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Abstract

We construct ergodic absolutely continuous invariant probability measures
for an open class of non-hyperbolic surface maps introduced by [V2], who
showed that they exhibit two positive Lyapunov exponents at almost every
point. Our approach involves an inducing procedure, based on the notion of
hyperbolic time that we introduce here, and contains a theorem of existence
of absolutely continuous invariant measures for multidimensional piecewise
expanding maps with countably many domains of smoothness.

Résumé

Nous construisons des probabilités invariantes absolument continues ergodiques
pour une classe ouverte de transformations non hyperboliques dans des sur-
faces. Cette classe de transformations a été proposée par [V2], qui a prouvé
que ces transformations ont deux exposants de Lyapunov positives presque
partout. Notre approche utilise une procedure d’induction, basé sur la no-
tion de temps hyperboliques que nous présentons ici, et contient un théoreme
d’existence des mesures invariantes absolument continues pour des tranforma-
tions dilatantes par morceaux ayant un nombre infini de domains de differen-
tiabilité.



1 Introduction

Let ¢ : M — M be a smooth transformation on a compact manifold M. Given a
map f: M — R, one is interested in “observing” f along the orbits of points x € M.
Even in cases of very simple transformations the sequences (time-series) f(?(z)),
7 >0, may have a rather complicated behaviour. Moreover, the transformations
may present sensitivity on the initial conditions, i.e. a small variation on the initial
point x € M gives rise to a completely different behaviour of its time-series. A
more realistic task (but far from being simple) consists of studying the asymptotic
time-averages of such sequences for a “large” set of points z € M. In this setting,
Birkhoft’s ergodic theorem says that if p is a p-invariant finite ergodic measure,
then

S
Jim Zf(w () = /M fdu
for p almost every point € M and every integrable map f : M — R. However, a
full ; measure set may have no special “physical” meaning, and one is particularly
interested in describing the time-averages for a positive Lebesgue measure set of
points in M.

The previous considerations motivate the following definition. We say that a
finite measure p in M is a Sinai-Ruelle-Bowen measure (SRB measure, for short)
for the transformation ¢ : M — M if it is p-invariant and there is a positive
Lebesgue measure set B C M such that for any continuous map f : M — R one
has

n—+oo 1 <

n—1
1 .
lim — E f((x)) :/ fdu  for every x € B.
Jj=0 M

In the light of Riesz’s theorem, this in particular means that the measure y may
be “seen” by computing the time-averages for a set of points with positive Lebesgue
probability. This kind of measure was introduced by Sinai for Anosov diffeomor-
phisms [S1], and later extended by Ruelle and Bowen for Axiom A diffeomorphisms
and flows [R1, BR|. For non-hyperbolic systems the existence of such measures
may be a very hard mathematical problem. Jakobson, in his celebrated paper [J],
constructed SRB measures for quadratic transformations on the interval. Another
important work was [BY] (based on the previous work [BC2]), where SRB measures
were constructed for Hénon two dimensional maps exhibiting strange attractors. All
these SRB measures are, in a sense, one-dimensional: they are absolutely continuous
with respect to Lebesgue measure on the interval, in the first case, respectively with



respect to Lebesgue measure along one-dimensional local unstable manifolds, in the
Hénon case. (The SRB property is a more or less direct consequence of this absolute
continuity property together with ergodicity and absolute continuity of the stable
foliation).

Hyperbolic systems apart, very little is known on this subject for systems with
multidimensional expansion. Our goal in this work is to set up a framework for the
study of statistical properties of systems with nonuniform expansion. In doing this
we are primarily motivated by the (robust) examples of such systems constructed
by [V2]. However, the techniques we introduce here should prove useful in much
greater generality. Indeed, an application of these ideas is being given in [ABV],
where partially hyperbolic systems are considered.

In order to state our first theorem, let us briefly describe the examples of [V2].
Let ¢q : S x R — S' x R be a C3 map given by ¢ (0, z) = (§(0), f(6, x)), where §
is a uniformly expanding map of the circle S' = R/Z, and f(0,z) = a(#) — x* with
a(0) = ag+ ab(f). We choose ag € (1,2) in such a way that © = 0 is pre-periodic for
q(x) = ag—x? and take b : ST — S a Morse function. For the sake of definiteness we
assume that b(f) = sin(2760) and § is a linear expanding map of the form §(6) = df
(mod 1). It is easy to check that for @ small enough there is an interval I C (—2,2)
for which ¢, (S* x I) C int(S! x I).

The results in [V2] show that for d > 16 and ¢ in a C3(S* x I) neighborhood of
the map ¢,, there are two positive Lyapunov exponents almost everywhere. More
precisely, it is proved that there is some constant A > 0 such that

1
liminf —log || Dy" (0 > A
im inf — log || De" (0, z)v]| =
for Lebesgue almost every (0,z) € S x I and every non-zero v € T(g,)(S* x I).
Here we prove the following result:

Theorem A Ford > 16 and « sufficiently small, the map ¢, has a finite absolutely
continuous (with respect to the bidimensional Lebesque measure) invariant measure
w*. Moreover, the same holds for every map ¢ in a sufficiently small neighborhood
of o in the C3(ST x I) topology.

To the best of our knowledge, these are the first examples of nonuniformly ex-
panding systems with invariant measures absolutely continuous with respect to
higher dimensional Lebesgue measure. Let us mention that [BPV] exhibits SRB
measures for some multidimensional Lorenz-like attractors of flows. However, their
situation is quite close to being hyperbolic, since they deal with maps which are
everywhere expanding (rate of expansion bounded away from 1).

3



We will prove that ¢ has only finitely many ergodic absolutely continuous in-
variant probability measures — from which it follows that any absolutely continuous
invariant probability measure is a linear combination of such finite number of ergodic
ones. Then, as a consequence of Birkhoff’s ergodic theorem we get:

Corollary FEvery ¢ in a sufficiently small neighborhood of ¢, as in the theorem
above has an SRB measure.

In fact one can say more: in a joint work with M. Viana we show that ¢ is topo-
logically mixing and ergodic with respect to Lebesgue measure. As a consequence,
the SRB measure is unique, ergodic, and its support is the whole attractor.

Now we give a sketch of the proof of Theorem A. A basic idea is to introduce
a new map ¢ obtained by iterating the initial map ¢ until we get some (uniform)
expanding behaviour. This so-called inducing procedure goes back, at least to [J],
but there is a crucial difference in our setting with respect to nonuniformly hyperbolic
situations treated in previous works. Both quadratic maps and Hénon maps combine
hyperbolic behaviour in large parts of the domain with non-hyperbolic behaviour
in certain critical region, and that is also true for our systems. On the other hand,
all the approaches in these previous cases rely on the existence of a well-defined
recovering period during which the non-hyperbolic effect of the critical region is
compensated for. This last ingredient does not exist in our case, which is related to
the fact that the critical region {det ¢ = 0} intersects itself when positively iterated.

