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Summary. In the processes under consideration, a particle of size L splits
with exponential rate I7, 0<a< oo, and when it splits, it splits into two
particles of size LV and L(1—V) where V is independent of the past with
df. F on (0, 1). Let Z, be the number of particles at time ¢ and L, the size of
a randomly chosen particle. If «=0, it is well known how the system
evolves: e™'Z, converges as. to an exponential rv. and —logL,~t
+Ct'? X where X is a standard normal tv. Our results for «>0 are in
sharp contrast. In “Splitting Intervals” we showed that t~'/*Z, converges

1
a.s. to a constant K>0, and in this paper we show —log L‘:E logt+0(1).

We show that the empirical d.f. of the rescaled lengths, Z7 1> I{#'*L;<-},
converges a.s. to a non-degenerate limit depending on F that we explicitly
describe. Our results with a=2/3 are relevant to polymer degradation.

1. Introduction

We consider a class of Markov processes in which particles undergo binary
splitting at a rate determined by their size. A particle of size L waits a mean
L~ * exponential time and then splits into two particles of size LV and size L(l
—V). V is independent of the past with a fixed distribution F on (0, 1) and
0<a<oo. This process with «=2/3 has been used as a model for polymer
degradation (Basedow, Ebert and Ederer, 1978), so for this and future appli-
cations it is of interest to find the limiting behavior of the particle sizes. Let Z,
be the number of particles at time t and L, be the size of a particle picked at
random. In “Splitting Intervals”, we showed that t~'/*Z, converges almost
surely to a constant K>0, and in this paper, we will show that ¢'*L, con-
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verges weakly to a nondegenerate limit depending on F which we will ex-
plicitly describe.

This result is in sharp contrast to the situation when ¢ =0. In this case the
particles always split at rate one so the number of particles is a binary Yule
process and the logarithms of the particle sizes form a branching random walk.
It is well known how the system evolves; e™'Z, converges almost surely to a
mean one exponential, and if E(log(V (1 —V)))?< oo, there is a constant C so
that (t+1logL,)/Ct** converges weakly to a standard normal distribution, i..
—logL,~t+ Ct'/? X where X is a standard normal random variable.

The difference between a=0 and «>0 is easy to explain. For a>0, the
logarithms of the particle sizes form a generalized branching random walk in
which a particle at x= —log L splits at rate e~ **=I". The exponential decay of
the splitting rate slows down the growth of —log L, and since particles that get
ahead divide much more slowly, the particles stay close together. We will show

1
that they stay so close in fact that —logL,=—logt+0(1)!
'y

To see that this is true at least in one case, consider what happens starting
with one particle of size one with =1 and F uniform on (0, 1). The total
splitting rate is always one so splits occur at the times of a Poisson process
and a little thought reveals that when Z,=n+1, the sizes have the same
distribution as the spacings between the points in an iid sample of size n that is
uniform on (0, 1). According to Blum (1955), if L(n) is the length of a randomly
chosen spacing from the n+1 spaces determined by an iid uniform sample,
then (n+1)L(n) converges weakly to the mean one exponential distribution.
Since Z,jt —>1 a.s., we see that 1L, converges weakly to the mean one exponen-
tial distribution.

Blum’s result is easy to prove. If 0=T, <T,; <T, ... are the arrival times in a
rate one Poisson process, then it is well known that {T,/T,,,
/T, 1> ..., T,)T,, 1} has the same distribution as the order statistics from an
iid sample of size n from the uniform distribution. By the strong law of large
numbers, T,, /(n+1)—1 as., so it follows that

The above proof is quick, but other cases, even with a=1, require drasti-
cally different methods. The first steps in developing our proof were taken in
“Splitting Intervals™, hereafter called SI, where we studied processes in which
the unit interval undergoes subdivision according to the rules given above.
From hereon we will work in the framework of SI. The initial particle is the
interval [0, 1] which splits into subintervals. Z, is the number of subintervals at
time ¢t and {L,:1<i<Z,} are the subinterval lengths at time tr. When an
interval of length L splits, it splits into a left interval of length LV and a right
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interval of length L(1 —V). A moment’s reflection shows that the distribution of
the length of a randomly chosen interval L, is not changed if a coin is tossed
to decide if, for each split, LV becomes the left subinterval or the right
subinterval; i.e. the distribution of L, depends on F only through F(x)=(F(x)
+1—F(1 —x—))/2, the symmetrization of F about 1/2. For simplicity and with
no real loss of generality, we will assume F is initially symmetric about 1/2.
We also assume that F has a non-zero Lebesgue component. We will also
consider the interval splitting process splitting with a different distribution F.
Sometimes F is computed from F and sometimes not. F is not assumed
symmetric. The only assumption on F is that it does not concentrate on a set
of the form {e *":nx=1, A>0}. Another distribution function we will use
frequently is G(x)=1—F(e *—).

