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SPRINGER CORRESPONDENCE FOR THE SPLIT SYMMETRIC PAIR
IN TYPE A

TSAO-HSIEN CHEN, KARI VILONEN, AND TING XUE

ABSTRACT. In this paper we establish Springer correspondence for the symmetric pair
(SL(N),SO(N)) using Fourier transform, parabolic induction functor, and a nearby cy-
cle sheaves construction due to Grinberg. As applications, we obtain results on cohomology
of Hessenberg varieties and geometric constructions of irreducible representations of Hecke
algebras of symmetric groups at ¢ = —1.

1. INTRODUCTION

In [CVXI] we have initiated a study of Springer correspondence for symmetric spaces, in
particular, in the split case of type A. There we compute Fourier transforms of IC sheaves
supported on certain nilpotent orbits using resolutions of singularities of nilpotent orbit
closures. In this paper we study the problem in general in the split case of type A replacing
the resolutions with a nearby cycle sheaves construction due to Grinberg [G1] [G2]. We have
obtained partial results in [CVX1] [CVX2].

Let us call an irreducible IC sheaf supported on a nilpotent orbit a nilpotent orbital
complex. We show that the Fourier transform gives a bijection between nilpotent orbital
complexes and certain representations of (extended) braid groups. We identify these repre-
sentations of (extended) braid groups and construct them explicitly in terms of irreducible

representations of Hecke algebras of symmetric groups at ¢ = —1. This bijection can be
viewed as Springer correspondence for the symmetric pair (SL(N),SO(N)). Let us note
that the fact that representations of (affine) Hecke algebras at ¢ = —1 arise in this situation

was already observed by Grojnowski in his thesis [Gi].

The proof of our main result, Theorem [£1], makes use of a nearby cycle sheaves con-
struction due to Grinberg [GI1l [G2] and smallness property of maps associated to certain
f-stable parabolic subgroups. In more details, Grinberg’s nearby cycle sheaves and their
twisted version produce IC sheaves whose Fourier transforms are supported on the nilpotent
cone. Those IC sheaves behave like “cuspidal sheaves” in the sense that they do not appear
as direct summands of parabolic inductions. On the other hand, the smallness property

Tsao-Hsien Chen was supported in part by the AMS-Simons travel grant.
Kari Vilonen was supported in part by NSF grants DMS-1402928 & DMS-1069316, the Academy of
Finland, the ARC grant DP150103525, the Humboldt Foundation, and the Simons Foundation.
Ting Xue was supported in part by the ARC grants DE160100975, DP150103525 and the Academy of
Finland.
1


http://arxiv.org/abs/1608.06034v1

2 TSAO-HSIEN CHEN, KARI VILONEN, AND TING XUE

mentioned above implies a simple description of the images of parabolic induction functors
(Proposition B.1], Proposition 3.2)). Those results together with a counting lemma (Lemma
[4.2)) imply Theorem .1l As corollaries, we obtain criteria for nilpotent orbital complexes to
have full support Fourier transforms (Corollary [£.8], Corollary [1.9]) and results on cohomology
of Hessenberg varieties (Theorem [5.]).

Our method appears to be applicable to general symmetric pairs or polar representations
studied in [G2] and we hope to return to this in future work.

Let us mention that in [LY], the authors show that one can obtain all nilpotent orbital
complexes using spiral induction functors introduced in [LY] (in fact, they consider more
general cyclically graded Lie algebras settings). Using their results and Theorem ] we show
that all irreducible representations of Hecke algebras of symmetric groups at ¢ = —1 appear
in the intersection cohomology of of Hessenberg varieties, with coefficient in certain local
systems (see Theorem [6.T]). This gives geometric constructions of irreducible representations
of Hecke algebras of symmetric groups at ¢ = —1 and provides them with a Hodge structure.

The paper is organized as follows. In Section 2] we recall some facts about symmetric pairs
and introduce a class of representations of equivariant fundamental groups. In Section [3] we
study parabolic induction functors for certain @-stable parabolic subgroups. In Section [,
we prove Theorem [A} the Fourier transform defines a bijection between the set of nilpo-
tent orbital complexes and the class of representations of equivariant fundamental groups
introduced in Section Pl In Section [l and Section [6 we discuss applications of our results
to cohomology of Hessenberg varieties and representations of Hecke algebras of symmetric
groups at ¢ = —1. Finally, in Section [7, we propose a conjecture that gives a more precise
description of the bijection in Theorem (4.1l

Acknowledgements. We thank Misha Grinberg for helpful conversations and for pro-
viding a proof of Theorem .4} an extension of his earlier work in |G2]. TC thanks Cheng-
Chiang Tsai for useful discussions and thanks the Institute of Mathematics Academia Sinica
in Taipei for support, hospitality, and a nice research environment. KV and TX thank the
Research Institute for Mathematical Sciences in Kyoto for support, hospitality, and a nice
research environment.

2. PRELIMINARIES

2.1. Notations. For e > 2, a partition A\ of a positive integer k is called e-regular if the
multiplicity of any part of A is less than e. In particular, a partition is 2-regular if and only
if it has distinct parts. Let us denote by P(k) the set of all partitions of k and by Py(k) the
set of all 2-regular partitions of k.

We denote by Hj, _; the Hecke algebra of the symmetric group S; with parameter —1.
More precisely, H _; is the C-algebra generated by 7;, ¢ = 1,...,k — 1, with the following
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relations
iTZTYJ = tTJTTZ if ‘7’ _.]| > 27 7’7.] S [Lk - 1]7 EE+1E = ﬂ—l—lﬂﬂ-l—h (&S [17k - 2]7
T? =q+ (¢q— 1)T;, where g = —1,i € [1,k—1].
It is shown in [DJ] that the set of isomorphism classes of irreducible representations of Hj, _4

is parametrized by Po(k). For p € Po(k), we write D, for the irreducible representation of
Hp,—1 corresponding to .

For a real number a, we write [a] for its integer part.

2.2. The split symmetric pair (SL(N),SO(N)). Let G = SL(N) and 0§ : G — G an
involution such that K = GY = SO(N) and write g = LieG. We have g = go @ g1, where
0ls, = (—1)". The pair (G, K) is a split symmetric pair. We also think of the pair (G, K)
concretely as (SL(V),SO(V)), where V is a vector space of dimension N equipped with a
non-degenerate quadratic form ) such that SO(V') = SO(V, Q). We write the non-degenerate
bilinear form associated to @ as (, ).

Let g™ denote the set of regular semisimple elements in g and let g7* = g; Ng"*. Similarly,
let g™ denote the set of regular elements in g and let g1 = g, N g™,

Let N be the nilpotent cone of g and let N; = NNg. When N is odd, the set of K-orbits in
N} is parametrized by P(N). When N is even, the set of O(V)-orbits in N is parametrized
by P(N), moreover, each O(N)-orbit remains one K-orbit if A has at least one odd part,
and splits into two K-orbits otherwise. For A € P(N), we write O, for the corresponding
nilpotent K-orbit in N; when A has at least one odd part, and write O} and O for the
corresponding two nilpotent K-orbits in N; when A has only even parts.

Let a be a maximal abelian subspace of g;. We have the “little” Weyl group
W = NK<CL)/ZK(CL) = SN.