Instead, the mechanism that permits us to obtain the expanding behaviour is of
a statistical type, and will be implemented by introducing the notion of hyperbolic
times for points in S' x I. Roughly speaking, a hyperbolic time for (6,z) € St x I
is an iterate h € ZT for which |Dyp=*(¢"(0,z))|| contracts for every 1 < k < h
(uniformly on (0,z) and h, and exponentially on k). The existence of positive
Lyapunov exponents almost everywhere implies the existence of such hyperbolic
times for most points in S! x I. Furthermore, we are able to prove that Lebesgue
almost every point in S x I has infinitely many hyperbolic times.

In Section 3 we use these hyperbolic times to define a partition R into rectangles
of S' x I and a map h : R — Z%* such that for each R € R the map ¢ |int(R)
is a diffeomorphism onto its image and exhibits uniform expanding behaviour. It is
in this way that we associate to the map ¢ a multidimensional piecewise expanding
map ¢ from S x I into itself.

The ergodic properties of one-dimensional piecewise expanding maps have been
studied thoroughly, starting form [LY], but the multidimensional case is much
less understood. [K] proved the existence of absolutely continuous invariant mea-



sures (a.c.im., for short) for piecewise analytic transformations on the unit two-
dimensional square with the domains of smoothness having analytic boundaries. In
general dimension, [GB1] proved the existence of a.c.i.m.’s for C? piecewise expand-
ing maps with finitely many domains of smoothness having C? piecewise boundaries,
with angles at the vertices bounded away from zero. They always assume the map
to have only finitely many domains of smoothness, and so these results are not suffi-
cient for our purposes. For this reason, we prove in Section 5 the following result on
piecewise expanding maps with countably many smoothness domains, whose proof
we give in general dimension.

Theorem B Let ) be a C? piecewise expanding map from the bounded region R C R"
into itself and {R;};. its smoothness domains. If 1 has bounded distortion and the
sets Y(R;) have C? piecewise boundaries with angles bounded away from zero and
“large size” (see Section 5 for the precise statements), then ¢ has a finite a.c.i.m..

Recent developments on this subject include [A],[B],[S],[T]. We will use theo-
rem B to prove that the map ¢ described above has some finite a.c.i.m. p. Indeed,
the partition R is constructed in such a way that the iterate h(R) is a hyperbolic
time for the points in R. Using this, and consequently the backward uniform con-
tractive property, we prove in Section 4 that ¢ has a uniform bounded distortion
property and, moreover, satisfies the geometric hypotheses of Theorem B.

The existence of the a.c.i.m. p* is then a direct consequence of the existence of
the a.c.i.m. p. From the integrability of the hyperbolic time map h and the density
of p we also deduce that p* is finite.

Acknowledgements: 1 am thankful to M. Viana for having posed me this problem
and for many fruitful mathematical conversations. I also thank P. Collet, G. Keller
and C. Liverani for valuable references concerning higher dimensional expanding
maps. Finally, I acknowledge partial financial support from IMPA /CNPq, Fundagao
Calouste Gulbenkian and JNICT.

2 Hyperbolic times

The goal of this section is to recall some derivative estimates of [V2] and introduce
the notion of hyperbolic times for points in S* x I. We first assume that the map ¢
has the special form

e(0,z) = (g(0), f(0,x)), with 0,f(0,z) =0 ifand onlyif z=0, (1)



and prove the conclusion of Theorem A for every C? map ¢ satisfying
lp = @allez <a on ST xI. (2)

In Section 7 we show how to remove assumption (1) above.

Our estimates on the derivative depend in an important way on the returns of
orbits to the neighborhood S* x [—y/a, /] of the critical set {x = 0}. For this, we
introduce a partition Q of I (mod 0) into the following intervals:

I, = (Vae™ Vaem V] for r>1,
I, =—-1_., for r<-1,
Iy = (Va,ev/a] and - = —Iy+,
I = (I\[-eva,ev/a]) NRY  and  I_ = (I\[-eva,ev/a]) NR™.

We also introduce the following notation:

I'=1I,UL Ul for |r|>1,

I, =1, Ul UL and I =1 Ul UI,

(here we assume that I,y = Ip+ if r =1, and I,,; = Iy~ if r = —1). These families
of intervals induce in a natural way analogous ones at each fiber of the type {0} x I;
for the sake of notational simplicity no specification will be made on which fiber
they are, since this will be always clear in our settings.

In what follows we assume that o > 0 is a sufficiently small number independent
of any other constant. Furthermore, for each new constant appearing we will always
specify when it depends on «. Given (0,z) € S* x I and j > 0 we define (6;, ;) =
©/(0,x). Following [V2], for the next lemma we take 1 a positive constant smaller
than 1/3 depending only on the quadratic map q.

Lemma 2.1. There are constants Cy,Cy > 0 such that for every small o we have
an integer N(«) satisfying:

(a) If |z] < 2y/a, then TV 0.f(0;,25)| > |z|a~1+7.

(b) If |z| < 2v/a, then |xj| > /o for every j =1,..., N(a).
(c) Colog(l/a) < N(a) < Cylog(1l/a).



Proof. Ttem (a) was proved in [V2]. We will follow through the ideas of its proof, and
derive items (b) and (¢). Throughout this proof, C' will denote any large constant
depending only on the map ¢. Take [ > 1 the smallest integer for which z = ¢/(0) is
a periodic point for ¢ and let k& > 1 be its period. Denote p* = |(¢*)'(z)| and note

that by [S2] we must have p > 1. Fix p1, ps > 0 with p; < p < ps and p; > p;_U/Q,
and take dp > 0 small enough in order to obtain

k—1
Pt < H |6xf(g0i(a, y))| < Py, whenever |y —z| <&
=0
(and « sufficiently small). For (6,z) € S x I and i > 0 we denote d; = |1y, — 2|.
Take 9; > 0 and « sufficiently small in such a way that

|$‘<51 = d0§0x2+004<50.

If (§,x) and i > 1 are such that || < §; and dy, ..., d;_1 < dy, then d; < phd;_1 +Ca
and so, inductively,

di < (L+ph+ -+ py ) Ca+ phidy < ph'(Ca+ Ca?).

If we assume that |z| < 2y/a, then we have d; < p5'Ca. Now we take N(a) > 1

the smallest integer for which p’;N(a)C’a > 0y, and define N(a) = [ + kN(a). The
previous considerations imply

d; <&y for i=0,...,N(a)—1. (3)

Since 0 is pre-periodic for g, there exists some constant € > 0 such that |¢/(0)| > €
for every j > 0. From this we deduce that

lz1|, ..o o] > %, whenever |z| < 2v/a, (4)
as long as « is sufficiently small. Assume from now on that |z| < 2y/a.

(a) By (1) and (2) we may write 0, f(0,z) = x¢(6,x) with |¢ 4+ 2| < « at every
point (6, z) € S' x I. This, together with (4), gives

-1

[T10:765.2)] > Slel. (5)
j=0
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Taking into account that

N(a)—1 -1 N(a)-1 /[k—1
IT 107520 =[]0 05,201 T] (H \3xf(91+ki+jaxl+ki+j)|> ;
j=0 j=0 =0 \j=0
we deduce from our previous estimates
N(a)—1 1 ~ 1 ~ 1
[T 10:505 )1 = Flalp™ = Flalpy ™ = Zjala™ 2 > Jafa ",
iy C C C
as long as « is sufficiently small.
(b) We know from (3) above that
|Zipns — 2| < 0 for i=0,...,N(a)—1. (6)
Let z; = ¢/(2) for j = 1,...,k and choose a and dy small enough so that
€
lyr — 21, |y — 28] < 3 whenever |y — z| < do. (7)

From (6), (7) and our choice of € we obtain |z;| > ¢/2 for j = [,..., N(a),
which together with (4) gives |z;| >€/2 for j=1,...,N(«). We conclude
the proof of this item by taking 2v/a < €/2.