We are interested in the length of a randomly chosen interval, but first we
will answer an easier question. What does a “tagged” interval look like?
Specifically, what does the left interval look like? A little reflection will
convince the reader that the left interval has a different distribution than a
randomly chosen interval, so it is not clear we are moving in the right
direction. However, we will find there is a relationship between the moments of
the left interval and the moments of a randomly chosen interval.

Let f,t be the length of the left-most interval at time ¢ when the splitting is
generated by F. The range of values {—logL,:t=0}={S,, S,, S,, ...} where 0
=8,<8,<8,... are the arrival times in a renewal process with P(S,,
—S,<x)= (x) Given {S,} ,, the holding times of —logL, at each S, are
mean exp(aS,) exponential and independent. If {&}° , is an 1ndependent
sequence of mean one exponentials and M(y)=sup {n=0: S, < —log y}, then

M{y)
P(L,<y)= (ZexpaS)§<t)

n

Turning the sum around so the big terms come first, we obtain

M(y)
P(Et<y)=P( S exp(—aT,(v) éméy“t)

m=0

where T, (y)= —logy—=S8,.,_, and {&, } is a new iid sequence of mean one
exponentials. Renewal theory tells us if G has finite mean f, then {TL), T, (»),
7,(), ...} converges weakly to {T,, T, T,,...} as y—-0+ where
0<T,<T,<T,... is the stationary renewal process generated by G, i..
{T} o has positive independent increments, T, has density function i~ *(1
-G) and the remaining increments have dlstrlbutlon function G. Replacing y

by xt~¥* and letting ¢ — oo, we obtain

(1) lim P(tV* L, <x)=P(Y,<x%
t—w

for w

Y=Y exp(—aT,)¢,,.

m=0
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What does this result for t'/*L, say about t'*L,? Letting m(t, B)=ELf, a
simple computation shows that
1
(&, f)= —1h(t, )+ | X i(x*, B) dF(x)
0
m(0, f)=1
A
and if the splitting distribution is F, L(z, f)= ), If and m(t, f) = EL(t, f) then
=1

m'(t, fy= —mif, ﬁ)+jfxﬂ_1 m(x*t, §) 2x dF(x)
m(0, p)=1 °

X

Since F is symmetric, x> [ 2y dF (j}) defines a distribution function. If we let
0

F be this distribution function and observe that

1
gn)= —g(t)+£xﬁg(x%) dF(x)
g(0)=1

has a unique solution, then we see
(2) When F(x)=| 2y dF(y).
0

e, f— ) =mt, B).

This equality, while extremely fortuitous, is not completely unprecedented.
In the study of the voter model (Sudbury (1976), Kelly (1977), Sawyer (1979)
and Bramson and Griffeath (1980)), a similar relationship exists between the
size of the cluster at 0eZ¢ and the size of a randomly chosen cluster. In the
voter model, one can deduce the distribution of a random cluster from the
distribution of the cluster at 0, and in this paper we will use (2) to compute the
limiting distribution of L, from the limiting distribution of L,.

There are a lot of details left to verify, but (2) makes the path to our result
fairly clear. We will need to identify the limit of t##/#xi(t, B), so in Sect. 3 we will
prove

1
(3) If [x"dF(x)< oo and y<p, then
0

lim t"*#mi(t, y) exists and >0 and
t—r oo

lim t#*4(t, B)=EYF"

1> o

To obtain an as. limit for L{z, f), we will need an estimate for o(t, f8)
= Var L(t, B). In Sect. 4 we will show

@ olt, p)< Cr2-Pla—o

as t— oo where C>0 and 6>0 are constants depending on « and F.
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From (2), (3), (4) and the Borel-Cantelli lemma, we can conclude that for
>0

(5) lim $8- V2 L(¢, )=EY$-Dl= g5,

| Sanae o]
Using (5) and the method of moments, we will obtain our main result.

(6) Theorem. For the a-splitting process with Z, intervals of lengths
{Li1<i<Z} at time t, 0>0 and Y, defined by (1), we have

lim¢~Y*Z,=EY ' as.

jandivel
and
lim L il . ch P(Y}M*edy) as.
oo i {tl/=L;<x} 0 EY 1/«

In Sect. 2 we will compute the moments of Y. When the splitting is
uniform, F(x)=x and F(x)=x? we can recognize the moments of Y, as those
of a gamma distribution with parameter 2/o,

1
P(Y;Gdy):m yZ/u— L e_ydy.

Substituting this result into (6), we obtain

(7) Corollary. When ihe splitting is uniform,

. r(1/q)
lim¢t= Yz =—""
oo T2/
and
Z: x o e
llirg Z X—Z 1{31/‘11‘ <xp= f "fm e dy a.s.

