ESAIM: PS 24 (2020) 703-717 ESAIM: Probability and Statistics
https://doi.org/10.1051/ps/2020013 WWW.esalm-ps.org

SQUARED QUADRATIC WASSERSTEIN DISTANCE: OPTIMAL
COUPLINGS AND LIONS DIFFERENTIABILITY™

AURELIEN ALFONSI“2** AND BENJAMIN JOURDAIN'?

Abstract. In this paper, we remark that any optimal coupling for the quadratic Wasserstein distance
W3 (1, v) between two probability measures p and v with finite second order moments on R? is the
composition of a martingale coupling with an optimal transport map 7. We check the existence of an
optimal coupling in which this map gives the unique optimal coupling between p and T #pu. Next, we
give a direct proof that o +— W3 (o, v) is differentiable at p in the Lions (Cours au College de France.
2008) sense iff there is a unique optimal coupling between p and v and this coupling is given by a
map. It was known combining results by Ambrosio, Gigli and Savaré (Lectures in Mathematics ETH
Ziirich. Birkhauser Verlag, Basel, 2005) and Ambrosio and Gangbo (Comm. Pure Appl. Math., 61:18—
53, 2008) that, under the latter condition, geometric differentiability holds. Moreover, the two notions
of differentiability are equivalent according to the recent paper of Gangbo and Tudorascu (J. Math.
Pures Appl. 125:119-174, 2019). Besides, we give a self-contained probabilistic proof that mere Fréchet
differentiability of a law invariant function F' on L?(Q,P; ]Rd) is enough for the Fréchet differential at
X to be a measurable function of X.
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1. INTRODUCTION

In this paper, we are interested in the structure of optimal couplings for the squared quadratic Wasserstein
distance W2 (i, ) between p and v in the set Pa(R?) of probability measures with finite second order moments
on RY, and in the differentiability of W§(y, v) with respect to p. By definition, W3 (u,v) = infremu [y —
z|?7(dx, dy) where II(u,v) denotes the set of coupling measures on R? x R? with first and second marginals
respectively equal to p and v and |.| denotes the Euclidean norm on R?. There always exists an optimal
coupling and we denote by TI°P*(u, ) the set of optimal couplings. According to [11], there exists only one Wa-
optimal coupling m between p and each v € Po(R?) and this coupling is given by a map T (i.e. 7 = (I, T)#u
where I; denotes the identity function on R?) iff 4 gives 0 mass to the ¢ — ¢ hypersurfaces of dimension
d — 1. Even when p does not satisfy this condition which is implied by absolute continuity with respect to
the Lebesgue measure, according to Proposition 5.13 [8], if ¢ : R? — R is a C? strictly convex function such
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that [, [Ve(z)[?u(dz) < oo, then there is a unique Wa-optimal coupling between p and v = Vp#pu and this
coupling is given by the map V. But there also exist measures v € Po(R?) such that either the unique optimal
coupling (uniqueness holds in dimension d = 1 for instance) is not given by a map or there exist distinct optimal
couplings. In the latter case, any strictly convex combination of these couplings is an optimal coupling which is
not given by a map.

In Section 2, we study optimal couplings © which are not given by a map. By disintegration, 7(dz,dy) =
p(dz)k(x, dy) for some Markov kernel k on R? (which is p(dz) a.e. unique). Setting 7(z) = [5. yk(z,dy) and
using the bias-variance decomposition under the kernel k, we obtain that 7 is the composition of a martingale
coupling between T #p and v with the map T which gives a Ws-optimal coupling between p and T#pu. Note that
couplings of this form have recently been studied by Gozlan and Juillet [12] when considering the barycentric
optimal cost problem. For ¢ : R? — R a strictly convex function such that [, ¢(y)v(dy) < oo, by minimizing
Jga @(T (x))p(dx) over the Wa-optimal couplings between x and v, we obtain optimal couplings such that the
associated map Ty gives the only optimal coupling between p and Tg#p. There is a unique such coupling when
o(x) = |o.

In Section 3, we are interested in the differentiability of W3(u,v) in the Lions sense with respect to .
Gangbo and Tudorascu have recently proved in Corollary 3.22 [10] that the Lions differentiability [15] of a
function f : Po(R?) — R is equivalent to the geometric differentiability and that the Fréchet derivative of the
lift at X ~ pu is then given by V, f(X) where V,, f € L*(R?, 1;R?) is the geometric (or Wasserstein) gradient
of f at p. While the lifted space that they consider is the ball centered at the origin of unit volume in R?
endowed with the Lebesgue measure, the result can be transferred to any atomless lifted space by considering
an almost isomorphism between those spaces'. Theorem 10.2.6 [4] states that o — W3 (o, v) is subdifferentiable
in the geometric sense at p when T1°P*(u,v) = {(I4,T)#p} for some measurable transport map T : RY — R4,
On the other hand, Proposition 4.3 [3] states that o — WZ(o,v) is always superdifferentiable in the geometric
sense at p with x +— 2 (1’ - fRd yk(x, dy)) belonging to the superdifferential for each Markov kernel k on R? such
that p(dz)k(x,dy) € 1P (u, v). Since geometric differentiability amounts to simultaneous geometric sub- and
superdifferentiability, as soon as I1°P!(uu, v) = {(I4, T)#nu}, then o — WZ(o,v) is differentiable in the geometric
sense at . On the other hand, geometric differentiability implies that the geometric sub- and superdifferential
considered as subsets of L?(R?, 11; R?) coincide and contain one element only (see for instance [8], Prop. 5.63).
The fact that the quotient of {z — [o, yk(z,dy) : p(dz)k(x,dy) € I (u,v)} for the pu(dx) a.e. equality is a
singleton is therefore necessary for the geometric differentiability of o — W2(o,v) to hold at p.

We prove that o — W3(o,v) is differentiable at p in the Lions sense iff T1°P!(u,v) = {(I4, T)#p}. We give
a direct probabilistic proof of the sufficient condition which also follows from the just mentionned results. To
prove the necessary condition, we use that the Fréchet differentiability at X ~ p of the lift on an atomless
probability space is enough for the Fréchet derivative at X to be a.s. equal to a measurable function of X,
a consequence of [10] that we show again using simple probabilistic arguments. Let us emphasize that the
quotient of {z — [o, yk(x,dy) : p(dx)k(z,dy) € I (u,v)} for the p(dz) a.e. equality may be a singleton
while IT°P!(p, v) is not equal to {(I4, T)#u} for some measurable map 7 : RY — R? (see, in dimension d = 1,
Rem. 2.4 below).

2. STRUCTURE OF QUADRATIC WASSERSTEIN OPTIMAL COUPLINGS

In this section, we are interested in characterizing the set
P! (p, v) = {n(dz,dy) € Po(R? x RY) :p(dx) = /
yeRd

and W) = [

R4 x

m(dx,dy),v(dy) = / 7(dz, dy)

zER4

y ly — :U|27T(dglc7 dy)}.