(¢) Recall that by our choice of N(a) we have pév(a)C’a > g and pg(N(a)_l)C’a <
do. Since N(a) =+ kN («) and [, k are fixed, this implies that Cplog(1/a) <
N(a) < Cylog(1/a) for some constants Cy, C; > 0 not depending on «.

We have proved the three items of the lemma. O

The following type of result is well-known in the literature, see e.g. Lemma 1
in [BC1]. In fact Lemma 1 in [BC1] is stated for the family z — 1 — az? but this
is not important since this is affinely conjugate to x — a — 22, through = = az.
We quote the statement from Lemma 2.5 in [V2], that contains the estimates in the
exact form we shall use them.

Lemma 2.2. There are 7 > 1, Co > 0 and § > 0 such that for (§,x) € S* x I and
k > 1 the following holds:



(@) If [wol, . lzxa| = Ve, then [[520 0.1 (6;,2;)| > Car/arh.
(b) If |zol, ..., |xx_1| = Vo and |xy| < 0, then Hf;é |0 f(0;, ;)| > Cot*.

In the sequel we will only consider points (6, z) € S' x I whose orbit does not
hit the critical set {z = 0}. This restriction will have no special implication in our
results, since the set of such points has full Lebesgue measure. For each integer
j > 0 we define

g2 Il i (0,2) € I with || > 1;
en={ N o A A

We say that v > 0 is a return situation for (0,x) if r,(6,2) > 1. Let n be some
positive integer and 0 < vy < -+ < v, < n — 1 the return situations of (0, z) from 0
ton — 1. It follows from Lemma 2.1 that foreach 1 <7< s

vi+N(a)-1
[T 10.£(625)] > e ms@0q 11240,
Jj=vi
and from Lemma 2.2
gy Vit1
H |8xf(€]7$])| Z 027'”1 aHd H |8xf(9],$])| Z C’QTVi-&-l—l/i—N(a)'
= j=vi+N(a)

For the last piece of orbit (if it exists) we use again Lemma 2.2 and obtain

n—1
[T 10:£,2)] = 10. 1 (6., 2,.) | Cor/ar™ .

J=Vs

Since we may write 0, f(0, ) = x¢(6, x) with |1 + 2| < « at every point (0, z) in

S! x I, we have
10, f (6, 2,.)| > (2 — a)y/ae (0.
Altogether, this yields the following lower bound for H;.L;Ol 10, f (05, 2;)|:

1 1
exp ((n— (s—1)N logT—l—Z ((— —77) loga —7",,1.(9,33)) — slogCy — gloga> :




Considering

we have
s 1 1
2:((5_401%Q;—rww¢w) > nslog == ) 1i(02)
i=1 JGG”(97x)
> ysN(a) — Z ri(0,z) (8)
JEGn(0,7)

for some constant v > 0 not depending on « or n (recall Lemma 2.1). Now we define

1
c=¢ min{~vy, log 7}

(note that ¢ is independent of & and n). Taking into account that v;,1 —v; > N(«)
for every 1 < i < s, we must have

n n
<t 1< —+1
=N TS Golog(lja)

and so, choosing « small enough, we have slog Cy < cn + log Cs for every n > 1.
Altogether, this yields

n—1
3 1
H 0. f(0;,2;)] > exp | ben — | Z r;(6,z) —cn —log Cy — §loga
j=0 JEGR(0,)
> exp [ 4en — Z r;(6, ) — 2log 1 (9)
a
JE€Gn (0,2)

for every n > 1, as long as « is sufficiently small.

Lemma 2.3. If (0, ), (0,y) are points in S* x I such that r;(0,z) < r;(c,y)+4 for
every j =0,...,n—1, then

n—1
1
H 102 f(0;,;)] > exp | 3cn — Z ri(o,y) — 3log o
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Proof. Let 0 < vy <+ < g <n—1 (resp. 0 < g < -0 < figoy) <n—1) be
the returns of (0, ) (resp. (o,y)) from 0 to n — 1. From Lemma 2.1 we deduce

s(0,x)

n—1
er(e,x) = ZTJG:U

i=1

IA
M“

ri(o,y) + +1
Jj=0 )

s(o,y)

4dn
= Zrmay —|——+1
=1 (>

Using this, and estimate (8) for (o,y), we obtain

s(0,x)

> <(%—n) logi—m(ﬁ,x)) > ysN(a Z %_1’

i=1 Gn(o,y)

and so, as in (9), this finally yields

n—1

4dn 1
H |0.f(0;,2;)] > exp | 4en — | Z ri(o,y) — N - 1— QIOgE
=0 JE€Gn(o,y)

1
> exp | 3en — Z ri(o,y) — 3log —
J€Gn(ayy) «

for a small enough. O

Let us briefly recall how in [V2] the two Lyapunov exponents are obtained for
Lebesgue almost every point in S x I. Since ¢ is close to ¢, and ¢ is uniformly
expanding, it follows that for every (#,z) € S' x I and every non-vertical tangent
vector v, || D" (6, x)v|| > const|(¢g")'(f)| grows exponentially fast. This provides a
positive Lyapunov exponent non-collinear to the vertical direction. For obtaining
the other positive Lyapunov exponent, in [V2] it was proved the following:

Lemma 2.4. There are positive constants C' and vy such that for every large n there
is a set B, C SY x I such that

(b) mo(E,) < CeWn,
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(a) (0,2) € (S' x I)\E, = Z r;(6,z) < cn,

JEG(0,x)
where my is the Lebesque measure on S* x I.

From this and (9) above, [V2] deduces that Lebesgue almost every point (6, z)
in S! x I has a positive Lyapunov exponent in the z-direction. Indeed, if n is large
enough, then

a n—1
Do .05 =TT 00521 =
T =0

except for (0,z) € E,,. Thus, taking £ = Ny,>1 Ug>p, Ex we have for each n

Mo (U Ek) < Z Ce Vk < const 6_7‘/5,

k>n k>n

which implies that my(E) = 0, and ¢ has another positive Lyapunov exponent in
the z-direction for every point (0, z) € (S* x I)\E.

For the following definition we fix 0 < € < ¢/2 and recall that since we are
assuming d > 16 we have in particular e < d — « for small a.

Definition 2.5. We say that n > 1 is a hyperbolic time for (0,x) € S* x I if for
every 0 < k < n we have

Z ri(0,x) < (c+€)(n— k).

i€Gn (0,2)
k<i<n

Fix some large integer p (to be specified in Section 6) and let H be the set of
points that has at least one hyperbolic time greater or equal to p. We decompose H
into a union H = Un>p H,,, where each H, is the set of points whose first hyperbolic
time greater or equal to p is n. The following result, whose proof is motivated on
a lemma due to Pliss (see also [M]), gives in particular that H has full Lebesgue
measure.

