(a+1,b-2).

IV. —b > —a > 0. In this case, we have
At ={(-2,0),(1,-1),(~1,-1),(0,-2)},

and
A=(a-2,b—-1), A4+dg=(a—1,b—2).

If A = (a,b), with say a > b > 0, then the L-packet of 7 consists of all 7y
with A" in the orbit of A under W¢. Let ®(my) be the L-packet of m). Note that
for each J € {I,I1,III, IV} as above we have

() N J| = 1.

For the case of PSp(4), we will need the parameter to be trivial at —Iy. This
would imply a = b mod 2. If we start from a discrete series representation of
GSp(4) and restrict it to Sp(4), the resulting representation will decompose as
the sum of two representations, either I4- IV, or II4+III. The I4+IV corresponds
to the generic discrete series, and II+III corresponds to the holomorphic (and
anti-holomorphic at the Sp(4) level).

1.3 Whittaker models

As we will primarily be dealing with representations which have Whittaker
models, we take a moment to review basic definition and properties of such
models.

Let m be an automorphic cuspidal representation of the group G. For each
¢ € m, we set

1 a9 1 Ty X3
1 1 23 =
Wy(9) = ¢ 1 1 9
(Q\A)*
—x2 1 1

X w_l(l‘l + .’132) dx1 dro dxs dxy



Let N be the unipotent radical of the Borel subgroup. For each place v of Q,
the restriction of 6 to N(Q,) is denoted by 6,. Consider the representation of
G induced from the character 6, of N(Q,):

smooth,
Co, (N(Qu\G(Qy)) == {W PG Q) = Cf wingy=o,(myw(a), } )
neN(Qy),9€G(Qu)

The action of G(Q,) on C3°(N(Q,)\G(Qy)) is by right translation.

If v is a finite place of Q, then for any irreducible admissible representation
7, of G(Q,), the intertwining space Homg(q,) (s, Cgo (N (Q,)\G(Q,))) is at
most one dimensional ([32], Theorem 3). If there is a non-zero intertwining
operator

U e HOmG(@v)(ﬂ'v, ng (N(Qv>\G(@v))> (3)

then we say that , is generic, and call the image W, := ¥(u) of u € m, the
local Whittaker function corresponding to u € m,. The space of all W, (u € 7,)
is called the Whittaker model of 7, with respect to 6,,.

Now let v = 0o be the archimedean place. We say that a C-valued function
W on G(R) is of moderate growth if there exists C' > 0 and M > 0 such that
[W(g)| < Clg||M for all g € G(R). The form ||g|| of g = (gi;) is defined by
lg|l := max{|gi;],|(g~")i;}. The space of functions W € Cg°(N(Q,)\G(Qw))
which is of moderate growth is denoted by Ag__ (N(R)\G(R)). Improving Sha-
lika’s local multiplicity one theorem ([38], Theorem 3.1), Wallach ([44], Theorem
8.8 (1)) showed that for an arbitrary (g, K)-module 7, the intertwining space
Hom g i) (oo, Ag,, (N (R)\G(R))) is at most one-dimensional. Again, if there is
a non-zero intertwining operator

W € Hom(g,ic) (macs Ao, (N(R)\G(R))), (4)

then we say 7o is generic and call the image W, := ¥(u) of u € 7y the local
Whittaker function corresponding to u.

1.4 Bessel functionals

We recall the notion of Bessel model introduced by Novodvorsky and Piatetski-
Shapiro [27]. We follow the exposition of [6]. Let S € M>(Q) be such that
S = 'S. We define the discriminant d = d(S) of S by d(S) = —4det S. Let us
define a subgroup T' = T of GL(2) by

T ={g € GL(2)| '"gSg = det g.S}.

Then we consider T as a subgroup of GSp(4) via

t— t
dett.tt=1 )"

teT.

10



Let us denote by U the subgroup of GSp(4) defined by

U= = (" 1) 1x=x

Finally, we define a subgroup R of GSp(4) by R=TU.

Let ¢ be a non-trivial character of Q\A. Then we define a character ¥g on
U(A) by ¥s(u(X)) = ¢(tr(SX)) for X = X € My(A). Usually when there is no
danger of confusion, we abbreviate ¥g to 1. Let A be a character of T'(Q)\T'(A).
Denote by A ® 1g the character of R(A) defined by (A ® ¢)(tu) = A(t)vs(u)
for t € T(A) and v € U(A).

Let m be an automorphic cuspidal representation of GSp,(A) and V its
space of automorphic functions. We assume that

A‘Ax = Wr. (5)

Then for ¢ € V;, we define a function B, on GSp,(A) by

B,(g) = /Z (A ® $s)(r) " p(rh) . (6)

v Ro\Ra

We say that 7 has a global Bessel model of type (S, A, ) for 7 if for some ¢ € Vi,
the function B, is non-zero. In this case, the C-vector space of functions on
GSp,(A) spanned by {B,, | ¢ € V,} is called the space of the global Bessel model
of 7.

Similarly, one can consider local Bessel models. Fix a local field Q,. Define
the algebraic groups T, U, and R as above. Also, consider the characters A, v,
g, and A ® g of the corresponding local groups. Let (m, V;;) be an irreducible
admissible representation of the group GSp(4) over Q,, when v is finite, or a
(g, K)-module when v is archimedean. Then we say that the representation
has a local Bessel model of type (5, A, ) if there is a non-zero map in

Hom(rry, Ind(A @ ¥|R, G)). (7)

Here the Hom space is the collection of G(Q,)-intertwining maps when v is
finite, and the collection of all (g, K')-maps when v is archimedean. Also in the
archimedean case, as in the Whittaker case, we work with that subspace of Ind
which consists of functions of moderate growth.

In this work, we will be interested in two different types of Bessel models
corresponding to two choices of the symmetric matrix S. The two choices of S
are:

11



Below, we will determine the subgroups Tg, and R, and explicitly write down
the corresponding global Bessel functionals. We fix an irreducible automorphic
cuspidal representation 7 of GSp,(A) and a unitary character ¢ of A throughout.

. This is the case of interest for us in this work. In this case,

(1) § = (1

the subgroup T is equal to the subgroup consisting of diagonal matrices. A
straightforward analysis then shows that for every character A of Ts(Q)\Ts(A)
subject to (5), there is a Hecke character of A* such that the global Bessel
functional (6) is given by

spli 1
B g = [ e . Dawa
FX\AX
)
Here when ¢ is a cusp form on GSp(4), we have set

1
U ].

1

w
v

@) (w) du dv dw.

— 8

. In this case, the subgroup Ts is equal to a non-split torus.

(2)5—( J

Then there is a Hecke character of the torus Tg, say x, in such a way that

(e
Bg;s0=/ @U( _>xadoc,
o= [ (" e @)

with ¢V defined as before. The case of immediate interest is the case where
d =1, in which case,

Ts ={g € GLy| ‘g.g = detg }
_ a b 2 2
{<_b a) |a? +b% € GL, ).

The problems of existence of Bessel functionals for this choice of the matrix S
seem to be more delicate.

1.5 Theta correspondence

In this section we collect various results on theta correspondence that we will
use in the sequel. In fact, this section is a rough review of [29]. We have adapted
the results of that paper to the case of our interest, split orthogonal spaces of
signature (2,2). Other references of interest are [14, 15].

Let V be the vector space My, of the two by two matrices, equipped with
the quadratic form det. Let (,) be the associated non-degenerate inner prod-
uct, and H = GO(V,(,)) be the group of orthogonal similitudes of V, (,).

12



The group GL(2) x GL(2) has a natural involution ¢ defined by t(g1,92) =
(tby 1e by 1), where the superscript ¢ stands for the transposition. Let H =
(GL(2) x GL(2))x < t > be the semi-direct product of GL(2) x GL(2) with the

group of order two generated by t. There is a sequence
1—G, — H-—H—1, (8)

where the homomorphism p : H — H is defined by p(g1,92)(v) = glvggl, and
p(t)v = tv, for all g1, go € GL(2) and v € V. Also, G,,, — H is the natural map
2 — (2,2) x 1. Tt follows that the image of the subgroup GL(2) x GL(2) ¢ H
under p is the connected component of the identity of H.

Let F be a local field of characteristic zero, with F' = R if F' is archimedean.
Fix a non-trivial unitary character ¢ of F. The Weil representation w of
Sp(4, F) x O(V,F) defined with respect to 1 is the unitary representation on
L?(V?) given by

Here, ¢ is the Fourier transform defined by

o) = [ elayitinta. o) i

with da’ self-dual, and + is a certain fourth root of unity on ¢. If h € O(V, F),
a € GL(2,F), b € M, (F) with ‘b = b and z = (z1,22),2 = (z},2) € V2,
we write h~te = (h™ ey, b ag), wa = (21, 22)(aij), (v,2") = ((x4,27)), br =
bt(l'l,l'g).

If F is non-archimedean, w preserves the space S(V?); by w we mean w
acting on the latter space. When F = R, we will work with Harish-Chandra
modules of real reductive groups. Fix K; = Sp(4,R) N O(4,R) as a maximal
compact subgroup of Sp(4,R). We denote the Lie algebra of Sp(4,R) by g, =
sp(4,R). Let V* and V™ be positive and negative definite subspaces of X,
respectively, such that V = VT 1V ™. Then a maximal compact subgroup of
O(V,R)is O(VT,R)xV(V~,R) ~ O(2,R) xO(2,R). The Lie algebra of O(V, R)
is b, = o(V,R). Let S(V?) = 8,(V?) be the subspace of L?(V?) consisting of
the functions

p(x) exp —%|c\ (tr(zt,2™) —tr(z™,27))

Here p is a polynomial, and (z*, ") and (z~,z7) are 2 x 2 matrices with (7, j)-

th entries (z;, x;’) and (z, a}) respectively, where x; = &7 +2; corresponding

13



to the decomposition of V; ¢ € R* is such that () = exp(ict). Then S(V?) is
a (g1 x b1, K1, J1) module under wj this is the Harish-Chandra module we will
work with throughout. Often, for the sake of uniformity in presentation, one
uses the notation and terminology of genuine representations for archimedean
places as well. The reader has to keep on mind, however, that this is just a
matter of convenience.