2.3. Equivariant fundamental group and its representations. As was discussed in
[CVX1], the equivariant fundamental group

T (97°) & Zg(a) x By = (Z/2Z)" "' x By,
where By is the braid group of N strands and it acts on

Zic(@) = {(iv, ..., in) € (Z/22)N | 3 iy, = 0} = (2/22)V

k=1

via the natural map By — Sy. For simplicity we write

By = (Z/22)N"" x By and Iy = (Z/2Z)N .

It is easy to see that the action of By on Iy has [N/2] 4+ 1 orbits. We choose a set of
representatives x,, € Iy, 0 < m < [N/2], of the By-orbits as follows. Let 7/ € (Z/2Z)" be
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the element with all entries 0 except the i-th position. Then {r; = 7/+7/,,, i=1,..., N—1},
is a set of generators for Iy. For 0 < m < [N/2], we define a character x,, as follows:

(2.1) Xm(Tm) = —1 and x,, (1) = 1 for i # m.

For x € Iy, we set
B, = Stabg, x.
Let s;, i =1,..., N — 1, be the simple reflections in W = Sy. It is easy to check that
Stabgy (Xm) = (Si, 7 # m) = Sy X Sy_pm if m # N/2, and
Stabg, (Xm) contains S, X S, as an index 2 normal subgroup if m = N/2.
Let us define

(2.2)

By n—m = the inverse image of S,,, X Sn_pm = (s;,7 # m) under the map By — Sy.
Then it follows from (2.2)) that
B,,, = By n—m when m # N/2,

2.3
(2:3) and B,,, contains B, y_n, as an index 2 normal subgroup when m = N/2.

Let 0,7 =1,..., N — 1, be the standard generators of By which are lifts of the s;’s under
the map By — Sy. Then B, n_., is generated by o;, ¢ # m, and o2 . We have a natural
quotient map

(2.4) ClBmN-m] = Hm—1 X Hy-m-1 2 C[Bun_m]/{(0; — 1) i #m, 02, —1).

Let us write 3, —1 X Hy_m,—1 = H,,, —1. We consider a family of representations of EN
as follows. For 0 < m < [N/2], we define

(2.5) Ly, =IndgpY 30, 1 = C[By] @i, ) Hymt

(C[Bm,me
where in the tensor product C[B,, y_,] acts on H,, _; via the quotient map (2.4) and on

C[Bn] by right multiplication. The module L,,, has a natural By-action defined as follows.
We let By act on L,, by left multiplication and we let Iy act on L,, via a.(b® v) =
((b-xm)(a)) (b®v) for a € Iy, b€ By and v € H,,, ;. We will view L, as a representation
of the equivariant fundamental group By in this manner.

We will next identify the composition factors of the modules L,,,. Let u' € Py(m) and
u? € Po(N —m), m € [0,[N/2]]. Proceeding just as in the definition of L,, , one obtains the

following representation of By:

(2.6) Vi 2 = IndC[BN} (Dul ® Du2> = C[Bw] QC[Bum, N —m] (Dul ® D;ﬂ)-

(C[Bm,me}

Using (2.3), one readily checks that V)1 ,2 is an irreducible representation of By when m +
N/2, or when m = N/2 and p' # p?. When m = N/2 and p' = p?, V1 2 breaks into
the direct sum of two non-isomorphic irreducible representations of By, which we denote by

VMI1 2 and Vﬁ 2 i.e., we have

(2.7) Vi = Vul,u ® Vulvlu‘
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Moreover,
when m # N/2, Vi 2 = V1 e if and only if (', p?) = (', 1%);
when m = N/2, V1 2 =2 V1 2 if and only if
either (u', u®) = (v',v?) or (p', p?) = (2, vh).

As the D,n ® D,» are the composition factors of H,,  _; we conclude:

Lemma 2.1. The composition factors of Ly, consist of the Va2, pt # p?, p' € Po(m),
p? € Po(N —m), and when N = 2m we have two additional composition factors V} , and
VL, for p € Py(m).

3. MAXIMAL 6-STABLE PARABOLIC SUBGROUPS AND PARABOLIC INDUCTION

Let L be a #-stable Levi subgroup contained in a #-stable parabolic subgroup P C G. We
write
[=LieL,p=LieP, Ly =LNK, Pk =PNK, L=I[Ngy,p1=pNgi.
We will make use of the parabolic induction functor Indj/-, : Dp, (i) — Dg(g1) defined in
[H, L.

In this section, we study the induction functor with respect to a chosen family of L™ C P™,
1 <m < N/2, and two more pairs L™ C P™* w =L II, if N = 2n, where P™ (resp. P™%)
is a maximal f-stable parabolic subgroup and L™ (resp. L™%) is a @-stable Levi subgroup of
P™ (resp. P™¥) defined as follows.

Fix a basis {e;,1 <i < N} of V such that (e;, e;) = disjNt1-

For 1 < m < N/2, we define P™ to be the parabolic subgroup of G that stabilizes the flag
0CcV?cvicch,

where V9 = span{e;,; 1 < i < m}. We define L™ to be the #-stable Levi subgroup of P™
which consists of diagonal block matrices of sizes m, N — 2m, m.

When N = 2n, for w = L1II, we define P™* to be the parabolic subgroup of G that
stabilizes the flag
0CVYcVetcc?,
where V! = span{e;,1 < i < n} and V! = span{e;,;1 < i < n—1,e,.1}. Let L™ be a
f-stable Levi subgroup of P™*.

According to [BH], every maximal #-stable parabolic subgroup of G is K-conjugate to one
of the above form.

Let p™ = Lie P™, p7* = p™Ngy, and (npm); = npm Mg, where npm is the nilpotent radical
of p™, etc.

Proposition 3.1. We have:
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(1) The map
N K xPE (npm)y — N1, (k) — Adg(2)
s a small map onto its image, generically one-to-one.
(2) The map
N K PR g gy, (ky2) > Adg(z).
15 a small map onto its image, generically one-to-one.

The same holds for the two maps 7™ and 2™ defined using P™, w = I, 1I.

We define
(3.1) g =Im#Y 1 <m< N/2, g7 =Im#2", w=1LIL
For m < N/2, g{* consists of elements in gy with eigenvalues a1, a1,..., am,am, a;,j €
2m + 1, N], where > /" 2a;, + Z;-VZMH aj =0. Let
Y, = {x € g| |z has eigenvalues ay, a1, ..., am, am, a;,j € [2m + 1, N],

where a; # a; for i # j}.
One checks readily that Y, = g7".

Consider the case m = N/2 = n. For w = 1,11, let
Y ¢ = {x € g1 | = has eigenvalues ay, a1, ..., Gy, a,, where a; # a; for i # j,
and the nilpotent part of x lies in the orbit 0%, },

where 0%. is the nilpotent orbit given by the partition 2™ and defined by the equation

Im 72"« = 0%,. Then Y, is an open dense subset in g}

Let (p7)" = pp* N Y, and (17)7" = 67 01 (17"~
Proposition 3.2. (1) There is a natural surjective map
(3:2) T (V) = m ™ (()7°) 2 By X By

such that for an L7 -equivariant local system T on (I]")™® associated to a ﬁf%(([?@)”s)—
representation E, we have

Ind?}

e IC( 7171’ ‘T) = IC(QT) 7,)7
where T' is the K-equivariant local system on Y, associated to the representation of

7&K (Y") which is obtained from E by pull-back under the map ([3.2).