IWe thank one of the referees for pointing out this argument to us.
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of optimal couplings between two probability measures u,v € Po(R?) for the quadratic cost. This set is not
empty : see e.g. [4], page 133.

The refined version of the Brenier theorem in [11] ensures that I1°P!(u, v) contains a single element (I, T)#u
which is given by a measurable transport map 7" : R? — R? for each v € Po(R?) iff 11 does not give mass to the
¢ — ¢ hypersurfaces parametrized by an index i € {0,...,d — 1} and two convex functions f and g from R4~}
to R:

{(x1,..., 20, f(x) — g(x),Tit1, . wa1) i = (21,...,34-1) € RIT'},

The next lemma deals with the case where T1°P!(u, v) # {(I4,T)#u} for some measurable transport map.
Lemma 2.1. Let y,v € P2(R?). One of the two conditions holds:

~ P (p,v) = {(14, T)#u} for some measurable transport map T : RY — R,
- Jp(da)k(x,dy) € TP (u,v) such that [pa, paly — [ga 2k(x,dz)[?k(z,dy)p(dz) > 0.

Moreover, if any coupling in 11°P*(u,v) is given by a map i.e. writes (Iq,T)#u for some measurable function
T :R* = RY, then T1°P*(u, v) is a singleton.

Proof. If the set II°P*(y1,v) has a single element p(dz)k(z,dy), defining 7 (z) = [pq yk(z,dy) we either have
Jraxga [y — T(x)Pk(z,dy)u(dz) > 0 or p(dz)k(z,dy) = p(dz)dr(y)(dy). Otherwise, we can pick two distinct
elements ky, ko € II°P!(p, v) and k(z,dy) = % (k1(x,dy) + ka2(z,dy)) is such that p(da)k(z,dy) € I (u,v) and
Jraxga [y — Jga 2k(z, d2)|?k(z, dy)p(dz) > 0. The second statement easily follows. O

Remarking that if v is the Dirac mass at x € R? and v, the uniform distribution on the ball centered at
x with radius e, then Wy(v,v.) < &, we deduce from the next proposition that for any u,v € Po(R?), we can
always find p,v. € Pa(RY) such that Wa(pu, pe) < €, Wa(v,v.) < € and 3p.(dz)ke(z,dy) € TP (p.,v.) such
that [pu, pa |y — [ga 2k (2, d2)|?ke (2, dy) pe (dz) > 0.

Proposition 2.2. Assume that v € Pa(R?) is not a Dirac mass. Then for all i € P2(R?), there exists a sequence
(ttn)n of elements of Po(RY) such that lim,, oo Wa(fin, i) = 0 and for each n, there does not exist Ty, : R — R?
measurable such that TIPt (pu,,, v) = {(I14, Ty, )#pin }-

Proof. Let (X;);>1 be an ii.d. sequence of random variables with law g, and (Y;);>1 an independent i.i.d.
sequence of uniform random variables on the unit ball {z € R%, || < 1}. We set ji,, = % >, 0x, the empirical
measure and fi, = £ 3" | §x, 1y, /n. By construction, we have W3 (pn, fi) < 2 3701 [Y;/n|*> < 1/n? and P(Ji #
J, X +Y;/n=X;+Y;/n) =0, which means that a.s. for each n € N*, 1,, weights a.s. exactly n points. The law
of large numbers gives the almost sure weak convergence of fi,, towards p and the almost sure convergence of
LS 1Xif? to E[|X1[%). Proposition 7.1.5 in [4] ensures that W (fin, 1) ol 0 almost surely. By the triangle

inequality, we get Wa(piy, 1) n%—}roo 0 almost surely.

Now, we consider (p,)n>1 the increasing sequence of prime numbers. Suppose that Ing € N*, such that
TH#pp,, = v- Then, v weights at most p,, points and the masses are equal to k/pn, with 1 <k <p,, —1
since v is not a Dirac mass. Then, if we had T#pu,,, = v for some n > ng, we would have k/p,, = k'/p,, with
1 <k < p, — 1. This would imply that p,, divides kp,, and thus k, which is impossible since 1 < k < p,,, — 1.
Thus, there is at most one ng € N* such that there is a transport map T),, satistying Ty, #pp,, = V. O

Let us now give a necessary and sufficient condition for the existence of an optimal transport map in
dimension d = 1. We denote F,(z) = n((—o0,z]) and F,'(u) = inf{z € R : n((—o0,z]) > u} the cumula-
tive distribution function and the quantile function of a probability measure n on R. For u,v € Pa(R), by
Theorem 2.9 in [16], the only element of TI°?*(y, v) is the image of the Lebesgue measure on [0, 1] by (F, ', F,71).
The next lemma characterizes the case when this coupling is given by a map.
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Lemma 2.3. Let p,v € Py(R). There exists T € L*(R, 1;R) such that TP (u,v) = {(I1, T)#u} iff for all
z € R such that p({z}) >0, F, ' is constant on (F,(z—), F,(z)]. Then, the unique optimal transport map is
T(x) = F; (Fu(x).

Remark 2.4. When F, ! is not constant on (F,(z—), F,(z)] for some z € R such that p({z}) > 0, then
1°Pt (, v) is not equal to {(I1,T)#u} for some measurable map T : R — R while, since I1°P*(u, v) is a singleton,
the quotient of {z — [, yk(z,dy) : p(dx)k(z, dy) € II°P*(p,v)} for the p(dz) a.e. equality is a singleton.

Proof. Let X ~ p and U be an independent random variable uniform on [0, 1]. The random variable V =
F,(X—-)4+U(Fu(X) — Fy(X—)) is such that P{F,(X—) <V < F,(X)} U{F,(X-) =V = F,(X)}) = 1.
This is an uniform random variable on [0, 1]: for u € (0,1), u € [F,,(z—), Fj,(x)] for some z € R and P(V <

u) =P(X <z)+P (X =z,U < %) = u since X is independent of U. Since F;'(V) = X for V €

(Fu(X=),Fu(X)] and F;'(V) < X for V = F, (X—) = F,(X), we have F,;'(V) < X as.. Since F,;'(V) and

X have the same law, we necessarily have F,~ (V) X a.s.. By the inverse transform sampling, F, (V) is

distributed according to v. Let us assume that F, ' is constant on (F,(z—), F,(x)] for all z € R such that
p({z}) > 0. Then F,; 1 (V) = F,Y(F,(X)) as., F, ' o F,#u = v and

Hence T'(z) = F,'(F,(x)) is an optimal transport map. Conversely, if T' is an optimal transport map such
that T#p = v, we have T(F; (v)) = F;'(v), dv-a.e. For z € R such that p({z}) > 0, F, ! is constant on
(Fu(xz—), Fu(x)], and therefore F;! is necessarily constant on (F,(z—), F,(z)]. O

Remark 2.5. Lemma 2.3 still holds true for u, v probability measures on R with finite moments of order p > 1,
and a transport cost c(z,y) = h(Jy — z|), with h : R4 — R strictly convex such that 3C < oo, Vo € R, h(|z]) <
C(1 + |z|?). The same proof applies since, by Theorem 2.9 in [16], the only optimal coupling for such a cost is
the image of the Lebesgue measure on [0,1] by (F, !, F ).