Let R(O(V,F)) be the set of elements of Irr (O(V,F)) which are non-zero
quotients of w, and define R(Sp(4, F')) similarly. Again, the reader will have to
keep in mind that at the archimedean place, we are working with underlying
Harish-Chandra modules. Suppose F' is real or non-archimedean of odd residual
characteristic. Then the set

{(m.0) € R(Sp(4, F)) x R(O(V,F)) | Homsy4,p)xo(v,F) (w, ™ ® 0) # 0}

is the graph of a bijection, denoted by € in either direction, between the cor-
responding sets. When F' is non-archimedean of even residual characteristic,
one can establish the same for tempered representations. We refer the reader
to [29], section 1, for more information.

We now recall the extended Weil representation for similitude groups. Define

Ry (F) ={(g,h) € GSp(4, F) x GO(V, F) [v(g) = v(h)} .

The Weil representation of Sp(4, F') x O(V,F) on L?(V?) extends to a unitary
representation of Ry (F) via

1
! V(g)> 1)(poh™).

We would still like to consider the action of Ry (F) on S(V?), but one has to
take some care when considering the archimedean place, as in this case S(V?) is
preserved only at the level of Harish-Chandra modules; we refer the reader to [29]
for details. We denote the resulting genuine representation of Ry, in the non-
archimedean case, or the (to, Lo, ) Harish-Chandra module, in the archimedean
case, again by w.

In analogy with the isometry case, one can ask when Homp,, (w, 7 ® o) # 0
for m € Irr (GSp(4,F)) and o € Irr(GO(V,F)). Here R for each group is the
collection of representations of the similitude group which when restricted to the
corresponding isometry group have a non-zero component in R. Then by theo-
rem 1.8 of [29], parts 1, 3, 5, Hompg, (w,7 ® o) # 0 defines a bijection between
R(GSp(4, F)) and R(GO(V, F)). Again, over a non-archimedean field of even
residual characteristic one has to restrict to an appropriate class of representa-
tions. Again, one denotes the resulting bijection by 6. Proposition 1.11 of [29]
states that 6 maps unramified representations to unramified representations.

Let (m1,m2) be a pair of representations of GLy over the local field F' with
W, -wr, = 1. Roberts [29] has associated to (71, 72) an L-packet in GSp(4).
Essentially, the idea is to consider the representation m = m ® mo of GSO(V, F)
and then consider all possible extensions of m to GO(V, F); then consider the

wlg.h)p = ()| 2 w(g (
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theta lifts of all such extended representations to GSp(4, F'). We describe the

L-parameter giving this packet in the archimedean situation. If g; = (:l ?l) ,
1 K3
1=1,2, we set
a; &5}
az B2
§a! 1
V2 92

For i = 1,2, let p; : Wg — GL2(C) be the L parameter of w. Then define an
L-parameter ¢(p1, p2) : Wg — GSp(4, C) by

(p1,p2)(2) = S(p1(2), p2(2) ™), (9)

z € Wgr. We take for granted the fact that the L packet defined by Roberts in
the archimedean situation is the L packet associated to ¢(p1, p2) by Langlands.
We refer the reader to section 4 of [29], in particular pages 283-285 for basic
properties of the L packets.

We now turn our attention to global theta correspondence for the similitude
groups [29], section 5. In order to define global theta correspondence we need
a global Weil representation. Fix a non-trivial unitary character of A trivial on
Q. For a place v of Q, let w, be the representation defined above. Let z1,..., x4
be a vector space basis of My(Q) over Q. Let (g,h) € Ry (A). Then for almost
all places v, wy(gy, hy) fixes the characteristic function of O,z1 + -+ + O, z4.
Let S(V(A)?) be the restricted algebraic direct product ®,S(V(Q,)?) which
is naturally an Ry (Af) X (¥, Loo)-module. For ¢ € S(V(A)?) and (g,h) €
Ry (A), define

S(g1,92) =

0(g,h;0) = Y wlg,h)p(x).

zeV(Q)?

This series converges absolutely and is left R(Q) invariant. Fix a right invariant
quotient measure on O(V,Q)\O(V, A). Let f be a cusp form on GO(V, A). For
g € GSp(4, A) define

0(f,0)(g) = / 6(g. huh; ) f () dh,
O(V,Q\O(V,A)

where h € GO(V,A) is any element such that (g,h) € Ry (A). This integral
converges absolutely, does depend on the choice of h, and the function 8(f, )
on GSp(4, A) is left GSp(4, Q) invariant. The function 8(f, ) is an automorphic
function on GSp(4, A) of central character equal to the central character of f.
If Visa GO(V,A) X (heo, Joo) subspace of the space of cusp forms on GO(V, A)
of central character x, then we denote by ©(V) the GSp(4,A¢) X (goo, Ko)
subspace of the space of automorphic forms on GSp(4, A) of central character
x generated by all the §(f, @) for f € V and ¢ € S(V(A)?).

For computational purposes, we need to make the above considerations ex-
plicit. Here the notation may be slightly different from above. Suppose m; and
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7o are two irreducible cuspidal automorphic representations of GLo(A) satisfy-
ing
Wr, Wr, = L.

Then for ¢y and 2 cusp forms in the spaces of m; and s, respectively, one can
think of

@(h1,h2) = p1(h1)p2(h2),

as a cusp form on the algebraic group p(H). We extend the definition of ¢ to
H by defining it to be right invariant under the compact totally disconnected
group <t > (A) =], <t>.

Define the subgroup H; consisting of elements (h1, ho) satisfying

det(hl) = det(hg)

Then if m; and 7y are two automorphic cuspidal representations of the group
GL(2) with

Wry Wr, = 1,

and
1 7& ﬁ—Qa

then one can naturally think of the pair (w1, 72) as an automorphic cuspidal
representation of the group H. If ¢1 and ¢y are cusp forms on GLy(A), belonging
to the spaces of the representations 7y and ms, respectively, we define a cuspidal
function 6(p1, p2; f) on GSp(4, A) by

0(1, 025 f)(9) Z/ 0(g; hah', hah®; f)e1(hih")a(hoh?) d(ha, he),
Hi(F)\H1(A)

where the pair (h', h?) is chosen such that
det h' (det h?)~! = v(g).

Here f is a Bruhat-Schwartz function on Ma(A) x Ma(A), and

0(g; ' hoh®s f) = > w(gihah' hoh®) (M, Mp),
M17M2€M2(F)

where w is the Weil representation of [14]. We note this is different from the
definition given earlier. Let ©(my,m2) be the vector space generated by the
functions (1, p2; f) for all choices of ¢1, w2, and f as above. Then O(my, m3)
is an irreducible generic automorphic cuspidal representation of GSp(4). In fact,
this is the generic element of the global L packet defined by Roberts [29]. If
O(m1,m2) = ®,0, (71, m2), then ©, (7, m2) depends only on the v components
of 71,79, and is the generic element of corresponding local L packet.

16



1.6 Theta correspondence for (Sp(4,R),0(2,2))

The result of this subsection is taken from [14]. Let G = Sp(4,R), H = 0(2,2),
K =U(2), and L = O(2) x O(2). Next we have the following:

Proposition 1.1 Let m = may, be the generic discrete series representation
with Harish-Chandra parameter

(a+2,-b-1)
A =
te {(b+17—a—2)

of G. Then m occurs in the theta correspondence for (G, H), and

0(r) m(a+b+4,b—a—2)
m(a+b+4,a—b+2)

1.7 The Spinor L-function for GSp(4)

In this section, we review the integral representation given by Novodvorsky [26]
for G = GSp(4). The details of the material in the following paragraphs appear
in [4, 40].

Let ¢ be a cusp form on GSp(4, A), belonging to the space of an irreducible
cuspidal automorphic representation 7. Consider the integral

Z2 T4 Yy
1
ssom = [ f ( , v )
AX/Qx J(A/Q)3
z —xo 1 1

X (=) pu(y)|y|* 2 dz dws day d*y.

Since ¢ is left invariant under the matrix

this integral has a functional equation s — 1 — s. Observe that this choice of
w corrects an inaccuracy in [40]; we thank Brooks Roberts for pointing out this
error. A usual unfolding process as sketched in [4] then shows that

(s, s /AX/% Yol @l dedy.  (10)
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Here the Whittaker function W, is given by

T2 Ty X3
1 1
1 1 r3 X1
Ws(g) = ¢ 1 | 9
(A/Q)*
—x2 1 1

x ! (x1 + x2) dz1 dzo da3 day

Equation (10) implies that, in order for Zn(p,s) to be non-zero, we need to
assume that W, is not identically equal to zero. A representation satisfying this
condition is called “generic.” Every irreducible cuspidal representation of GL(2)
is generic. On other groups, however, there may exist non-generic cuspidal
representations. In fact, those representations of GSp(4) which correspond to
holomorphic cuspidal Siegel modular forms are not generic.

From this point on, we assume that all the representations of GSp(4), local
or global, which appear in the text are generic.

If ¢ is chosen appropriately, the Whittaker function may be assumed to de-
compose locally as W(g) = [[, Wu(gv), a product of local Whittaker functions.
Hence, for s large, we obtain

Z(p,s) = [[2W, ), (11)
where
Y
ZvWon= [ [w(| Y wlideay. a2)
F”U>< v
T 1

As usual, we have a functional equation: There exists a meromorphic function
¥(y, ¥y, $) (rational function in Nv™* when v < co0) such that

ZN(Wy, 8) = (T, thy, ) Z(WE, 1 — 5), (13)

with w as above,

Yy
s = [ [w( L et aay,
FX JF, )
T

and yx, the central character of 7.

