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Abstract. Given the usual averages A,f = %ZLI f o t* in ergodic theory, let
n <ny < ---and Sf = oy lAn [ — An f1?)'/2. There is a strong inequality
ISfll2 < 25| f|l2 and there is a weak inequality m{Sf > A} < (7000/1)|| f|l:. Related
results and questions for other variants of this square function are also discussed.

0. Introduction

This article concerns square functions in ergodic theory. However, the methods
often concern estimates of Fourier transforms and the behavior of abstract convolution
operators. For this reason, many of the results have parallels in real analysis, some of
which we describe. In the first section, strong L, estimates are the focus. In the second
section, weak L; estimates are obtained. In the third section, the connection of square
functions to maximal functions with random shifts and large deviations is described. We
have tried to state what we think are the most interesting unresolved issues connected
with this work, as we develop the material.

1. Strong L, estimates for square functions

Let (X, B, m) be a probability space and let T : X — X be an invertible 8-measurable
transformation preserving m. Given f € L, = L,(X, 8, m), let A, f = %ZLI fortt
be the usual average in ergodic theory. The individual ergodic theorem says that there
exists f* such that lim, . A, f(x) = f*(x) for m ae. x, whenever f € L,(X),
1 < p < oo. For this reason, it is obvious that for any increasing sequence (ny), if
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f € Ly, lim, 0 Ap,,, f(x) — A, f(x) = 0 ae. The questions that are addressed here
are about ways of discussing the rate at which these differences go to 0; for example,
what can be said about Y o, |Ap,,, f(x) — Ap, f(x)[*?

This same question, but for more general averages than A, f, appears in a fundamental
way in the work of Bourgain [5,6] on the convergence of averages along certain
subsequences of (t¢: £ =1,2,3,...). For example, the a.e. convergence of

1 n
Anf =~ for”
T
for f € L, was proved by deriving an estimate on the rate of growth of the partial sums
J
Z IAnHlf - -Am;flz-
k=1

Such questions for sequences other than (£?) also appeared in Wierdl [21,22].
These results on square functions suggested the theorem of White [20], see Assani et
al [1], that for rapidly growing (rny), the maximal square function

00 2\1/2
S f - (Z ("kfnnlgl)l(kﬂ |Anf B Ank‘l> )

k=1
{

satisfies a strong Lj-estimate ||S* fll2 < C|| fll» for some constant C, depending only on
(nt). The condition on (ny) given there is ng; > n,f. However, by the same argument,
one can see that the same result holds for ngy; > nf for some fixed @ > 1. It is not
clear if any restriction on (n;) is really needed here for this fact to remain true. Indeed,
in earlier work, Gaposhkin {12,13] showed that the same strong Lj-estimate holds for
S* if there exists 8 > « > 1 such that ¢ < ngy/n, < B for all k£ > 1. See Bradley [7]
for a good exposition of this result in a more general setting.

The first question suggested by such square function bounds is whether there is always
a strong L,-estimate for the square function

00 1/2
57 = (X ot = u )
k=1

THEOREM 1.1. For any f € L,(X),
1Sf£12 < 2501 Fll2.

This theorem follows immediately from a somewhat more general principle. Let
U : H — H be a unitary operator on a Hilbert space. Let A, f = %ZL] Ut f for all
feH. For f e H,let

00 1/2
Sf = (Z ”Ank+1f - A"kf”%f>
k=1

THEOREM 1.2. For any unitary operator U and any f € H, Sf < 25| f|x-
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proof of Theorem 1.1. For any N > 1, the partial sum St Apn f — An fI? s in L
if f € Ly and

N N
Y MAn f = AnfP) =D NAnif — An £
k=1 I k=1

Since f > f ot is a unitary operator, Theorem 1.2 says

<254 112
1

N
Z |A"k+lf - Ankf|2
k=1

Letting N — oo, the monotone convergence theorem says

00 1/2
‘ (Z |Ane f = Ankflz)
k=1

Proof of Theorem 1.2. 1t suffices to show

2

2

<252 113

00
Z IAnk+1f - Ankflz
k=1

1

N
D NAn £ = An f I <2571 £ 1%
k=1
for all N > 1. By the spectral theorem for unitary operators, this inequality follows from
a similar one on the circle T = {y € C: |y| = 1}. Let a,(y) = %ZL] y®. It suffices
to show that for all y € T,

N
3 lan, (v) — an ()2 < 252
k=1
To prove this result, fix y € T. Since a,(1) =1 for all n > 1, we can assume y # 1.
Write y = ¢! where 6 € (0,2n). If 6 € [r,2n), then ¥ = ¢ where ¢ =27 — 6 is in
(0, ]. Since
|Gy, (V) — Gn (V| = lan,,, (V) — an, (7)),

we may assume with no loss of generality that 6 € (0, r].
We will split the sum into two sums. First,

1 (emnd 1 (™ —1
nk+1(ei9—1 )_a(eig—l)
(el"lk+19 _ 1) (einke _ 1) 2

2
|Gy, (V) — A WIF =

IA

16

nk+19 nk0

because |e’ — 1| > 16 for all 6 € (0, ]. Then let F(z) = (2 — 1)/z. We see that

N N
D Nan () — @ (NP <16 |F (g1 6) — F(med)[2.
k=1 k=1

Now split this last sum into two sums, ¥; and X, where ¥, is the sum over all
k=1,...,N with [ng;;0 —m8| < 1 and X, is the sum over all k = 1,..., N with
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|ni+16—n,0| > 1. Any term in the first sum estimates by the Cauchy—Schwarz inequality,

16
/ F'(x)dx
n

10

2

v

|F(ni416) — F(n,0)|?

IA

N0

7116 — mi| / IF (0 dx
nka

ne410

s/ |F'(x)|? dx.

ng6

Hence, T; < Y4, 1% |[F'(x)|?dx. But F'(x) = (ixe™* — (¢ — 1))/x* for x > 0.
Since F(z) is analytic, and |F'(x)| < 1/x + 2/x? for all x > 0, it is clear that
f0°° |F'(x)|>dx < oo. A straightforward computation gives

o0
Z s/ |F'(x)[*dx < 10.
0
To estimate X, we note that each term in X, is estimated by

|F (nk410) — F(ni9)|> < 2|F (ni416) > + 2| F (me9)1%.

But suppose that (ng,, ng 41, - . ., nk,, Nk, +1) are the pairs in increasing order appearing
in ¥3. Then ngy; > ny, +1/6 for all s = 1,..., L. Because ng,, > ng.1, we have

by induction ng,, > s/0 fors =1,...,L —1 and ny 41 >s/6 for s =1, ..., L.. Thus,

since |F(n0)| < 1 always,

I < 2|F(nk.9)|2+2Z|F(nk+1e)|2+2Z|F<nke)|2
s=1 s=2

L
2t SZ (n, +19)2 Zz (n k,9)2
8\ 8 (6
6)+ax()
s=2
< 2+16isl2

< 29,

A

tA

¥}
+
Rl oo
M

Combining the estimates for ¥£; and X, gives

N
D lan, ) —an P < 16(Z; + )

IA

16(10 + 29) < 252.

Remarks 1.3. (a) If (n;) grows slowly, then the result of Theorem 1.1 is trivial. Indeed,
for any ny > n,,

NAn, f—An fllz =

<i—l> fo‘L’ +—Zfor

l—n1+l

2
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£ 1l2

IA

ni

1 1 na
———‘ Ifll2 +
na n

= 2(”2_’“) 1 l2-
np

Hence, if p = Z,‘:‘;l(l — ng/ngq1)?, then [|SfYl2 < 2,/pl fll2 for all f € L. Therefore,
if (ny) is slowly growing, e.g. n, = k" for some fixed r = 1,2,3, ..., then p < oo and
the strong inequality of Theorem 1.1 is immediate with 2,/p in place of 25. Since p can
certainly be oo, this argument is worthless in general. Actually, it is also the case that
p < oo if and only if Z,‘;‘;l SUPy =1 |Bniy, (y)— a,,,‘(y)l2 converges. This explains partly
why the estimate in Theorem 1.2 is not generally possible if the terms are estimated
uniformly first.

(b) If (ny) grows rapidly, then the result of Theorem 1.1 is also well-known because
the method of pointwise bounding Y 2 |an,,, (¥) —an, (¥)|? can be made more explicitly
in terms of |y — 1|. This is the beginning for estimates in Duoandikoetxea and Rubio
de Francia [11]. Indeed, |a,(y) — 1| < n|y — 1] and |a,(y)| < 2/nly — 1|. Hence

|an (V) =~ @ (V| < 2nepaly — 1] and fan,,, (v) — an (¥)| < 4/mely — 1. Thus, for
L>1,

16 21
Zlanm(y) an (V)I? <4y — 1P an+1+8+ Y =

v _1p
ly =17 s

because Zk=L+] |, (V) — an, (y)I* <8 forall y € T. Thus, we can get a bound as in
Theorem 1.1 if there is a constant C such that for each y € T, there is some choice of
L>1with [y — 1231, ng, <Cand (1/ly — 1) 322, .5 1/n} < C. For example,
if (ng) is lacunary with infg>; ngq1/ne = a > 1, then we can choose L to be the first
value with ny; 3 > 1/]y — 1|. Then

L
ly =17 )_myy <ly = 1PCa)n}, < Ca),
k:l

where C(a) = 1/(a? — 1). But then also

1 &1 12 )
—— ) 5= S Tpe C@— <’ C@).

ly =12 Stk ~ | 112 g
Hence, for such (n;), the strong inequality of Theorem 1.1 holds with a constant Cy(a)

in place of 25. Since (n;) may fail to be lacunary, this method may not apply. But
moreover, the constant Cy(a) which is given tends to co as a tends to 1.