The next proposition, which is one of the main results of this section, shows that any Ws-optimal coupling
can be written as the composition of a transport map and a martingale kernel i.e. a Markov kernel k£ such that
for all z € RY, [o. |ylk(z,dy) < co and [y, yk(z,dy) = z. Let us now give the definition of the convex order on
probability measures before recalling its link with the existence of martingale couplings.

Definition 2.6. Let 7, v be two probability measures on R?. We say that 7 is smaller than v in the convex
order and write 1 <. v if for each convex function ¢ : R? — R such that the integrals make sense,

[ olamtan) < [ owwian).

Notice that since a convex function ¢ on R? is bounded from below by an affine function for a probability
measure 7 on R? with finite first order moment (and in particular for n € Po(R?)) fRd n(dx) always makes
sense possibly equal to +oco0.

Theorem 8 in Strassen [17] ensures that, when [p, |y|v(dy) < oo, n <cx v iff there exists a martingale Markov
kernel k such that n(dx)k(x,dy) € II(n, v).
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Proposition 2.7. Let p,v € P2(R?), p(dz)k(z,dy) € P (u,v), T(z) = [payk(z,dy) and n = T#p. Then
N <ex V,

W) = WG + | ooy = [ |2Pn(a) (21)

and (Idv T)#M € Hom(ﬂ»ﬂ)'

On the other hand, if n <cx v is such that (2.1) holds, then combining p(dz)q(x,dz) € I°P(u,n) with any
martingale coupling n(dz)m(z,dy) between n and v, we obtain a Wa-optimal coupling p(dx)qm(z,dy) (where,
as usual, gqm(x,dy) = [ _pa q(z,dz)m(z,dy)) between p and v.

The first part of this proposition is also a consequence of Theorem 12.4.4 in [4]: the barycentric pro-
jection of p(x)k(x,dy) is precisely (Iq, T)#p. Here, we present this result with a probabilistic fashion. For
p(dx)k(z,dy) as in the first statement and (X,Y) ~ u(dx)k(x,dy), by definition of T, E[Y|X] = T(X) a.s.
so that E[Y|T(X)] = T(X) a.s. and this optimal coupling is the composition of the martingale coupling
given by the law of (7(X),Y) and the transport map 7. Notice that since it relies on the bias-variance
decomposition, this structure of optimal couplings does not seem to generalize to other Wasserstein distances
W,(p,v) = (infren(u) f|yfx\p7r(d9:,dy))1/p, p € [1,00) \ {2}. Nevertheless, Gozlan and Juillet [12] have
recently obtained optimal couplings that are the composition of a martingale coupling and a deterministic
transport map by considering the barycentric optimal cost problem, which consists in minimizing for a given
cost function 6 : R? — R the quantity [p, 6(z — [. yk(x, dy))p(dz) among all couplings zi(dx)k(x, dy) between
@ and v.

Proof. Let us first prove the second statement. Let n <.y v, ¢ be a Markov kernel such that u(dz)q(z,dz) €
11°Pt (11, m) and m be any martingale kernel such that nm = v. Then p(dz)gm(z,dy) is a coupling between
and v such that

2 v — X X )gm\x —Z 2—1'2 x r,dz)miz
Wi < [ —ePuagn(edn) = [ =z 42— aPu(da)aedsm( )

xR xR
— [ e sPumdg + [ - aPue)ate a2
R4 xR R4 xR
= [ Potan) = [ JefPn(az) + W) (22)
Rd Rd
where we used the variance-bias decomposition under the martingale kernel m for the third equality. Hence, if
(2.1) holds, then u(dz)gm(z,dy) € 1P (u, v).

Let now pu(dx)k(x,dy) € TP (u,v), T(x) = [pa yk(z,dy) and n = T#pu. Jensen’s inequality immediately
gives 17 <x v and thus 7 € Py(R?). We have

v) = / ly— T(@) + T(x) — 2Pu(de)k(z, dy)
i i 7I2 X
= [ [ = T@RuankGe.dn) + [ 17w - aPutia)
/ / (Iyl? — |T (@) Pyl da)k(a, dy) + / T (@) — e u(dz)

_ 21/ _ 22 z ) —x X
= [ wPvian = [ Paas) + [ 7@ = afu(ao).

where we used the variance-bias decomposition with respect to k(zx,.) for the second equality. With (2.2), we
deduce that [p, |7 (z) — z[*p(dz) < W3 (u,m) and T is a Wa-optimal transport map between p and 7. O
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For p1,v € P2(R9), let us define the sets

T2 = {0 € PalRY) 1 <ox v and Wi Guw) = WiGuon) + [ lyPutay) = [ [P},

70 _ {T#u  Su(da)h(e.dy) € I (), (o) = |

» yk(z, dy)} :

By Proposition 2.7, we have f/’j C Z,; and fZ # () since I1°P*(u,v) # (). Moreover, there exists an optimal

transport map between p and any element of j’;j . The measure T#u associated with an optimal coupling in
1°Pt(, v) is possibly equal to v, which always belongs to 7.

Lemma 2.8. Let pu,v € Po(RY). If n € Iy, then for any 1 such that n <cx 1) <cx v, 1 € I] and 1 € IZ’,
Moreover, I, = {n € Po(R?) : 35 € fZ,ﬁ <ex N <ex V}. Last, the set I, is convez.

Proof. Let n € IZ and 7 be such that n <. n <. v. We have

Wi = WG+ [ i) = [ EPa@ + [ Pin - [ e @)

Now, we consider u(dz)k(x,dz) € TI°P*(u,n) and n(dz)m(z,dZ) a martingale coupling between 1 and 7. Then,
W3(p, 1) < f(Rd)if |7 — 2+ 2z — 2|?p(da)k(x, d2)m(z,dZ) = W2(u,n) —|—fRd |Z|27(dZ) — fRd |2|?1(dz). This inequal-
ity cannot be strict: otherwise, by combining an optimal coupling between p and 7 and a martingale coupling
between 7 and v, we would contradict (2.3). The equality gives n € Iﬁ and 7) € Z;; by using (2.3).