We also consider the unramified calculations. Suppose v is any nonar-
chimedean place of F' such that W, is right invariant by GSp(4, O,) and such
that the largest fractional ideal on which ), is trivial is O. Then the Casselman-
Shalika formula [5] allows us to calculate the last integral (cf. [4]). The result
is the following;:

Z(Wy, s) = L(s,m,, Spin). (14)
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Let us explain the notation. The connected L-group YG° is GSp(C). Let LT be
the maximal torus of elements of the form

851
a2
t(a17012,0é37044) = as ’

Gy

where ajay = asas. The fundamental dominant weights of the torus are Ay
and Ay where
Ait(on, g, a3, 04) = g,

and
—1
)\gt(al, a9, Oé3,0&4) = 0105 .

The dimensions of the representation spaces associated with these dominant
weights are four and five, respectively. In our notation, Spin is the represen-
tation of GSp(4,C) associated with the dominant weight A1, i.e. the standard
representation of GSp(4,C) on C*. The L-function L(s,n,Spin) is called the
Spinor, or simply the Spin, L-function of GSp(4).

Next step is to use the integral introduced above to extend the definition of
the Spinor L-function to ramified non-archimedean and archimedean places.

Corollary 1.2 Let w be an irreducible generic representation of GSp(4) over a
non-archimedean local field K. Let p be a quasi-character of K*. If i is highly
ramified, we have

Lis,m@u)=1.

2 Entireness of the spinor L-function

The purpose of this section is to prove the following theorem:

Theorem 2.1 Let m = ®,m, be a generic automorphic cuspidal representation
of GSp(4) over Q. Let 7 be special as defined in 2.4. Then L(s,w,Spin) is
entire.

The proof of this theorem covers paragraphs 2.1 through 2.6.

2.1 The pull-back

In the global situation, there is a simple relationship between the integral rep-
resentation of the previous section and split Bessel functionals. The following
simple observation which for the ease of reference we separate as a lemma forms
the fundamental idea of the proof of Theorem 2.1:
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Lemma 2.2 We have

Yy
Bsphts,;(lzx;(b):/ /W¢ Yol et [ el dedy,
ul 772 AX JA
x 1
with
1
_ 1
w= 1
-1

This lemma should be compared to equation (16) of [7]. The lemma motivates
the following definition.

Definition 2.3 For @1, @2, and f as above and v a Hecke character, we define
Z(p1,02, f11) = BZT“T, (Ls; 01, 25 f))
Y
1
— [ Berenn’( L et e
FX\AX

1
2

Here if ¢ is a cusp form on GSp(4), we have set

1

U _ 1
o=, o

We prove that the above integral is an infinite product of local integrals. We do
so by finding an expression relating our function Z(¢1, 2, f; s) to the Jacquet-
Langlands zeta functions of ¢, and s.

Before stating our proposition, we recall a notation from [17]. If ¢ is a cusp
form on GLy(Af), in the space of a representation m, 1 a Hecke character, and
h € GL2(AFR), we set

w
v

— 8

@) H(w) du dv dw.
1

Z(o.hw = [

FX\AX

o)) mu@lal e

and

Zo.hm = [

FX\AX

o(* 1) nlr ut@lal 0

Then, we have the following proposition:
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Proposition 2.4 For @1, @2, and f as above, we have
Zron fim) = | Z(p1, b ) Z (g2 ha i)
D(A)\H1(A)
1 0 0 0

Proof. First, we obtain an expression for 0(¢1, po; f)V. We start by the follow-

ing:

0(p1, @2; f)U(g)

:/ 0(1,92; F)( ! lf Y 9 Hw) dudv dw
(F\A)3

= g
S

:/ / o| ! g: bl hoh®: f)
(F\A)? JHy(F)\H1(A) 1

©01(h1hY)pa(hah?) d(hy, ho)Y ™ (w) du dv dw,
where h' and h2 are chosen in such a way that
det h'.(det h*)~t = v(g).
Next, it follows from the definition of # that

(01,023 )V (9) =

15
/ ©1(hih')p2(hah®)G ¢ (hih', hah?; g) dhy dho, (15)
Hi(F)\H1(A)

where

Gr(hih', hoh?; g) =
1

u
1 w
Z/ w( 1
My, M, Y (F\A)?

w
Y| g, haht, oh?) f(My, M)
1

Y (w) dudv dw.
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Next, for fixed M7 and My we have

1 U w
1 w v 1 2 -1
[ U goah o) £ (M, M)y () dudv duw
(F\A)3
1
= w(g, hah', hoh?) f (M, My)
U w det M; B(My, M) — %
/(F\A)S vl (w ”) <B(M27M1) —3 devhr, ) v

Next, we have the following straightforward lemma:

Lemma 2.5 For any 2 x 2 matriz A € Ma(A), we have

U w
P tr( >A dudvdw = 0,
/(F\A)S o)

unless A = (8 8) , in which case the value of the integral is equal to 1.

The lemma implies that

Gp(hah' hoh®ig) = Y~ w(g,huh' hoh®) f(My, Ma),
(Ml,Mz)ES

where

S={(X,Y) € Ma(F) x Ma(F)| det X =0,detY = 0,det(X +Y) = 1}.

Lemma 2.6 The set S consists of a single orbit under the action of Hy(F).

The point P = (((1) 8) ) <8 (1))) belongs to S. The stabilizer of P in Hy(F)

is the subgroup D(F).
Consequently,

Gy(hiht hah?; g) =
Z w(l,v)w(g7h1h17h2h2)f(((1) 8) ) (8 (1)))

YED(F)\H1(F)
Inserting the right hand side of this expression for G in equation (15) gives
0(¢1, 025 )7 (9) =

1 0 0 0
/ ‘Pl(hlhl)@2(h2h2)w(g7 hlhla h2h2).f( (0 0) ) (O 1) ) dhl dh27
D(F)\H1(A)
(16)
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We now turn our attention to Z(¢1, @2, f;s). For this purpose, we need to first

simplify w(g,hlhl,hmf((é 8)(8 ?)) wheng:( ' ),hl -

Y 1) and h? = identity, say. We have
Y
1 1 0 0 0
Yy
Y 1
1 1 1 0 0 0
y y~!

-1 —1
_ Y 0\,_1/y O Y 0\,_1/0 O
-1
_ (Y 0y ,-1(y 0)/(1
(% Dm0 (o
Hence, for the choices of g, h', and h? as above, we have
1 9 1 0 0 0\, _
—1
y 0 y 0 1 0 0 0
This equation combined with equation (16) gives

Y
dones (|t = e (M)t

Y
u®y D)m(f ) mp o) o §)amane

Next, we make a change of variables

(hl,hg)H((y 1)h1 (y_l 1>7h2)
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to obtain

01,02 1) ( e

/p(p)\Hl(A)%((y 1> hl)%(hﬁL(hl’hﬂf(((l) 8)’(8 (f))dhldh?-

Next,
Z(@la9027f;:u)
Yy
1 _1
[ tlenean o ey
FX\AX
Yy

2/ / <P1(<y 1) h1)p2(h2)
FX\A* JD(F)\H1(A)
s )iy o)+ (0 3l dm dnaay,

At this stage, we use the obvious isomorphism

FX\A™ — D(F)\D(4),

() ()

given by

to obtain

Z @1;@27]87

/FX\AX /D(A)\Hl(A)/ X\ AX 1(<?J 1) (a 1) hl)W((a 1) ha)
() (V) w0y o)+ (0 3wttt eadn anay
/FX\AX /D<A\H1<A>/FX\ 1(<ya 1) hl)w((a 1> i2)

L(ha, h2)f((0 O)

(
_/FX\AX /D(A)\Hl(A) /FX\AX s01(<y 1> hl)%((a 1> h2)

L(hl’h‘z)f(((l) 8) (8 2>)u(y)|y|‘5u‘1(a)a|5dxadh1dh2dxy,

>) (y)|y|_% d*adhy dhy d*y
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after a change of variable y — ya~'. The proposition now follows from a simple
re-arrangement of the last expression. [

2.2 The zeta integral of two complex variables; Euler prod-
uct

In order to study the zeta integral Z(p1, w2, f; 1), we would have liked to intro-
duce a function of two complex variables s1, so as follows: For ¢1, @9, and f as
above, and p Hecke character, we set

Z(@l?@Qﬂf;yﬁ | . |817 ‘ . ‘82) :/ Z(@lvhlvu‘ . ‘SI)Z(@thQvllf_l' . |52)

D(A\H1(A)
1 0 0 0
L(hy, hg)f((o 0) , (O 1>)dh1 dha,

with s1,s9 € C. Unfortunately, however, this integral is not well-defined for
$9 # 1 — s1. In order to circumvent this problem we proceed as follows.
If ¢ is a cusp form on GLy(Afr), we define its Whittaker function by

W)= [ o((* 7)ot as

for g € GLa(Ap). Then, we have the Fourier expansion

39) =) W¢(<a 1> 9);

acFXx

with the right hand side a uniformly convergent series on compact sets in
GL2(A). Tt is then a classical observation of [17] that for s large, we have

2.l 1) = [ Wl (")) mul@lal ¥ e

We denote the right hand side of this equation by Z(Wy, h, s).
We have a formal identity as follows:

2(30179027f;uv ‘ . |817 | . |S2) = / Z(W<P17h17M| . |SI)Z(W<P27h27/~L71| . |52)
D(A)\H1(A)

L(hhhz)f(((l) 8) , (8 ?))dhl dhs.

Next, we consider the Euler product. We choose ¢;, for i = 1,2, so that
W<pi = ®veMFW$.
Also, we choose f to be a pure tensor of the form

®UEMFfU7

25



with f, unramified for almost all v.
With this choice of the data, we have yet another formal identity

2(90175027.]8;#’ | . |817 | . |82) = H Z”(Wvlvwgva;/j’v’ | . |f)17 | . |1S;2) (17)

vEMPp
Here, we have set
Zv(Wvla Wan fos by [ 1755 172) = / Z(Wvla hi, o - |51)Z(W3,h2,u;1\ 122)
D(Fv)\Hl(Fv)

L(h, hg)fv(<(1) 8) , (8 ?))dhl dhs.