(c) Wittmann pointed out an easy proof of (b) if n, = 2%, First, if f € H, then by
the parallelogram law

If =3 +T)fI? Mf=TFI?
M1+ HTA2 = 20 f +Tr1P
< AP =13d + T fIP

for any contraction T : H — H. So

1Anf = A2 1P = NAnf — 3T +THAFI?
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IA

1AnfI* = 15U + T AL f 12
1A 1% = Il Azn F1I%.
Therefore, Y oo, Aot f — Ax fII? = |A2f 1% < I FII%
Theorem 1.2 also gives this immediate corollary. Let «, be the discrete measure on
Z, oy =138

COROLLARY 1.4. For any (ny), ny < ngy forall k > 1,

00 1/2
‘ (Z (@nps — On,) *¢|2)
k=1

This corollary could be used with the Calderén transfer principle to give Theorem 1.1;
however, the only proof we know of for Corollary 1.4 would be in the style of the proof
of Theorem 1.2, either via the spectral theorem, or by using the Plancherel theorem to
recast the estimate on T (which is essentially the same thing).

Because of the strong parallel between ergodic theorems and differentiation theorems,
one suspects there should be an analogous result to Theorem 1.1, but for the Lebesgue
derivatives in R. Such a result could be obtained by transfer from Corollary 1.4, but it
is easier just to repeat the proof. Let g, = (1/€)1j0,¢) € L1(R).

<25(|@le,-
173

THEOREM 1.5. For any (&), €x > €x41 > O forall k > 1,

00 1/2
H (Z |(@eyy, — 0o, * f|2)
k=1

<7hfl2
2

for all f € Ly(R).

Proof. 1t suffices to show that for all x > 0,

o0
D @es (6) — $e, (X7 < 49.
k=1

R 1 1-— e—ixr-:
Pe(x) = Z (T) .

1 - e—i1€k+1) (1 _ e—ixs,,)
XEk41 B X&
= |F(xéps1) — Fxep)l

Here

Hence,

|¢8k+1 (x) - ¢Ek (x)l

where F(r) = (1 — e )/r for all r > 0, and F(0) = 0. Now split this sum
Yt | @er (X) = @, (x)]? into two sums, T; and T,, where X, is over k such that
[(ex41 — &x)x| < 1 and I, is over k such that |(g,41 — &)x| = 1. As before,

o] X
> / |F'(r)|* dr
k=1 Y &et1X

/oo |F'(r)|*dr
0

< 10.

¥

IA

IA
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To estimate ¥, let (ks : s =1,2,3,...,L) be the indices in increasing order with
(ek, — Ek)X = 1. Then gy, > (s + 1)/x fors =0,. —1 and &, 4 > s/x for
=1,...,L — 1. Hence,

T, < 2E|F(ek+1x)|2+22|F(ek,x>|

s=1

L
2
< 2/F (e 10" + SZ (ex, +1x)2 Zl (&k, x)2

Since |F(r)| <1 forallr >0,

2

¥ < +82 2(L ~+ ZxZ(L—s+1)2
< 241631
< 29.

Combining the estimates for X; and X, gives

x
D 1Pes (X) — Be,(x)1* < 10+ 29 = 39.
k=1

Remark 1.6. (a) The reversal in direction of summation that occurs in the estimate of
¥, in the proof of Theorem 1.5, compared with the proof of Theorem 1.2, is typical in
estimating expressions related to Lebesgue differentiation, as opposed to similar ones in
ergodic theory. If there is a weight accompanying the index, this causes the parallel of
these two analyses to break down. See Rosenblatt and Wierdl [16] where large deviation
theorems are proved in ergodic theory, which generally fail for Lebesgue derivatives.
(b) Theorem 1.5 can be generalized to other sequences that form an approximate
identity. For example, assume dm = p(x)dx where p € L;(R), p > 0, f p(x)dx = 1.
Assume that for some s > 0, p(x)exp(s|x|) is in L(R). Let m, be the dilation
my(E) = m((1/a)E). Then for any W = {(ay, b;) : k > 1} which are pairwise-disjoint,

00 172 3
” (Z |, — ) * fI2) < \/; 1 p() expls|xDla.c I £l
k=1 2

for all f € L,(R). This applies, of course, to any p which has bounded support. The
proof of this theorem, and related ones for square functions similar to this, will appear
in another article.

(c) Theorem 1.5 suggests the following natural question. Let E;f denote the
conditional expectation for f € L;(R) given by

1 a2t
Ekf(x)=m27)/j/2k f@)de
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whenever x € [j/2%, j +1/2%), j € Z. Tt is well-known that lim_,c0 Ex f(x) = £ (x)
a.e. Indeed, this is the martingale convergence theorem for the mamngale (Er). By
Burkholder’s inequality [8],

00 1/2
H(Z |Egp1 f — Ekf|2)
k=1

for all f € L,(R). Comparison of this fact with Theorem 1.5, and the close analogy of
Ey f with @y * f, suggest the question whether Y oo |Exf — 1/ * f|> < o0 a.e., for
all f € L,(R)? This would be an obvious consequence of a strong inequality

o) 1/2
“(ZlEkf — iy ¥ f|2)
k=1

Is there such an inequality? In a similar fashion, certain reversed martingales in £;(Z)
dominate the usually averaged a, * f = % ZLI f(j =2 for f € £,(Z); see Rosenblatt
and Wierdl [16]. Is there a strong inequality for the square function of the differences
between ay * f and the associated reversed martingale on ¢;(Z), similar to the one
suggested above? Recently, we have seen that the answer to these questions is affirmative;
these results will appear elsewhere in joint work of Jones, Kaufman, Rosenblatt and
Wierdl. “

There are two main directions of generalization of Theorem 1.1 of interest: one is
to other operators and other averages, the other is to square functions of block maxima
as in Bourgain [6]. First, it is straightforward to improve Theorem 1.1 to a general
contraction.

<Cllfl2
2

<Clfla.
2

THEOREM 1.7. Let T be a contraction on a Hilbert space H. Let (n;) be a sequence in
Zt withng <nge forallk > 1. Let A,(T) f = %ZL] T*f forall f € H. Then

00 172
(Z | Apes (1) — Ank(T)fn%,) <250 £lln
k=1

forall f € H.

Proof. By the dilation theorem, see Sz-Nagy and Foias [19], there exists a Hilbert space
L containing H as a closed subspace, an orthogonal projection P : L — H, and a
unitary mapping U : L — L with PU‘f = T*f for all £ > 0 and f € H. But then for
feH,

N N
Y NAn (D = An(DfI} = D 1P (An, (V) — A () NIy
k=1

k=1

N
1P N An, (U)f — An (U I,
k=1

IA

2521 F11%

by Theorem 1.2 and the fact that ||P]} < 1. O
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Square functions for other averages are also of interest. For example, recently the
behavior of iterates of an average of the form wuf(x) = > oo u@)f (ttx), with
respect to a probability measure 4 on Z, have received considerable attention in ergodic
theory. The associated square functions is the following: fix (ni), nx < 41, and let
Suf = oy lumst f — um f|%)!/2. The problem is to obtain a strong inequality with
suitable conditions on (n;) and spec(u) = cl{fi(y) : y € T}. Here is an example.

THEOREM 1.8. A necessary and sufficient condition for there to be a constant C such that

S k+1 g k 21/2
ATy T |
k=1

forall f € Ly, and all dynamical systems (X, B, m, T), is that there is a closed circular
disc C,, of radius 1 — p centered at p > 0 in C with spec(u) C C,.

< Cllfll2
2

Proof. First, using the spectral theorem to obtain the strong inequality, it suffices to have
Y2, 1A (p) — @) < C for all y € T. Thatis, |4(y) — 12 52, |4(y)[?* must
be bounded. If |fi(y)| < 1 for all ¥ # 1, then this is the same as having

lay) = 1P
1—1a@)l?

forall y € T, y # 1. But if spec(i) C C,, C, a circular disc as above, then for some
constant K, Sup,er 21 [A(¥) — 112/(1 = |@(»)) < K,. So the condition on spec(f) is
sufficient for the strong inequality. Conversely, if there is a strong inequality, valid for
all dynamical systems, then |(y) — 11>} o, |A(¥)|%* is uniformly bounded. Hence,
J(¥)] < 1 except for y = 1, and |i(y) ~ PRGN < €1 — |2()P) for all y € T.
But then, for some p > 0, spec(u) C C,,. O

lay)? <cC

Remark 1.9. If for some aperiodic (e.g. ergodic) non-atomic finite dynamical system there
is a strong inequality as in Theorem 1.8, then there is such an inequality for all dynamical
systems with the same constant. This can be seen by the Conze principle. See Bellow et
al [2] or Rosenblatt and Wierdl [16] for a discussion of this principle and examples of its
use. Alternatively, one can use the Rokhlin Lemma and the Calderén transfer principle
to prove the same thing.

It turns out that the spectral criterion of Theorem 1.8 is implied by the more familiar
one of strict aperiodicity. We say that a probability measure . on Z is strictly aperiodic
if |a(y)| <1lforall y e T, y # 1, ie., u is strictly aperiodic if and only if its support
is not contained in a proper arithmetic progression on Z.

Let . .

e = B g gpaginy = AmACDS
1= [a(e)? 1 —Repu(e")
THEOREM 1.10. If i is a strictly aperiodic probability measure on Z, then I[ji(e)] is
bounded.