If e IZ, since IZ C IZ, by the first statement, each probability measure 1 such that n <.x 7 <cx Vv
belongs to Z;. Hence {n € Po(RY) : 35 € fz,ﬁ <ex M <ex v} C Zj;. On the other hand, for n € I},

u(dz)q(x,dz) € 1P (u, ) and a martingale coupling n(dz)m(z, dy) between n and v, we have p(dz)gm(x,dy) €
1°Pt (1, v), by the second assertion in Proposition 2.7. Since, by the martingale property, fRd ygm(z,dy) =
Jpa Jpaym(z,dy)q(z,dz) = [, zq(x,dz) setting T (z) = [ zq(z,dz), we have T#p € fz, by the first assertion
in Proposition 2.7. Since T#u <cx 1, we conclude that 7, C {ne Po(R?) : 35 € fz, N <ex N <ex V}-

Last, let us consider 71,72 € Z}; and X € (0,1). Using a convex combination of couplings in IT°?*(u,7;) and
TP (1, m2), we obtain that W3 (u, Ay + (1 — N)nz2) < AW (p,m1) + (1 — \)W3 (i, m2). Since 1,12 € Iy, we
deduce that

W) = WE e+ (0= Nm) + [ uPulas) = [ 12RO+ (= D) (d:).

Since Any + (1 — A\)n2 <cx v, there exists a martingale coupling between An; + (1 — A)n2 and v. Composing it
with an element of TI°P*(u, Ay + (1 — A)n2), we obtain a coupling between p and v which ensures that

W3 (1, v) < W3 (1, Ay + (1= A)m2) + /R ly*v(dy) — /R 2> (A1 + (1= A)n2)(d2).

Hence Amy + (1 — N)n2 € Z);. O

In dimension d = 1, since I1°P*(u, v) is a singleton, we can specify the sets 7, and i/’:

Proposition 2.9. Let u,v € Po(R) and

1
T(x) = / F Y (Fu(a—) + ulFu(z) — Fu(o—)])du. (2.4)
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We have f;j ={T#u} and I}, = {n € Pa(R) : T#u <cx 1 <ex v} Moreover, T1P* (p, T#p) = {(I, T)#p} and
there is a unique martingale coupling between T #u and v and it is Wa-optimal.

Proof. By the second assertion in Lemma 2.8, the characterization of Z}; easily follows from the one of f}; which,
with the definition of fz, the first statement in Proposition 2.7 and the uniqueness of the optimal coupling in
dimension d = 1, also implies that TI°P*(u, T#u) = {(I1, T)#nu}. Let U, U’ be two independent uniform random
variables on [0, 1]. We define

V = Fu(F N U) =) + U [EL(EHU) = Fu(B7HU)-)) (2.5)
and have by construction
FY(V)=F;YU) as.. (2.6)

For u € (0,1), u € [F,(z—), F,,(x)] for some z € R and

P(V <u)=P(F,;'(U)<z)+P (Fﬂl(U) =2,U < “_F#(f”_)) —u

since U’ is independent of U. Hence V' is uniformly distributed on [0, 1]. According to Theorem 2.9 [16], the law
of (F,1(V),F,;*(V)) is the unique element of II°P*(y,v). From (2.5), we get E[F, ' (V)|U] = T(F, ' (U)) and
by (2.6),

B[R (V)|IF (V)] = EEF (V|UNES (V)] = EITE (V)E (V)] = T(EV)).

m

Hence the single element of f,’: is the law T#p of T(F,7'(V)). Since T is nondecreasing, T (F,, '(V)) = F;#M(V)

14

a.s. and E[Fgl(V)|F7T#H(V)] = F};H(V) a.s.. Hence the law of (F;#M(V),FJI(V)), which is the single ele-
ment of TI°PY(T#pu,v), is a martingale coupling. Since all the martingale couplings share the quadratic cost
Je ¥?v(dy) — [R(T(x))?p(dz), each martingale coupling belongs to II1°P*(T#u,v) and is therefore equal to the

previous one. O

In dimension d = 1, there is a single element n € ff; a unique element in T1°P*(u, ) and the unique martingale
coupling between 17 and v is Ws-optimal. We now provide an example in dimension d = 2 where these properties
fail.

Example 2.10. Let g = 1 (6-1,0)+61,0) and v = 1(6,-1)+d0,1)). Since [(0,—1) — (=1,0)| =
[(0,1) — (=1,0)] = |(0,—-1) — (1,0)] = |(0,1) — (1,0)|, any coupling between p and v is Whs-optimal.
The couplings write u(dz)k,(x,dy) with k,((—1,0),dy) = (pé(o,,l) +(1 —p)é(o,l)) (dy) and k,((1,0),dy) =
((1 —1P)d(0,—1) +p5(071)) (dy) for p € (0,1). One has T,((—1,0)) = (0,1 — 2p), T,((1,0)) = (0,2p — 1), and
Np = % ((5(071_21,) + 5(0721,_1)). Any coupling between p and 7, is Ws-optimal and as soon as p # 1/2, there
is an optimal coupling different from (I3, 7,)#u. Moreover, unless p € {0,1/2,1}, the martingale coupling
between 7, and v is not Ws-optimal.

According to the next theorem, we can find elements 7 in fZ such that T1°P*(u,n) = {(I4,T)#p} for some
measurable transport map 7' by minimizing over Z;; the integral of a strictly convex function.

Theorem 2.11. Let p,v € Po(RY), ¢ : Rd — R be strictly convex such that [o. ¢(y)v(dy) < oo and T7
ey [pad(2)n(dz) = infyezy [pa @(2)n(d2)}. We have 0 # I, C I and for each n eI s TP (u, ) =

{(1a, )#u} for some measurable tmnsport map T : RY — R?, Moreover there is a single ny € I, , such that
Jga 1212104(d2) = infpezy | Jwa l21*n(d2). Last, there is a single element n in I" ]2
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This theorem permits to select extreme elements of Z;; and provides the following characterization of the
existence of a minimal element for the convex order in this set.

Corollary 2.12. For p,v € Po(R?), there exists ng € Pg(Rd) such that T}, = {no <cx N <ex v} if and only if
{ng : ¢ : RY = R? strictly convex and such that [p, ¢(y)v(dy) < oo} = {77} and then ng = 1.

Let us show the corollary before proving the theorem.

Proof of Corollary 2.12. The necessary condition is obvious. Let us show that it is sufficient. It is enough
to check that for any ¢ : Rd — R convex such that 3C < oo, Vz € R?, |¢(z)| < C(1 + |z|), we have Vn €
TY, fga 0(@)n(dz) < [pa @(z)n(de) (see e.g. [1], Lem. A.1). For such a function ¢ and for € > 0, ¢c(z) :=

qi)( )+ €|alc|2 is strictly convex and, since 74, = 1, we have

Ve | oamn) < [ oama)

We conclude by letting € — 0 using the dominated convergence theorem. O

To prove Theorem 2.11, we will need the following Lemma

Lemma 2.13. Let v be a probability measure on R? such that fRd lylv(dy) < oo and ¢ : R — R a convex
function such that fRd Yv(dy) < oo. Then the family of probability measures {¢#n : 1 <cx v} is uniformly
integrable.