Also, for W,, a Whittaker function on a local group GLy(F,), and h € GLa(F,),
we have used the notation Z(W,, h, 1) to denote

/va W”((a 1) h)po(a)lal =% d*a.

The idea is to make sense out of the expression for
Zy(Wy, W3, fos pros |71 °2)
for Rsq, sy large. For this we use the following lemma:

Lemma 2.7 Let v € Mp, and ¥ a continuous function of compact support on
D(F,)\H1(F,). Choose an arbitrary lift ® of ® to GLy(F,) x GLa(F,). The
functional p(®) defined by

/// <1>’(<1 11‘)/{1,(6 1) (1 v)k2)|e|_1dxedudvdk1dk2,
K, FE va € 1

for an appropriate choice of a local mazimal compact (and open for v non-
archimedean), defines an invariant measure on D(F,)\H1(F,). Furthermore,
this measure has the following property: Fix a Haar measure up on D(F,), and
for any continuous function of compact support ¥ on Hy(F,), set

p(x) = /D L V) ),

for x € D(F,)\H1(Fy,). Then the functional po defined by

p2(¥) = p(¥p),

with U as above defines a Haar measure on Hy(F,).
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Definition 2.8 We set
Z,(Wy , Wi, foi s |15, ].1°2)

-1 -1
_ _1 (€ € v 1 (0 —ue
a /u,'UEFU /66va K2 Ik ( 0 0 > k2 (0 € ) 2)

sn@P 2wl ) etuautlol o)

( /F W2<<ﬁ 1) k2)e(vB)u (B)|)%~F 4 B) du dv d* e dk, dks.

v

We immediately observe that if the integral is convergent, it is well-defined.

Proposition 2.9 Suppose W1, Wy are two Whittaker functions of GLa(F,) be-
longing to the spaces of representations my,ma, respectively, with wy, .wyr, = 1.
Then the integral Z(W1, Wa, f; i, | - 151, ] . |52) converges absolutely for Rsy, Rso >
0.

Proof. We give a complete proof only for the case where v is a real place, the
proof of the non-archimedean statement being identical. Also it is clear that
we may assume that the quasi-character p,, is trivial. By definition, we need to
show that the integral

—1 —1
_1 (€ € v 1 (0 —ue
Y R S L (R I
ol wi((* ) metualal e
RX

(/ W2(<ﬂ 1> kg)e(v,@)|ﬂ|52*% d*8) du dv d* e dky dks.
RX

converges absolutely. By lemma 8.3.3 of [18], there are gauge functions &1, &5
such that
Wil < &1, and [Wa| < &.

This implies that

/RX |Wl((a 1) k1)e(ua)|al* =2 |d*a < /R &((O‘ 1))|a|”1—§dxa7

and

The latter integrals converge absolutely for 01,09 large. In order to conclude
the proof, we need to study the convergence of

et et 1 (0 —ue
f(k 1< >k27k ( >k2)
/u,veR /eeRfr K2 0 0 L0 e

W, (€)]€]?%272 du dv d* e dky dy.
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We claim that this integral converges absolutely for all values of sy. In fact, if
f € S(Ma(R) x Ma(R)), the function g defined by

g X, Y) = | f(ky Xk, k{7 Yks) dky dks
K2

is in S(Ma(R) x My(R)). Thus, we must show that

,1 6*1'0 0 —wue 259—2 y
/uveR/e]RX < 0 >7(O € ))wﬂ'z(e)|€| dudvd™e

converges absolutely for all s3. The first observation, due to Weil, is that the
absolute value of a Schwartz-Bruhat function is bounded by a Schwartz-Bruhat
function. Consequently, we can assume that f is a positive Schwartz-Bruhat
function. But now it is clear that the function = defined by

- el el 0 —ue
H<€) B /u,vER f(( 0 0 ) ’ (O € ))dUdv
is in the space S(R*). Since our original integral is bounded by
[ En @l i
R

the proposition is immediate. [
Then we have the following proposition:

Proposition 2.10 Let v be a non-archimedean place. Let W1 and Ws be given.
Then there is a choice of f such that

ZWy, Wa, frp 130 1 152) = Z(Wa, ] 59 Z(Wa, n 71 L 132).
Proof. Let M be a very large positive integer. Let f = g ® h be a Schwartz

function such that
1 pM pM)
S tg C + )
upport g ( 0) (pM pM
0 p pM
Support h C < 1) + (pM M ) -

(23
» = () () ()

(o sty (s e ) ) o

and

Then upon setting,

With the choice of f, it is not hard to draw the following conclusions:

28



1. v,c€pM,

2. u,v are integral,

3. € is a unit,

4. b+vd,ou+ B € pM,
5. aea,de 16 € 1+ pM,

Next,

-1
Z(Wl,hl,u1.|zl>—/@vv1<<m (¢ )mm)wl%dw;

but

(1 _1u> (3 §>1:<a_1 a(a5—ﬁ7)‘1>
y (1 —(ﬂ+ua)a1(a5—ﬁ7)_l) <—a1_1'y 1>’

implying that for M large, we have

S1\ xa—l Slfl X
2l )= [ (57 s pyt) @l
= (wm, 1) (@®(ad — B7) "1 Z(Wr, ] - [31).
Similarly, for M large,
Z(Wr ho, p | 132) = p7 (e d(ad — be) ™) (W™ ) (€T ) Z(Wa, L [32).

The proposition is now immediate. [

Corollary 2.11 There is a choice of W1, Ws, f such that

Z(Wl,WQ,f;N,|-|f;1,|'|1S)2) L.

When W7, Wy are spherical, the situation is particularly nice:

Proposition 2.12 Suppose v is a non-archimedean place, and 71, 7o are spher-
ical representations of GLa(F,) with wy, .wr, = 1. Also, suppose that W; €
W(mi, ), © = 1,2, is the normalized K,-fized vector. Furthermore, let f be
the characteristic function of Ma(Oy) X My(O,). Then for unramified quasi-
character p we have

Z(W17W2af;,u7 ‘ . ‘f}la | . |f;2) = Lv(slaﬂl7M)L(827ﬂ-2,/’é_1)'
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Proof. In order to see this, we need to verify that if

s taf(g o) (o 1)#0

for (hy, he) € H1(F,), we must have (hy, ha) € D(F,)(GL2(0,)x GL2(0,)). For
this, we start by the observation that one can take as a set R of representatives
for

D(F,)\H1(F,)/(GL2(0y) x GL2(0y)),

the set of pairs of the form

(1))

Hence, we need to verify our claim only for elements (hy, hs) of the above form.
We have

sy o) (0 =25 §) (0 )

Since f is the characteristic function of My(O,) x M, (O,), for this last expres-
sion to be non-zero, we must have e*! € O,, ev € O, and e 'u € O,. This
in turn implies that € € O, and u,v € O,. Now an application of lemma 2.7
gives the result. UJ

We can now proceed to collect information about the analytic properties of
our two variable zeta function. we prove the following proposition:

Proposition 2.13 For Wy, Wy Whittaker functions, and f as above, the func-
tion Z(Wy, Wa, fiu, | .|, |.|%2) has an analytic continuation to a meromorphic
function on C?. Furthermore, the ratio

Z(Wla WQ,f;N” | . |f)17 | . |’LS)2)
L(Slaﬂ-lau)L(SQaﬂ-Qvl’c_l)

\II(W17W23f;,LL7|' ‘21"'?)2) =

extends to an entire function on the entire C>. There is a choice of W1, Wa,
and f such that the above ratio is a nowhere vanishing entire function.

Proof. We prove only the analyticity statement; the non-vanishing follows from
proposition 2.10 and the corresponding GL(2) statement. We write out the
details for the archimedean place. For simplicity, we will assume that m; and
o are irreducible principal series representations. Also we will assume that the
quasi-character p is trivial. By lemma 2.7, we need to consider the integral

(et ey 1 (0 —wue
/u,UE]R /eeRfr K2 Uy < 0 0 > ba ki <O € > )
Wy (e)|e\252_2(/ W1(<a 1) k‘l)e(ua)|a|sl_% d*a) (18)

R

(/]R Wg((ﬁ 1)kg)e(vﬁ)wz—%dXﬁ)dududXedkldkg.
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For this purpose, we use the description of the Whittaker model of a principal
series representation from [17], page 101-102. Suppose m = 7(p1, pi2), and
7o = 7(us, t4). Then there is a Schwartz function P;(x,y), i = 1,2, such that
W1 = Wp, by the following recipe. Let

f1lg) = (mv)(detg) | PO, 119}z ') () 4.
and

fala) = (rar¥)(det) [ Pal(0.1)50)(usi ' )(6) 5

when the integrals converge. Next, we set for i = 1,2

i) = [1n((y ) (1 T)aeran
In particular,

wa((* ) k-
| et @) s )0 A0~k (o) do d o,

and

Wp2((5 1) k) =
L o6 ) 6) Pa( (=5, e)e) dy .
These integrals may not converge, but they have analytic continuations to entire

functions of the characters p;, i =1,...,4.
We need a lemma/notation:

Nl

Lemma 2.14 Suppose Py, Py, and f are Schwartz-Bruhat functions as above.
Then the function I' whose value at

(Xaxman’pa Q) € MQ(]R) X MQ(R) X R4
s given by
F(X7Y7 m? n7p’q) =

f(ky X ko, k7' Y ko) Py((m,n) k1) Pa((p, q)k2) dky dks
K2

1s a Schwartz-Bruhat function.
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The integral (18) is now equal to

LAY S Iy Sy vy Sy
() (0 )— 7,6, ~)

Wiy (€)]€]222e(ua)|al* " 2e(vB)|B]* 7 % (u1v?)(a)

(3 'v) (7)e(@) (302 (B) (nspy ' v) (0)e(y)
dydrdvdud*ed*dd*yd*Bd* o

./aeRX /ﬂeRX LERX /6€]RX /GRX /uER /UE]R LGR /yER

F(( 0 0 ) ) (0 € 6) y —Q7Y, — 56 y(;) (19)
Wry (€)]e[**2%e(ua)|a|™ e(v)|6]*2 (1) ()

(m1py ) (y)e(@) (1) (B) (uapy ' v) (6)ely)
dydrdvdud*ed*6d*yd*Bd*a

We will abbreviate the inner I'-expression appearing above to
(e, e to, —ue, e, —ary, —a7y, — 36, —yd).