It is interesting to note that this family of densities has been proposed, both
on theoretical and empirical grounds, as the density function for the size
distribution of crushed coal (Bennett 1936), and in that context is called
Rosin’s law of size distribution. « is called the Rosin number. Coal with a low
Rosin number tends to crumble into powder and many small pieces when
crushed, and coal with a high Rosin number crushes into pieces of roughly
uniform size. (Note that the distribution in (7) approaches the uniform distribu-
tion on (0,1) as «— oo and see Pyke (1980) and Brennan (1986) for a related
result.)

2. Some Properties of Y,

The following notation holds throughout this section: G is a distribution
function on (0, c0) with finite mean # and with Laplace transform g(A)
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0

f M dG(y). {X;} , are iid with distribution function G, So=0and S,=X,

0
+X,+...+X,. 0<T,<T, <T,<... is a stationary renewal process generated
G, eamng {1} has mdependent increments, T, has density function
~1(1—G) and the remammg increments have distribution function G. We will

now look in some detail at the properties of Y, defined by

t>@

Y,= ) exp(—aT,)¢,
m=0
where {¢,}>_, is an independent sequence of mean one exponential random
variables.
At first glance, this definition secems formidable for computation, but we
can decompose

(1) Y, Zexp(—aTy) Z,

where T, and Z, are independent and Z, = Y exp(—aS,)¢,. In turn

n=0
2) Z, 2 exp(—aX,) Z,+¢&,

where the random variables on the right side are independent. Random vari-
ables satisfying equations like (2) have been extensively studied. (See Vervaat
(1979) for a survey, our problem is Example 3.8.)

We can compute with (1) and (2)

1
of)

() EY,=

and for k=2,
EYk_(k—l)! k-1 1
“T i iy -G

Proof. From (2),

EZ =g(0)EZ,+1
s0

EZ,=1/(1—¢(%).

This procedure can clearly be used to compute all the moments of Z,. Com-
puting for k=2, 3 and 4, we find the pattern,

k 1
¢ j1—=11 1-£(ja)

which we will verify by induction. From (2),

k

EZ*=E((exp(—aX,)Z + &)= Z ~ $(jouy EZJ.

Solving for EZ* and using the induction hypothesis, we obtain
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j=1 -1 1—8(i)
k! 1 k_lA . J 1
124k (I—A( >+j§2g°°‘)i=1 1—§(ia))
k’

T1—gka) 1= (H Z g(foc)ﬂ wc))

Repeating the last two manipulations k—2 more times, we get

k u 1
EZ%= —
U —§(a)
Since
LT - 3 I_A(ka)
E(exp(—kaTy) == [ e (=G dy=—2""
H o 72
we obtain from (1),
(k—1)1 %2t 1

=E(exp(—kaTy)) EZK=—— o
0 L T N 1-8(o)
As a corollary of (3), we have
k!

af(1 — g()*
so it follows from Carleman’s condition (Chung (1974), p.98) that Y, is de-
termined by its moments.

To deduce (1.7) from (1.6) in Sect. [, we needed to identify the distribution
of Y, when F(x)=x? and G(x)=1—-F(e *)=1—e"2*. G is exponential with
parameter 2 so =1/2 and g(4)=2/(2 +1). Substituting into (3), we have

) EY/<

9 k=1 j k—1
EY::— _2=n2/05+1
Fi=r__ £ =0

2+ju

which are the moments of a gamma distribution with parameter 2/a, i.e.

1
P(Yedy)=———y**"'ed
(Y,edy) @’ b2
Our last result of this section is to obtain Y, as the weak limit of a related
collection of random variables. We let N{z)=sup{n=0:5,<z} and T, (z)=z
~Sniy-m- (T,(+) is defined slightly differently in this section than in Sect. 1.)
We define

N(z)

) Y(2)= Y exp(—aT,(2)&,.

m=0
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Denoting convergence in distribution as =, we have
(©) Y,()=Y, as z—oo

and for =0,
lim EYf(z)=EY}.

Proof. By (4), it suffices to show that the integer moments of Y, (z) converge to

those of Y,. We let R (z2)=EY}(z) for k20 and &, ()= |e **R,(z)dz and
observe that 0

) Y@ Ee 4+ Y,(z—X ) 1y, <n

where the three random variables on the right side are mutually independent, &
is a mean one exponential and X ; has distribution function G.
Using induction, we will show for k=1

(8a) Rk(z):ke—asz—I(Z)'}',ka(Z_y) dG(y),
0
k! kot 1
8h D, (1)= ,
(85) 4 Atka o 1—g(A+jo)
(8¢) lim R, (z)=EY}F.