To prove this, we first prove two lemmas.
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LEMMA 1.11. If there exists a k € Z such that I[{i(e**)e'**] is bounded, then I[fi(e")] is
bounded.

Proof. We have

|(ﬁ(eit)eikt _ l)e—ikt + (e—ikt _ 1)|2

1 o it — a : i
[FL(e )] 1— |p,(e")e”“|2
o, l —ikt 1'2
< 21[ﬂ(elt)elkt] +2_*2
— ||
Denoting by u; the measure defined by the equality ji; = |&|?, we have
=A™ 1 1—Refl(e")
ll?_l)lglfl—ew = k2 h?llonf t2
1 —cosnt
= — 11m 1an ,bL](n)
— cosnt

v

E_ hm 1nf _Z ;/,l(n)

= 2k2 Z wi(myn?

n=—N

for any natural N. If N is large enough, the last term is strictly positive. That proves
the lemma. O

LEMMA 1.12. If u is strictly aperiodic, then I[ji(e"*)] is bounded over t # 0 if and only
if
Jjlp] = limsup J[A(e")] < 2.

t—0
Proof. We have
Iagety] — Lo ReAEN + JTaE)]
1+ Re fi(e") — J[a(e)]’
hence (]
. a JLu
limsup I[fi(e")] = ———.
10 2—jlu
Because u is strictly aperiodic, this proves the lemma. a

Proof of Theorem 1.10. By Lemma 1.11 we may suppose that 1£(0) > 0 without loss of
generality. By Lemma 1.12 we may restrict ourselves to proving j[u] is bounded away
from 2. Consider the identity

2
Z n(n) sin? — Z u(n) cos® — — (Z wn) sm — cos é)

neZ nez nez

(n—m)
= = }: 1(m) e (m) (sm > )

n meZ



Square functions in ergodic theory 277

Neglecting all terms with m # O on the right-hand side, we see that the right-hand side
is not less than

1 .o ht
Su(0) D u(n)sin® .
neZ
Note that
CRe fi(oi — 2 e
1 —Rei(e’) = ZZu(n)sm >
neZ
. . nt nt
Im ji(e) = ZZ ((n) sin > cos .

neZ
Therefore we have

51 —Re (™) Y mim) cos? 2 — (Im A2 2 Ju(@)3(1 - Reji(e")),

neZ
hence
2(1 — Re i(e™)) — (Im fi(e"))* = u(0)(1 — Re fx(e™)),
and
T[] <2 — u(0).
So, Theorem 1.10 is proved. O

COROLLARY 1.13. If u is a strictly aperiodic probability measure on Z, then for some

constant C,
o0 1/2
(Z |t f — u"fl2>
k=1

< Clfliz
2

forall f € L,.

Proof. The estimate in Theorem 1.10 is precisely what is needed for the spectral
hypothesis in Theorem 1.8 to hold. a

Remark 1.14. The bound on i which is inherent in Corollary 1.13 is exactly what is
needed to give the ideal improvement of the subsequence theorem in Gaposhkin and
Rosenblatt {14]; no moment condition on p is really needed for the subszquence results.
For example, if w is just a strictly aperiodic probability measure on Z and Tt is invertible,
then for any subsequence (n,,) with n,4; > n% for some fixed @ > 1, the averages
" f(x) converge a.e. for all f € L,(X). See [14] for the details and why this improved
estimate for the spectrum of p gives such a subsequence theorem.

Corollary 1.13 concerns S, f at one extreme, where (n;) grows slowly. At another
extreme, with (ny) arbitrary, we have this result. For @ < m, let S, be the usual
Stolz region for non-tangential convergence at 1, with aperture «, that is, S, can be
characterized as a region on which there is a bound |1 —z|/(1—|z|) < C, forall z € S,.

THEOREM 1.15. If u is a probability measure on Z and spec(u) C S,, then there is a
constant C,, such that for all (ny), ny < ngy for k > 1, we have

o0 172
(Z | f — u"*f|2>
k=1

for all f € L, and for all dynamical systems (X, B, m, T).

< Celifll2
2
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Proof. If 0 <r < 1, then

00 o0
Do — )2 <4 (™ - ) = 4™ <4,
k=1 k=1

But then if z € S,, we have

o0 o0
Dol =P = 3 e - 1
k=1 k=1

[2¢]
= Z 122"z = 121 4 -+« 4 |g|™n ™ 1)2
k=1
o0
= Cg Z |Z|2nk(1 — |Z|)2(1 + -4 |Z|nk+1—n,,—1)2
k=1
00
= C2) a1 — gy
k=1
o0
= C2Y (lz™ — zI™n)?
k=1
< 4C [

by letting r = |z| and using the estimate above.

But now by the spectral theorem, to prove the strong inequality above, it suffices to
prove 3 52, |A(y)™+ — fi(y)™|? < C%. But spec(u) C S, and the estimate above gives
such a result. g

Remark 1.16. 1t is probably the case that the only way the strong inequality of
Theorem 1.15 can hold for some (all) dynamical system(s) is to have spec(u) in some
Stolz angle. See Bellow et al [3] for other facts about o which has a spectrum that is
restricted as in Theorem 1.15.

Another version of this problem is to fix the probability measure (., and depending on
spec(u), obtain conditions on (ny) for which the strong inequality holds. Corollary 1.13
shows that n; = k will do for any strictly aperiodic measure. Actually, if (n¢) is more
rapidly growing, then it will also work.

THEOREM 1.17. Let (ny) be a sequence of natural numbers such that ny, > n,f Jor some
p > 1. Then, for any strictly aperiodic probability measure i, the sum

S(y) =Y 1A () — A" ()?

k=1

is uniformly bounded on the unit circle |y| = 1.

Proof. This argument is similar to the one in Remark 1.3b. Define for any natural L,

L

L
Sy, = Z |'ank+1 _ ,&nk|2 = Z |[L|2""|l _ ll|2|1 NI ﬂn“_,—n,,_]lz
k=1 k=1
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L L 2
11— A2 (s —m)> < 11— ﬂlz(znkﬂ —nk)

k=1 k=1

IA

IA

C|t - alPni,,.

Moreover, using estimates as in the proof of Theorem 1.15, we have

o 2 o0
. . ul R
Ru= 3 Iam —pm* < 7 2 (A —|amey?
k=L+3 k L+3
n12
———4'1_?' e
(1= [l

Since for every strictly aperiodic i we have by Theorem 1.10 that
11— A < 1 —|aD,
then
SL < C(1—|ahn2,,
Ry <4C( —|apafms.
Choose L in the following way:

1

Nyl < =7 < np42.
(1 —|apv?

d
Then Sy, < C. Since p > 1, we can choose d > 1 with p? > 2. Then np424a4 > n7 ;.

But, in addition,

|l'l|nL+2+d ) )
Io — = —nr4244l0g — 4+ log
BT 1Al L || 1=l
< —n” log—1—+log
- 2720 1—al
1 1 og 1
1- I.U«I)""/2 Iul — |4l
1
< - 1AD' P 4 log g > —o0 as [l > 1.
— e
Thus, R;,4—1 is bounded. But the choice of d is independent of L and so § <
Sy +4(d + 1)+ Rpyg-1 is also bounded. O

Despite Theorem 1.17 and Corollary 1.13, not every sequence (n) will do for every
strictly aperiodic measure (.

Example 1.18. Let p = (80 + 81). Then
[l(e") — (1+e—lt) 1 —lt/Z(elt/2+e lt/2)

So fi(e'") = e "/2cos(t/2). Let S(e”) = Y po,la™+i(e”) — A" (e*)|2. Choose
ne=1+3+.--+31=(3*—-1)/2 and t, = 27/3P. Then

i P 3*—1 P 2.3 ' 3* "
Sy = (cos ﬂ) (1 + (cos 1) -2 (cos ﬂ) cos (3"—”))
p 2 2 2 2
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00 ¢ 3k ¢ 2.3 ; 3k
cos 2 1 » 2
/;( 2) ( + cos - +2 cos -

22 £\ 1,\*"
cosL) > £
Z( os 2) 2 p|cos

k=p

v

v

The last expression tends to +oo when p tends to 400 since

3%
pl_i)nc}o (cos %’) = exp(—n?/2).
Remark 1.19. (a) It is not hard to compute examples that link the choice of (ny) to the
shape of spec(u). The computations in Bellow ef al which lead to [2, Theorem 1.14]
actually give a prescription for such examples. However, it would be better to resolve
what is really the general pattern. For example, let G(z) = Z:‘;l Z™, |z| < 1. In terms
of the mapping properties of G, can we determine precise conditions on spec(i) which
are necessary and sufficient for Theorem 1.17 with that choice of (r;) and u?

(b) In a similar manner to the proof of Theorem 1.7, one can show that if u(T)f =
Y e oo WOTE f (with T invertible if supp u ¢ Z*), then for the choice of (ny) in
Theorem 1.17, and for any contraction T on a Hilbert space H,

D o lw@y™ f — w(TY* £y < C2lfln
k-_—l

forall f € H.

The question of getting strong estimates for square functions of block maxima is also
quite worthwhile, especially because it has the potential of giving stronger inequalities
than the usual maximal inequalities in the individual ergodic theorem. Fix (ny),
ng < ng41. The square maximal function in question is as before:

c 2\ 1/2
5= (Z ("kgllngkﬂ |Anf = Ankfl) ) .

k=1
We will also want to discuss, in the next section, a somewhat more restricted version of
S*f. Let M be a sequence (my, : k > 1) in Z™, then
N 172

o0
Suf={2 ( max |4, f - Ankfl)

k=1 neM
In Assani et al [1], a theorem of White’s is proved, which has some precedents in
Bourgain [5, 6].