Next we consider the integral

/ / / / U, —UE€, €, —Qy, —I7, _ﬁ67 _y(s)
u€ER JveR JxzeR JyeR

e(zr)e(y)e e(vf) dy dx dv du
— 1ol / [ ][ ox — .z, —B5,y)
u€R UGR zeR JyeR
e(—;)e( 5)e( )(vﬁe)dydxdvdu
= |’Y|71|6|71f(67 376650467 y € 70‘77’77137ﬂ5a571)7

where T is the appropriate Fourier transform of I'.
Going back to (19), we obtain

/ae]RX /ﬁeRX KyE]RX /6€]R>< /E]RX

Iy 78| T (e, —Be,ae €, —ary, v, —B8,67)
wr, (€)]€]**2~ 2|0<|Sl\ﬂl”m(oa)(muz V) (V) s (B) (uspy 'v)(8)
d*ed*5d*~vd*Bd*a
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/OLGRX /BGIRX LGRX /5€RX /GRX

w7r2(6)|€|252 2\04|51|5\52N1(04)(N1M2 )(7 s (B) (papy (07
d*ed*6d*yd*Bd o

/aGRX /,BG]RX /weRX /6€RX /G]RX

T(e™!, —Bde, ave ! 6, —a,7,—3,0)
ww2(€)|€\252 Zlaf*r iy [*1181%218]%2 () pa () 13 (B) 11 (6)
d*ed*6d*yd*Bd*«

/aeRx /ﬂeRX LERX /5€]R>< /ERX

L —Bée,ave e, —a, v, —3,0) (20)
(uw ) (@) (k2™ ) (7) (3°2) (B) (av™®) () (wr, v**272) (€)
d*ed*6d*yd*Bd*a
after obvious changes of variables, and simple re-arrangement of terms.
Our result now follows from the following standard lemma:

Lemma 2.15 Let ® be a Schwartz-Bruhat function on R™. Suppose Y1, ...,Vn
are quasi-characters. Define the function Z(s1,...,8n) = Z(®;91, -« Ynj S1y -« Sn)
of the complex variables sy, ..., S, by

Z(Sly"'asn):/ al»"-a H’Yz &%) |O[
RX)m™

whenever the integral converges. Then the integral converges for Rs; large
enough, fori=1,...,n. The ratio

Si

aia

Z(®;71, oy Y S1y -« 5 Sn)
[Ty L(sis %)
extends to an entire function. If ® € S(R* x R"~1), then the ratio

Z(q);’y17"'77n;317"'7sn)
Lo L(si, %)
has an analytic continuation to an entire function.

O

Corollary 2.16 Let v be a non-archimedean place. Then in the above situation
for w highly ramified Z(Wy1, Wa, f;u,|.15,].152) extends to an entire function
of s1, s3.
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Corollary 2.17 Let W1, Wy be flat sections of Whittaker spaces as in the last
section. Then the function U(Wy, Wa, f;u,|.[5,].152) s holomorphic in the
parameters of Wi, Ws.

Summarizing,

Proposition 2.18 Let the data be as above. Let S a finite collection of places
containing the archimedean place such that for v ¢ S, the local data at v is
unramified. Then we have

Z(@1a¢2’ﬂ‘ . |S) = L(s’ﬂluu')L(l - Sa7727:u71)
{H\II(W17W27f;:U’va | . |1S}7 | . 1115)}

where by lemmas 2.12 and 2.13 the expression in curly braces is a finite product
and s entire.

2.3 The Whittaker function

In this section, we aim to relate the local Euler factor of the integral of Novod-
vorsky at the archimedean place to the corresponding Euler factor of the integral
considered in Section 1.5. For this purpose, we start by studying the Whittaker
function associated to (1, @2; f), and from that we derive formulae for the
corresponding local Whittaker functions.

In the sequel, we first compute the Whittaker function of a cuspidal function
0(¢1,p2; f). Fix a non-trivial character ¢ of F\A. Define a character, again
denoted by ¢, of the unipotent radical of the Borel subgroup of GSp(4) by the
following

1 v 1 s
o b P = et
—v 1 1

Then we set

W(g) = / 81, 2: f)(ng)~ (n) dn.
N(F)\N(A)

The h' and h2? above can be taken to be <U<g) 1) and the identity matrix,

respectively. Then we have
Theorem 2.19 If 7 # 7o, we have
W(g) = / Wi (ehih')Wa(hah?)
N(A\H1(A)

0 -1
w(g7h1hlah2h2)f( (0 0 ) a12><2) dhl th;
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where

Proof. We start by
Wig) = [ o1 (b 1) (hoh?)
Hy (F)\H (A

Z/ w(ng; hih', hah?) f(My, My) =t (n) dn)

My, Mo F)\N(A)

d(hy, hs).

Therefore, we have to study the expression
106, = [ wngs bk, hoh®) (M, M) (n) dn.
N(F)\N(4)

For this we have

1 s r
I(Ml’MQ) :/ (/ w( ! 7{ ! 512712)
F\A J(F\A)?
1
1 v
w( 1 1 g ' holt®) f(My, Ma)yp™(t) dr ds dt)
—v 1
Y~ (v) dv
1 v
1
:/ wl 1 g, hiht, hoh?) f (M, My)
F\A
—v 1
s T det My B(M,, M>)
(/(F\A)3 z/J(tr((r t> (B(Mg,Ml) det M, — 1))dr ds dt)
1/)71(11) dv.

But the inner most integral

s r det M, B(Mj, My) B
/(F\A)3 %ZJ(W((T t) <B(M27M1) det My — 1 ) drds dt =0

unless det M7 = 0, det My = 1, and B(M;, M3) = 0, in which case it is equal to
1.

Lemma 2.20 Under the action of Hi(F), the set S consisting of the pairs of

matrices (M1, Ms) satisfying the conditions just mentioned is the union of the
following two orbits:
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. The orbit of (O, I). The stabilizer of this element is the diagonal embedding
of PGL(2) into H;.

. The orbit of ((1 ) ) (1 1)) The stabilizer of this element is the

subgroup N of Hy consisting of pairs of matrices of the form

()t )

Proof. Since det M7 = 0, there are two cases to be considered:
1. M1 = O,
2. My #0.

It’s obvious that the first case corresponds to the first orbit in the statement
of the lemma. Also the statement regarding the stabilizer is immediate. Next
we consider the case when M; # 0. It is clear that under the action of Hj,

M, is equivalent to the matrix <(1) 8> Next suppose My = (Z Z) Since

B(Mj, My) = 0 and det M7 = 0, we obtain that det(M; + M3) = 1. This then
implies that d = 0. But then since det My = 1, we obtain ¢ = —b~!. Hence

My = ( a b). Next consider the element

—p1

=) D e

Then it is easy to check that

h.

—~

o o) (P o) ()

The statement regarding the stabilizer is straightforward. [
Next we study the contribution of each orbit to the Whittaker integral. Corre-
sponding to the two orbits obtained above, we have the following two integrals:

1 v

1
nio)= [ | ow o et nan?)
G(F)\H1(A) J F\A 1
—v

15 0)+ (L) sertmhteatnatyo s diin o),

1
(g) = [ | ow R PR
N(F)\H1(A) J F\A 1
—v

1y o)+ (L Perlmntieaian®yo ) dodi, )
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Then it is clear that
W(g) = Ii(g) + L2(9)-

Lemma 2.21 We have

Ii(g) =0,
except when T, = To.
Proof. By [14], we have
1 v
1 I
h = | [ow o (" i)
' GUN\H, (8) JP\a 1 v(g)™'1

—v 1

L(hlhl,thQ)f(@ 8)(1 1>)<p1(h1h1)<p2(h2h2)

w_l(v) dv d(hl, hg)

1 1
- o o(" i)
/G(A)\H1 (A) /PGLQ(F)\PGLQ(A) /F\A 1 v(g)~'1

somnt )15 o). ()it eatonan?)

Y~ () dvdyd(hy, hy)

1 v

:/G(A)\Hl(A)/F\Aw( 1 1 g(I V(9)11>)

—v 1
L(hlhl,thQ)f(<8 8)(1 1))w—1(v)
(/ @1(7h1h1)¢2(7h2h2)d7> dvd(hy, ha).
PGLy(F)\PGL3(A)

The inner most integral

/ o1 () pa(yhah?) dy =
PGLs(F)\PGLs(A)
< mi(hiht)er, ma(hah®) 2 > 12(PGL, (F)\PGL2(A)) -

The statement of the lemma is now obvious. OJ

Next we study the contribution of the second orbit.
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Lemma 2.22 We have

L(g) /N(A)\HM) W¢1<(1 _1) hy (”(g) 1>)Wm(h2)

w(g, I <”(9) 1) ,hQ)f((g _01) 1) d(hy, o).

In this lemma, N is the diagonal embedding of the unipotent upper triangular
matrices in GL(2) in Hy. Also if ¢ is a cuspidal automorphic function on
GLy(A), we have set

We(9) /F\Aso((l f) 9 (x) da.

Proof. The proof consists of simple manipulations of the original expression for
I>(g). We have

1
Big) = [ | w R PN
N(F)\H1(A) J F\A 1
—v

1y 0)- (L Dertmntietian®yo ) dodin, )

We recall that N(F) = {((1 f) Lw (1 ff) w1}, and also that h! — (V(g) 1)

and h? = I. Using the formulae in [14], we have
1 1 0 1
W( 1 gah1h13h2h2)f(<0 0> ) (_1 >) =
1

w(g,hlhl,hghQ)f(((l) g),(l _1“> (_1 1)).
Hence

=g ot () C 7)Y

©1(h1hY)pa(hah®) " (v) dv d(hy, hy)

:/IV(A)\Hl(A) F\A /F\Aw(g, (1 11L> ks w (1 111) w_1h2h2)
R N i [ IR RN R

Y () dudvd(hy, hy)
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Next by definition and Lemma 5.1.2 of [14]

w(g, (1 7;) hyht,w <1 1{) whah?)
=0 (" g (D) () et

_ L((1 ?) b, w <1 1;) wlhghz)w((l V(g)_1]> 9).