(2) We have a natural surjective map
(33) m (V) = w5 (604)7) 2 By, w = LIL

such that for an L -equivariant local system T on (["*)"* associated to a 7T1LK ((L7)rs)-
representation E, we have

Ind%
(e Cpt

IC(™, T) = IC (g7, 7)
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where T is the K -equivariant local system on Y,"* associated to the representation of
7K (Y+) which is obtained from E by pull-back under the map (3.3).

n

3.1. Proof of Proposition 3.1l We begin with the proof of (1). Consider the following
projection

Nz, 0CV, CVrCcV=C")]zeg, 2V, =0, 2V CV,} = Ni.
When m # N/2, the map 7% can be identified with the map 7¥. When N = 2m, the image
of the map 2™ has two 1rredu01ble components, i.e., closures of the two orbits (92m and OF,.

The two maps 7! and 7! can be identified Wlth the map 72™ restricted to the inverse
image of OL.. and oL, respectlvely. Thus it suffices to show that

(3.4) the map 77 is small over its image and generically one-to-one.
When m # N/2, one can check that the image of 7} is as follows
Im 7Y = Ogmin-sm if N >3m, Im7Y = Osn-2mosm-n if N < 3m.

Assume that N > 3m and € Ogmnv-sm. Then (7)7'(z) = Im 2% Assume that N < 3m

m
and 2 € Ogn-2mgsm-n. Then (7V)7'(z) = kerx. This proves that 72 is generically one-to-

m
one.

Let 2 € Ogigjin-si2; C Im7Y. We assume that 31271V =312 £ 3mN=3m if N > 3 and
3iQIIN=3i=2) o£ JN=2m93m—N jf N < 3m. It suffices to show that
dim(Tr]X)_l(I) < COdimIanzg OgigjiN-3i-2; /2
Let 29 € Oyyn—si2; C Im 7% (Note that 7 =% is defined since m —i < (N —3i)/2.) One
checks readily that

(TN)_l(ZE) = (TN_gi)_l(xo) and COdlmImTN ngg]lN 3i—2j = COdlmI N 31 OleN 3i—2j5 .

Thus it suffices to show that
dim (7N =) " (z0) < codimy,, v Ogj1n-3i-2; /2.
Let us write
Q%J = (Tﬁ)_l((’j) for ¢; € Ogjgn—2 C Inrm;ibV
and aTNn,j = codimyy, -~ Ogjin—2; = m(2N — 3m) — j(N — j).
To prove that the map 7Y is small, we are reduced to proving that

N
(3.5) dim QY < Zmd
m,) 2

To prove this we recall the partitioning of QN into QN ok glven in [CVX2, Section2] as follows:
ONE — {0 C Vyy C Vi €V =CY) | dim(V,, N V) = k)

We have
Nk : ; in{j
Q% # 0 & max{m+j — N/2,j/2} <k < min{j, m}.
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Recall that we have a surjective map Qi\ri’; — OGr(j—k,7) x OGr(m —k, N —27) with fibers
being affine spaces AU~k We have
F2+3mE+j+m

dim Q% = —2k% + (=N +3j +2m + 1) k + mN — mj — 5

One checks that

if j > N —2m, dim Qi\ril; is maximal when k =m + j — [5],
if j <N —2m, dim QZ'; is maximal when k = [%]

Thus a direct calculation shows that

N .
Gmg 4 EM=N 4 5> N — 2m and N even, or j < N —2m and j odd
dim(m) ¢ =9 . 2 7T ’ ’
ﬂ;
This proves (3.5) (note that m + j < N). The proof of (8.4) is complete. This finishes the
proof of the claim (1) in the proposition.

L— if j > N—2mand N odd, or j < N —2m and j even.

It then follows that we have
(3.6) (m)«C[=] 2 1C(0,,C), (resp. ((mn,,)*).C[-] = 1C(0¥,C), w =1L11,)

where

A=3"1NTAEN > 3m, A =3V NG N < 3m.
Note that K xP& p™ is the orthogonal complement of K x7% (npm); in the trivial bundle
K x g; over K/P;?. By the functoriality of Fourier transform, we have that

(3.7) § ((m)<Cl=]) = (7,)-C[=).

Since Fourier transform sends simple perverse sheaves to simple perverse sheaves, we can

conclude from (B.6) and (B.7) that
(7)), Cl-] 2 IC(Im 7Y, C).

m

This proves the claim (2) of the proposition. The argument for (#2")*, w = I, 11, is the same.
The proof of the proposition is complete.

3.2. Proof of Proposition Recall that the parabolic induction functor
IIld?llCpl : DLK([1> — DK(gl)
can be defined as follows ([H| [L]). Let
pr:p;p = [1 D (np)1 — [1
be the natural projection map, where np is the nilpotent radical of p. Consider the diagram
(38) [1(lp1LKXp1LKXPKP1—ﬁ)gl.

The maps in (3.8)) are K x Pg-equivariant, where K acts trivially on [y, py, by left multipli-
cation on the K-factor on K x p; and on K xP% p;, and by adjoint action on g;, and Pk acts
on Iy by a.l = pr(Ada(l)), by adjoint action on py, by a.(k,p) = (ka™', Ada(p)) on K x p1,
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trivially on K xP% p; and on g;. Let A be a complex in Dy, (I;). Then (prop;)*A = p3A’
for a well-defined complex A’ in Dy (K xP% py). Define

Ind}'., A =mA'[dim P — dim L].

1 Cp1

It is shown in [H| [[] that the induction functor commutes with Fourier transform, i.e.,

(3.9) F(IndP', A) = nd", (F(A)).

Note that we have that
(3.10) L7 = GL(m) x SO(N —2m) and (I"); = gl(m) & sl(N — 2m);.

N ete

m .

To ease notations, let us write now that L = L™, P = P™ and 7 =7

We first show that

(3.11) The map 7 (resp. 7¢), when restricted to #~'(Y") (resp. 7 '(Y,")),
| 1S one-to-one.

Each element in Y is K-conjugate to an element zy € p; (see [KR) Theorem 7]), where
To€; = a;e;, Toeny1—i = €; + a;eny1—; for ¢ € [1,m],
(3.12) xoe; = bje; + cjenyi—j, Toeanto—j = ;€ +bjenpi—; for j € [m+1,[N/2||
Toe(n41)/2 = Dvt1)2€(nv41)/2 if IV is odd

and the numbers a;,i = 1,...,m,b; +¢;,b; —c;,j =m+1,...,[N/2],b+1)2 are distinct.

It suffices to show that #7!(z,) consists of one point. Note that #'(xy) consists of xo-
stable m-dimensional isotropic subspaces of V. It is clear that U° := span{e;,... e} €
7 (zo). Assume that U, € #(zy). We can extend U, to a complete flag that is zo-stable.
Since xq is regular, all z-stable flags are in one W-orbit. Thus there exists w € W such that
Un = wU°. 1If U, # U°, then there exists a e;,i € [1,m], such that we; = e; and j ¢ [1,m].
Then we have either (zoej,e;) # 0 or (ej,e;) # 0. But both zpe; and e; are in U,,. This
contradicts the fact that U, is isotropic. This proves (B.11]) for 7,,, m < N/2. The proof for
7 is entirely similar and omitted.

Now we show that
(3.13) The image of p] under the map pr: p; — [ is [}%.

Let = € p]. By the above proof of ([B.I1]) we can assume that Ad(k)x = z, for some k € K,
where g is as in (312). Thus (k,z) € #'(x). It follows from BII) that (k,z) = (1,z¢) €
K xPx p;. Hence k € Pyx. Assume that k = lu where | € Lx and u € Ux = UNK (U
is the unipotent radical of P). Then we have pr(z) = pr(Ad(u=t1)zy) = pr(Ad(I71)zg) =
Ad(I71) pr(zg). Tt is clear that pr(zg) € ["*. Thus [B13)) follows.