Taking expectations on (7), we obtain the renewal equation
R,()=e"*+[R (z—y) dG(y).
0
Taking the Laplace transform of this equation gives

1
(=7t 2 (D8

so
1 1

* = T80

Applying the renewal theorem (Feller (1971), p. 363), we obtain

1
=LY,

A (4

afl

lim R, {2)= e ¥dz=

ZzZ— 0

O —y §

T =

Using (7) again,
R (2)=E((e”* ¢+ Y (z— X ) I 15, <.)")

k z
=e M EE+ Y (k) e—“(kkj)Efk_jJ"Rj(Z—J’) dG(y).
“~ 0

j=1
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Applying the induction hypothesis, we have

k-1 i z

R(5)= Y ’]i, - I(R (2)— je~** R, () + | Ry(z—»)dG()
j=0 J! 0

=ke ™ R,_ (D) + | R(z—Y) dG(y).

0

Taking the Laplace transform gives

1

kb G+a) kI

D, (4)= 1-8(0)  A+ka ]l;[o gA(/lJrJ“)

and applying the renewal theorem,

o k
lim R, ( I e R, _(2)dz== D, ()
0 u

Z—w

‘$:>

(k=D)! ket
aff oy 1—8Ga)

—EY}

3. The Left-most Interval L,

In this section we will analyze the left-most interval L, in the splitting process
generated by F. We will show that tV*L,= Y and find conditions on f 50

that t#*EIf - EYF* as t—o0. Throughout this section, we assume f
—log xdF(x)< o so that G(x)=1—F(e~*—) has finite mean /. 0
The first result we prove is

(1) VL =YY as - oo0.

Proof. The range of values {—logL,:t=0}={0=S,<S§,<S,<...} are the ar-
rival times in a renewal process with P(S,,,—S,<x)=G(x)=1—F(e *~).
Given {S,}% ,, the holding times of ——loglit at each S, arc mean exp(aS,)
exponential and independent. If {£} , is an independent sequence of mean
one exponentials and M (y)=sup {n=0: S, < —logy}, then

P(L,<y)= (MZ(Y)eXp aS,) &, < )

Rearranging the sum so the big terms come first, we have

M(y)
PL<)=P( 3 exp(~aT,(~logy) &, 511)

m=0

=P(Y,(—logy)<y*1)

where {£, }_, is a new iid sequence of mean one exponentials and T, (-) and
Y,(-) were defined in Sect. 2 (see (2.5)). From the equation above and (2.6), we
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have

lim P(t1% [, < y)= lim P (Ya(—logy—ké logt) gy“) — P(Y,< ")
t— o >

We now turn our attention to finding conditions on f so that
t#1* E[f — EYP/* as t —co. (2.6) almost says this is true for f>0 and a proof for
B>0 can probably be obtained from (2.6). However, we shall use a different
approach that will also work for <.

Let 7, be the time of the first split, X the size of L, after the first split and
L,(*) a copy of E(_) that is independent of 7} and X, then

T

DL for 0 =t<T]
O\ XPE(X*(t—-Ty) for T,<t

1

If jxﬁ dF(x)< oo, we can take expectations on both sides of this equation to
0
obtain an integral equation for ri(t, f)= ELL. Differentiating the result, we get

) w(t, B)= —rit, )+ }xﬂ et B) dF (x)
(O, B)=1. ‘

We multiply both sides of (2) by e’* and make the change of variables ¢
=¢™ and y= —logx. Letting g(u)=e*nm(e*, f) and h(u)=em'(e™, f), we
obtain

@) gw= | glu—7) dG0)—h(w)

which is equation (2.5) of SI. Following the argument given in that paper up to
(2.9), we find for —o0<T< 00

@ lim glwy=p"" ig(T—S)(l—GA(S))GYS—;&‘1 ;h(S)dS

provided the right side is not oo —o0. As s—>o0, g(T—s)~ Ce™#s. (Here and
below C denotes a positive constant whose value is unimportant and may
change from line to line.) We have

Ojoe'ﬂsu —G(s)ds=p"" ojo(l —e M) dG(y) =" (1 —Jl"xﬂdFA(x)) <o

so the first term on the right of (4) is finite. To take care of the second term,
we observe

5) W' (t, By="ri(t, o+ B) } (xf —1)dF (x).
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Proof. Differentiating (2), we find
1
W (t, B)= —m'(t, B)+ [ x* TP (x*t, B) dF (x)
0

(0, B) = } (x* —1) dF(x)

80 (} (xf—1) dl*:(x)>_1 w'(t, B) and m{t, a+ ) both satisfy

0
()= —h(t)+ } x* TP h(x*t) dF (x)
hoy=1.
Since this equation has a unique solution, (5) holds.