This identity implies that

o gt 1) 5)-(* ) ()

st () ) () ()

L O O L e E i
S G Y Ll Gy R

Going back to I5(g), we obtain

_ 1 1 —w 2 0 -1
12(9) _/]V(A)\Hl(A) /F\A \/F\AW(gahlh 7( 1 )thh )f((o 0 ) 7I)

@1((1 11‘) hahY) o (w (1 1‘) w ™ ha k)Y (v) dudv d(hy, ho)

Next we make a change of variables (hy, ho) — (hy,w™! (1 1{) hs), to obtain

0 -1
B - | [ [ sty )
NANHL (A JP\A JP\4

@1(<1 ﬁ‘) hlhl)w((l “‘1”’) hah?)e~ (v) dudv d(hy, ha).

Now a change of variables v — v — u and re-arranging the order of integrals

gives the result. [J

Combining everything finishes the proof of the theorem. [J
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2.4 Local Whittaker functions

In this paragraph, we study the integrals of the previous section in some detail.

Suppose m; and 7o are two generic irreducible admissible representations of
the group GL(2) over a local field, such that 71 # 7o, e, and wg, .w,, = 1. For
W; € W(m;, 1), for i = 1,2, set

N(Fo)\H1(Fy)

w(g, b1 (”<g) 1) ,@)f((ﬁ _01> Iywo) dhy dhs.

Proposition 2.23 For all W; € W(m;, ), i = 1,2, K-finite f in the space of
Schwartz-Bruhat functions, and g € GSp,(Fy), the integral defining W(W1, Wa; £)(g)
1s absolutely convergent.

W V2, Wi (o) = [ witen (19 ) waih)

Proof. As usual we prove the proposition for the archimedean place. It is clear
that we only need to prove the absolute convergence for g = I;«4. In order to do
this, we start by identifying a measurable set of representatives for N (R)\H; (R),
and identifying the corresponding measure. On H;(R), we have the following
natural set of representatives

1 =z 1
(( 1) k:l7 ( z{) (77 ,]7—1) kZ)v
with z,y € R, e € R*, and kq, k2 € SO(2). Also the corresponding measure is

|n|=% dx dy d*n dk; dk;.

This statement implies that the set of elements of the form

(ol o

constitutes a measurable set of representatives for N(R)\H; (R). Also with this
normalization the measure is

In|=2 dx d*n dk; dk;.

Hence we are reduced to proving the convergence of the following integral:

JedJJe ;
()6 ) ) ()0 )

d*n dz dk; dks.
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Next we observe that in order to prove the absolute convergence of this integral,
we just need to prove the absolute convergence of the integral over n and z. Also
since

Wi (e (1 T) k1) = Y(—x)Wi(ek1),

v o

Hence we are reduced to proving the convergence of the following integral:
n
I= W- _ .
/R/R 2(( n 1)‘
1 —z\ /0 -1\ [n 1 —=z\ (n %
)60 ) () e

But this integral is equal to

=[] et (™ Dor(g ) (5 )] anas

Now we write

1 o1
f((g %)(8 :;171 >)=q(nm‘17wn‘1),

where ¢ is some Schwartz-Bruhat function in three variables. We then need to
prove the convergence of the integral

=1L

which after a change of variables z — a7 and integration over x is equivalent to
the convergence of an integral of the form

J

for £ € S(R*). Such an integral always converges by the moderate growth of
the Whittaker function. O

we obtain
= ‘Wl (6/€1)| .

2
d*ndx,

orsr a7 Do)

W(<77 1) é“(n)‘n"dxn

X
+

We denote by Wy (1, m2) the collection of all Whittaker functions W(Wy, Ws; f)
for all choices of Wy, Wa, f. In the archimedean situation, this is a (g, K)-
module. We call a representation of m of GSp,(R) special if it is irreducible
generic, and its Whittaker model is isomorphic as a (g, K )-module to a Wy(my, m2)
for w1, Mo with 71 # w9, T2, and wy, .wy, = 1; notice that this is not standard
terminology.

Going back to the global situation, we choose ;, for i = 1,2, so that

W‘Pi = ®UEMFW£'
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We also choose f to be a pure tensor of the form ®,, f,. Then theorem 2.19 can
be written in the form

W(g) = HWU(Wula WE, fv)(gv)'

under appropriate conditions. This implies that for each local place v, if W, is
a K,-finite vector in the local Whittaker model, there is a choice of the data
such that W, = W, (W}, W2; f,). Tt is clear from the construction that, in the
archimedean situation, the space of all such W’s forms a (g, K)-module.

2.5 Archimedean Zeta function

In this section, we use the results of the previous paragraphs to obtain informa-
tion about the archimedean zeta function. We have by lemma 2.2

)
Box)= [ [wil| Y e sl e

x 1

with

and )
Xs(y) = u(y)lyl* 2.

If we set ¢ = 0(p1,¢2; f), the left hand side of the above identity will be equal
to what we have called Z(p1, @a, f; u|.|*). We saw in 2.18 that

2(30179027/” . |é) = L(877T17M)L(1 - 8771-2)”_1)
{H\I’(WﬂWf,f;uvl o pa Ii‘s)} :

If we choose our vectors appropriately, that is factorizable, the right hand side
of (21) is now equal to

HZ’U’N(‘% Tr’U(w_l)W’U(Wvlv W'Ea f’U)7 ,uoo)
v

- Zoo,N(Syﬂ'oo(wil)Woo(Wolov W020, foo)vﬂoo)

X LS(Sal_L/“L) H ZU,N(Saﬂ-U(wil)WU(WivW'E;f’U)a:u’U)
veS\{oo}

By the main result of [40], for each local place v € S\{oco}, we can choose
WyP € W(IL,) in such a way that

Z'UJV(S’ H;l(wfl)W5p7 ) = Loy (8, 1Ly, phy).
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By the remark at the end of 2.4, we can choose the local data such that
W, (W, W5 f,) = WP,
With this choice of the local data, we have
Zoo,N(sa Too (wil)woo(wolov Wo20a foo)7 /Loo)
= (I)ginite(ﬂ-h 2, Ky S5 Wla WQ; f)LOC(S7 1, M)LOO(l — 5,72, /J/_l) (22)
x W(We, W52, foos pool - |f>onu'c:ol| . |c1>cTs)7
with

(I).fS'inite (7T17 T2, Ky S5 Wl’ WQ’ f)

Loo(svﬂ'lhu)Loo(l — 5771'2;“’71) v v s — —s
= s H \IJ(W17W27f;,uv"‘vuu‘vl|'|11; )
Loo(s, 11, ) €3\ (oo}

I Wy, Wy, £l - 5wt 1070),
ves\{oo}

if 4 is chosen in such a way that for v € S\{oo}, the local quasi-character
[y is highly ramified. Combining everything proves the first statement of the
following theorem. We observe that in the case of interest of [25] the proof of
the corresponding theorem is quite technical.

Theorem 2.24 In the above situation, for each K-finite W € W(lly,), the

ratio
Z(57 W, ,Uoo)

Lo (8, 7%, foo) Loo (8, 75, poo)

extends to an entire function of s. Furthermore, for each s, there is a choice of
W such that the above expression does not vanish at s.

Proof. We only need to prove the second statement. In order to do this, we
prove the existence of an entire function ®(s) such that

ZOO7N(577Too(w71)WOO(Wo107 Wozoa foo)vﬂoo)
1

:@Lm(smhu)Lo@(l — 8, o, 1Y) (23)

X W(WES, W5, foos ool - [56: s |- [56°°)-
By proposition 2.13 there is a choice of the data with the required property.
Again we assume that p is highly ramified for non-archimedean v € S, and
unramified outside S. In order to show the existence of ®(s) it is not hard to

see that if we can show the existence of local non-archimedean data with the
property that

Ly(s, 1, 1) Lo (1 = 8,0, n” )Y OWY WS, il - 150 17%)
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is a constant, then we can take

os)=C [ Zow(sm(w YWy (W0, W2 £,), o),
veS\{oco}

with C' the obvious non-zero constant. The existence of such data is the state-

ment of Corollary 2.11.
We claim that the function ®(s) is nowhere vanishing. To see this, we set

ZooyN(SaWOO(wil)Woo(Wc}oa Wozoa foo)a,ufoo)

B(WL, W2, s) =
1( o o S) Loo(saﬂ-luu/)Loo(l_S;ﬂ-%:u_l)

Fy(Wi, W2, 8) = W(WP®, W, foos oo - [50s o | - 155°°)-

oo

So far we know that given any W1 W2  the complex functions F(s), F»(s) are
both entire. Next, let so be given and suppose ®(sg) = 0; but,

Fy(s) = ®(s)Fi(s), (24)

which would then imply that for all choices of data we must have F5(sg) = 0
which, by proposition 2.13, is not true. This finishes the proof of the theorem. [J

Remark 2.25 We observe that the function ®(s) defined in the proof of the
theorem does not depend on WL, W2 | and its dependence on w5°, w5 is merely
through the mon-archimedean components of the automorphic representations
71, ma. As ®(s) is the product of polynomials of q,°, for v € S, and as it
nowhere vanishing, it is a function of the form

AB™?

with B rational. Also prime numbers appearing in the decomposition of B are
all from the set S. We will see later that ®(s) is in fact a constant.

2.6 Analytic continuation

Let 7 be a complex number with 7 > 0. Then one can consider the archimedean
principal series representation m(7) = Ind(|.|"®|.|™7). Let p; : Wr — GL2(C)
be the L parameter associated with the representation (7). We observe that
if w(7) is irreducible, the corresponding L packet has a single element. Then as
described in [5] one can consider a continuous map

P(71) : S(GLy(R)) — 7 (7).