By (B11) and (B.I3), we have the following diagram, when restricting (3.8) to Y,

pr p1 p2 7T
(% ——ple— K x pj —— K xPrpr 2577
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Using (B.11)), we see that
mf (V) = (V) 22 (R P ph) 22 TR (K % py) 2 ().

Finally, the canonical map 7% (p}) — 7l %([}*) = 7% (;*) is surjective. We see this as
follows. First, the canonical map above can be identified with the canonical map Wf K(pt) —
7% (pr=1(Ir*)). Now, because p} is an open subset in pr='(I*), which is smooth, the map
m(p}) — m (pr([}*)) is a surjection. To conclude that this property persists when we pass
to the equivariant fundamental group it suffices to remark that the equivariant fundamen-
tal group is always a quotient of the ordinary fundamental group as long as the group is
connected. We now conclude the argument making use of Proposition Bl

4. FOURIER TRANSFORM OF NILPOTENT ORBITAL COMPLEXES FOR (SL(N),SO(N))

Consider the symmetric pair (G, K) = (SL(N),SO(N)). Let us write Ay for the set of
all simple K-equivariant perverse sheaves on N (up to isomorphism), that is, the set of
IC complexes 1C(0, ), where O is a K-orbit in N7 and € is an irreducible K-equivariant
local system on O (up to isomorphism). An IC complex in Ay is called a nilpotent orbital
complex.

Let n = [N/2]. We set
Sy =A{sp' 1?) |0 <m <, veP(m)
0<k<n—m, pu' € Pyk),u® € Poy(N—2m—k)}.

In the case when N is even, we identify the triple (v;u!, u?) with (v; u?, ut) if |ut| = |2
and p' # p?, and the triples (v; u, 1) attain two labels I and II.

Given a triple (v;ut, u?) € Sn (vesp. (v, u)” € Ly, w = LII), where |v| = m < N/2,
we define an irreducible K-equivariant local system T(v;u!, u?) (resp. T(v;p, n)¥) on Y
(here we write Y] = g7°) as follows. We obtain a map

T mE(YT) = By, ¥ By—am — Sm X Bx_am

by composing the map in ([8.2]) with the natural map B,, X Bx_om — S, % By_om. Note that
the map 7 is surjective. Then T(v; ut, u?) (resp. T(v;u, u)*) is the irreducible local syste
associated to the irreducible representation of 7 (Y") given by pulling back the irreducible
representation p, X V1 2 (resp. p, ® V) via the map 7; here p, € S, is the irreducible
representation of Sy, corresponding to v € P(m) and V1 2 (vesp. V) is the irreducible

representation of By_ap, defined in (Z3) (resp. (7).

Assume now that N = 2n. Given a triple (v;0,0)* € Yy, w = LII, we define the
irreducible K-equivariant local system T(v;0,0)” on (Y1) as the local system associated
to the representation of 7 ((Y,")*) obtained by pulling back the representation p, € S
corresponding to v € P(n) under that map

T ((Y7)*) = Bo = Sa.



SPRINGER CORRESPONDENCE 11

Now we are ready to formulate our main result:

Theorem 4.1. The Fourier transform § : Pervg(g1) — Pervg(g1) induces a bijection

T ANy = {IC (g’ln,‘J'(l/; ,ul,;LQ)) | (V;ul,;LZ) € Xy, it At lv|=m < N/2}
ULIC (o7", T (v s, ) ) | (v 11, )™ € Ev,w = LI |v| =m < N/2} (if N is even),
U{IC (g7, T(v; 0,0)) | (v;0,0)” € Xy, w =LIIL, |v| =n= N/2} (if N is even),

where g = g1, g7 and g are defined in (B3.1)).

4.1. Proof of Theorem [4.1]. Let p(k) denote the number of partitions of k£ and let ¢(k)
denote the number of 2-regular partitions of k. We write p(0) = ¢(0) = 1. Let us define

(4.1) d(k) = q(s)q(2k +1—s),

s=0
— (k)" + 3q(k)
(4.2) e(k) = qls)q(2k —s) + 5 :
s=0
Lemma 4.2. We have
(4.3) |Agn 1] = Zp n-— = |Soni1]
(4.4) Ay | = Z p(n — = [Zanl.

Proof. Note that

(4.5) Zp(/f)xk:H andz =[[a+2).

k>0 s>1 k>0 s>1

Let p(l, k) denote the number of partitions of / into (not necessarily distinct) parts of exactly
k different sizes. We have (see for example [GS])

(4.6) > p Rty =] (1 + 1y_xx) :

1,k>0 s>1

Assume first that NV = 2n + 1. Note that if A is a partition of N with parts of k different
sizes, then the component group Ag(z) of the centralizer Zy(z) for x € O, is (Z/2Z)* .
Thus there are 27! irreducible K-equivariant local systems on Oy (up to isomorphism).
Hence using (4.6]), we see that

1 1 5
|Aant1| = Zp(Qn + 1, k) 2"t = Coefficient, of 2*"** in H ( Rk ) :

k>0 s>1
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Using (4.0), we see that

(4.7) 1:[1 <1i—§z> = (;p(k) :)32k> (;q(k) :)sk) :

It then follows that |Ag,.1| is the desired number. The fact that |¥,,,1| equals the same
number is clear from the definition. Thus (4.3]) holds.

Assume now that N = 2n. Suppose that A is a partition of N with parts of exactly k
different sizes. If \ has at least one odd part, then there are 2¥~! irreducible K-equivariant
local systems on O, (up to isomorphism). If A has only even parts, then there are 2%
irreducible K-equivariant local systems on each Of (up to isomorphism), w = I, II.

Thus we have that
o] = “p(2n, k)25 +> " p(n, k) 3- 257

k>0 k>0

1 1+ 2° 3 1+a2°
_ : 2n - 1 L
= Coefficient of ™ in 3 S|>|1 (1 — [ES) + Coefficient of 2" in 3 31:[1 <1 — xs)

n

:%<ip(n_ (Zq q(2k — )+ q(k )) an— (k) = p(n— k)e(k).

k=0
Here we have used (£7) and the following equation

()= () (o)

Again the fact that |3,,| equals the desired number is clear from the definition.

O

Note that the IC sheaves appearing on the right hand side of the Fourier transform map
§ in Theorem F.I] are pairwise non-isomorphic. Thus, in view of Lemma .2 Theorem F.1]
follows from:

Proposition 4.3. Let (v;u', u?) € Sy (resp. (v;p, p)® € By, w = 1,11) and write m = |v|.
The Fourier transform. of I0(gi*, T(v: i1, 1)) (resp. T0(g(", T(ws 1, 1)), 1C(g2, T(w;0, 0)°))
1s supported on a K-orbit in Ni.

Proof. Let n = [N/2]. We begin the proof by showing that for (0;u!, u?) € Sy (resp.
(0; 41, 11)° € ¥, w=L11)

(48) The Fourier transform of IC (g1, T (0; ', %)) (vesp. IC (g1, T (0; , 1))

' is supported on a K-orbit in Nj.