If 5<0, then m'(t, B)>0 by (5). Since g(u) >0 in (4), Th(s)ds= + 00 is not
possible so lim t#*m(z, B) exists and = EY/*>0 by Fatou’g lemma.

If ﬁ>0,t;}ioe situation is more difficult because (5) shows h(u)<0 and we
need to show — Of h(s)ds<oo. We observe if >0, then #'(t, f) <0 and increas-
ing by (5) so T

W' (t, B) 122 (1, B)—mh(t/2, By = —m(t/2, f)z —1
(6) (e, HI<2¢ (/2 f)<2e~ 1
If I={B>0:lim t!*#i(t, B) exists} is not empty, then I is an interval. I is

t— w0

not empty for if 0 < fi<a, then

— [ h(s)ds=— [ P (e, B)ds<2 [ ef e ™ ds< o
T T T

by (6). We next suppose v=supl<oo and let v<f<v+4a Since 0<f—a<v,
m(t, B— o)~ Ct*= P/« Applying (6), we see

i (¢, B~ o)l < Ct= P

Replacing f by f—o in (5) gives

' (t, B— o) =1, f) | (x*~*—1) dF (x)

O t—, =

SO

(L, By< Ct— b
and by (6)

I (¢, p)| < Ce=Fiet
SO

[ ol

— | h(s)ds=C | e e P93 ds< 0
T T

which shows that v<oo is impossible.
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1
If y<f<0 with [x"dF(x)<oo or B=0, then the set {t**[f:¢>=0} is uni-
0

formly integrable so we have established

1
(7) If {x?dF(x)<co and y<}p, then
0

lim ¢*#i(t, y) exists and ZEY)Y*>0
t— o
and
lim t#*m(t, B)=EYF".

t—=

4. The Length of a Randomly Chosen Interval

In this section we determine the asymptotic distribution of a randomly chosen
interval from the o-splitting process generated by F. Z, is the number of
intervals at time ¢ and {L;: 1 i< Z,} are the interval lengths. For 20, we set

L(t, )= i L.

1

If T is the time of the first split and X is the position of the first split point,
then

Lt B & 1 for 0Zt<T
D =X L, (o= T), )+ (1= XP Ly(1 - X ~T), ) for Tt

where L,(-, f) and L,(-, f) are independent, have the same distribution as
L(-, p) and are independent of T and X.

Taking expectations on both sides of this equation, we obtain an integral
equation for m(t, §)= EL(t, p). Differentiating the result, we get

m(t, f)= —mit, [3)—]—}#"1 m(x*t, B) 2x dF(x)
m(0, f)=1.

Thoughout this section, we set F (x)=-j2 ydF(y). F is a distribution function

0
since F is symmetric about 1/2. With this notation, we have

(1) m'(t, B)= —mlt, f)+ } xf~tm(x*t, ) dF(x)
m(©, B)=1. °
Comparing (1) with (3.2), we see
2) m(t, B)y=m(t, f—1).

1
fx—1 dF(x)=2 so by (3.7), we can conclude
]
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(3) lim (4= Ve m(s, H=EYS~ D% for f>0

[amdiee}
and ‘
limt=Y*m(t,0)=KZEY,~"*>0.
t— oo
At the end of this section, we will show
(4) Var L(t, f)=0a(t, )< C>\#~ D=0
as t —» oo for >0 depending on « and F. For each ¢>0,

b (lm, p_ 11>8> o(t, )

-6
m(t, f) = =Ct"

“e2m(t, B)
If we let A6> 1, then by the Borel-Cantelli lemma

L(n*, p)

n— oo m(nla ﬁ)

If f>1 and n* <t <(n+1)* then since L(t, f) is decreasing,
L+ 148 L B) L, p)

mn*, ) Tm(, fT m(n+1)% )’

Since m(z, f) ~ Ct == lim m((n+ 1), p)/m(n*, B)=1, and we conclude

n—> 0

=1 as.

lim &P
im

= m(ta ﬁ)
If 0<p<1, L(t, ) is increasing, and a similar argument leads to the same
conclusion. We have shown for >0

=1

(5) lim P~V (¢, py=EYF~ Y= a5, and

t—r oo

limeY*Z,=K2EY Y*>0 as.