THEOREM 1.20. Let (ny) satisfy ngyy > n§ for some o > 1. Then there is a constant
C = C(a) < oo such that |S*f|l2 < C(a)||fll2 for all f € L., and for all dynamical
systems.

Remarks 1.21. (a) The actual hypothesis in [1] is that n,; > n,f. However, by the same
proof (or by passing to subsequences of (1)), the result holds for any o > 1. Because
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of Theorem 1.1, it is not unreasonable to hope that Theorem 1.20 remains true for all
(me)-

(b) The same proof as given in [1] shows that for (&), if for some a > 1, g4 < &
for all £ = 1, then for all f € L,(R),

00 1/2
l (Z sup  [(@e — @a,) * f|2)

k=1 Ek+1ZE=8,
Here C depends only on a.
The same type of result on block maxima is at least true with no restriction on (ny),
if one uses Sy, f instead of Sf. See Theorem 4.10 in Rosenblatt and Wierdl [17].

< Cllf .
2

THEOREM 1.22. Let (n) be any increasing sequence and let M be a lacunary sequence.
Then there is a constant C < 00, depending only on the degree of lacunarity of M, such
that |Sy fll2 < C@)|| fllz2 for all f € L, and for all dynamical systems.

2. Weak L, estimates for square functions
In this section, two different approaches to obtaining weak inequalities in L, for the
square function will be given. The first approach only applies to lacunary (ny), but
is also better for obtaining strong L, estimates and will be used for other purposes in
§3. The second approach uses the Calderén—Zygmund decomposition. Both approaches
require having a strong inequality somewhere at the outset.

In Jones [15], it is shown that for

00 1/2
Sf = (Z |(Agss — Ak>f|2)
k=1

there is a weak estimate, m{Sf > A} < (C/A)|l fh, valid for some constant C < 00 and
arbitrary f € L;. The same method can be tried in general, but only seems to yield a
strong L, inequality for 1 < p < oo, and that only when (n;) is a polynomial function
of k. This is one reason for the interest in the following result.

THEOREM 2.1. Suppose (ny) is lacunary, with ny,/ny > B > 1 forallk > 1. Then there
is a constant C(B) such that for all f € L,

00 172
m[(Z |(Angyr — Ank)flz) > A} < @ufnl.
k=1

Proof. We use a theorem on vector-valued Calder6n—Zygmund operators from Benedek
etal [4). This result says that we can get a weak L; inequality from a strong L,
inequality, and certain properties of the operator in question. See also Rubio de Francia
et al [18].

First, by the Calderén transfer principle, it suffices to prove the analogous result in
Z, namely, with o, = 1 375 8,

00 172 C
#[s : (Z [CRET) *¢(s>|2) > A] < %nwnm
k=1
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for all ¢ € £,(Z). (See Bellow et al [2] or Rosenblatt and Wierdl [16] for some general
forms of the Calderén transfer principle [10] which would work here.) However, it is
equivalent to show that if ¢, = %1[0,,,], that with respect to the Lebesgue measure on R,
if f € Li(R), then

00 12
m{(Z [CREr f|2) > x} < <Pisn.
k=1

(See Bellow et al [2] where a similar transfer from R to Z is used to translate a theorem
of Duoandikoetxea and Rudio de Francia [11] from R to Z.)
Now define the kernel operator K : R — £,(Z%) by

1 1
K(x) = (_I[O,nk+1](x) — —lponx) 1 k=1,2,3, ) :
Rit1 107

This is the appropriate operation in this case to which to apply the main result from
Benedek ez al [4]. Indeed, Af = [ K(x — y) f(y)dy has

0 1/2
NAS ey = (Z 1 @rer = Pn) * f|2)
k=1

and so an estimate on m{||Af l¢,z+) > A} is exactly what is required.
Theorem 1.1 and the definition of A show that the proof of Theorems 1 and 2 in [4]
give Theorem 2.1 here, if K satisfies the Hérmander condition:

/ IKx —y) = K(X)eyz+ydx < Co
lx[>41y|

where C, < oo is independent of y € R.
To check the Hérmander condition in this case, we need to evaluate |gn, (x — y) —
@n, (x)| for |x| > 4|y|. Let us first take the case x > 4y, y > 0. Then

1
|‘pnk (x - )’) — @n, (X)| = Ell[y,y+nk](x) - 1[O.nk](x)|
0 y > ny
o ﬁ(—l[o.y](x) + Lpytng(x)) ¥y <mg”’

because if x > 4y, then x > n; and x > y + n, when y > ng. So for x > 4y,

1
|§0nk (x - )’) ‘/’nk(x)l = l[nk y+nk](x)

if ny > y, and it is O otherwise. This means that for fixed y,

1/2
/ (erpnm(x y) - (pnk+l(x)|) dx
x>4y

k=

o0 172
f ) (ka(py)wnk(x)lz) dx
x>4y

k=1

1 1/2
/ ( Z 2 l[nk+ls"k+l+)’](x)) dx
x>4y nk+l

Y=ng4

IA

/ 1K G = ) — K®)llesan d
x>4y
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1 172
+/ (Z _21[nk,m+y](x)> dx
>4y \ y<n, ny

1 1/2
2/ (Z ;lil[nk,nm](x)) dx

<
y<ny "“k
= /Z 1[”k ”k+y](x) dx
y=<ni
- »Yy,
y<ni me

But since nx41/n, > B > 1, there is a constant C(B) such that . 1/m < C(B)/y.
Hence, fx>4y 1K (x — y) — K(x)leyzry dx < 2C(B) for all y > 0.
Similar calculations can be used in the other cases. For instance, if y < 0 and

x > 4|yl], then we need to compute

y=ne

1
|9n, (X = ¥) = @, O = — 1y, y4n (%) — Lion ()]
Ry

again. But for similar reasons as before, this is (1/nx)1s,4y,n,(x) for x > 4jy|. Hence
/ IK(x — y) — K(x)|leyzry dx < 2C(B)
x>4y|

for all y.
Finally, for y > O and x < 0, ¢, (x — y) — ¢,,(x) = 0. Also for y <0 and x <0,

1
On(x = Y) — @, (x) = al[y.y+nk](x)'

But if also [x| > 4|y|, then x < 4y and s0 1jy,y45,1(x) = O again. That is, if x < 0 and
(x| > 4]y, then [|K (x — ) — K(®)lleyczwy = O for any y.

The conclusion is that for (n;) lacunary, the Hérmander condition holds. Hence, for
(ni) lacunary, the associated square function is weak L;. O

Remarks 2.2. (a) The condition needed for Hormander’s inequality in the proof is really

1 1/2
/ ( Z —21[nk,nk+y](x)) dx <C.
Ix|>4(») ny

=yl

This is only true if (n;) is essentially lacunary (a finite union of lacunary sequences)
because it implies that if n(y) = #{n; : ny < y}, then n(2y) — n(y) is bounded.
(b) The question is whether Theorem 2.1 holds without any condition on (r;). For
example, if n; = k?, then
)1/2

(& ek E ‘y Gl
Sf = (Z (k+1)2k221f” (k+1)2 2 feor

k=1 £=k2+41

0 4 , 12 o 4 . 172
C(;k—zmkzﬂ) +C(Zk—2|A2k+1for |>

IA
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since Y oo, 1 /k? < oo; the first term is dominated by Csup;, |Acf].  Because
sup,.; |Axf| is weak Ly, it is easy to see that with ny = k2, the square function
of Theorem 2.1 is weak L; if and only if 2 (/KD Ak f o T HV? is weak L,
This is very interesting because the method in Jones [15] does not apply here. Also,
(Arf o 78 : k > 1) does not converge a.e., SO supy |Agf o 1:"2| is not weak L;. But in
Rosenblatt and Wierdl [16] it is shown that

Y mief > M) < U flh.
k=1

Hence, limg_, o0 Ax f © ¢ /k =0 ae., for f € Li. The unresolved question is whether
(Anf oT* k) goes to O fast enough for Y22 (A f 0¥ /k)% < 00 a.e.? See Theorem 2.6
for a proof that this is indeed true.

The method in Duoandikoetxea and Rubio de Francia [11] shows that the square
function Sf of Theorem 2.1 is strong L, for all p, 1 < p < oo. However, the weak
inequality does not follow from their method directly. The method of Theorem 2.1 also
gives this strong L, result.

THEOREM 2.3. If (ny) is lacunary, then there is a constant C such that

(o] 172
H (Z |(Ank+1 - Ank)flz)
k=1

forall f € L, 1 < p < oo, and all dynamical systems.

<Clfllp
p

Proof. See Duoandikoetxea and Rubio de Francia [11] or the proof of Theorem 2 in
Benedek et al [4)]. a

It would be quite worthwhile to also apply the method of Theorem 2.1 to the maximal
square function S* f. Unfortunately, this does not seem to work. Instead, the best that
can be obtained by this method, in a straightforward manner, is this more restricted
version which applies to S}, f for suitable M.

THEOREM 2.4. Suppose (ny) and M = (my) are lacunary. Then Sy, f is weak Ly and
strong Ly, for 1 < p < o0, for all dynamical systems.