Recall that T(0; ut, u?)) (resp. T (0; i, 1)“) is the irreducible K-equivariant local system on
g7° corresponding to Vi1 2 (resp. Vi ).
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We make use of a slight extension of Grinberg’s work |GI| [G2]. This extension is due to
Grinberg who communicated it to us. Consider the adjoint quotient map f:g; — g1/ K =
a/W. The elements x € Iy correspond to K-equivariant local systems £, on gi°. Let us
write P, € Pervyg(N;) for the nearby cycle sheaf for the family f: g; — g1 / K = a/W with
coefficients in the local system £,. Note that in order to perform this construction we have
to pass to a cover of a/W if x is non-trivial. Also, observe that P, = P,, for b € By.

Let us consider the x;,, 0 < m < n, defined in (Z1)). We write £,,, for the K-equivariant
local system on g}* corresponding to the representation L,,, of 75 (g7*) = By defined in (2.6]).

Theorem 4.4. (Grinberg) We have
(4.9) §(Px,) =1C(01, £y ) -

In [G2, Theorem 6.1] this statements is proved when m = 0, i.e., in the case of the trivial
local system £,,. To treat the general case only a few changes to the argument are necessary.
We explain these modification briefly. Note that in [G2] Grinberg works in the more general
context of polar representations. In this context [G2, Theorem 6.1] is a direct application
of [G2, Theorem 5.2] and an explicit, well-known, calculation in the case of quadrics in C*,
i.e. the case of SO(k) acting on C*. In our case k = 2. To extend this argument to local
systems £,,, we have to insert the local system into the Picard-Lefschetz construction of an
explicit basis of F(Py,,)r at a chosen base point ¢ € gi® as in section 4 of [G2]. Once this is
done we can again reduce the result to an explicit calculation in the case of SO(2) acting on
C? but this time with a —1-local system on the the regular semisimple points.

By Lemma 211 the IC sheaves 1C(gy, T(0; ', 4?)) and IC (g1, T (0; p1, 1)*) are composition
factors of the IC(gy,£,,,). Hence (4.8) follows from (4.9]).

Now let (v; pt, u?) € S with |v| =m > 0. Let

K(py ¥V, ,2) denote the irreducible Lg-equivariant local system on [7*
associated to the irreducible representation of 7% (I'*) obtained as a pullback
of p, ¥ V1 2 via the map ﬁf“([{s) >~ B % By_om — Sy X Bx_am.

By Proposition [3.2] we have that
(4.10) IC (g7, T(v; ', %)) = Indp cym 1C (I, K(py BV, 42))

Since Fourier transform commutes with induction (see (3.9)), it suffices to show that
the Fourier transform of 1C (I, X(p, ® V)1 ,2)) is supported on an Lg-nilpotent orbit in [.
This follows from the classical Springer correspondence for gl(m) and (4.8]) applied to the
symmetric pair (SL(N — 2m), SO(N — 2m)) (see ([B.10)).

The proof for IC(g7", T(v; p, 1)*), IC(g7™, T(v; 0, 0)“) proceeds in the same manner; in the
latter case one uses the corresponding #-stable Levi and parabolic subgroups. We omit the
details.

O
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4.2. More on induction. Let (v;u', u?) € . Assume that |v| = m > 0. Let L™ C P™
be as in §3l Recall that = L} =2 GL(m) x SO(N — 2m) and [{* = gl(m) @ s((N — 2m);.

A nilpotent Lj-orbit in [* is given by a nilpotent orbit in gl(m) and a nilpotent SO(N —
2m)-orbit in s[(N — 2m);. Thus the nilpotent L} -orbits in [[* are parametrized by P(m) x
P(N — 2m), with extra labels I and II for partitions in P(IN — 2m) with all parts even. For
a € P(m) and B € P(N — 2m), we denote by Oap (or Of ;) the nilpotent Ly-orbit in [f*
given by the nilpotent orbit O, in gl(m) and the nilpotent SO(N — 2m)-orbit Og (or 0%) in
5[(N — 2m)1

In the following we will omit the labels I and II with the understanding that everything

should have corresponding labels, for example, O = Ind%lbcpln Os 5 ete.

Proposition 4.5. Let « € P(m) and § € P(N — 2m). Let Oy = Indjncyn Oagp, i.e.,
Ni = Bi + 20y. Assume that u € Onp5 and v € Oy N (u + (npm)1). We have a natural
surjective map

’QD . AK(U) - AL%(U)

Moreover, let CX € be an Ly -equivariant irreducible local system on O, p and let & be the

K -equivariant local system on Oy obtained from CK E via the map 1 above. Then IC(0O,, E)
is a direct summand of Indjn .m 1C(0,,,, CK €).

mcpr Vi
Corollary 4.6. If moreover (0,,€) € An_om is a pair such that F(IC(O,,E)) has full
support, then we have

ndg -y 1C(0,,,,, CH €) 2 1C(0y, €).

As before let us now write L = L™ and P = P™ etc. We begin the proof of the above
proposition with the following lemma.

Lemma 4.7. The map

v K XPK (éa,ﬁ + (ﬂp)l) — O,
1s generically one-to-one.

Proof. Let zy € Oy. We can and will assume that zg € O, + (np);. We show that v (o)
is a point. Assume that v(k,z) = zo. i.e. Adk(z) = . Then x € Onp + (np);. Let Oy
(resp. (5a,5) be the (unique) G-orbit (resp. L-orbit) in g (resp. [) that contains O (resp.
On3). We have that

6>\ = Indf’ 6(175
in the notation of Lusztig and Spaltenstein [LS]. By [LS, Theorem 1.3], we have Z2(z) C

P. In fact, we have that Zg(zg) C P. This can be seen by enlarging the group G to
GL(N) and using the fact that Zgrny(2o) is connected. Thus Z(z¢) C Px. Furthermore,

0N (04 +np) is a single orbit under P. Thus there exists p € P such that Adp(z) = .
It follows that k™'p € Zg(xg) C P. Thus k € PN K = Pg. Now we have that (k,z) =
(1, Ad k(x)) = (1, z0).

O
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Proof of Proposition[{.5. Note that the proof of the above lemma shows that Zg(v) = Zp(v).
We have Zp(v) C Zp(u)Up. Thus Zk(v) = Zp,.(v) C Zp,.(u)(Up N K). It follows that we
have a natural projection map

Zx(0))Zk(v) = Zp, () ) Zp, (V) = Zp,c ()] Z, ().

We show that this gives us the desired map . Following [LS], we have that Z, (u)(UpNK)
has a dense orbit, i.e. the orbit of v, in the irreducible variety u+(np);. Thus Zp, (v) = Zk(v)
meets all the irreducible components of Zp, (u)(Up N K), which implies that ¢ is surjective.

It is easy to see that
(4.11) supp (Ind"

[1Cm

IC(0,,3,CX E)) = O,.

The proposition follows from the definition of parabolic induction functor and Lemma [£.7

O

Remark 4.1. The proof of Lemma [£.7 and the existence and surjectivity of the map 1 works
for any f-stable Levi contained in a #-stable parabolic subgroup.

Proof of Corollary[4.6. Note that the assumption implies that §F (IC(O, 3, CX €)) has full
support, i.e. IC(0,43, CXRE) =1C(I;,G) for some irreducible Lg-equivariant local system G
on [7°. We have that

F (d?_, 1C(0,5,CRE)) = nd¥_, F(IC(O4 4, CRE)) = Ind®_, 1C(1;, G).

1Cp1 L Cp1 1Cp1
It suffices to show that Indf'-, 1C(ly, ) is irreducible. This follows from the definition of
the induction functor and Proposition B.1l

O

Corollary 4.8. The Fourier transform of a nilpotent orbital complex 1C(O, &) € Ay has full
support, i.e., supp§(1C(O, E)) = g1, if and only if it is not of the form Ind[gllCpl IC(0', &)
where supp F(IC(O', €")) =1, and L C P is a pair chosen as in §3.