Proof of Lemma 2.13. Let us first suppose that ¢ is nonnegative. Let M € (0,400), n <.x ¥ and m be a
martingale kernel such that [ cra N(dz)m(z, dy) = v(dy). Using Jensen’s inequality for the first inequality and
the Markov inequality combined with 1 <. v for the third one, we obtain that

[ oz < [ [ owm iz
R4 Rd JRd
< /Rded (¢(y)1{¢(y)2m} + \/Ml{qﬁ(m)ZM}) m(z, dy)n(dz)
= /Rd oY) 4> vany(dy) + \/M/Rd L{p(a)>nyn(de)
1
o P s> vary v (dy) + Navi /Rd P(y)v(dy).

Hence limps o0 SUp, <, fga #()1{g@)>ar3n(dz) = 0. In particular, the family {|z|#n : 7 < v} is uni-
formly 1ntegrable When the sign of ¢ is not constant, we obtain a nonnegative convex function ¢ such that
f]Rd v(dy) < oo by addition to ¢ of a suitable affine function . The conclusion follows from the uniform
1ntegrab1hty of both the families {1)#n : 7 <ex v} and {¢p#n : n <cx v}. O

Proof of Theorem 2.11. Let (fn)nen be a sequence in ZI% minimizing [, ¢(2)n(dz). For n € N, let
wu(dz)gn(z,dz) € 1P (u, n,) and n,(dz)m,(z,dy) be a martingale coupling between 7, and v. By the sec-
ond part in Proposition 2.7, u(dz)g,m, (z,dy) € TI°P*(u,v). Up to extracting a subsequence, we may suppose
that (u(dx)gn(z, dz)mn(z dy)), converges weakly to p(dz)re(x,dz,dy) where u(dzx) [, pa7oo(z,dz,dy) €
9Pt (1, v). Let Too( fRded Yroo(x,dz,dy) and 1 = Too# 1. By the first part of Proposition 2.7, 7. € I”
Moreover, by the above weak convergence and the uniform integrability deduced from Lemma 2.13,

n—oo

/ Sulde)ree(wdz.dy) = lim [ o(2ma(dz).
R4 x R4 x R4
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Taking the limit n — oo in the equality [pa, pay s 2(2, 2)(y — 2)p(dz)gn (z,dz)my, (2, dy) = 0, we obtain that

Jriwgaxga (@, 2)(y — 2)p(dz)reo (x,dz,dy) = 0 for any continuous and bounded function ¢ : RY x R — R.
Hence, for (X, Z,Y) distributed according to u(dz)re(z,dz,dy), Z = E[Y|(X, Z)] and T (X) = E[Y|X] =
EE[Y|(X, 2)]|X] = E[Z]X]. By using Jensen inequality for the conditional expectation, we get

B(2)e(d2) < / HE(dn)res . 2,dy) = Tim [ 9, (a),
R4 R4 xR4 x R4

n— 00

Thus, 7o satisfies [pa ¢(2)100(dz) = inf, ez fnd z)n(dz). Hence ), , # 0.

Let n € I/ ,. We now check that n € I” and TI°P*(p,7m) is a singleton. Let p(dwz)q(z,dz) € TPt (u,n)
and n(dz)m(z,dy) be a martingale couphng between 1 and v. By the second assertion in Proposition 2.7,

p(dx)gm(z, dy) € TPt (p, ) and, by the first assertion, for 7 (z) = [p. ygm(z,dy), T#u € I’“ By the mar-
tlngale property of m, ’T fnd zq(xz,dz) so that T#Hu <cx 7. Slnce T#wp € I, and n € I" 1. implies that
Jpa @(2) T#u(dz) > [ ¢(2)n(dz), we deduce with the strict convexity of ¢ that n = T#u and u(dx) (x,dz) =

(dx)5T (z)(dz). Hence any couphng in T1°P*(p,7m) is given by a map. By the second statement in Lemma 2.1,
we conclude that this set is a singleton.
By repeating the first argument with (¢, Z};) replaced by (|z|*,Z}, ;) , we obtain the existence of 7, € Z, such

that [, |2]?ng(dz) < infpezy Jza 121Pn(dz). Slnce the constructlon also reduces the integral of ¢, ng € IZ7¢

Let us now check that if 7 € Z ; is such that [, [2*7(d2) = 1nf,,ezm~¢ Jra l2[*n(dz), then 7 = 74.
By the first statement, II°P*(u,n,) = {(Iq,Ty)#p} and I1P*(p,7) = {(I4,T)#n} for measurable trans-
port maps Ty and T : R? — R One has Jga 121Pn00(d2) = [pal2/?7(d2) and therefore, since ny,7 € I,
W3 (1, ) = W3(u, 7). Let now 77 = 27 One has Jra |21771(d2) = [ga |2PPng(dz) = [ga|2[*7(dz). The cou-
pling p(dz): <6T¢(m (dz) + 64 z)(dz)) between p and 7 implies that W3 (u,7) < Wi (u,ns) = W4 (u, 7). Since
ne € 1, we deduce that

2 v 2 n 2y — z|?7(dz).
W) = WEGen) + [ wPvias) = [ 1Pa(a)

Moreover, 7 <.x v and combining a coupling in I1°P(y, 7j) with a martingale coupling between 77 and v, we deduce

that the previous inequality is an equality so that 7 € 7 and p(dz)3 (5T¢(m)(dz) + 05 () (dz)) € 1P (pu, 1). As

Nos 1 € Ty, fuu S — infyezy foo 0(:)n(d2) and 7 € 72, By the frst assertion, 1% (. 7) = {(Ia, T)ép)
for some measurable transport map T : RY — R. Therefore p(dz) a.e., Ty(x) = T(x) and 5,4 = 7). For the choice
é(x) = |z|?, we deduce that I . is a singleton. O

From the equality W3 (u, v) = W3 (u,n +fRd ly1?v(dy) — [ga |2°n(d2) valid for n € IV, we see that minimizing
Jga |z2n(dz) over 7;, is equivalent to minimizing W2 (u,m). Therefore the probablhty measure 7 can be seen as
the Ws-projection of p on the set Z). It is in general different from the Wa-projection up(,) of p on the set
P(v) :={n:n <c v}, which has been studied recently in dimension d = 1 by Gozlan et al. [13] and in general
dimension d by Alfonsi et al. [1] (who also give an explicit formula for the antiderivative of the quantile function
of this projection when d = 1), Alibert et al. [2], Gozlan and Juillet [12] and Backhoff-Veraguas et al. [5]. Notice
that since Z;; C P(v), one always has Wa(, p)) < Wa(p,n).