Proof. As in Theorem 2.1, by Theorem 1.22, it suffices to show that a certain Banach
space valued convolution operator K satisfies the Hérmander condition. In this case, the
operator K is given from B; = R to B;, an £; sum of finite-dimensional £, spaces.
Specifically, we write the general element d € B, as d = ((dy, : e <m < gy, m €

M) :k > 1); then
o0 2\ 1/2
= (3 (e, 4n1) )
meM

k=1

Then let K : B; — B, given by

1 1
KxX)={=liom — —liong:m<m<mpu,meM): k>1).
m 143
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The condition that is needed to prove Theorem 2.4 then becomes
/ (K(x—y)— K(x)|p,dx <Cy; forall yeR.
Ix|=4lyl

Also, M is lacunary and (ny) is lacunary. Therefore, as in the proof of Theorem 2.1,
there is a constant C; = C(«, B), where « is the lacunarity constant for (n;) and 8 is
the lacunarity constant for M, such that the above Hoérmander condition holds. O

Remark 2.5. (a) It is clear from the manner in which the constant C(a, 8) is determined
that C(x, 8) only becomes unbounded as & | 1 and/or 8 | 1. So there is some C < oo
such that C > C(«, §) whenever ¢ > 2 and 8 > 2. It follows that the weak inequality
of Theorem 2.4 directly gives the usual weak inequality in the ergodic theorem. That is,
we fix ny = 1 and ny > 1. Then by Theorem 2.4,

m[ max |(Ax — An,)f| > ll < %”f”l,

n <2k<n,

where C does not depend on the choice of ny. Hence,

2C+2

m{SUPIAzkfI >)»] < I1f 1l
k=1 A

by applying the monotone convergence theorem. Of course, for any n > 1, if

2k < n < 2k then |A, f| < 2Ap+|f]. So

m{sopiansi = a) < s,
n>1

for all A > 0 and f € L,. However, this is no advantage because (1) the derivation
of Theorem 2.4 is a long way around to get the usual weak L; inequality of the
ergodic theorem, and (2) maximal inequalities from the ergodic theorem are used
twice in the proof, once in White’s theorem [20] and essentially once (in the form of
the Hardy-Littlewood maximal inequality) in the derivation of the Calder6n—-Zygmund
decomposition in the proof of Theorem 2 in [4].

(b) It would be really striking to obtain directly in (X, 8, m) or Z, a weak inequality
for $* f which was valid with a constant independent of the choice of (n,). However,
Theorem 2.4 is probably the correct ergodic theoretical version of this corresponding
result for martingales. Using Burkholder [8] and Burkholder et al [9], Burkholder has
commented in a private communication that there exists a constant such that for all
martingales (f,) which are conditional expectations E(f | B,) for some f € L, for any

(i),
0 2\ 1/2 c
m[(Z(Mggfkﬂlfn—an)) >)‘] SI”f”l

k=1

(c) There is an analogous result for Lebesgue differentiation to Theorem 2.4. The
proof uses the same method, based on the inequality in Remark 1.21(b).

(d) It would be worthwhile to extend Theorem 2.4 to other square functions, in

the same way that Theorem 1.1 was extended. For instance, it is not clear for which
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probability measures w on Z and (n), the square functions

o) 1/2
Suf = (Z (et — wmz)
k=1

is weak L. Also, it would be worthwhile to know if

00 1/2
Sf = (Zkuu"“ - u")fl2>
k=1
can be weak L;. For such measures u, Theorem 1.10 in Bellow et al [3] gives a very
simple proof that sup,., [u" f| is weak L;.

We now consider the same question of a weak inequality on L, but we use, instead
of the previous singular integral method, the Calderén—Zygmund decomposition directly.

THEOREM 2.6. Let (ny) denote any increasing sequence of positive integers. Let

00 1/2
Sf(x) = (Z | Apg,, f(x) = Ankf(x>|2)
k=1

Then Sf is weak type (1, 1) and strong type (p, p) for 1 < p <2.

The proof will follow from a number of lemmas. We use both |B| and #B to denote
the cardinality of a set.

LEMMA 2.7. (The Calderén—Zygmund decomposition.) Let f be a function in £,(Z). Let
% > 0. Then we can write f = g + b where g € €%, and

CZ-1 liglhe, = flle,s
CZ-2 gl =24,

CZ-3 b= Zbi(x) where each b; satisfies :

CZ —3(a) b, is supported on an interval B;.
CZ-3(b) > bi(j)=0 for eachi.
j

1 . 1 .
== D bl < 4hand k< == > I ()]
| ileB,- | ileBi
CZ-3(d) BiNB; =9 for each i # j.

CZ —3(c)

Remark. Note that the above imply

1 1
DBl = 5 3 Mbille < S0 Ny
i i

Also, if A > || flleo» then we take f =g and b = 0.

Proof. Find an interval I of length 2" with n so large that l—;—' Zje, ()] < A and
|f(j)l < A for j ¢ I. Now divide I into two equal pieces, I; and I,. Look at the
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average of | f| over each of these pieces. If the average is more than A on any interval,
keep that interval. If the average is less than A then divide that interval into two equal
intervals, and repeat the procedure. The procedure ends with a collection of intervals,
the average over which is at least A, but because of the construction, the average is no
more than 2X. Off the selected intervals, the function is at most A, since clearly any
point where | f| is more than A would be in some selected interval, possibly an interval
containing only the point itself. Denote the selected intervals by B;, B, .... Now define
g(j) = f(J) for j not in any of the selected intervals. For j in a selected interval B,
define

g() = IBlreZBf()

Define b(j) = f(j)— g(j). From the construction each of the required properties follow
easily, with b; = blp,. [

Let B; denote an interval of length 5| B;| and with the same center as B;. Let B = U; B;.
Let j ¢ B. We have

Sh(j)? = Y |Anyb() — Anb(DI?

k=1

2
= Z m,+1<Zbi(j))*Ank<Zbi(j))
Z(Awb () -

k=1
o ¢]

- 3

Note that for any i for which the average includes all the points in B;, the average is
0 by CZ-3(b) above. Thus for each fixed k, A,,, b;(j) — A, bi(j) is non-zero only if
j+1 € B, i.e. at least the average starts in B;, or one of j +ny € By, or j +nyyy € B,
i.e. at least one of the averages ends in B;. The first possibility, starting in B;, is excluded
since j & B. Hence for each fixed k and Jy An o bi(j) — A bi(j) # O for at most 2
values of i, an ending value for A,,, b;(j) and an ending value for A, b;(j). Thus we
know

L3

Sb(j)*

IA

222 [ An o bi(G) — An i ()
= 2ZSb 0
We now have
#j | Sb() > A} = #{j | Sb(j)® > A%}
= #{j | j & B,Sb(j)* > A} +#{j | j € B, Sb(j)? > 33)
= ZSb<J>2+ |BI.

i¢B

A

We have

= Z Sb(j)* < Z Y Sbi(j)? < 22 3 2 St

i¢B j¢B 1 jéB;
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For this reason, the following lemma is needed.

LEMMA 2.8. For each i we have

= ZSb (j)* < 64|By[.
Jé€B;

Proof. Because translation by an integer is measure preserving, we can assume, without
loss of generality, that B; = [0, N — 1] where |B;| = N. Note that since we only need
to consider j € Ei”, we do not need to consider j € (—2N, 3N), and since we are only
looking at forward averages, we only need to consider j € (—oo0, —2N]. To have a
non-zero value of A, b;(j) we must reach the support of b;. Hence, we must have
nge1 + j = 0. Thus, ngyy > |j|. But we might have ny + j > QO or ny + j < 0 for
that particular value of k. Let n(j) be the smallest integer such that n,;)41 = |j|. Then

nujy +j < 0 and so we have arranged b;(j +r) =0forall r =1, ..., nap.
2
Sbi(j)* = ) |Ank+lbi<j)—Ankb,-(j)|zs< > lAwb,-(j)—Ankbi(j)l)
el 1 ner1 1|
1 Rey1 2
= ( > { (———)Zb(1+r) +— > lb(j+r)|]>
mgrzljl U\ Pl pZppt
Ri+1
< ( > (————)Zlb(1+r)l+ > — 3 |b(;+r)|)
mizlil N et mizljt L 2t
1
< 2 ——— > b +r)|)
<nk+12:>|j| (”k ”k+1)z !
Rieq1
( Yoo — > |b(;+r)|)
neazlj) L rin
< 2( (———) {b; (r)I>
k= ;])-H Pe Mt Z
o0 1 Rit1
+2( X — 2 b (J+r)|)
k=n(y) "+ r St
2
1 Z|b(>| +2(Z 1 §|b(+>1)2
=< N— r ,'j r
Pyt N5 k=n(p) MO P00
1 2
< 32( NA) N= | (r)|
R (j)+1 (ﬂn(n+1 Z
1 2 1 2
< 32( NA) +32( Nk)
Mn(j)+1 Rn(j)+1
=<

1 2
64( m) .
Ru(j)+1
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We now consider

1 2
SoshGY? < ). 64( NA)
j#B; jEman o
1 2
> 64 (—,NA)
Jj<=2N J

64N%)2 Z

<= =y J

IA

IA

641N
6412\ B;|.

IA

Proof of Theorem 2.6. We first establish the weak type (1, 1) inequality. We have
. . A . A
#{]:Sf>k}§#l]:Sg>—2-}+#’j:Sb>§}.
For the first term we have, by Theorem 1.1,
A 4 .
#{j  5g > 5] ﬁZngz
2500

IA

IA

5000
ZM )]

5000
Z £ ()L

IA

IA

For the second term we have

A 2
#{j | Sb(j) > 5} =#[j | Sb(j)* > (—;—) ] <33 2 Sb()* +IBl.

jgB

We use Lemma 2.8 to conclude that the first term is dominated by 5123, | B;]. The
second term in this expression is controlled by the same type of sum. Thus

A 1032
#{j | Sb()) > 5] <5163 1Bl < —=Iflle-

Hence, 6032
#Hj:Sf>A)= Tllfllzl-

The transfer principle of Calderén gives the theorem with the same constant. The fact
that S is strong type (p, p). 1 < p < 2, now follows by interpolation between the weak
type (1, 1) just established and the strong type (2, 2) of Theorem 1.1. ]
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Remark 2.9. It is not yet clear whether Sf is also always going to satisfy a strong L,
estimate for 2 < p < co.