Proposition 2.6. There is an integer ng = no(p, €) > p such that for every n > ng
one has
(S'xI)\E, C H,U---UH,.
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Proof. Let n be some integer bigger than p and take (6,z) € (S' x I)\E,. We
are going to prove that (6, x) has some hyperbolic time m, with p < m < n. For
1=0,...n—1 define

L omi0x) ifie Gu(0, ),
T 0 otherwise,

and a; = ¢+ € — ;. Consider for £k = 1,...,n the sums S, = Zi‘:ol a; and take
1 < m < n such that
Sm = max{S : 1 <k <n}.

Using that (0,z) ¢ E,, we get

[y

Sp=(c+en—>» 7> (c+en—cn>en.

7

Il
=)

Choose ng € Z such that eng > (p — 1)(c + €). If n > ng, then we have
Sp>en>(p—1)(c+e€) > S;

for7=0,...,p—1. Taking into account our choice of S,,,, we must have S,, > S; for
1=20,...,p— 1, and so m > p. Now we are going to prove that m is a hyperbolic
time for (0, z). For 0 < k <m — 1 we have

m—1 m—1
Z r, = = (c+e€—a;)
heen, = =
= (ct+e)(m—k)—(Sn— Sk)
< (c+e€)(m—k)

since by our choice of m, S,, > Sy for all k (we assume Sy = 0). So m is indeed a
hyperbolic time for (6, x). Since p < m < n, the proof is complete. O

Remark 2.7. From this last result we easily deduce that Lebesque almost every point
in SY x I has infinitely many hyperbolic times. Indeed, letting F' be the set of points
that have some hyperbolic time, it follows from Proposition 2.6 and the estimate on
the measure of the sets E, that F' has full Lebesgue measure. On the other hand, if
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n is a hyperbolic time for (6,x) and m is a hyperbolic time for ©"(0,x), then n+m
is a hyperbolic time for (0,x). Hence, taking

G=J (e "

n>1k>n

we have that G has full Lebesgue measure and points in G have infinitely many
hyperbolic times (G is precisely the set of points that fall infinitely often into F).

3 The partition

In this section we will construct a partition R into rectangles of S x I (modulus
a zero Lebesgue measure set). These rectangles will be obtained in several steps,
by dividing S x I according to the itineraries of points and their hyperbolic times.
For this, we will consider the partition Q of I described in Section 2 and introduce
a sequence of Markov partitions of S*.

Assume that S' = R/Z has the orientation induced by the usual order in R and
let 6y be the fixed point of g close to 8 = 0. We define the Markov partitions P,,
n > 1, of S in the following way:

o P ={[0j_1,0;) : 1 <j <d}, where 6y,6,,...,0;5 =6y are the pre-images of 6,
under g (ordered according to the orientation of St).

e P,.1 = { connected components of g7'(w) : w € P, } for each n > 1.

Given w € P, we denote by w™ the left hand side endpoint of w .

Before we go into the construction of the partition R let us make a few com-
ments on the way R will be obtained, and state some basic properties that we want
rectangles in R verify.

The partition R will be obtained by successive divisions of the rectangles in the
initial partition P, x Q of S 1'% I, and will be written as a union R = Up>p Ry with
the sets R,, defined inductively and obeying the following first condition:

(In) Hp CUper, R and RO H, # 0 for every R € R,,.

Rectangles in R,, will always have the form w x J, with w belonging to P,, and J
a subinterval of I, for some I, € Q. In order to obtain uniform bounded distortion
for ¢"|R, R € R, we will also require the following property for all n > p:

(I,) For every 0 < j <n and w x J € Ry, there is I,, € Q such that
v} xJ)C L
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We will be interested in that the images by ¢™ of R € R,, have “large size” (see
Proposition 3.8) in order to apply the results of Section 5; for this it will be useful
to distinguish a particular subset of R,

Ri={wxJeR, | 30<j<n 3,€Q : I, CYP{w }xJ)}

We would like R, to coincide with the whole R,,. This does not seem to be possible,
but we are nevertheless able to show that for every w x J € R, there is some
0 < j < n for which ¢/({w™} x J) contains a definite fraction of some I,, € Q.
With this in mind we introduce the following useful notion.

Definition 3.1. We say that w, x J,, € R,, is subordinate to w; x J; € R} if w, C wy,
Jn and J; have a common endpoint, and there are j <1 and I, € Q for which the
following holds:

(i) I, € @ ({w } 1) |

(i4) I, 41 C @ ({w; } x Jn) or L,y C @7 ({w; } x Jn).

g’ (wr) g’ (w5)

Figure 1: w, x J, is subordinate to w; X J,

In order to obtain the large size property of the images of the rectangles men-
tioned above, we will do the construction of R in such a way that the following
condition is satisfied for each n > p:

(I1l,) For every R € R, either R € R} or R is subordinate to some
R* e R} with [ <n.
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At each step n > p of our inductive process we will also obtain a partition S,, of
the set of points that are not in the rectangles R € R constructed until the moment
n, i.e. S, is a partition of the set

s'xn\J U R

i=p RER;

Rectangles in S,, will also have the form w x J, with w € P, and J is a subinterval of
some I,, € Q. In order to ensure property (III;) for rectangles R € R; with j > n,
we will require for all n > p:

(1V,) For every w x J € S,, either J = I, for some I, € Q or w x J is
subordinate to some R* € R} with | < n.

Let us start now the inductive construction of the partition R.

First step. Take an arbitrary w, € P, and let Jy be the family of those intervals
I, € Q such that wj, x I, intersects H,. Then we apply ¢ to {w, } x Jy with Jy € Jo
and consider the following two possible cases:

(a) p({w, } x Jo) contains some interval of Q.

We write Jy = U;, J;, with the intervals J;, satistying

I

Til

oyt x ) C I,

for some I, € Q. This may be done by taking J;, = JoNe ™' ({g(w, )} x I, )
except for each one of the two end intervals which, if necessary, is joined to
the adjacent one. We take [J; to be the set of those J;,’s in the union above
such that w, x J;, intersects H).

(b) o({w, } x Jo) contains no interval of Q.
In this case we do not divide Jy and say that Jy € J;.

Now take J; € Jy and apply ¢* to {w,} x Ji. If ¢*({w, } x Ji) contains no
interval of Q we say that J; € Jo; otherwise we proceed as in case (a) and decompose
J1 = U,,J;, as above. We also take J> to be the set of those J;, in the union such
that w, x J;, intersects H,,.

16



We apply this procedure until the (p—1)™ iterate, defining in this way the family
of intervals J,—1. Let C,_1 be the set of the connected components of

A G

JeTp-1

Finally, given J € J,-1 UC,_; we say that w, x J belongs to R, if J € J,_1, and
wp X J belongs to S, if J € C,—1. Doing this for every w, € P, we obtain all the
rectangles in R, and S,. It is clear from our construction that R, and S, verify the
required properties (1), (II,), (III,) and (IV},). Actually, in this first step we have
R, =R,

Inductive step. Assume now that we have defined the families of rectangles
Rp, ..., R, and S, satistying properties (1,,), (II,,), (III,,) and (IV,). Let us show
how we define the new rectangles in R,+; and S,,11.