Example 2.14. For p and v the respective uniform distributions on [0, 1] and [0,2], we have I/ = {v} and
thus 7 = v. By using the characterization in Theorem 2.6 [1], we obtain that the Wa-projection pp(,y of p on
the set P(v) is the uniform distribution on [1/2,3/2].
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The next example shows that the set

{% ¢ : RT — R? strictly convex and such that /d
R

o(y)v(dy) < oo}

may contain distinct elements.

Example 2.15. Let y = %(5(_170) +9(1,0)) and v = i(d(_L_l) +8(0,—1) +(0,1) +9(1,1))- Any optimal coupling
between 1 and v can be written as yi(dz)k,(z, dy) with k,((—1,0),dy) = £(61,-1) +PS0,—1) + (1 —p)(0,1))(dy)
and k,((1,0),dy) = 2(8(1,1) + (1 — p)d(0,—1) + PS(0,1))(dy) for p € [0,1]. One has T,((—1,0)) = (—1/2,—p) and
T5((1,0)) = (1/2,p). The measures 1, = 3(6(_1/2,—p) + 0(1/2,)) are not comparable for the convex order since
for p # p’ there is no martingale coupling between 1, and 7, . Moreover, for each p € [0,1] the unique optimal
transport plan 6((—1,0),(—1/2,—p)) + 9((1,0),(1/2,p)) between p and 5, is given by a map. For this example, n =
no = % (5(,1/2’0) + (5(1/2,0)) and 7, = 1y, With ¢,(z) = 22 + (w2 — 2pz1)?. The Wa-optimal couplings between
n and v can be written as 19(dz)k,(2z,dy) for p € [0,1] and in particular the unique martingale coupling
no(dz)ko(2z,dy) is optimal.

The last example shows that, unlike in the previous one, the martingale couplings between 1 and v are not
necessarily Wa-optimal (even when TI°P(u, v) is a singleton).

Example 2.16. Let o= % ((5(_170) + 5(170)), Vq = % (5(_1,_1) +5(_1,2a+1) +(5(17_2a_1) +(5(1,1)) with a € R.
The unique Ws-optimal coupling between g and v, is p(dz)ke(z,dy) with k.((—1,0),dy) = $(61,-1) +

8(1,2a+1))(dy) and ka((1,0),dy) = 5(81,~2a-1) +6(1,1))(dy) so that 1, = § (8(-1,0) + d(1,—a))- Since (=1, —1) —
(-La)? = |(1,1) = (-La))P=(a+1)?>-4—(a—1)2=4(a— 1), for a > 1,

W2 (Nay Va) = % (a+1)2+4+(@-1)?) < (a+1)*= % (34 (2a+1)%) — (1+a?)
JPratan - [ 1Pnaaz,

so that the martingale coupling between 7, and v, is not Ws-optimal.

3. DIFFERENTIABILITY OF THE SQUARED QUADRATIC
WASSERSTEIN DISTANCE

We now present the notion of differentiability introduced by Lions [15]. Let f : Po(R%) — R. We consider an
atomless probability space (€2, 4, P) and denote by L?(2, P;R?) the set of R%-valued square integrable random
variables on this space. The lift of the function f on L2(Q,P;R¢) is the function F : L?(Q2,P; R¢) — R such that

VX € L2(Q,P;RY), F(X) = f(L(X)),

where £(X) € P2(R?) is the probability distribution of X. The atomless property is equivalent to the existence
of a random variable U :  — R uniformly distributed on [0, 1] (see e.g. [9], Prop. A.27). By the fundamental
Theorem of simulation (see e.g. Bouleau and Lépingle [6], Thm. A.3.1, p. 38), it ensures the existence on
(©, A,P) of a random variable distributed according to each probability measure on each Polish space, and in
particular of X : 2 — R? distributed according to y, for each u € Py(R?).

Definition 3.1. A function f : Po(RY) — R is L-differentiable at p € Py(R?) if there exists X € L%(Q,P;RY)
such that X ~ p and F is Fréchet differentiable at X.

Let f: Py(RY) — R and F(X) = f(L(X)) for X € L?(2,P;R?). The Fréchet differentiability of F' at X
amounts to the existence of a bounded linear operator D : L?(Q, P;R?) — R such that F(X +Y) = F(X) +
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DE(Y) + ||V ||l2ex(Y), where ex(Y) — 0 as ||Y|l2 — 0. By the Riesz representation theorem, there is a unique
DF(X) € L?(Q,P;R?) such that VY € L?(Q,P;RY), DE(Y) =E[DF(X).Y], and we will call later on DF(X)
the Fréchet derivative of F' at X. From Theorem 6.2 in [7], if f is L-differentiable at u € P2(R?), then F is
Fréchet differentiable at X for all X € L?(,P; R?) such that u = £(X). Besides, the law of (X, DF(X)) does
not depend on X by Proposition 5.24 in [8]. According to Theorem 6.5 [7], under the additional continuous
differentiability assumption, the Fréchet derivative DF(X) is equal to g(X) for some measurable function g.
According to Corollary 3.22 [10], the continuous differentiability assumption is not needed. We will provide a
simple and direct proof of this result, see Lemma 3.4.

We now state the main result of this section that characterizes the differentiability of the square quadratic
Wasserstein distance. To do so, we first exhibit the lift of the Wasserstein distance. Let p, v € P2(R9). From the
atomless property, there exist random variables X ~ p and Y ~ v on (2, A,P). The dual formulation (see for
instance [18], Thm. 5.10)

W3 (u,v) = s E [6(X) +d(Y)] = W3(X,Y) (3.1)
YeL (p),peLM (v):(x)+ih(y)<|z—yl|?

permits to lift W2 to L2(, P; R?).

Theorem 3.2. For pi,v € Po(RY), the mapping P2(R?) 3 o0 = WE(o,v) is L-differentiable at pu iff there exists
a measurable function T : RT — R? such that 1P (u,v) = {(I4, T)#u} and then the Fréchet derivative of the
function Z — W3(Z,Y) at X ~ u is given by 2(X — T(X)).

Remark 3.3.

— In particular, since the only coupling 7 € TI°P! (v, v) is (I, I4)#v, P2(R%) > o — W2 (o, v) is differentiable
at v with a vanishing Fréchet derivative.

— According to Proposition 2.2, if v is not a Dirac mass, then there is no p € Po(R?) such that Py (R%) >
o — W2(o,v) is differentiable in a neighbourhood of .

The L-differentiability is equivalent to the geometric differentiability ([10], Cor. 3.22). As explained in the
introduction, the sufficient condition in Theorem 3.2 can be deduced from this equivalence, Theorem 10.2.6 [4]
and Proposition 4.3 [3].

We are going to give a probabilistic proof of Theorem 3.2 by working with the L-differentiability. The two
following lemmas are needed: the first one is used to get the necessary condition while the second is used for
the sufficient condition. Their proofs are postponed after the proof of the theorem.