The same argument as in Theorem 2.6 will give weak inequalities for other square
functions, if there is a strong inequality in L.

THEOREM 2.10. Let {n;} denote an increasing sequence of integers and define

00

172

S fx) = (Z sup  [Anf(x) — Ankf(x)P)
k=1 M=n=ngg

If there is a constant C such that ||S* f|l2 < C\|fll2 for all f € Ly(X) then S* is weak

type (1, 1).

Proof. The proof will follow as in Theorem 2.6. Write f = g + b as before, and use the
hypothesis that {|S*g|» < Clig]|» to handle g. Thus it remains to control $*b.

We first need to show that for j & B we have S*b(j)? < 2),8*b;(j). Fix
j & B. Since b is supported in a finite interval, for each j and k there is an integer
n(j, k, b) € [ny, ng41] such that

o0 o0
> sup |Ab() = Anb(DP =Y |AnGanb() — Anb()I
k=1 M SR=Ney k=1

Using this fact, we argue as before:

o0
S = D |AnGuanb() = Anb()I

k=1
An(j kb (Z b; (j)) — Ap, ( Z b; (j))

2

2

Y (AnGanybi () = Anbi(3)

I

>
k=1
>
k=1

As before, Ak nbi(j) — Anbi(j) can be non-zero for at most two values of i, if
Jj+n(j, k, b)e B; and if j + n; € B;. Thus

o0
S 2D N Antambi() — Anbi(DP =2 S"b:(j)*.
k=1 i i

We now need the analog of Lemma 2.8. This follows easily once we understand
the proof of Lemma 2.8. The only real change is to replace ngy; with n(j, k, b) in
several places, and use the fact that ny < n(j, k, b) < ngy1. Also, here n,) < |j| and
Ra(iy+1 = | j1, but also n(j, k, b) > |j|, if the term being considered is not zero.

S6i(jY = Y |AnGunbi() — Anbi(DP

Reg1 11

2
( > |An<,-,k,b>b,-<j)—Ankb,-(j>|>

neg1zlJ|

IA
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= n(i k. b) bi(j+r
(nk§j|[ (n(] k b) nk)z J )
1 n(jk.b) 2
- bi(j
T _Z |b:(j +r)|}>
r=ng+1
1 1 4
= . n(i kb bi(j+r
("k-{;jl (nk "'(]‘k,b));l (J )]
> e S )
+ |bi(j+r>|)
e =1l (J’k b) r=ng+1
> (5 )3 ’
= 2( <——.—) |bi(j+r)|)
it 12151 ne  n(j,k,b) =1
| rUkb 2
+2( X TEE > Ib,-(j+r)|>
ﬂk+121j|( R )r=nk+1
(5, (s o)
=2 T ROED Ibi(r)l)
kenye1 \M 1k, b) ;
00 1 n(j.k,b) 2
+2( nG kb 1b: (j +r)|)
-;(j) n(],k,b) __%_:'_1
Nit)
< N— Zlb ()] +2< Z Z Ib; (J+r)|>
P —n(j) r= nk+1
< 32( ! NA>2+2 INIZ—:“,(N
- TaiY 57 i\
Rn(i)+1 il N &
1 2 1 2
< 32( )+32< )
Rn(j)+1 1l
1 2
< 64 (—,NA),
1jl
The rest of the proof is the same as in the proof of Theorem 2.6. 0

This result combines with White’s theorem and Gaposhkin’s theorem to give:

THEOREM 2.11. For any (ny) with ngyq > nﬁ for some p > 1, or B > ngy1/ny > « for
some B >« > 1, §*f is weak Ly and strong L, for 1 < p <2.

Remark 2.12. As in Remark 2.5(a), this result implies the usual maximal inequalities in
the ergodic theorem. Furthermore, with a similar proof, the same result as the one in
Theorem 2.11 holds for S}, f for arbitrary (n;) and lacunary M because of Theorem 1.22.

The problem with extending Theorem 2.11 to cover all (n;) is that we do not know
when the strong L, inequality holds. By White’s result, if ng; > n,’: for some p > 1,
then this is the case. But even in this case, it is not clear when S*f is strong Lp,
2 < p < co. But it is important to remark in this regard that Bourgain [6] has shown
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that functions related to the square function are always strong L,. For example, using
his result and the technique in Theorem 2.10, one can see that for any (ny),

[e) 1/4
Sif = (Z sup |Anf - Ankf|4)
k=1 MeSn=ngy
is weak (1, 1) and strong (p, p) at least for 1 < p < 2.
It is worthwhile to point out that there is always these easier facts about square
functions for block maxima. Here we use the usual maximal function f*(x) =

Supnz] |Anf(x)|

THEOREM 2.13. Let (n;) denote an increasing sequence of integers. If ny = p(k) for some
polynomial p of degree s > 0, then there is a constant C such that || S* fll2 < C|| f|l2 for
all f € Lo(X) and consequently S* is weak type (1, 1). Furthermore, there is a constant
Cp, for 1 < p < 00, such that |S* fll, < Cpll fllp for all f € Ly(X).

Proof. We have

00 1/2
S fx) = Z sup 1A, f(x)—Amf(X)I)

00
Z sup

)1/2

1 1
= (— - —) Mihn, £(3) + ~ Z F@x
k=1 MSn=niy n r=mg
1/2
sup —A,,,,f(x) + 2 Z sup Z f(T'x) )
R <A=<ngy) n ny<n<nggy ,_,,k
o] —n 2 ] 1 2 1/2

< (2f*@x)? Z sup +2 Z sup |- Z fT'x) )

k=1 MSn=ni4y k=1 M =n=niy) r=ny

IA

IA
/-\A/N\A/\
_M8

M — me ) = W ( 2>1/2
— ) Z|f )

r=ny

A
N
[\
%
*
~—~
=
S’
N

A

k=1

© ¢ | e 21,2
of *(x) + (Z—,; (ks -y If(r’x)l> )
if w

Thus the result will follow

. 00 1 1 (T8 1/2
Sfx) = (Zkz (kx - lfE x)l) )

r=ny
is strong type (2, 2). This follows easily by just integrating and interchanging the order
of integration and summation. To see S* is strong (p, p), use the above computation
and observe that f* and § are bounded operators on L. Then interpolate using the
weak type (1, 1) that follows by the above and Theorem 2.10. O

Remark 2.14. The obvious conjecture from all the above, is that for any (n;) increasing,
S* is weak (1, 1) and strong (p, p), 1 < p < oo.
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3. Square functions and random translations

There is an interesting aspect of square functions that is especially useful in ergodic
theory: for strong L, estimates, the terms may be translated randomly. Indeed, fix (n;),
nes1 = Mes and (my). Then

00 172 oo 172
(Z (Anys = An) f o T™ |2) = H (Z |(Ang,, — A,,k)flz)
k=1 2 k=1

This fact and the transfer methods from (X, 8, m, t) to (Z, +1) give this corollary to
Theorem 1.1.

2

THEOREM 3.1. For any (ng), ngy1 = ny for all k > 1, and for any (my),

< 25[ £ 2
2

Sl[.:p I(Ank.H - Ank)f o -erkl

There is also another immediate corollary of bounds for the square function.

COROLLARY 3.2. Let (ny) be arbitrary, ny < nyy; for allk > 1. Then
el 625
2 il(An,, — An) 1> A} < I FI
k=1

for all dynamical systems (X, B, m, 7).

Proof. Clearly,

oQ 1 o
D mll(An, — A 1> 2 < 553 I An, = An) S
k=1 k=1
1 0 1/2 2
= ﬁ (ZI(A”HI - A"k)f|2)
k=1 2
625
< I

O

The important point to be made here is that the condition of Theorem 3.1 is equivalent
to Theorem 1.1, and the constant does not need to be independent of (m;). This follows
from the following theorem.

THEOREM 3.3. Let (di) be a sequence of finite measures on Z. Then the following are
equivalent:
(1) there is a constant C with

0 1/2
(Z |di *<p|2) < Cllglle,;
k=1 &
(2) there is a constant C such that for all (my),
Sl;P |die % m, % @l|| < Cll@lle;
15
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(3) for each sequence (my), there is a constant C such that

< Cllplle,-
&

sv.;p |dk * 6y, * @]

Proof. Clearly (1) implies (2) and (2) implies (3). Also, each of (1), (2), and (3)
holds for (dy) if and only if it holds for any sequence of finite measures d; with
ZZil lldr —drlle, < 00. So without loss of generality, we can assume the (dy) have finite
support. Assume (2) and that ¢ has finite support. Choose (m;) so that (di * 8, * @)
are disjointly supported; then,

o0 1/2
(Z'dk*amk *§0|2) =Slipldk*5m,¢ * @)
k=1

Hence,
2

00 1/2
k=1

o0
= ) lldi xl,
k=1

o0
= ) lide % 8m, * 0ll3,
k=1

00 1/2
(Z Idi * 8y, <p|2)
k=1

2

&

2

&

sup |dy * 8, * |
k I

< Clely,.

Hence, (1) holds for all ¢ with finite support. A routine approximation argument proves
(1) holds for all ¢.