Also for v € 7(7), we set

W(o,g) = /N P
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when the integral converges. Fix a Schwartz function f, and set

W (f;9) == W(P(T)(f), 9)-

A theorem of Shahidi asserts that W, extends to an entire function of 7. Usually,
suppressing f, we simply write W,. Fix two sections of W, say W, and W_,.
Next, consider the function

Wf(Tlv 7—2) = W(W717WT2; f)

as before. We write F;(11, 72, s), i = 1,2, instead of the functions of the previous
paragraph.

Let C,u be the collection of those complex numbers 7 with the property
that 7(7) occurs as the archimedean component of some automorphic cuspidal
representation of the group GL(2). It is well-known that Ciemp := Cayt N iR is
dense in iR.

The function W¢(7y, 72) is entire on C?, and for fixed (71, 72) € C? defines
a Whittaker function on GSp(4,R). Also by construction if 7,75 € Ciemp, the
function W (71, 72) will make up the K-finite Whittaker model of the unique
element of the local L packet ¢(pr,,pr,). In fact, if we stay away from the
points of reducibility, the unique element of the L packet given by ©(pr,, pr,) is
generic.

We have established the identity

Fl(Tl,TQ,S) = (I)(S)FQ(’H,TQ,S)

whenever (71,73) € Caut X Caut, and Rs > b(71, 72). Presumably, the function
®(s) depends on s, and, though we have suppressed the dependence, on 71, 7.
We now show that for 71, 72 € Ciemp, ®(s) is an absolute constant independent
of all variables. For this we follow the argument of lemma 5 of [42], which is
in the spirit of Burger-Li-Sarnak. The proof of Lemma 5 of [42] implies that
given 7 € iR one can find an automorphic cuspidal representation of GL(2)
with archimedean component arbitrarily close to 7(7) and ramified only at one
prescribed place. This, applied to a pair of tempered representations of GL(2)
considered as a representation of GO(2,2), implies that given a tempered repre-
sentation of GO(2,2)(R) one can find two automorphic cuspidal representations
with disjoint sets S. This observation combined with remark 2.25 proves that
®(s) must be a constant. Next, we have

Fl(Tl,TQ,S) = (I)FQ(T17T2,S)

whenever 71,72 € Ciemp and Rs > b(s1,s2). The density of Ciemp in iR then
implies that the identity must hold for all 71, 79, whenever s > b(7y, 72). But
we have seen that Fj is entire as a function of three complex variables; conse-
quently, as F; and F5 agree on an open set, F5 is the analytic continuation of
Fy. Consequently, whatever we proved about F5 carries over to Fj.

This finishes the proof of Theorem 2.1.
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2.7 Special representations

In 2.4 we defined the so-called special representations. It seems that the class
of special representations is the same as the collection of generic elements of
L-packets defined by Roberts with parameters of the form (9). This is in part
inspired by the above considerations, especially in 2.6, and the global results of
[29]. If this speculation is correct, then the class of the representations covered
by the above analysis is quite large. In order to explain by what we mean by
“large” we proceed by studying the L-parameters of GSp(4, R) representations
as follows. The following results, especially Proposition 2.26 and its proof, were
kindly provided to us by Brooks Roberts ([30]).

In [29], Roberts defines two types of L-parameters for GSp(4,R). The first
kind of parameter (1, p) is associated to a two dimensional representation

p: We — GL(2,C)

whose determinant is Galois invariant, i.e., invariant under conjugation by the
element j of Wg (see [20]), and a continuous homomorphism

n:We — C*

that extends det p; observe that there are two such 7. As a representation,
w(n,p) is Ind%“ép; if V' is the space of p and one regards as usual the space of

Ind%ﬁp as V @V, via the map

f= ) e fG),

then the symplectic form is given by
(v1 @ v2,v1 B v3) = n(j)(v1,v1) + (v2, ).

Here we have fixed a symplectic form on the space of V'; there is only one such
symplectic form up to multiplication by nonzero scalars. The second kind of
parameter ¢(p1, p2), which we already defined in (9), is associated to a pair p;
and ps of two dimensional representations of Wg. As a representation ¢ (p1, p2)
is p1 @ p2; the symplectic form is given by

(v1 @ v2,v] D Vy) = (v1,v7)1 + (va, V),

where we have fixed symplectic forms (-,-); and (-,-)3 on the spaces of p; and
p2. We now have the following result:

Proposition 2.26 ([30]) Every L-parameter ¢ : Wg — GSp(4,C) is equiva-
lent to a parameter of the form o(n, p) or a parameter of the form ¢(p1, p2).

Proof. Let V be the space of ; it is equipped with a symplectic form. As all
representations of Wgr of dimension greater than two are reducible (see [20]),
V' admits a two dimensional Wg-subspace W C V. As a first case, suppose
some such W is non-degenerate as a symplectic space, i.e. not totally isotropic.

46



Then we can write V =W @ W+ as Wg representations. The two dimensional
representations W and W~ have the same determinant Ao, and ¢ = (py, p2)
with p; and py the representations of W on W and W+, respectively.

Next suppose that all two dimensional Wg subspaces W C V are totally
isotropic. Write V.=V, @ ---® V; as a sum of irreducible Wx subspaces; each
subspace has dimension one or two. Using this, we can write V. = W & W',
where W and W’ are two dimensional Wy subspaces, and by our assumption,
totally isotropic. We can find a basis wy,ws for W and a basis w}, w) for W’
such that wy, we, w},w} is a symplectic basis for the symplectic form on V, i.e.

the form has matrix
0 1,
-1, 0

with respect to this basis. Using this basis, for x € Wk write

o0 = ("0 i)

where 7w(x),7’'(z) € GL(2,C). We must have

() = Mep(@))'m(2) 7

The representation 7 is irreducible; otherwise, V' admits a nondegenerate two
dimensional Wx subspace. Now define n : Wg — C* by n = Ao . Also let
a: We =C* — C* be a continuous homomorphism such that

_ Wr
™= IndWCa.

Define o/ : Wg = C* — C* by o = o 'n|w.. Set p=a @ a’. Then detp =1
is invariant under conjugation by j, and n extends det p. Then we claim that
» = p(u, p). To see this, let V= C @ C be the space of p. Set o1 = p(n, p). As
a model for p; we take, as usual (see [29]), V & V with the action

p1(2) (v @ v') = p(2)v @ p(jzj~ W', 2z € We (25)
e1()(w ) =v' & p(j*)v =" & p(~1)v. (26)

The symplectic form on V' & V is given by
(v1 ®v2,v1 B vy) = n(j)(vr,v1) + (v2,v3).

Here, the symplectic form on V = C @ C is the standard one. Consider the
following subspaces of ¢1:

W=Ca0eCqp0, W=00Cap0aC.

These are both totally isotropic Wx subspaces, and ¢ = W & W’. Fix the
following basis for W:

100000, 000®1®0.
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With respect to this basis, the action of Wy is given by

0(n,0)(2)|lw = (a%’f) a?z)) 2 €We, o0, p)(G)lw = (a(o_l) (1)) :

This immediately gives that W = 7 as representations of Wgk. As in the proof
of the first part, then ¢ = ¢. O

If our speculation at the beginning of this paragraph is correct, then we have
treated generic elements of packets of the form (p1, p2). Observe that packets of
the form o(p1, p2) may also come from GO(4), but such representations will not
be generic. It remains to consider packets of the form ¢(n, p). This is naturally
related to GO(3,1). This case has been, for a different purpose, considered in
[15]. Inspired by the computations of [15], we believe results analogous to ours
can be obtained for packets of the form ¢(n, p).

3 Existence of Bessel functionals for generic dis-
crete series

Let D,, be the irreducible representation of GL2(R) with trivial central charac-
ter whose restriction to SLa(R) contains the discrete series representation with
Blattner parameter n > 2. Suppose Dy and D; are two such representations. As
will be explained later in the text, one can view the representation Dy ® D; as a
representation of the group SO(2,2), and, extended trivially, as a representation
of O(2,2). Next, we consider the theta lift of the Dy ® D; to Sp(4,R), denoted
by 0(Dy x D). Let II;; be the representation of GSp(4,R) obtained from
0(Dy x Dy) via the usual process. It is well-known that every generic discrete
series representation of GSp(4,R) can be obtained as one such representation
IIj ;. Our main result is the following:

 omiz cosf  sinf ine
Theorem 3.1 Let ¢(z) = e and Xn <_ sinf  cosd = ", Suppose

k,l > 2 have the same parity, and n > max(k,l) has different parity. Then IIj
has a ((1 1) , Xn, ¥)-Bessel model.

As is clear of our presentation of the theorem that our method of proof uses the
theta correspondence for the dual reductive pair (O(2,2),Sp(4)). The method
of proof is roughly the following. We will use the theta correspondence to con-
struct automorphic cusp forms on GSp(4) which have IIj ; as their archimedean
component. The construction is the obvious one: almost by definition, there
are holomorphic cusp forms on the upper half space which have D; and D,
as their real components; since by Deligne’s celebrated theorem such forms
are globally tempered, the construction of Roberts [29] goes through and we
obtain forms on GSp(4,R) that have II; at the archimedean place. Then
we consider all global Bessel functionals that have the x,-Bessel functional as
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their archimedean component. If we can show that one of these Bessel func-
tionals evaluated at one of our automorphic forms is non-zero, our result will
clearly follow. In order to prove the existence of such functionals and such func-
tions, we pull back the Bessel functional via the global theta construction to
the GL(2, A) x GL(2, A) level. Here, we use the theorem of Waldspurger [43] to
translate the non-vanishing problem to a statement regarding L-function at the
center of critical strip. The desired non-vanishing statement then follows from
a refinement of the results of [22] as explained in the appendix by P. Michel.