Lemma 3.4. Let F : L?(Q,P;R%) — R be law invariant. If F is Fréchet differentiable at X ~ p, then its
Fréchet derivative is equal to g(X) for some measurable function g € L2(R?, u; RY) and it is differentiable with
Fréchet derivative g(X) at each X ~ p in L*(Q,P;RY).

Let us note that this result is also a consequence of the work by Gangbo and Tudorascu [10]. Here, we
provide an alternative simple probabilistic proof of this fact. Wu and Zhang ([19], Prop. 1) already gave a
different probabilistic proof when X is discrete.

Lemma 3.5. Let ju,v € Po(R?) be such that there exists T : R? — R? measurable such that T1°P*(u,v) =
{(Is, T)#u}. Let also (pn)n be a sequence of elements of P2(RY) converging weakly to p and such
limy, o0 Wa(pin,v) = Wa(p,v). If (on a single probability space), X ~ p and for n € N, (X,,,Y,,) is such that

Xy~ pin, Yoo ~ v, Wy, v) =E [|Xn — Yn\Q] and X, X asn — oo, then
lim E[|X, — X[*+1Y, - T(X)]’] =0.
n— o0

Remark 3.6. The fact that lim,_, E [|X;, — X|?] = 0 implies that lim,,_,o W2 (pn, 1) = 0.
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Proof of Theorem 3.2. Let us first assume 1P (u,v) # {(I4, T)#u}. The existence on the lifted probability
space of a random variable uniformly distributed on [0,1] combined with [6] Theorem A.3.1 and Lemma 2.1
ensures the existence on this space of (X,Y) with X ~ pu, Y ~ v, W3(u,v) = E[|Y — X|?] and E[|Y —E[Y|X]|?] >
0. Let ¢ =Y — E[Y|X]. One has E[¢|X] = 0 a.s. so that for h : R? — R? measurable and such that h(X) is
square integrable,

E[h(X).€] = E[h(X).E[¢|X]] = 0. (3.2)

On the other hand, denoting by u,, the distribution of X + &, where &, = &, we have

n’

WX 460, Y) = WE () SEX € — V) = E[X ~ VI 4 2E[(X ~V).6) + e
E[)?

n2

= W3(u,v) - SE[V.] +

= Wi(X,Y)— (i - nlg) E[lY - E[Y|X]],

where we used (3.2) for the second equality and the definition of ¢ for the third. If o +— W3(o,v) were
L-differentiable at p, then (3.2) combined with Lemma 3.4 would imply that, as n — oo,

WEX + 6, Y) = WE(X,Y) = o([|&nll2),

which does not hold since ||&,||2 = w.

Now, we assume that T1°P* (1, v) = {(I4, T)#pu} for some measurable transport map T : R? — R<. Let, on the
lifted probability space, X ~ pu, Y ~ v and (£,), be a sequence of square integrable R%valued random vectors
such that ||, |2 := E'/2 [|€,[?] tends to 0 as n — co. We denote by p,, the law of X +&,. Let Y, ~ v such that

W3 (pin,v) = E[| X + &, — Ya|?] be defined on a possible enlargement of the lifted probability space. We have

W3 (s v) S E[IX + & = T(X)|"] = E[| X — T(X) "] + 2E[(X — T(X)).&] + E[|&, ]
= W22(1U‘7 V) + 2E[(X - T(X))gn} + E[|£n|2}'

On the other hand,

W3 (1, v) S E[|IX = Yol?] = E[|X + & — Yal?] = 2E[(X — Y»).&] — E[|6,°]
= W22(,unv V) - 2]E[(X - T(X))gn] - EH&L‘Q} + 2E[(Yn - T(X))gn]

With Cauchy-Schwarz inequality, we deduce that
(W3 (s v) = Wi (p,v) = 2E[(X = T(X)).&al| < ll€nll2 ([€nll2 + [1Yn = T(X)]2) -

Note that from (3.1) the left-hand side is equal to |W3(X +&,,Y) — W3(X,Y) — 2E[(X — T(X)).£,]| and is
thus well defined on the original lifted probability space, as required by the definition of the Lions derivative.
Now, Lemma 3.5 applied with X,, = X + &, ensures that lim,, o ||Y,, — T(X)|l2 = 0 so that o — WZ(o,v) is
L-differentiable at p with 9, W3 (u,v)(z) = 2(z — T(x)). O

Proof of Lemma 3.4. By the fundamental theorem of simulation (see e.g. Bouleau and Lépingle [6], Thm. A.3.1,
p. 38), since the lifted probability space supports a random variable with uniform distribution on [0, 1], it
also supports a couple (f( ,U) with X ~ p and U an independent random variable uniformly distributed
n [0,1]. Since F is Fréchet differentiable at X ~ p, by Theorem 6.2 [7] it is also Fréchet differentiable at
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X. Let for i € {1,....,d}, DF(X)l denote the ¢th coordinate of DF()~() and P;(z,dz,du) with respective
marginals Q;(z,dz) and R;(z,du) denote a regular version of the conditional law of (DF(X);,U) given X = z.
Let g;(x) = inf{z € R: Q;(z, (—00,2]) > 1/2} be the median of Q;(x,dz). Notice that, by property of the
median, E| DF(X); — g:(X)||X] < E[|DF(X); — E[DF(X);|X]||X] so that

)ill + E[[DF(X); — g:(X)]
)il + E[|[DF(X); — E[DF(X);|X]|] < occ.

Ellg:(X)[] < E[[DF(

<E X
<E[DF(X

Let

vi(2) = inf{u € [0,1] : Pi(x, {gi(x)} x [0,u]) = (Qi(x, (—00, gi(2))) — Qi(w, (g:(x), +00))) " }.

By independence of X and U, there is a Borel subset A of R% with z(A) = 0 such that for = ¢ A, R;(z,du) is
the Lebesgue measure on [0, 1]. Since

Qi(x, (=00, gi(x))) V Qi(x, (9i(x), +00)) < 5 < Qi(x, (—00,9i(2))) A Qi(2, (gi(x), +00)) + Qi(x, {g:(2)}),
for ¢ A, Pi(mv {gl(x)} X [071}%(1‘)}) = (Ql(xv (—oo,gi(w))) - Ql(xv (gi(x)7 +oo))>i‘ .