Now assume (3) and fix 0 # ¢ € £,. Let & > 0 with Y ;2 &7 < |l¢||7, and choose
finite sets £y C Z with ||(dy * ¢)1g, — di * ¢|l2 < &. Then choose (J,,,) such that
({(dx * 9)1g,] * 8,,,) are pairwise disjointly supported; t.cu
2

oo
D (de * @)1 g, * 8 I3, = 9P |(d * )1, * b,
k=1

&
We have

o) 1/2
“(Z |di *cpP)
k=1

2

o0
> llde * I3,
k=1

&

00
< 2) (e *1g 3, + b
k=1
o0
= 2D (I(de *@)1g, %8 |13, + &7
k=1
o
< 2lelF, +2) 1 * @)1g, *8m, I,

k=1
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2
= 2lll}, +2 SUp | (d * ¢) 15, * b,
&
2
< 2llel;, +4 sup |di * @ % 8, |
&
2
+4 ||sup |(dk * ¢ — (di * @) 1E,) * 8, |
k Y
o 2
< 2llplif, +4Clel, +4 > llde * ¢ — (i * )1, 17,
k=1
o0
< 2lel, +4Clell, + 428,%
k=1
< 2lipl2, +4Clgle, +4lel,
= Cllol}
for some constant C, depending on (my). O

COROLLARY 3.4. For a sequence of finite measures (dy) on Z, consider:

(1) for some constant C, (52, di fP) /2L, < CllflLs

(2) for some constant C, || supy ldx f o T™ |||, < C||f L, for all (my);

(3) for each (my), || supysy di f o T™ ||, < C| fllL, for some constant C.

If (1), (2), or (3) holds for some aperiodic non-atomic finite dynamical system, then they

all hold for all dynamical systems.

Proof. If (1), (2), or (3) hold for some aperiodic non-atomic system, then by using the
Rokhlin lemma, it is easy to see (1), (2), or (3) respectively of Theorem 3.3 holds. So
by the Calderén transfer principle, the proof is complete. O

There are many alternative versions of the idea above. Here is a particular one that is
representative of this. We state this principle for (Z, +1), but it holds in any dynamical
system; indeed, either property holds in (Z, 41) if and only if it holds for some (or all)
aperiodic dynamical systems.

THEOREM 3.5. For a sequence of finite measures (dy) on Z, the following are equivalent
forl < p<oo:
(1) for some constant C,

00 1/2
‘(Z'dk *<p06mklz) < Cliele,
k=1 &
for all (my);
(2) for each (my), there is some constant C
o0 1/2
(de *cp*amm) < Cliglle,-
k=1 &

Proof. Clearly (1) implies (2).
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Assume (2) and that (1) fails to hold, then we can inductively choose (¢;), [|¢;lle,

small as we like, with

N; 1/2
(Z |di * @; * amiﬁ)

k=1

7

as

as large as we like for suitable (m,{). To be explicit, fix & > 0 with Y ;o & < 1 and

let [lg1lle, < &1, but for suitable Ny, m], ..., my

1°

N 1/2
H(Z \di * 1 *6m;|2)
k=1

Now choose ¢, with [g;|l¢, < &2 and for some N, ml, cees m%,

2’
N 1/2
‘ ( > lde *<P2*5m§|2>
This is possible because

k=N;+1
Ny 172
H (Z |di * @2 * 5mg|2>
k=1

> K.

P

> K.
&

Ny
<> ldelliliealle,

ep k=1

which can be made small by decreasing [l¢2[l¢,, independent of the choice
(m%). Continue this inductively to generate ¢ = ) 0 ¢; € £, and (m)
(mi,...,mym3, ... ,m}, ...) with

Nii 172

‘ ( Z |dk * @j+1 *5m£+1|2> > K.

k=N;+1 P

But now

Nip 1/2
H(Zm w*amﬂ)
k=

&
Nyt 1/2 J Njs1 1/2
> H( |dk*so,»+1*amk|2) -3 (de*%*amklz)
& s=1 k=1 I
Njy1 1/2
- Z (Zldkws*smm)
s=j+2 1 \ k=1 &
N 1/2 i Njti 1/2
> ’( > |dk*<o,-+1*smk|2) -> (Zukw\*amkl)
k=N;+1 £ s=1 k=1 £
00 Ny 12
-y (Zldk*¢.v*8mk|2>
s=j+2 k=1 lp
oo Niw
>

i
Kist =CY llosle, = > Y ldelie,lloslle,
y=1

s=j+z k=1
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where C is the constant guaranteed by (2), which depends on (m;). This shows

L/ 1/2 j o0 Nje1
H(Zldk*w*amm) >Kist—CY & — Y & ) lldille,.
k=1 P s=1 s=j4+2 k=1

Clearly, by an inductive choice of (;) going to zero rapidly, and (K;) going to infinity
rapidly, this underestimate can be made to tend to co. But then ¢ € £, and

o0 1/2
H (Z |dy * *a,,,k|2)
k=1

contradicting (2). So (2) implies (1). O

=0
&

Now a particular consequence of the idea of random translations is the following
theorem.

THEOREM 3.6. Let (ny) be an arbitrary non-decreasing sequence and let 2 < p < oo.
Then there is a constant C, depending only on p such that

CP
< 2P

p
< 2 I£1,.

D m{l(An,, — An)f1 > 1)
k=1

for all dynamical systems (X, 8, m, 1).

Proof. Fixing (ny), we take dy = a,,,, — ap,. Then as in Theorem 3.1, Theorem 1.2
implies that for arbitrary (my), supy, |di*@*dp, | satisfies a strong £, maximal inequality.
It also clearly satisfies a strong £, maximal inequality. So it satisfies a strong £, maximal
inequality for 2 < p < 0. As in Theorem 3.3, the constant in this strong £, maximal
inequality does not depend on (m;), although the independence of the constant is fairly
obvious in this case anyway. So for fixed p, 2 < p < 00, for some constant C,, we
have »
<&

14
=il

#{supldk * @ %k 8y, | > A]
k=1

Assume ¢ is finitely supported. Then with suitable (my), di * ¢ * 8,, would be disjointly
supported. Hence, in this case

[o¢]
D #{lde %% 8m| > 1} #[sup|dk*¢*6m,‘|>l}
k=1 k1

o
< Zlelf,

But the left-hand side of this inequality does not depend on (my). So

> Hidex gl > A} < =gl
k=1

An approximation argument gives the same for all . Now we use the Calderén transfer
principle to transfer this to any dynamical system. O
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The technique above can be used to some limited extent to extend the estimates for
square functions to other powers. Namely, let

00 l/q
Syf = (Z (Anyss — Ank)frf) ,
k=1

for f e L.

COROLLARY 3.7. For arbitrary increasing (ny) and for any q, 2 < q < oo, 84 f is strong
L,forallp2<p=<gq.

Proof. The proof of Theorem 3.6 shows for all ¢, 2 < g < oo,

?

£

Sl]:p(dk * @ *3m)lle, < Colle

where C, does not depend on (m;). If ¢ has finite support and (my) is properly chosen,
then (dy * ¢ * 8, ) are disjointly supported. Hence, then

00 00 1/q
Sup|di * ¢ % m,| = Y _ di % @ % 8, | = (Zuk*(p*amm) .
k

k=1 k=1
So
q 0 /g9
sup |di %@ %8, 1| = H(Zuk*(p*amw)
k £ k=1 ]
00

= ) lde %@ % 8m,|le,
k=1

[, ]
= ) lllde* pllle, = 15,017,
k=1

So ||Sq(p||‘£q < C¢llglid for such . By approximation, this follows with the same constant
for all ¢. Now use the Calder6n transfer principle to transfer this to any dynamical
system.

But in addition, since 2 < g < oo, then S, f < S, f. Hence, the strong L, estimate
for S; f of Theorem 1.1 and interpolation gives the existence of a strong L, inequality
for S, f forall p,2<p <gq. O

The above results for large deviations of differences and strong inequalities for g-
functions cannot be generally extended to 1 < p < 2, even for lacunary (n;). The
example that we present here that shows this is due to Michael Lacey and Maté Wierdl.

Example 3.8. Let r; denote the kth Rademacher function,

1 ifxelg/2* (g+1)/2% foreven q,0 <gq < 2
—1 otherwise.

re(x) = [
and, for a large integer N, let the function f : [0, 1) — R be defined by

f=rvn+riw+rny+---+ryn.
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Let m be the Lebesgue measure and let D, denote the Lebesgue derivative
2—’(
Dif()=2"| f(x+y)dm(y).
Jo

We are going to show that

> m{|Dpn f(x) = Dunt fO = 1/2} = §¢/N - | fllL,.

n<N

The proof of this inequality depends on the following three lemmas. In all three
lemmas, we assume that x € [0, 1 — 1/2¥~1). This is so that the averages formed by Dy
for k > N — 1 will stay in the unit interval.

LEMMA 3.8(a) Let £ > k > N. Then
Dyre(x) =

Proof. This is because in computing Dir¢(x), we average on an interval of length 2%,
and 27% is an integer multiple of 2 - 27¢, the period of r,. O

LEMMA 3.8(b) Suppose k > £ > N, and that x is not in an interval of the form
a_14
26 2kt )

Dyre(x) = rg(x).