[andvel

We next let
1 %

denote the empirical distribution function of the rescaled lengths. We have for
p>0

0 1 Zt
lim ijdHt(x)zlim — Z (e L)?
t—w T o0 Zt i=1
Y
= lim

=K LlEY¥-Via g4
o o0 t~1/azz o4

Since the moments of H,(-) converge almost surély, the set {H,(-)} is almost
surely tight, and if H(-) is any weak sequential limit point of {H,(+)} and >0,
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then
©6) [ x?dH(x) =K~ EY$~ V= [ xb(xK)~ P(Y,"*edx).
0 0
Letting f—0+ in (6), we see that K=1im t~**Z =EY,”'/* The last step to
establish e
1/a
zlirg H,(x g VEY R P(Y'*edy) as.

is to show that the measure on the right side of (6) is determined by its
moments.

o0

(7) Suppose | xfdH(x)= [ x*(xK)~* P(Y,'*edx) for §=0, then
0 0
H(x)= | (yK)~ ' P(Y}*edy).
0
Proof. Taking f=na where n=0 is an integer, we have

[x"*dH(x)= [ x"(xK)~ ' P(Y,'*edx)
0 0

[zrdH(zY")= [ z" 2= Y*K~ ' P(Y,ed2)
0 0

[,

<[z Y*K~'P(Y,edz)+ K~ ' [ z"P(Y,edz)
o 1
S1+K™ ' z"P(Y,edz)<AB"n!

0

by (2.4). By Carleman’s condition (Chung (1974), p. 98), it follows that

2=y~ K~ P(Y,edy)
0

or

X%

H(x)={y YK 'P(Y,edy)= j(yK )L P(Y,Medy).

0

Having completed all the painless computations, our last remaining task is
to obtain the upper bound (4) for o(t, f)=Var L(¢, f). A straightforward but
somewhat tedious computation gives

&) o'(t, B)=—a(t, B)+ [ x** "' a(x"t, By dF (x)—2m(t, ) m'(t, )

+}f(x, t) h(x, t) dF (x)
0
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for f(x, )=xPm(x*t, B)+ (1 —x)! m((1 —x)*t, B)+m(t, f) and h(x, t)=x* m(x*t, B)
+(1—=x)! m((1 —x)*t, B)—m(t, p).
We need bounds on the last two terms of (8). |mf(t, B)m'(t, B)|~ Ct't ~28)=
and 0< f(x, )£ Ct* =P/ a5 t —»co. C in the last bound does not depend on x.
We next establish
1

) [1h(x, )| dF(x) < Cit = Pe=?

0
as t— oo for a >0 which depends on o and F.

Proof. The argument breaks into the cases: m(t, ) is increasing, 0<f <1, and
m(t, B) is decreasing, f>1. When f=1, m(t, f)=1 and h(x, t)=0. The case =0
is Lemma 2.5 of SI and the proof of that result applies to 0<f<1 with
virtually no change so we will concentrate on the case f>1 and sketch the
differences when 0 < 1.

We let 0<z<x<1 and X,, X,, X, ... be iid. with distribution function F.
Xo=1, W;=X,X,...X, and J=inf{i= 1: W< z}. Starting with

(10) m(t, f)= g Y m(y*, B dE (y) —m' (¢, )

we iterate this equation J— 1 times to obtain

J—1

e, {)=EWP (W7t ) —E( T WO~ ' (W ).

(For more details, see (2.13) and then the argument leading to (2.7) of SI). By
(2) and (3.3), w'(z, p) is negative and increasing so

(1) ' (Wt f) S COWpt)f Pt < Ot poe gt =miemt

and

E (j;j Wiﬁ‘l) =7-1E (filexp((ﬁ——1)(—10gz—Sl-))) =z#"1R(2)

i=0

where S,=—logWW,. Renewal theory tells us that sup R(z)< oo so we have
verified O<z<l
(12a) 0=m(t, )= E(W/~ m(Wye, )< Cz=* gt =Pt

Next, we repeat the above procedure with a new iid. sequence X,, X,,
X5 .... Everything is a s above except X ,=x, then (10) is replaced by

X im(xte, p)= } WXy~ ml(yx)*t, ) dF (y) —xP " m' (x*t, ).
o]

The last term in (11) becomes z/~!R(z/x) and (12a) remains true with W,
replaced by W; and m(t, f) replaced by x*~'m(x*t, f). C on the right side of
(12a) does not depend on x in this case.
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When f<1 and a+f=1, m'(t, f) is positive and non-increasing and we
have

(12b) O E(W/ ' m(Wyt, B)—m(t, f)< CzF~*
and when O<a+ <1, m'(t, ) is positive and increasing and
(12¢) OSEW/~ ' m(Wrt, ) —m(t, H=C2P~"m' (1, f)

(12b, ¢) remain true when W, is replaced by W; and m(t, ) is replaced by
xF~ Y m(x*t, p).