3.1 Non-vanishing of period integrals

Before we get to the proof of the theorem we need some preparation. Let g be
a prime number of the form 4k + 1, and suppose f € S;(I'o(¢)) is a primitive
new form. Let 7y be the automorphic cuspidal representation associated to f
via the standard process. Let A be a grossencharacter of Q(i). We identify Q(7)
with a subgroup T of GL(2)/Q via the following map

a+bi— <_“b b) . (27)

Denote by A, again, the character of T'(A) obtained by transferring A from Q(3)
to T'. Assume we have the following compatibility condition:

)‘lZ(A) =1. (28)

Write
A= ®pAy, Tf = QuTy. (29)

Here the restricted tensor products are over the set of places of Q. Also, since
T(R) = S' xR}, (30)

the character A, will be the product of two group homomorphisms
A8t -~ (31)

and
AL R — C*. (32)

Next we have the following lemma:

Lemma 3.2 Suppose
dime Hom p(r)(Toos Asc) # 0.

Then there is a ¢ € Vz, satisfying

/ e(A() " dt #£0, (33)
T@ZA\TA
if and only ifL(%,BC’Q(i)/@(ﬂ'f) x A7) #0.
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Proof. By a theorem of Waldspurger ([43]), the period integral (33) is not
identically zero, if and only if L(3, BCq(i)/q(ms) x A7) # 0, and for every place
v, we have

dimc Hom T(@U)(ﬂ'v, )\U) % 0. (34)

We will show that with our choices of 7 and A, the local conditions (34) are
always satisfied. For this we recall the following dichotomy theorem of Tun-
nell, as described in [13]: For every place v, and every irreducible admissible
representation IT,, of GL3(Q,), we have

dim¢ Homy (g, ) (ILy, Ay) + dime Homy g, ) (IL]%, A,) = 1. (35)

Here IT/% is the Jacquet-Langlands lift of II, to the unique quaternion al-
gebra D, at v. If IIJL does not exists, we define it to be zero. Hence,
dim¢ HomT(QU)(HiL, Ay) = 0 if TI,, is unramified, or T(Q,) is split.

Applying Tunnell’s theorem to our 7, implies that if v # ¢, 0o, since 7, is
unramified, the local condition (34) is satisfied at v. Also, if v = oo, the local
condition is the assumption of the lemma.

If v =g, since ¢ =1 mod 4, the local torus T'(Qy) is split, and consequently
by the observation following the statement Tunnell’s theorem, we have the local
condition. This finishes the proof of the lemma. [J

We will use the result of the appendix in the following form:

Theorem 3.3 ([23]) We can choose A subject to the above conditions in such
that for q large enough, there is a primitive f € Sx(To(q)) such that
1 -
L(iaBCQ(i)/Q(Wf) X A 1) 75 0.

3.2 Proof of the theorem

Now we can present the proof of the main theorem:

Proof of Theorem 3.1. Let A be a grossencharacter of Q(4) such that A%, = .,
and A\l_ = 1. Suppose that the grossen-character of Q given by A| Z(a) 18 triv-
ial. Then for p,q large enough, with p,¢ = 1 mod 4, there are primitive new
form f1 € Sk(To(p)) and fo € S;(To(q)) with the following property: There are
vectors ¢; € Vi, i =1,2, satisfying

[ e tdzo
ZpTo\Ta

and

/ pa()A(E) dt £ 0.
ZATq\TA
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Also we observe that if p # ¢, then ¢, 2 77,. We now fix a pair of vectors ¢1,
2, and we will show the existence of a Schwartz-Bruhat function f such that

BtI)(Ll) 7é Oa (36)

with ® = 607(¢1,92). For this, we proceed as follows. First, we obtain an
expression for 8(p1, ¢o2; f)V. We start by the following:

(1, 02: 1)V (9)

1 U w
1 _
:/ 0(p1, p2; f)( 1{} U 9w (u + v) dudv dw
(F\A)®
1
1 U w
-/ 4 I PN WY
(F\A)3 JH(F)\H1(A) )

©01(h1hY)pa(hah?) d(hy, ho) ™t (u 4 v) du dv dw,
where h' and h? are chosen in such a way that
det h'.(det h*)~! = v(g).
Next, it follows from the definition of 8 that
9(<P17<P2;f)U(9) =

37
/ ©1(h1h")pa(hah?)Gy(hih', hah?; g) dhy dho, (37)
Hi(F)\H1(A)
where
Gy(hih', hah®; g) =
1 U w
1
Z/ o | g bt hoh?) F(My, M)
My, M (F\A)3 1
Y Hu 4 v) du dv dw.
Next, for fixed M7 and My we have
1 U w
I w v 1 2 -1
w( g, hih™, hoh®) f(My, M2)y ™" (u + v) dudv dw
3 1
(F\A) 1

= w(g, hh', hah®) f(My, My)
u o w det My — 1  B(My, My)
/(F\A)S Y(tr <w U) <B(M2,M1) det My — 1>)dUdwa.

Next, we have the following straightforward lemma:
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Lemma 3.4 For any 2 x 2 matriz A € My(A), we have

U w
P tr< >A dudvdw = 0,
/<F\A>3 )Y

unless A = (8 8) , in which case the value of the integral is equal to 1.

The lemma implies that
Gy(hih', hah?; g) = Z w(g, hih', hah?) f(My, Ms),
(M1, M)€S

where

S={(X,Y) € My(F) x Ma(F)| det X =1,detY =1, B(X,Y) = 0}.

Lemma 3.5 The set S consists of a single orbit under the action of Hy(F).
The point P = (<(1) ? , (1) _01)) belongs to S. The stabilizer of P in Hy(F)
is the subgroup D(F') to be defined in the proof.

Proof. Since det X =1, we have X ~ (1 1) under the action of Hy. Next,

B((1 1) 7 (‘;‘ §>) _ %(a—ké).

In particular, B( <1 1) ,Y) = 0 implies that trY” = 0. Next the set of elements

of H; that fix is the diagonal subgroup A = {(g,9)|g € PGLy}. Next,

1
our lemma will follow from the statement that any matrix Y subject todetY =1
and trY = 0 is in the orbit of 1 _1) under H;. For this, we recall the theorem

of Skolem-Noether: Let A be a central simple algebra, and B a simple algebra.
If f, g are algebra homomorphisms B — A, then there exists an invertible
element s € A such that f(b) = s~ 1g(b)s, for all b € B. To apply the theorem,
consider the following two copies of Q(7) in M2(Q):

L 1+ (1 1>,il—> (1 1),
1 .
2.1H< 1>,zl—>Y.

Now it is an easy exercise to see that D = ANT x T is the stabilizer of P. [J
Consequently,

Gf(h1h1,h2h2; g) =
D W<1ﬁ>w(g,h1h1,h2h2)f<<c1> (1)>((1) _01))'

YED(F)\H1(F)

92



Inserting the right hand side of this expression for Gy in equation (37) gives
9(@17@2§f)U(9) =

10 0 -1
/ sol<h1h1)soz(h2h2)w<g,hlhl,thz)ﬂ(O 1) , (1 0 ))
D(F)\H1(A)

dhy dhs.
(38)

We then obtain the following identity

det o _
suy=[ erthn (47 Peathal @)
ZpTo\Ty ¥ D(Q)\H1(A)
[0

w(( det oz.ta_1> I (deta 1) yho) f(P) dhdo.

Next we simplify the integrand:

(g ot () ems) - a0)

(39)

(0%
= | det a|2L(h; (deto‘ 1) ho) f(P.av),

where it is easily seen that

P.a = (a,a. <1 1))
Thus, (40) is equal to

| det a|*L(hy <dew 1) ) f(a o (1 _1>)

-1
= |det(h1h;1)|—2f(<deto‘ 1) hytahs, (41)

o ) e, o
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We then get

B(1y) :/ / o1(h1 (
ZpTo\Tx Y D(Q)\H1(A)
—1\|—2 det -1 —1
det(huhg )2 r((C0 ) b tae
—1
<dem 1) hila (1 _1) ho)dhde — (42)

=/ / o1(ahy)ea(ha)x ™ (@)
ZyTo\Tx Y D(Q)\H1(A)

|det(hihy M) "2 f(hy the, byt (1 _1) hs) dh de,

det o

1) )2 (ha)x " (a)

after a change of variable

-1

det
(h17h2) = (Oéhl ( cra 1) ,hg).
Next, we have the natural isomorphisms

D(Q)\H1(A) = (D(Q\D(A)\(D(A)\H1 (A)),

and
D(Q\D(A) = ZyTo\Th.

Hence,

B(L) = / / / o1 (0B )p2(Bha)y ()]
ZAT@\TA ZATQ\TA D(A)\Hl (A)

det(hihy )| 2 f (R tho, byt <1 1) hy) dh da df

- / / / o1 (k)@ (Bha )y~ ()X ()
ZAT@\TA ZATQ\TA D(A)\Hl (A)

|det(hihy M) 72 f(hy the, byt (1 _1) hg) dh da dg,

(43)

after the change of variable a — a3~!. After re-arrangement, we get
- - _ _ -1
B(I) = / E1(h1)Z2(ha) f(hy tho, i (1 ) hs) dh, (44)
D(A\H1(A)

with
Ei(hy) = / e1(ah1)x " (a) da,
ZAT@\TA

and

Za(hs) = /Z o, PN 45

o4



By our choice of o1, w2, we know that =;(l2) # 0, i = 1,2. The theorem now
follows from the following lemma:

Lemma 3.6 Suppose VU is a function on D(A)\H1(A) such that

/ U(hy,ho)f(hy " he, hi <1 _1> ha) dh = 0, (45)
D(A)\H:(A)

for every K-finite Schwartz function f. Then ¥ = 0.
Proof of the lemma. We have

Jr@sowar= [ s ( /. v dx) dy

Then the claim is that if (hy, he), (91,92) € H1(A), and

_ _ -1 _ _ -1
(hl 1h27 hl ! (1 ) h?) = (gl 192791 ! (1 ) g?)a

then (hi,hs) = (tg1,tg2) for some ¢ € Ty. This claim is obvious, and implies
the lemma.[]

The theorem now follows.[]
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