Take S € S,,. By the inductive hypotheses we know that S = w, x J,, where
wy, € P, and J,, C I, for some I, € Q. We write

d
S = U 1 X JIn)s

=1

where w) IRPR ,wd 41 are the intervals in the Markov partition P, that cover w,,,

and distinguish the following two possible cases for each rectangle w? 41 X Jp in the
union above:

(CL) (w%+1 X Jn) M Hn+1 = (Z)

We say that !, x J, € S,41. Property (IV,,41) is obviously true for this new
rectangle, since no division has been made on the interval .J,,.

(b) (W1 X Jn) N Hygy # 0

Here we again distinguish two possible cases:

(1) 30<j<n3l,; €Q: I, C @ ({wpiq} X Jn).
We proceed as in the first step, starting our process with w? 41 X Jy, in the
place of w, x Jy, and define in this way the rectangles of R,41 and S,44
contained in w!, | x J,,. As before, properties (I,,41), (IIn41), (III,41) and
(IV,,41) are verified by construction.

17



(1) Otherwise, we say that w!,, X J,, € R4 and (II,41) is obviously true
for this new rectangle. Property (III,,1) is also true, since no division
has been made on the interval J,, and property (/V},) holds.

Our induction is complete. Since (I,,) is verified for all n > p and H has full Lebesgue
measure, we conclude that R is indeed a partition of S* x I (modulo a zero Lebesgue
measure set).

The goal of the following results is to give some geometric properties of the
rectangles in the partition R to be used later. We say that X C Sl x I is an
admissible curve if X = graph(X) for some X : S — [ satisfying:

e X is C? except, possibly, for being discontinuous on the left at 6 = 6.
e | X'(0)] < aand [X"(0)] < « at every 6 € S*.

Given X = graph(X) and w C S' we denote X|w = graph(X|w). Since we are
taking the map ¢ with stronger expansion on the horizontal direction than in the
vertical one, an application of the graph transform contruction gives rise to the
following:

Lemma 3.2. If X is an admissible curve and w € P,, then gp”()aw) is also an
admissible curve.

Proof. See [V2], Lemma 2.1. O
Corollary 3.3. If R € R,, for some n > p, then the boundary of ¢"(R) is made by
two vertical lines and two admissible curves.
Proof. Immediate from the construction of the rectangles and Lemma 3.2. O
Lemma 3.4. There is a constant o9 > 0 such that if « is sufficiently small, then
for every (o,y) € H, and 0 < j <n

|Irj(a,y)+5} > 50a1—2n6—(c+6)(n—j) > da(d — a)—(n—j)'

Proof. The second inequality is a direct consequence of our assumptions on d and
¢ + € and the fact that a may be taken sufficiently small. For the first inequality,
we distinguish the cases j € G, (0,y) and j ¢ G, (0,y):

18



(a) If 7 € Gy,(o,y), and since n is a hyperbolic time for (o,y), we have in
particular

ri(o,y) < (c+€)(n—j).
Thus,

Lijogss| = vae GO0 _ /aem(ri(ow)td)

Vale™ — e )emilow)
\/5(6_4 - 6—5>€—(c+e)(n—j)
=2 (=)

AVARYS

as long as « is sufficiently small (independent of n — j).
(b) If j ¢ G,(0,y), then we have

(o) < (L= 2) 10g 2
riloy) < (5 —2n)log —,

and so

L jop+5] = Va (6_4 — 3_5) e "i(ey)
a/l—?T] (6_4 . 6_5) '

v

It suffices to take dp = e * — e 7.

|

Lemma 3.5. Let n > p and R € R,,. If (0,x) € R and (0,y) € R N H,, then
r;j(0,x) <rj(o,y)+4 for every 0 < j < n.

Proof. Take 0 < j < n and let (0;,z;) = ¢?(0,2), (w;,2;) = ¢/(w™,x). Since

377
(0j,7;) and (w;,z;) lie in a same admissible curve, and

10; —wi | < (d—a) "),
it follows from Lemma 3.2 that
o7 = a5l < ald— ) O,

and so

&
v

2| — ald - o)~ (=)

Vae 1) _o(d — o)),

v
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Now, let (0},;) = ¢’(0,y) and (w;,y;) = ¢’ (w™,y). Using the same argument as
before, we also prove that
;| =yl —ald—a) "0

> ae i) — a(d - a)f(nfj).
An easy application of Lemma 3.4 gives
|ITJ'(‘77?J)+1| > |I7”j(o,y)+5| > Oé(d — a)_("_j)’

and so
|y;‘ > \/aeiTj(my) - |Irj(o,y)+1|7
which means that
ri(w™,y) <rjloy) + 1.

Taking into account (II,), we also have
ri(wsx) <70 y) + 2,

and so
7"]'(0.)_,.'17) S 7"]'(0', y) + 3.

Altogether, this yields

lz;] > Vae T —a(d — o))
> ae OV L] (by Lemma 3.4)
> Jae rilev)+h),

which gives
ri(0,2) <rjlo,y) +4,

and so the proof is complete. O

Corollary 3.6. If R € R,, for somen > p, then ¢"|int(R) is a diffeomorphism onto
1ts image.

Proof. Take n > p and R € R,,. By (I,) we have RN H, # (). Since points in
RN H,, do not hit the critical line {x = 0} during their first n — 1 iterates, it follows
from Lemma 3.5 that the same occurs for the other points in R. This implies that
©"|int(R) is a diffeomorphism onto its image. O
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Lemma 3.7. Let R € R,, for somen >p. If (0,z) € R, then for j =0,...,n—1

n—1

T 106, 2] > exp ((20 —)(n—j) - 3log é) .

i=J

Proof. Take (f,z) € Rand 0 < j <n—1. We have

n—1 —Jj—
H \8 f 01,.2131 H 8 f ]+z7x]+z)|
=7 =0

By (I,) and Lemma 3.5, we know that there is some (0,y) € (w x J) N H,, with
ri(0,7) < ri(o,y) +4
for i =0,...,n — 1. This in particular implies

ri(05, ;) <ri(oj,y;) +4

fort=0,...,n—j — 1. Then, using Lemma 2.3 we obtain
n—j—1 1
I 10:f O 2500)| = exp | Be(n—5) = D> 7il0y,9;) — 3log —
i=0 1€Gn—;(05,Y5)

We remark that since n is a hyperbolic time for (o,y), then (n — j) is a hyperbolic
time for (o;,y;), and so

Il

=0

n 1

00605501 2 exp (3c(0 =) = (e + ) —5) = 3log 7).