The random variables &% = 1{DF()~()i>gi.()~()} + 1{PF(X)1~=91-(5<),U§U?(5<)} and & = 1{DF()?)i<gi(X)} +
l{DF()E'),',fgl(f(),Ugv;(f()} are such that (X,¢}) and (X,£") have the same distribution: indeed, condition-
ally on X = z, these are Bernoulli random variables of parameter Q;(z,(—00,gi(x))) V Qi(z, (gi(x), +00)).
Therefore E[g;(X)¢%] = E[g;(X)&"] and, denoting by e; the ith vector of the canonical basis of RY, for each
£€[0,1], X +e€te; and X + e’ e; have the same distribution so that F(X + e’ e;) = F(X + &% ¢;). Hence
E(¢. DF(X);) = E(¢. DF(X);). We deduce that

0 =E[(DF(X): - :(X))(€} — €)] = E[IDF(X); - g:(X)]]

and conclude that P (DF(X) = g(X)) = 1. Proposition 5.24 [8] ensures that the couples (X, DF(X)) and
(X, DF (X)) share the same distribution and therefore P (DF(X) = g(X)) = 1. O

Proof of Lemma 3.5. Let n,, and n%, respectively denote the distributions of (X,T'(X), X,,Y,) and (X,,Y,).
Since (pn)n converges weakly to u, this sequence is tight and we deduce that (1), is tight. Let us consider a
subsequence weakly converging to n°° and that we still index by n for notational simplicity. From the convergence
X, 25 X as n — oo, we deduce that (X, T(X), X,) —% (X, T(X), X). Hence the marginal 753, of the triplet
of the three first coordinates under n*° is 1595 = (14, T, I4)#. Next, the marginal 155 of the couple of the two
last coordinates is a coupling between p and v such that fRdx]R” |z — y|*n55 (dz, dy) < liminf, . fRded |l —
y|?n%y (dx, dy). Since fRdeRd |z —y|?n%, (dr,dy) = E [|Xn — Ynﬂ = W3 (pin,v) converges to Wo(u,v) as n — 0o,
N3y € 1P (u, v). Therefore 33 = (14, T)#p and u(dw) a.e. the conditional law of the fourth coordinate given
that the third is equal to w is dp(,)(dz). Since under 7755 the two first coordinates are a function of the third
one, this is also the conditional law of the fourth coordinate given that the three first coordinates are equal
to (w,T(w),w). Hence n*(dw,dy,dw,dz) = pu(dw)dw,r(w))(dz,dy)dr@) (dz) so that n°> = (Iq, T, I4, T)#u.
Since the weak limit does not depend on the subsequence, the whole sequence (7,), converges weakly to
(Id, T, Id, T)#u
Since |Yn - T(X)| < 2|Yn|1{\Yn|2|T(X)\} + 2|T(X)|1{\Y,,,\<|T(X)\}a for m > 0, we have

Yo = T(X) Py, —r(x)zmy < AYnl* Ly smey + AT PL{7(x0)2m/2)-
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Hence
E [|Vs = T(X) 1y, —r(x)1zmy ] < S/Rd (2212 m 2y (d2)

which provides the uniform integrability needed to conclude that lim, o E [|Y;, — T(X)|?] = 0. The convergence
of E[|X,, — Y,|?] = WE(up,v) to Wi(u,v) = E[|X —T(X)[?] as n — oo together with the convergence in
probability of (X,,Y,) to (X,T(X)) implies that

. _ 2 _v2 —
lim E[|[X = T(X)]” - X, — Ya/?]

and therefore that the random variables (|X,, — Y,,|?),, are uniformly integrable. From the inequality | X, — X|* <
3(| X — Yo |? + |V, + | X|?) and the convergence of (V,,),, to T(X) in quadratic mean, we deduce that the random
variables (| X, — X|?),, are uniformly integrable. With the convergence in probability of (X, ), to X, we conclude
that lim,, 0 E [| X, — X|?] = 0. O

Lemma 3.4 is also useful to check that the notion of L-differentiability does not depend on the choice of the
atomless lifted probability space (€2, .4, P). We will say that a function f : Po(R%) — R is Lq-differentiable at
p € Pa(RY) if there exists X € L2(Q,P;RY) such that u = £(X) and Fo(X) = f(L£(X)) is Fréchet differentiable
at X. The function Fy, is called the lift of f on the probability space (2, A, P).

Proposition 3.7. Let (Q, A,P) and (Q, A, P) be two atomless probability spaces. The function f : Po(R?) — R
is Lo-differentiable at p € Po(RY) iff it is Lg-differentiable at p.

Proof. By symmetry, it is enough to prove that the Lo-differentiability implies the Lg-differentiability and the
Fréchet derivatives are given by the same function in L?(R9, u; R?). Let us assume that f is Lo-differentiable at
1. The atomless property and the fundamental theorem of simulation ensure the existence on the original lifted
space (2, A,P) of random variables (U, X) such that U is uniformly distributed on [0, 1] and independent from
X ~ p. Then, Fq is Fréchet differentiable at X and there exists a measurable function g € L?(R%, y; RY) such
that DFo(X) = g(X) by Lemma 3.4. We consider Fy, : L2(9,P; R%) — R the lift of f on an atomless probability
space (Q A,P)and X ~ punder P. Let Y € L%(Q, P; Rd) and R(x,dy) denote a regular version of the conditional
law of Y given X = z. By Lemma 2.22 [14], there exists a measurable function p : R? x [0,1] — R? such that
for all z € R%, p(x,U) is distributed according to R(z,dy). Then, Y = p(X,U) is such that (X,Y’) has the same
law under P as (X,Y) under P, and therefore Y € L?(€2, P; R%). We then have
Fo(X +Y) = Fo(X) - E[g(X).Y] = Fo(X +Y) — Fo(X) - E[g(X).Y]
=Fo(X +Y) - Fo(X) —E[DFo(X).Y].

With E[|Y[?] = E[|Y]?], we deduce that the Fréchet differentiability of Fo at X implies the Fréchet
differentiability of Fy at X and DFg[X] = g(X). O

By considering the atomless probability space (Bg, B(B4),Leb) where By the ball centered at the origin
of unit volume in R? endowed with the Borel sets and the Lebesgue measure, Gangbo and Tudorascu ([10],
Cor. 3.22) have proved the equivalence between the L p,-differentiability (and therefore the L-differentiability)
and the geometric differentiability, as well as the relation between the two derivatives.

As pointed by one of the referees, one can also deduce Proposition 3.7 from Corollary 3.22 [10] by Gangbo
and Tudorascu: f is geometrically differentiable at 4 if, and only if, Fip, is Fréchet differentiable at any X ~ p,
and in this case we have DFp,(X) = V,f(X), where V,f : R? — R? is the Wasserstein gradient of f at p.
Let (2, A,P) be an atomless probability space and Fq denote the corresponding lift of f. Then, there exists an
almost isomorphism i : By — € that pushes forward the Lebesgue measure to P. We have F,(X 01i) = Fo(X)
for X € L?(,P;RY). If X ~ p, then X o4 ~ p and one easily deduces that Fy, is Fréchet differentiable at X with
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DFo(X) = DFp,(Xoi)oit =V,f(Xoi)oi™! =V,f(X). In a symmetric way, if Fy, is Fréchet differentiable
at X ~ p, then Fp, is Fréchet differentiable at X o¢ and DFp, (X 04) = DFq(X)oi = V,f(X o), so that
DFo(X) =V, f(X).
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