In SI, using a coupling of Ney (1981), we showed that the sequences X,
X, X,... and X,, X,, X,... can be constructed on the same probability
space along with a random variable 7 so that

d o~
(13) WJI{1§—logz}: Wil{rg—logz}

and
P(r>—logz)<Cx™ 72"

for 0<y<1 depending on F. To apply Ney’s coupling, we use the assumption
that F has a non-zero Lebesgue component.
For f>1, we have

IXP = m(x*t, B)—m(t, B)
<SE(m(t, B)— W/~ m(Wft, B)+E(xF = m(x*t, B)— WE— " m(W7t, B)
+IE(WS =  m(Wpt, B)— WEm(WFt, B)| < Cz— ¢!~ Pt
+E(W = m(Wit, By = WE m(WEt, B e _1og2)
<Cz * APl L F(Wtm(Wre, B) T
+EWF m(W7e, f)1

{r>—10gz})
{t> ~Iogz))
by (12a) and (13). m(t, H)< Ctt =2 50 xF~1m(x*t, B)< Ct'*~A/* independent of

x and
E(WF m(Wit, B L, _pg) S Cx™ 7271002

by (13). A similar calculation holds for the W term. We have
|68~ L m(x*t, B)—m(t, P)| S C(z~* 1 Bla 1 x=7 77 (1= Bie),
Replacing z by t~* gives
Pttt B)—m(s BIS Cn b x T P

and
1

[ 1h(x, 1)l dF(><)§2J1">€|xﬁ‘1 m(x*t, f)—m(t, B)| dF(x)

0
< C(tp“‘ 1 _|_t—pv) t(l—ﬁ)/rx

(9) is now established for f>1 by taking O<p<1/a.
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For 0<f<1 and «a+ =1, (12b) and a similar argument lead to

1
[1h(x, )| dF(x) S C(tpP =P o7+ =hixy
0
and (9) again is established by taking 0<p<1/u.
For 0<ua+ <1, (12¢) and a similar argument lead to
1
flh(x, )l dF (x) S Ce?m'(t, )+t =7+ =P,
0
As t— o0, m'(t, f)~ Ct~Pa=1 55 (9) follows by taking 0<p<1.
Returning to the analysis of (8), we have shown that the last two terms in
(8) are dominated by Ct2!!~#/*~% 35 t— 00 and 0<f<min (1, 1/) depends on
F and o There are two cases to consider 0<f<1 and 1<p. (For f=1,
L(t, f)=1 and there is nothing to show.)
For 0£f<1, we can find a positive function, B(-:), such that B(f)=

—2m(t,ﬁ)m’(t,ﬁ)+j{f(x,t)h(x,t)dF(x), B'(#)>0 and B(t)~Ct?3-Ala=0 4q
0

t —c0. By a simple comparison test o(t) w(t) if w(t) satisfies
1
(14) w ()= —w(t)+ [ x*# = w(x*r) dF(x)+ B(f)
]
with w(0) >0 but small enough so that
1 A~
w (0)=w(0) [ (x*#~1—1)dF(x)+B'(0)>0
0]

w'(t) >0 for if inf {¢: w'(t)=0} =s < o0, then

w”(s)=}xz’3+“‘_1 w'(x*s) dF(x)+B'(s) >0
0

which is a contradiction. Replacing w'(t) by zero and making the substitutions
t=e" y=—logx, gw)=e?$=Y"w(e*) and h(u)=e?*~V“B(e™) in (14), we
obtain

W)= | glu—y)dG0)+h(w)

By the argument developed in SI and used to analyze (3.3) of this paper, we
have

g)=J(uw)+H(u)
where

(15) lim J(u)=ﬁ_1ojog(T—s)(l—G(s))ds<oo
o

U= 0
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and
Hu)~a "' [h(s)ds~Ce'~*"* as u—o0.
T
This shows that w(e™)< Ce?~ 2720 a5 y oo which in turn shows
a(t) S Ct? =80 a5 t 0. This completes the proof for the case 0 < 1.