This finally gives

n—1

H 0. f(0;, ;)] > exp ((20— €)(n—j)—3log 1>

i=j

and so the proof is complete. O

Proposition 3.8. There is §; = 01(a) > 0 such that for eachn > p andw x J € R,
we have |" ({0} x J)| > &1 for every 0 € w.
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Proof. Take an arbitrary w x J € R, and fix § € w. We divide the proof into two
parts, according to whether w x J belongs to R or not:

(a) If w x J € R}, we know that there are 0 < j <n and I,, € Q such that
I, C@(fw} x ). (10)

Fix j and r; in these conditions. By the mean value theorem, we have some x € J
for which

(0 % )| = [ 10500 0] 1210} x ),

and so, by Lemma 3.7

(00} x D 2 exp (2o On =) = 3log L) [P} x DL (1)

Our objective now is to find a lower bound for the second factor on the right hand
side of this last inequality. Let J = [u,v] and consider the curves

=@ (wx{u}) and 4 =¢/(wx {v}).

Note that since 7, and 7, are contained in admissible curves (recall Lemma 3.2),
they are graphs of maps defined on ¢/(w) € P,_;, whose derivatives have absolute
value bounded by «. Therefore, their diameters in the x-direction are bounded from
above by a(d — a)~(™=7), which together with (10) gives in particular for the points
©'(0,u) and ¢’ (0, v)

juj < Vae™ + a(d — a) ") (12)

and '
v;| > Vae ") —a(d — a)~ D (13)

(we are assuming |u;| < |v;|, the other case is similar).

Since (0,y) € (w x J)N H, and r; = rj(w™, 2) for some (w™,2) € w x J, we have
from Lemma 3.5
rj <rj(oy) +4, (14)

which together with Lemma 3.4 gives

’[Tj‘ > ’[Tj(U,y)+4’ > ‘[Tj(0'7y)+5| 2 4a(d - a)_(n_j)'
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o7 (wrxedy) |

g’ (@) g’ (wy)

Figure 2: The length of ¢/ ({0} x J)

Hence, from (12) and (13) above and this last inequality we obtain

v, —u;| > Vae T — ae™ —2a(d — o))
= || = 2a(d - o)~ ()

‘[T'j(0'7y)+4‘

>
2 ’

which by Lemma 3.4 yields
j 50 1-2n —(ct+e€)(n—j)
|’ ({0} x J)| > 5 e 7,

Taking into account (11) and (15) we finally get

(0} x )| = G e (e~ 200 - ) - 310g 1 )

(15)

(16)

which is obviously bounded from below by some constant &;(«) > 0, for every n and

7 < n, since we have chosen ¢ > 2e.

(b) If wx J ¢ R}, then by (III,,) we know that there are | <n and w; x J; € R}
such that w x J is subordinate to w; x J;. This implies that for some 7 <[ — 1 and

I, € @ we have .
]’f'j - 90]({(")1_} X Jl)

and ' '
Irj-‘,-l C (,0]({0)1_} X J) or Irj—l C wj({wl_} X J)
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With no loss of generality, we assume
L1 C @ ({w} x J)

(in fact this is the worst possible case for our purpose, since we want to prove that
the length of ¢/ ({0} x J) is large). As in case (a) we have

: 1 ;
(00} x D = exp (2o On =) = 3log L) - [P} x . (1D
Let J = [u,v] and consider the curves

n=¢ (wx{u}) and 7= (w x {v}).

Using a similar argument to the one we used in the previous case, we deduce this
time that
lu;] < Veae ) L a(d — o)) (18)

and .
] > Vae™ —a(d — o). (19)

It follows from (I;) and Lemma 3.5 that there is some (o,y) € (w; x J;) N H; for
which
r; <rjlo,y) +4.

This, together with Lemma 3.4 gives
[ yj41] > |]rj(a7y)+5| > da(d — a>_(l_j)' (20)

Analogously to the previous case, (18), (19), (20) lead to a similar estimate to the
one obtained in (15),

({0} x )| > Ll e+,
Since [ — j < n — 7, this gives
({0} x )| 2 L2t 1)
Hence, from (17) and (21) we obtain
(10 ) = Far2rexp (e~ 200 )~ 31og 1)

which is the same estimate that we obtained before. O
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4 Bounded distortion

We know from Corollary 3.6 that for n > p the interiors of the rectangles R € R,
are mapped diffeomorphicaly by ¢™|R onto its image. In this section we are going
to prove that there is some uniform constant bounding the distortion of such maps.
It follows from assumption (1) that for each n > 1 there is a map F,, from S* x I to
I such that for every (0,z) € S' x I we have ¢"(0,x) = (¢"(0), F,.(0, z)).

Lemma 4.1. There is a constant C3 > 0 such that for every (6,z) € S x I and
n > 1 we have

aOFn(ea x)
899”(9)

Proof. We start by noting that from (1), (2) and the expression of ¢, we deduce

< (.

10gg| > d—a, |0pf] <alt/|+a<8ax and |0,f] <|2z|+ a < 4.

The proof follows by induction. If n = 1 we have Fi(6,2) = f(0,x) for every
(6,z) € S' x I. Then
OpF1(0, ) 8o

@99(9) d—a’

Assume now that the result is true for some n > 1. We have for every (0, z) € S* x [

Fn-&-l(Q?x) = f(gn<9)7 Fn(67x))

Hence
OpFni1(0,x)| _ |9pf(g"(0), Fu(0, ))8og"(0) + 0uf(g"(0), (0, 7)) F (0, )
9pg™ 1 (0) 9pg(g"™(0))9pg™(0)
9 f(g"(0), Fu(0,2)) ‘ 9. f(g"(0), Fn(8, 2)) ‘ | OpFr(0, )
. 99g(9™(9)) 9g(9™(9)) 9pg™(0)
< 8 n 4 C, < v n %
T d—a d—oa " T d—a« 2

since d > 16. So we only have to choose C3 > 0 in such a way that

8 03
<_7
d—a = 2

and the lemma is proved. O
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Proposition 4.2. There is a constant Cy = Cy(a) > 0 such that for every n > p,
ReR, and (0,y) € ¢"(R)

|D(Jo¢™") (o y)]l
< (Y4,
[(Joo~1)(o,y)] !
where ¢ = ¢"|R: R — ¢"(R) and J is the Jacobian of ¢.
Proof. Taking (0,y) € ¢(R) and letting (0,x) = ¢~(0,y) we write

ID(Joo) (@9l _ DI, 2) o (D0, 2)] ||

(Joo (o) 170, 2)]
Since ¢(0,z) = (¢™(0), F,.(0,x)), this last expression is equal to
1
T0.7) (85T (0, )0, F (0, 2) — 05T (0, 2)0pF (0, ) , 9, J (0, 2)pg"™(0))]] -

Now it suffices to find uniform upper bounds for

1 1
———— - |0pJ (0, 2)0, F,(0, d Ay= ———
JQ(Q,I') | 0 ( ,IL') ( $>| arn 2 J2(97(13)

(recall that |0pF,(0,2)| < Cs|0pg™(0)| by Lemma 4.1). Let us first estimate the
absolute value of the partial derivatives of J(f, ). Since

(0, 2)] = 109g" (0)0xF3,(0, )| = exp (i 10g|599(0i)5xf(9i,90z‘)|> ,

i=0
we deduce
n—1 i '
_ 0309(0:)959"(0)0: £ (0:, 1) + Bog(0:)p0s f (03, :)Dg' (9)
1057 (0, )| = | (0, )] - ;) 059(0:)0, F (07, x,)
n—1 ! A
_ . 02,9(0:)0g"(0) ~ 09O, f (0, $z‘>a€gz<9))
= |J(0,2)] ; ( 099(0;) * 0. f (0, 1) ‘
and
B n-1 899 (9“ $Z) H;;B axf(eja xj)
0.0 (8, 2)| = (0, 2)| - 2 599(9i)aa:f(‘9iv ;)
202, f(0;, ) H;;t 0 f(0;, ;)
= |J(0,2)] - - O f (0, ) |
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Before we go into the estimates of A; and A, let us remark that there is some
constant K > 0 such that for every (6,z) € S* x I

19509(0)|, 107,.f (0, 7)1, 100:. £ (0, )] < K.