Proof. The only if part follows from the facts that Fourier transform commutes with par-
abolic induction and that supp Ind{/-, A C g1. The if part follows from (EI0), (G) and
Theorem [£.11

U
Corollary 4.9. Let A= (A > Xy > ---) € P(N).

(1) If \i — N\iy1 > 3 for some i, then supp §(IC(Oy, €)) # g1 for any K -equivariant local
system € on Oy. The same holds for Of if X has only even parts.
(2) Suppose that \; — \iy1 < 2 for alli. Let f\ be the number of different sizes of parts
of A, and gy the number of i’s such that \; — \j11 = 2.
(a) If at least one part of \ is odd, then there are 2>7179x irreducible K -equivariant
local systems € on Oy such that supp F(IC(0y, E)) = g1.
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(b) If all parts of X are even, then there is exactly one irreducible K -equivariant local
system E“ on each orbit OF, w = 1,11, such that supp F(IC(0¥, E¥)) = g.

In particular, if \; — N1 < 1 for all i, then suppF(IC(0,,€E)) = g1 for any K-

equivariant local system € on Q.

Proof. (1) Assume that A, — A\jyx1 > 3. Let m = dp, a = 1%, B = (A} — 2,..., )\, —
2, Nig+1,---). Then Oy = Ind[gflcpln Oap. Let u € Ohp and v € Oy N (u+ (npm);). Note
that Ag(v) = Apm(u). It then follows from Proposition that for each irreducible K-
equivariant local system € on Oy, IC(0,, €) is a direct summand of Indf’;%cpin IC(On,8, €0)
for some irreducible Lg-equivariant local system &; on O, . As before, this shows that
S(IC(0y, €)) has smaller support.

In the case when A has only even parts, we let 0% = Ind?,licp;n 0 5, if m < N/2, and we
let 0§ = Ind?ﬁ,w
1

cp Ou.p, if m = N/2 = n, where w = I, II. The proof for Of then proceeds
in the same way.

(2) We argue by induction on gy. If gy = 0, then (2) follows from ([@I1]) and Corollary .8l
Assume by induction hypothesis that (2) holds for all ¢ with g, < gy.

Assume first that A has at least one odd part. Suppose that iq,...,7, are such that
Ai; — Aij+1 = 2, where k = gj.

J

Let a = (a; > az > -+ > a > 0) be a partition such that a # 0, a, < 1, and
a; < aj41 — 1. Note that the number of such partitions is 2% — 1. Consider a partition p(a)
such that py = N\ — 2a; for | € [i;_1 + 1,4;]. Then p(a) satisfies that p(a); — p(a)i1 < 2
and g, < gn. Moreover, p has at least one odd part, and f\ — gx = fu@) — Ju@)- Let
m = Z§:1 i;. We have that

Ind?}

ey

Ouu(a) = Ox.

By induction hypothesis, there are 2/>792~1 irreducible K-equivariant local systems € on
Oua,pu(a) such that F(IC(Og ), €) has full support. By Corollary 4.6, we have that

Ind%  IC(Of ey, €) = 1C(0,, ).

(mcpm

€ on O, such that F(IC(O,, €) has smaller support (with a varying).

This gives rise to (25 —1)-2/279 =1 = 2A~1_2/A=9 =1 jrreducible K-equivariant local systems

The case when all parts of A even can be argued in the same way. Note that in this case
gr = [

Let us write my (resp. m{, w = L,II) for the number of irreducible K-equivariant local

systems € on O, (resp. 0%) such that F(IC(Oy, &) (resp. FAC(0%, &)) has full support when
at least one part of A is odd (resp. when all parts of A are even).
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We conclude from the discussion above that
my < 227971 if \ has at least one odd part,
resp. my < 1 if all parts of \ are even.
Theorem [.Ilimplies that the number of pairs IC(O, £) € Ay such that supp F(IC(O, €)) = g4

is d(n) (see (1)), when N =2n+ 1, and e(n) (see (£.2))), when N = 2n. In view of (£12)
and claim (1) of the corollary, it suffices to show that

(4.13) > 2herl=d(n), > 2h=9 =1 L 9g(n) = e(n).

A€P(2n+1) AEP(2n),Xi—Ai11L2,
Ai—Ait152 not all parts of A even

(4.12)

This can be seen as follows. Note that when NV is even, the number of orbits of the form 0%,
where all parts of A are even and \; — A\;11 < 2, is 2g(n). We know that

1
_ : 2n+1 - $\2
d(n) = Coefficient of x in g | |(1 + 2%)°.

s>1

3 : 2n 1 5\2
e(n) = §q(n) + Coefficient of z°" in 5 H(l + x°)°.

s>1
A partition A satisfies that \; — ;11 < 2 if and only if each part of the transpose partition
A has multiplicity at most 2. We have f\ = fy and g, equals the number of parts in " with

multiplicity 2. It is easy to see that each A whose parts have multiplicity at most 2 appears
in [T,5;(1+ 2°)* exactly 2279 times. Hence @I3) follows.

U

Remark 4.2. In [CVX1l Conjecture 1.2], we conjectured that one can obtain all nilpotent
orbital complexes by induction from those of smaller groups whose Fourier transforms have
full support. This conjecture follows from Corollary .8

5. COHOMOLOGY OF HESSENBERG VARIETIES

Hessenberg varieties, defined generally in [GKM], arise naturally in our setting (for details,
see [CVX2]). In particular, they arise as fibers of maps 7 and 7 in the following diagram

K/Pk x g1
K xPx E K xPx gt
Ny g1

where Py is a parabolic subgroup of K, F is a Pk-stable subspace of g; consisting of nilpotent
elements, and E+ is the orthogonal complement of E in g; via a K-invariant non-degenerate
form on g. The generic fibers of maps 7 are Hessenberg varieties.
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In this section we discuss an application of our result to cohomology of Hessenberg vari-
eties. Let us fix s € g7® and consider the corresponding Hessenberg variety

Hess := 7 '(s) = {gPx € K/Px | g 'sg € E*}.

The centralizer Zk(s) acts naturally on Hess and it induces an action of the component
group mo(Zk(s)) = Iy on the cohomology groups H*(Hess, C). Let

H*(Hess, C) @ H*(Hess, C),,

XEIY
be the eigenspace decomposition with respect to the action of Iy.

Definition 5.1. The stable part H"(Hess, C)y of H*(Hess,C) is the direct summand
H*(Hess, C) where xuiv € Iy is the trivial character.

Xtriv

For simplicity we now assume 7 is onto. In this case 7 is smooth over gi (e.g. see
[CVX2, Lemma 2.1]) and the equivariant fundamental group 7 (g7, s) & Iy x By acts on
H*(Hess, C) by the monodromy action. Recall that for x € Iy, B, stands for the stabilizer
of x in By. Clearly, each summand H*(Hess, C), is stable under the action of B,. Let
Xm € I\, By,,, and By, n_, be as in §2.31 Assume that x is in the By-orbit of x,,,. Then for
any b € By with b.y = X,, we have an isomorphism ¢, : By, = B, ,u — bub~'. Note that
Xeiv = Xo and B,, = By, n_n, except when N is even and m = N/2. In that case, By, n—m
is an index two subgroup of B,

Recall the algebra H,,, 1 = H,, 1 X Hy_,,—1 and their representations D, ® D, in-
troduced in §231 Each H,,, _; is a quotient of the group algebra C[B,, n_n| and H,, 1 =
H 1 = Hy —1 is the Hecke algebra of Sy at ¢ = —1.