For the case 1 <f5, we let B(f) and w(z) be as above except that B'(t) <0 and
B"(t)>0.

w'(0)=w(0) 31" (x2F=1—1)dF(x)+ B(0)
and ’

W' (0) =w'(0) } (x28+3=1 _ 1) dF (x) + B'(0)
0

so w'(0)<0 and w”(0)>0 if w(0) is taken sufficiently large. Using the simple
argument by contradiction given above, we conclude that w'(t) <0 and w”(t)>0
for t=0. By the same argument that led to (3.6), we have

(16) —w () =W ) L2t w(t/2)< Ci .
We next make the substitutions t=e*, y= —log x, g(u)=e2#~V*w(e™), h(u)
=~V B(e™) and k(u)= —e?#~ V" w'(e**) in (14) and obtain
g(w)= [ g(u—y)dG(y)+h(w)+k(w)
0
then

g(u)=J(u)+ H(u)+ K(u)
where J(u) and H(u) satisfy (15) and

u
K@)~a="' [~ Vs |w'(e*)|ds as u— oo.
.

We are done if we can show
(17 eFP- 15 |y (@) < Ce* =% a5 s— 0.
By (16), (w'(e*)|<Ce™* so (17) holds if 1<f and 2f—1)—a=<1—ab. Thus,
(17) holds for 1<ﬁ§1+-°2-C (1—0).

If 1 <fB,<f, and w(-, B,) and B(-, B,), i=1 and 2, denote the corresponding
functions satisfying (14), and if w(0, 5,)<w(0, ,) and B(t, f,)<B(t, f,), then a

comparison test shows w(t, f,) Sw(t, §,) for t=0. Soif f>1 +% (1-8), then

wit, fy<w (t, 1+% (1—9))~ Cr-t
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and

W, pl=Ct?

by (16). So (17) holds if ,8>1+%(1—6) and 2f—1)—2a<1—ab. Thus, (17)
holds for 1<f<1 +% (2—0). Clearly (17) holds for f>1 by induction.

References

—_

10.

1L

12.

13.

14.

15.

16.

17.

18.

19.

20.

. Basedow, A M., Ebert, K.H,, Ederer, H.J.: Kinetic studies on the acidic hydrolysis of Dextran.

Macromolecules, 774-781 (1978)

. Bennett, J.G. Broken Coal. J. Inst. Fuel, 10, 22-39 (1936)
. Blum, J.R.: Note appended to Weiss, L. The stochastic convergence of a function of sample

successive differences. Ann. Math. Stat. 28, 532-536 (1955)

. Bramson, M., Griffeath, D.: Asymptotics for interacting particle systems on Z“ Z. Wahrschein-

lichkeitstheor. Verw. Geb. 53, 183-196 (1930)

. Brennan, M.D., Durrett, R.: Splitting intervals. Ann. Probab. 14, 1024-1036 (1986)
. Chung, K.L.: A course in probability theory, 2nd edn. New York: Academic Press 1974
. Feller, W.: An introduction to probability theory and its applications, Vol. II. New York:

Wiley 1971

. Kakutani, S.: A problem of equidistribution on the unit interval [0, 1]. Lect. Notes Math. 541,

369-376. Berlin-New York: Springer 1975

. Kelly, F.P.: The asymptotic behavior of an invasion process. J. Appl. Probab. 14, 584-590

(1977)

Lootgieter, J.C.: Sur la repartition des suites de Kakutani I. Ann. Inst. Henri Poincaré, 13,
385-410 (1977)

Lootgieter, J.C.: Sur la repartition des suites de KakutaniIl. Ann. Inst. Henri Poincaré, 14,
279-302 (1978)

Lootgieter, J.C.: Sur une conjecture de L.E. Dubins. Ann. Inst. Henri Poincaré, 17, 97-122
(1981)

Ney, P.: A refinement of the coupling method in renewal theory. Stochastic Process. Appl. 11,
11-26 (1981)

Peyriere, J.: A singular random measure generated by splitting [0, 1]. Z. Wahrscheinlich-
keitstheor. Verw. Geb. 47, 289-297 (1979)

Pyke, R.: The asymptotic behavior of spacings under Kakutani’s model for interval sub-
division. Aun. Probab. 8, 157-163 (1980)

Sawyer, S.: A limit theorem for patch sizes in a selectively neutral migration model. J. Appl.
Probab. 16, 482-495 (1979)

Sudbury, A.: The size of the region occupied by one type in an invasion process. J. Appl.
Probab. 13, 355-356 (1976)

Van Zwet, W.R.: A proof of Kakutani’s conjecture on random subdivision of longest intervals.
Ann. Probab. 6, 133-137 (1978)

Vervaat, W.: On a stochastic difference equation and a representation of non-negative infinitely
divisible random variables. Adv. Appl. Probab. 11, 750-785 (1979)

Brennan, M.D.: Length Raws for random subdivision of longest intervals. Stochastic Process.
Appl. 22, 17-26 (1986)

Received November 18, 1981; in revised form March 1, 1985