Proof. This fact holds because in computing Dyry(x), we average on an interval (of
length 27*) on which 7, is constant (+1 or —1). ad

Then

LEMMA 3.8(c) Suppose k > N, and that x is not in the middle half of an interval of the
form [q /2%, (g + 1)2%); that is, x is not in an interval of the form

1 1
[(q +1/95 @+ 3/4)27] :

Then
| Dire(x)| = 3.
Proof. Just note that the function g(y) = Dyri(y) is linear on [g/2%, (g + 1)2¥), and
either g(q/2¥) = 1 and g((g+1)/2F) = =1, 0or g(g/2%) = —1 and g((g+1)/25) = 1. O
We now remove certain ‘bad’ sets from the interval [0, 1). (In fact, we remove sets

on which the oscillations are potentially small—so from another viewpoint, this is the
good set.) Our first bad set does not depend on #; it is

N oW

1 q
(1_2N 1’ )U<LJ1LJ1<2"N T 2m+D-N= l’2nN>>
n=lg=
We easily get the estimate
N
m(E) <4. —,

2N
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so the measure of E is as small as we want.
For each n, we further remove a ‘bad’ set; let

2n'N

In=U[q+1/4,q+3/4].

o on-N N

Then m(1,) = 1/2 and hence the measure of the ‘good’ set
G=[0D\(EUL)

is as close to 1/2 as we want—and certainly greater than 1/3. It remains to show that if
x € G then
| Dy f(x) = Dpy-1 f(x)] = 1/2.
Indeed, by Lemmas 3.8(a) and 3.8(b), we have for x € G,
Dy f(x) =Y run(®) + Dunran(x),
u<n

and

Dun-1f(x) =) run(x).

u<n

Hence, by Lemma 3.8(c), we have for x € G,
DN f®) = Duy—1 f )] = | Dpnrnn ()] = 1/2.
But this inequality says that
> m{ Dy f(x) = Dpnor f(x)] = 1/2} > IN.

n<N
Since || fllL, = VN, we have by Holder’s inequality
> m{IDun f(x) = Dun-1 £ = 1/2) = 3¢/N - [ fl1.
n<N
There is also the L, result: for 1 < p < 2, we have by Holder’s inequality
> m{| Dy f ) = D1 fOO] 2 1/2) 2 L NP2 £
n<N

Although this computation was done in [0, 1], it could equally well be done in Z and
this would deny the analogous inequalities in any ergodic dynamical system. That is,
using Proposition 3.8 in Rosenblatt and Wierdl [16], this estimate shows that for any
ergodic dynamical system, and any p, 1 < p < 2, there exists a function f € L, such
that

> m{l(Ags — Ap) f] > 1} = o0.
k=1

In addition, using random translations and Sawyer’s principle, as described in Lemma 2.8
in [16], one can show for any ergodic dynamical system, and any p, 1 < p < 2, there
exists a sequence (m;) and a function f € L, such that

sup [(Agr1 — Ap) f o T™| = 00 a.e.
k
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Moreover, in contrast to the positive results which were proved in Theorem 3.7, the
associated g-functions cannot be bounded here. That is, for any ergodic dynamical
system, and any g, 1 <q <2, and p, 1 < p < oo, there exists a function f € L, such
that Sqf = a.c.

Corollary 3.7 and Example 3.8 suggest several very interesting questions concerning
large deviations of differences. The most obvious one is what conditions are needed on
(nx) for there to be a large deviation result in some L, as in Corollary 3.7. But more
specifically, the question is when does the randomly translated maximal function

D*fzsil)'(AnH.. _Ank)fo.rmkl

satisfy a weak Lj-estimate. If it does, then it is strong L,, 1 < p < oo, by Marcinkiewicz
interpolation. It would follow by Theorem 3.2, that Theorem 1.1 holds, a significantly
different approach than the spectral method used previously. Moreover, we can see if
D* f is weak L, then the constant does not depend on (m;) and there is a large deviation
inequality:

el C
2 mll(An,, — An)fI > 2 < < £l
k=1

Example 3.8 is showing that for lacunary (n;) there are no such results. For this reason,
the following from [15] is worth pointing out here.

THEOREM 3.9. There is a constant C such that for all dynamical systems,

. C

D mll(Anss = A f1 > A} < Il

n=1
Proof. Clearly,

i 1
Ay — A <——A —_ )
[(An+1 ")fl‘n+1 nIf|+n+1If°f

Hence, by a theorem in Rosenblatt and Wierdl [16],

> m{l(Ans1 — A f| > A)
n=1

< S 1 A A = 1 n+l A
DM e L ED ML P FALA S

n=

_ 5 4+ DA S (n+ D2
= Zm[An|f1> - }+n:1m{|fl>—2 ]

IA

O

Remarks 3.10. The strong L, estimate for sup, |(Ag+1 — Ag)f o T™| when 1 < p < 00
that is a consequence of Theorem 3.5 is trivial since || Agy; — Agl] p» < C/k and so trivially

p

sup [(Ak+1 — Ag) f o T™|
k

oo
< D (A — AW f o T™ 13
14 k=1
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o0
> 1Ak = A FII2
k=1
[o 0]

1
Cy i

= GlfI.

The fact that C, does not need to tend to 0o as p — 1 is the only point given by

Theorem 3.5 for Lp, p > 1.
The same argument as in Theorem 3.5 actually gives the following.

IA

THEOREM 3.11. Let n; = k- for some fixed L € Z*. Then for some constant Cy,

(o
Zm{ sup |Ag —An,,)f|>)»}SI||f||1,

Ny <nS<npi)

forall f € Ly.

Proof. This follows immediately from a result in Rosenblatt and Wierdl [16] and the
inequality that for ny < n < ngy4g,

n—
I(As — An)fl < £ Al f1 4+ = Z |flott
{=n;+1
Risl — 1 R+l
< = Ank|f|+— > Iflett
iy i gt
Ri41 — Nk
< cL,;Ankm+—+———Am+l_nk|f|or"*
1
=< CL;('Ank|f| + CLEAnk+1~nk|f| o™,

O

Let us make one last observation about weak L; inequalities for D* that was
commented on before in a special case.

THEOREM 3.12. For a sequence (dy) of finite measures Z, the following are equivalent:
(1) there is a constant C such that

C
#[Sup|dk * Q% Oy | > A} < xllwllz,
k

Sor all (my);
(2) for each (my), there is a constant C with
C

#[SUPIdk * Q% 8, | > A] < Illfﬂllz,,
k

3)

C
Z#udk*«mn} ~lglle,-
k=1 A
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proof. Clearly (1) implies (2). Also, (1) implies (3) by separating the supports of d * ¢
with suitable my, in the case of supp (¢) being finite. Furthermore, (3) clearly implies
(1) because

[e2]
D #ldi * @ %8| > 1)
k=1

00
= Y #ldexo| > 7).
k=1

IA

#[supldk*go*amkl > A]
k

<,

It remains to prove that (2) implies (1). This can be done in a manner similar to the
proof in Theorem 3.5. So assume (2) and that (1) fails. Then for each constant C, and
¢ > 0, there is ¢, ||¢|l1 < &, and some (my) such that for some A,

supA#’supIdk * Q% 8y, | > A} > C.
k k

Hence, there is some mj, ..., my and A; with

Al#l sup |dk*(p*6m’1(| >)\.1] > C.
1<k<N;

We inductively choose Cq, &, ¢, and mf, cees mfvl so that |lg¢lle, < €¢ and for some

A£>0a

Aot sup |dr % @g % 8,e| > Ag g > Cy.
Ne_1+1<k<N; £

Let ¢ = Y 5o, ¢¢. Now for each ¢, £ > 2,

AoH sup |dx * ¢ * 5m§| > Ag
¢ Ne_1+1=k=N;

> AH { sup I * @q * Bmil > 3).@]
Ne_1+1<k<N,

-1
—Ag#{ sup dy * Qs %8, > A.gl
Neo1+12k<N, ; o
[o 0]
—)\.1#{ sup dy * Z @5 * 8,,,5 > )\.g}
Ne1+1<k<N, s=0+1
> A sup [dy % g * 8| > 34
Ne_1+H1<k<N; x
£-1 A
—ZM sup |dy * @ *‘Smlfl >
s=1 Ne—1+1<k<N, £-1
N[ oo
] 30 laer 3 e > )
k=Ng_1+1 s={+1
—1 N [e’)
> Co— 3 =DClglle, = | D |dex Y o %dm
s=1 £

k=Np_1+1 s=£+1
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where C is a constant depending on (m;) guaranteed to exist by (2). Since

N[ [o] N[ [o.0]
Yook Y o] <D ldelle s Y Nl
k=Ne_1+1 s=£+1 41 k=Ng_1+1 s=0+1

by a suitable choice of (g;), C,, we can guarantee that

At sup |d % @ % 8t | > Ae
Ne_y+1=k=<N,
is unbounded as £ tends to co. But then with 7, being (m,f > 1,k=1,...,Np),
AH Isup |dy x @ % 85, > )\.g}
k

is unbounded as ¢ tends to oo, so (2) fails for m. Hence, (2) implies (1). 0

This last result should clarify the connection between any weak L; estimate for
a randomly translated maximal function and the large deviations of the operators in
question. In particular, when both hold,

o0
> milde f1 > A} < o0,
k=1

for all A > 0, f € L;. In this context, this itself is usually enough to give the
homogeneous inequalities of Theorem 3.12. Indeed, from Theorem 3.12, we see that
the issue of proving a large deviation result like

ad 1
>l (A, — An)fI > A} < L flh
k=1

can be equivalently formulated as showing that for any fixed (n), and f € Ly, if (my)
as arbitrary (perhaps even rapidly enough increasing) then

(Ap, — An)foT™(x) > O ae. x.

Nty

Moreover, by the usual transfer methods, such a result would hold in some aperiodic
dynamical system if and only if it held in them all. But the non-homogeneous inequality
above would give this convergence result in any dynamical system in which it held.

Note. In joint work of R. Jones, R. Kaufman, J. Rosenblatt and M. Wierd! done after
this article was in press, a number of the questions unresolved here have been answered;
this work will appear soon elsewhere.
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