Xtriv,—

Theorem 5.1. (1) Let xm € IY be the representatives of By-orbtis in §2.3. To every x €
IY in the orbit of X,m and an element b € By satisfying b(x) = Xm, the monodromy
action of b on H*(Hess, C) induces an isomorphism H*(Hess, C), = H*(Hess, C),,,

compatible with the actions of B, = B, . on both sides.

(2) The action of C[By, n—m] on H*(Hess, C),,. factors through the algebra H,,, _1 and
the resulting representation is a direct sum of D,p®D,2, p' € Po(m), u? € Po(N—m).
In particular, the stable part H*(Hess, C)g is generated by irreducible representations
of the Hecke algebra of Sy at ¢ = —1.

Proof. Part (1) is clear. To prove part (2) we proceed as follows. By the decomposition
theorem 7,C is a direct sum of shifts of nilpotent orbital complexes. Since §(m,.C) = 7,.C (up
to shift), Theorem [ Tlimplies that a generic stalk of 7,.C, which is isomorphic to H*(Hess, C),

is a direct sum of the local systems V1 ,» = Ind BN ] v P ® Dy, introduced in 2.0). Since

Iy acts on V1 2 by the formula a.(b ® v) = ((b Xm)( ) (b®wv) for a € Iy, b € By and
veD, ® Dm, we have (V1 2)y =2 D,, ® D,,. The theorem follows.

O
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Ezample 5.1. Let C be the hyper-elliptic curve with affine equation y? = H;VZI(:E —a;) (here
a; # a; for 1 # j). Assume N = 2n + 2 is even. Then according to [CVX3| Section 2.3] the
Jacobian Jac(C') is an example of Hessenberg variety and the monodromy action of 7 (g}*, s)
factors through By, that is, H*(Jac(C'),C) = H*(Jac(C), C)g. Let up = (N —k, k) € Po(N)
and D,, be the corresponding representation of Hy _;. Using [A], one can check that the
induced action of the group algebra C[By] on H'(Jac(C), C) factors through Hy _; and for
t < n the resulting representation of Hy _; is isomorphic to

H'(Jac(C @ Dy, .,

with the primitive part H'(Jac(C), C)prim = D,,,.

Remark 5.2. It would be nice to have an explicit decomposition of H*(Hess, C),,, into ir-
reducible representations of H,,  _;. For this one needs finer information for the bijection
in Theorem H.1] (see Section [7). In [CVXI] I[CVX3], we establish an explicit bijection for
certain nilpotent orbital complexes and together with other results, we work out an explicit
decomposition in the case when the Hessenberg varieties are isomorphic to Fano varieties of
k-planes in smooth complete intersections of two quadrics in projective space.

6. REPRESENTATIONS OF Hy, 4

In this section we show that all irreducible representations of the Hecke algebra Hy _;
come from geometry. Indeed they all appear in intersection cohomology of a Hessenberg
variety with coefficient in a local system. In particular, this shows that all irreducible repre-
sentations of Hy _; carry a Hodge structure. In particular, the irreducible representations
of Hy 1 can be viewed as variations of Hodge structure.

Let O be a nilpotent K-orbit on g; and £ an irreducible K-equivariant local system on O.
We call (O, £) a nilpotent pair. Following [LY], we associate to each nilpotent pair (O, L)

two families of Hessenberg varieties Hess; 11 — g1 together with local systems £, on open
subsets Hess; 11 C Hessg 4.

Let = € g; be a nilpotent element in O. Choose a normal sly-triple {x, h,y} and let
9(i) = {v € gl[h, v] = iv}, go(i) = 9(i) N go, and g1(i) = g(i) N g1
For any N € Z we write N € {0, 1} for its image in Z/2Z. Define
pho= @D on(k), & = gn(2N), and I* = P ;.
k>2N Nez

One can check that [* C g is a graded Lie subalgebra of g and = € If = g,(2). Let L C K
be the reductive subgroup with Lie algebra [[ = go(0). By [LY, 2.9(c)], the restriction

Lll = L|[:f

is an irreducible L{-equivariant local system on the unique open L{-orbit [Zf on [7.
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According to [L1], there exists a graded parabolic subalgebra q = @, qn of I*, a Levi
subalgebra m = @, my of q, and a cuspidal local system £; on the open My-orbit m; of
my (here M, is the reductive subgroup of L¥ with Lie algebra mg) such that

some shift of the IC-complex IC(I{, £}) is a direct summand of Ind:ic1qu IC(my, £Ly).
In addition, we have
g(IC(ml, Ll)) = IC(m_l, L_l)

where £_; is a cuspical local system on the unique open orbit m_; C m_;.

Define gy to be the pre-image of qy under the projection map p%, — I}, Let Qx C K be
the parabolic subgroup with Lie algebra qo. Denote by g+, the preimage of my; under the

projection map q+; — ¢+1 — myq. The group Qx acts naturally on g4; and q+; and we
define ) i
HeSSL,:I:l =K XQK EI:I:la HGSSL;H =K XQK EI:I:1~

Let

Toa1 : Hessg 41 — g1, (7,0) — ava™?

and let 7z 41 be its restriction to Hess; ;. For any s € gq, we denote by Hessg 115 and
Hess; 41 5 the fiber of w41 and 7 1 over s, respectively.

There are natural maps
he 1 Hessg 41 — [mﬂ/Mo], he 11 Hessg 11 — [T%lj:l/MO]

sending (k,v) € Hessg 11 = K X9% g4, to U, the image of v € g4, under the map §4; —
my; — [myy/My]. We define the following local system

Ly = (hL,:I:l)*Lzl:l
on HéssL,il. Here we view the My-local systems £, as sheaves on [m./My).

Ezample 6.1. Consider the nilpotent pair (O, L = Ly,;,) where Ly, is the trivial local system
on O. Using [L1, Proposition 7.3] one can check that in this case ¢ = Gyezqn is a Borel
subalgebra of [ and m = ®yczmy is a Cartan subalgebra. Moreover the grading on m is
concentrated in degree zero, i.e., m = mg, and the cuspidal local system Li%) is the skyscraper

sheaf supported on my; = {0}. It follows that in this case Hessg, . 41 = Hessg,,, +1 and L
is the constant local system.

In [LY], §7], the authors prove the following:
(6.1) (me.—1)« IC(Hesse _1,L£_1) is the Fourier transform of (¢ 1), IC(Hessg 1, L1).

(6.2) Some shift of 1C(O, £) (resp. the Fourier transform of 1C(0, L)) appears in
. (Te.1)« IC(HessL,l,ﬁl) (resp. (mg—1)« IC(HessL,_l,ﬁ_l)) as a direct summand.

Assume from now on that m;_; : Hess;_; — g is surjective. Then the sheaf
(mg.—1)« IC(Hess;z —1,£_1) is smooth over g}*. One sees this as follows. According to the first
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statement of (.1) the characteristic variety of (g _1), IC(Hess _1,£_1) coincides with that

~

of (mz1)«IC(Hessg1,£1) as they are Fourier transforms of each other. But

(mg1)« IC(Hessg 1, £1) is K-equivariant and supported on the nilpotent cone. A straight-

forward calculation then shows the smoothness of (7 _1). IC(Hesva_l,ﬁ_l) on g7*. Thus,
by the decomposition theorem, we conclude that:

(6.3)  (me.—1)« IC(Hess; 1, £_1)) is a direct sum of shifts of irreducible local systems .