Now, for the first expression we have

4 - O Fn(0,2)| - (39299(9i)399i(9) +805xf(9i,$i)399i(9)>
L J(Q,ZL‘) 899(@) aacf(gz‘,l"i)
1 ’nz_l 0399(0:)00g"(0) +898mf(0i7$i)869i(0)‘
Opg™(0)| = 99 g(0;) 0. f(0s, i)
< « 1( aaeg( ) aeaxf(gi,wi) D
T = \109(6:)0pg™(0:) | | 0:f (05, i) 099" (6:)
n—1 K n—1 K
< Lo G

Since d — a > 1, it suffices to find a uniform upper bound for the second term
in the sum above. Taking into account (1) and (2) we have |0, f(0;,z;)| > (2 —
a)y/ae "0 for i = 0,...,n — 1. We also have from (I,,) and Lemma 3.5 that
there is some (o,y) € RN H, for which r;(0,x) < r;i(o,y) +4, fori =0,...,n— 1.
Hence

—_

n—

2 = a
i—0 0. f (05, 2:)|(d — i (2 — a)y/aeTilen)=4(d — a)n—

1=

and taking C(a) = K/((2 — a)y/ae™*) this last sum is equal to

1
C(O./) Z e Ti O'y)(d Oé + Z e Ti a'y) _ Oé) ’

1€Gn(0,y) 1¢Gn(0,y)

which is uniformly bounded from above, since for i € G, (0,y) we have r;(0,y) <
(c+ €)(n — i) (recall that n is a hyperbolic time for (o,y), and e“*¢ < d — «), and
for i ¢ G,,(0,y) we have r;(0,y) < (1/2 —2n)log1/a.
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For the second expression we have

00g™(0) | |~= 02 f (05, ) TT;= 0n £ (05, 75)
— 02, £(6;, ;)

< TT y &

a ; Ouf (05, 2:) [T= O f (6, 7))
n—1

< >y K

O f (01, 25) [T/ 0 (0, 25)|

1=0

By (I,,) and Lemma 3.5 there is some (0,y) € RN H,, with r;(6,x) < r;(0,y) + 4 for
1=20,...,n—1. Thus, from Lemma 2.3 we have

n—1

. 1
H |0, f(0;,2;)] =exp | 3c(n —1i) — g ri(oi,y;) — 3log -
j=i JEGh—i(0i,ys)

Since n is a hyperbolic time for (o,y), then n — ¢ is a hyperbolic time for (o;,y;),
and so

n—1

[110:1(6;,2;)] > exp <3c(n — i) —(c+€)(n—1i) —3log é) .

=i
On the other hand, from (1) and (2)

10, (0;, )] > (2 — a)Vae "0 > (2 — a)y/ae oW1,
Thus, taking C'(a) = e*/((2 — a)a™?), we obtain

1

Ay < C'(a) Lo oxp ((2c— €)(n— 1) — ri(0,9))’

which again by splitting into sums over i € G,(0,y) and i ¢ G,(0,y) we obtain a
uniform upper bound, similarly to what we have done for A;. 0O

28



5 Multidimensional piecewise expanding maps

This section is independent of the previous ones both in content and in notations.
Here we will give sufficient conditions for the existence of absolutely continuous
invariant probabilities for higher dimensional C? piecewise expanding maps with
infinitely many domains of smoothness. In [GB1] sufficient conditions are given for
the existence of such probabilities, in the case of only a finite number of domains
of smoothness. We will follow through the approach in [GB1] and prove that under
certain general conditions the result may be extended for countably many domains.

Let R be some bounded region in R™ and ¢ a map from R to R. We say that ¢
is a C? piecewise expanding map if the following conditions hold:

(E1) There is a partition {R;}°, of R, such that each R; is a closed domain with
piecewise C? boundary of finite (n — 1)-dimensional measure.

(E;) Each ¢; = ¢|R; is a C? bijection from the interior of R; onto its image and has
a C? extension to R;.

(E3) There is 0 < o < 1 such that || D¢; || < o for every i > 1.
The piecewise expanding map ¢ is said to have bounded distortion if:
(D) There is some K > 0 such that for every i > 1

ID (oo )]
[T o7 |

< K,

where J is the Jacobian of ¢.

Let S be some closed region in R™ with piecewise C? boundary of finite (n — 1)-
dimensional measure and U a neighborhood of 0S5 in S. We say that U is a reqular
collar for S if there are a C'! unitary vector field H in S and 3(S), p(S) > 0 with
the following properties:

(Cy) U may be written as the disjoint union of the segments joining = € 9S to
x+ p(S)H (x).

(Cy) For every x € 0S and v € T, 0S the angle between H(x) and v is bounded
away from zero, with |sin Z(v, H(x))| > B(S5).
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U

Figure 3: The regular collar U

Remark 5.1. Here we assume that at the points x € S where S is not smooth the
vector H(x) is a common C" extension of H restricted to each (n — 1)-dimensional
smooth component of S having x in its boundary. We also assume that the tangent
space of any such singular point x is the union of the tangent spaces to the (n — 1)-
dimensional smooth components it belongs to.

Theorem 5.2. Let ¢ : R — R be a C? piecewise expanding map with bounded
distortion and {R;}5°, its domains of smoothness. Assume that there are 3,p > 0
such that each ¢(R;) has a regular collar with B(¢(R;)) > 0 and p(¢p(R;)) > p. If
o(1+1/8) <1, then ¢ has an absolutely continuous invariant probability.

The main ingredient for the proof of this theorem is the notion of variation for
maps in multidimensional spaces. We adopt the definition given in [G]. In all that
follows we denote by m,, the Lebesgue measure of R” and m,,_; the induced Lebesgue
measure in any piecewise smooth (n — 1)-dimensional submanifold. For f € L'(R")
with compact support we define the variation of f as

V() = sup{ fdiv(g)dm, : g € CAR™ R™, lg]| < 1} ,

Rn

where C}(R",R") is the set of C! functions from R” to R™ with compact support
and | - || is the supremum norm in Cj(R™, R™). We will make use of the following
properties, whose proofs may be found in [G] or [EG]:

(V1) If f € CY(R"), then V(f) = [5. [|Df|dm,.
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(V2) If A € R" is a closed domain with piecewise smooth (n — 1)-dimensional
boundary and f € L*(R") is such that f| (R™"\A) = 0, f|A is continuous and
flint(A) is C', then

VI(f) = Dflldm,, dm,,_1.
) A;mﬂ ﬂ|m-+LAu|m 1

Let R be the domain of the C? piecewise expanding map ¢. In the sequel we
will consider the space

BV(R) = {f € I'(R) : V(f) < +o0},

which is called the space of bounded variation functions in L'(R). The proof of the
following results may also be found in [G] or [EG]:

(B1) BV(R) is dense in (L*(R),]| - []1)-

(B2) Given f € BV(R), there is a sequence (fi)x of functions in C*'(R) such that
limy || f — f]l1 = 0 and lim, V(fx) = V(f).