In addition, the IC(Hess,, 1, ﬁ_l) and hence (7 _1), IC(Hessg _1, ﬁ_l) has a canonical struc-
ture as a Hodge module and thus the direct summands are IC-extensions of irreducible
variations of pure Hodge structure, see, [S].

We fix a generic s € g}® and then
(6.4) H*((me 1) IC(Hessg 1, £_1))s = IH (Hessg 1.4, L_1).

Thus we obtain an action of the fundamental group 7 (g7®, s) on IH"(Hess; _1.,, £_1) and
by the discussion above this action breaks into a direct sum of irreducible representations
which are also variations of Hodge structure.

A

The component group 7o(Z(s)) = Iy acts on IH (Hessg 14, £_1) and we write

TH" (Hess; 1.4, £_1) = @ TH (Hesse, 1.5, £ 1)y
x€Iy;

for the corresponding eigenspace decomposition.

Definition 6.1. The stable part IH*(Hess&_Ls,ﬁ_l)st of IH*(Hesva_lvs,ﬁ_l) is the direct

summand IH*(Hess&_Ls, L_4) where xuiv € Iy is the trivial character.

Xtriv

Observe that IH*(HGSSL7_17S,£_1)St is stable under the monodromy action of 7% (g, s).
Moreover, the action factors through the braid group By via the quotient map 7w (g;,s) —
By.

For every irreducible representation D, of Hy i, let V,, be the local system on g}* as-
sociated to D,. By Theorem [.I] there exists a unique nilpotent pair (O,,£,) such that

F(1C(0,,L,)) =2 1C(g;, V,.).

Theorem 6.1. Let D, be an irreducible representation of Hy_1 and let (0,,L,) be the
associated nilpotent pair as above. We have

(1) The map 7, 1 is onto, the action of the braid group By on IH*(Hesst_l,s, ﬁM_l)st
factors through the Hecke algebra Hy —y and IH*(Hesst_Ls,ﬁu,_l)st s a direct sum
of irreducible representations of Hy 1.

(2) D, appears in IH*(Hesst_l,s, L, —1)st with non-zero multiplicity.

Proof. Since for every irreducible subrepresentation W of IH*(Hess L—1,80 £ u—1)st the corre-
sponding Fourier transform §(IC(gy, W)) is supported on the nilpotent cone (here W is the
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local system on g} associated to W), the same argument as in the proof of Theorem [5.1]
implies part (1). Part (2) follows from (6.1]), (€2]), and (6.4)).

U

7. CONJECTURE ON MORE PRECISE MATCHING

In Theorem [£.] we show that the Fourier transform establishes a bijection between two
sets of intersection cohomology sheaves. In this section we formulate a conjecture which
refines the bijection in Theorem LIl We also relate the conjecture to our earlier conjectures
in [CVX2]. Our conjecture is not strong enough to produce and exact matching. The exact
description of the bijection is crucial for applications, for example, computing cohomologies
of Hessenberg varieties as explained in Section

We begin with associating to each nilpotent orbit O, (resp. 0%, w = L II) a subset
Yy C Xy (resp. X§ C Xn), if A € P(N) has at least one odd part (resp. has only even
parts).

Let A be a partition of N and let ' be the transpose partition of A\. Suppose that
(11) N = (M (M (A e (e,
where m; > 1,7 =1,..., k. Here and in what follows we write the parts in a partition in the
order which is most convenient for us. In parcticular, in (ZI]) we place the parts with even
multiplicity before the parts with odd multiplicity.

Let 9; € {0,1} for i € [1,1] and let

(01, 8) = ()™ 70 () N T ()™

0,y 8) = (D) ()P (Nga) - (X).
Note that 2|v(dy,...,8)| + |x(d1,...,0;)| = N. Let

JCJo={l+1,...,k} such that > X, < > X,
jedJ jedo—J

We define
PO - 0 ) = () )N - (L)s T = (s sk
(01, .., 0 ) = (M) - - ()\2)61()\21) (N ) Jo— T =i, ikeies )
Note that Aj,; = 0 if and only if all parts of A are even. In this case, Jy = 0 = J and
(61, ..., 0 J) = (64, ..., 01, J) and we write p(dy,...,8) = u'(61,...,0;J),i=1,2.
If A has at least one odd part, then let
Sxni={(W(01,...,8); 1" (01, ..., 05 ), 12 (61, ..., 03 0)) |6, € {0,1},i = 1,... 1,
JC{l+1,...,k}, such that » X, < > X}
J

jeJ jeJo—
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If all parts of A are even (in which case A\;; = 0), then let

L ={(w(01,...,0); (01, ., 0), (01, ..., 0)) 0, € {0,1},i=1,...,1}, w=T1IL

We have [X,| = 2871 (vesp. |X%| = 2'), which equals the number of non-isomorphic irre-
ducible K-equvariant local systems on Oy (resp. 0Y).

Conjecture 7.1. Let )\ be a partition of N.

(1) If X has at least one odd part, then the Fourier transform § induces the following
bijection

§ : {IC(0,, €) | € irreducible K -equivariant local system on Oy (up to isomorphism)}

5010 (o7 (vin!12) ) | (51, 1%) € S}
Moreover,
§(1C(05,©) =1C (a1, T (vo: 1, 183) )

where (vo; py, p3) € By is the unique triple such that |vy| = max{|v|, (v, u*, u?) € Xy}
and the parts of py and the parts of u2 have the opposite parity (in particular, all
parts of u have the same parity).

(2) If all parts of \ are even, then the Fourier transform induces the following bijection

§:{IC(0%,8) |w=LII, € irreducible K -equivariant local system on Of (up to isom)}
5010 (VT (s 0)°) [0 = LI, (w31, 1) € 55, 1 0}
U{IC (g7, T (v;0,0)) |w = LII, (1;0,0) € 5}
Moreover,
§(IC(03,C)) =1C (g1, T (v0; 0, 0))

where |vg| = n and (vp;0,0) € X,.

Note that F(IC(O,, €)) has full support if and only if v(d1,...,d) = 0. Thus we see that
the Conjecture is compatible with Corollary

Let us relate the conjecture above to our previous conjectures in [CVX2]. In [CVXZ2]

we constructed local systems EE?H and EE?H on gi°. In terms of the parametrization
introduces in this paper, we have

B2 = T(0; (20 — j, 5), (2n + 1 — 20)

2n+1 _ . . .. .

B =T(0; (20 — 1= j, §), (2n + 2 — 20)).
Thus we see that Conjecture [Z.I] applied to EE ?H agrees with Conjectures 6.1 and 6.3 in
[CVX2]. Applied to Ef "1, Conjecture [T implies that the supports of F(IC(gy, Ef?“)) are



24

TSAO-HSIEN CHEN, KARI VILONEN, AND TING XUE

as follows:

Ogj92i-2j—112n+3-1i45 if 41 — j < 2n + 3,
Ogjo2nt2—2i—jai—j—2n—3 if 20+ j < 2n+2and 44 — 5 > 2n+ 3
Og2n—2it+292i+j-2n-212i-2-1 if 20 + § > 2n + 2.

Note that the above orbits are all of even dimensional and each of the even-dimensional
orbits appears twice there.

[BH]
[CVX1]
[CVX2]

[CVX3]
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