(B3) If (fx)x is a sequence of functions in BV (R) converging to f in L;

el R), then

(B4) If (fi)x is a sequence in BV (R) such that (”fk”l)k and (V(fk))k are bounded
in R, then (fx), has some subsequence converging in the L'-norm to some
function in BV (R).

Now we introduce the linear Perron-Frobenius operator
L:L'R) — LY(R)

defined as

— fog¢;"
Lf= 121 quxm)‘

It is well-known that £ has the following two properties:
(L) |Lf]lx < || f]l1 for every f € L'(R).

(L2) Lf = f if and only if f is the density of an absolutely continuous invariant
probability measure for ¢.
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We will prove Theorem 5.2 by showing that there is some fixed point of the
Perron-Frobenius operator in BV (R). For this we need some auxiliary lemmas.

Lemma 5.3. Let S be some closed domain having a regular collar. If f € C*(S),

then
s = sy Gy [ o+ 1051

Proof. See [GB1], Lemma 3. O

From now on we assume that the C? piecewise expanding map ¢ : R — R and
its domains of smoothness {R;} .- satisfy the hypotheses of Theorem 5.2.

Lemma 5.4. There is a constant Ky > 0 such that for every f € BV (R)

VILS) <o(1+1/B)V(f)+ Kol fllx-

Proof. We start by proving this in the case f € C'(R). We have

Lf=> FXyr) where F=(fog¢;")/(Jog").

=1

Hence, using the subaditivity of variation and (V2)

V(L) < Y V(FEXgnr,)
=1

[e.9]

_ Z(/ HDEHdanr/
: (R;) 0¢(R;)

i=1 i

|m|dmn_1) .

Let us estimate each one of the terms involved in this last sum. For the first one we
have

/ | DE|dm,
o(R;)

I1D(f oo ") 1 ( )H
——dm,, op; ) D dm,,
= /¢(Ri) | J o ¢; | in F /¢(R,) (foor) Jo gt "

IDf(o )l )H fo ¢_1
< My, K
- U/¢>(Ri) DAY 1! +/qsu%tn Jo¢;!
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where K > 0 is the constant given by the bounded distortion property of ¢. By a
change of variables induced by ¢ in these last two integrals we obtain

/ ||DE~||dmn§0/ ||Df||dmn+K/ Fldm.

For the second term in the sum above, we have by Lemma 5.3

1 /1
/ |Fildmy 1 < —(—/ |E|dmn+/ ||DFi||dmn)
00(R:) B\p Jors 6(R:)

2 i/
< — fldm,, + —= DF||dm,,
55 a5 [ jom)
1 K
< | =+ fldm,, + Df|ldm,,.
(ﬁp 6) [ Afidm,+5 [ 1011

Altogether, this yields

vies) < fj((w%) /R | IIDfIIdmn+( vt [ 1flam,)
) | \fiam,

from which we deduce the result for the special case f € C'(R), simply by taking
Ko=K +1/(Bp) + K/B.

For the general case, we observe that by (B2), given f € BV (R) we may choose
a sequence (fy)y of functions in C*'(R) such that

lim|[fx = fllh =0 and  limV(fy) = V(f).

IA
/N
—_

+
sy
N——

=
t’z

/\

=

+

+

As a consequence of what we have seen for the case f € C''(R), we have in particular
that £L(C'(R)) € BV(R). By (L1), the sequence (Lf3,);. also converges in L'(R) to
Lf, and so we may apply (B3) and deduce

V(LS) liminf V' (L f)

<
k—+o00
< 1;?_{1&15( o(1+1/8)V(f) + Kol frll1)

o(L+1/B)V(f) + Kol fllx-

This proves the general case. O
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Lemma 5.5. There are constants 0 < X\ < 1 and Ky > 0 such that for every
f€BV(R) and j > 1 . '
VL) < NV + Kil £l

Proof. Let A =o(1+ 1/f3) and take f € BV (R). It follows from (L1) and Lemma
5.4 that

V(L' f) AV(LI7Hf) + Kol 1]

<
< NV(LTER) + A+ DRl f|l

NV + N+ DE||f
It suffices to take Ky = Ko 22 M. O

IN

Proof of Theorem 5.2. As we said before, we are going to prove that the Perron-
Frobenius operator associated to ¢ has a fixed point in BV (R). Consider for k£ > 1

k—

fr = %Zm.

7=0

It follows from Lemma 5.5 that for each £ > 1

N

-1

N

-1

V() <+ S VI < - S VVA) + KilLh) < K.

e
<.
Il
o
| =
I
o

J

Since we also have || fx|l1 < [|1]|; for every k > 1, it follows from (B4) that (fx)x
has some accumulation point fy in the L'-norm, which is obviously invariant by L.
Thus, = fom, is an absolutely continuous ¢-invariant finite measure. 0O

Remark 5.6. It follows from the proof above that the accumulation point fo belongs
to BV(R). In higher dimensions a bounded variation function need not to be bounded
(see [GB2]). However, by Sobolev’s inequality (see Theorem 1.28 in [G] or Theorem
1 in Section 5.6 of [EG]), there is some constant K(n) > 0 only depending on the
dimension n such that for any f € BV (R)

n

(fistan)”" < vin, v »-

n—1

This in particular gives BV (R) C L"(R).

34



Now we are going to derive some ergodic properties of the map ¢. For this, we
start by proving that given any f € L'(R) the sequence 1/k Z?;S L7 f has accumu-
lation points in BV (R) (in the L'-norm). We follow some well-known arguments,
e.g. those used in [LY], where they also prove that every fixed point of £ is in
BV(R). We could also prove such result by using the same arguments, but we do
not need it for our purposes.

Let f € L'(R) and take a sequence (f;); in BV (R) converging to f in the L'-
norm. It is no restriction to assume that || f;||1 < 2|/ f]|; for every | > 1 and do it.
For each [ > 1 we have

V(L fi) < NV(fi) + Kl fill < 3K f ]l

for every large j. So, increasing k if necessary, we have

k-1
1 .
V (E ;Ejfl> < AKq| fl]s-

It follows from (B4) that there exists some f; € BV(R) and a sequence (k;); such
that 1/k; Z ' £ f, converges in the L'-norm to fl as ¢ goes to +00. Moreover, by

(B3) we have V(fl) < 4K||f]l:. Hence, we may apply the same argument to the
sequence (f;); in order to obtain a subsequence (I;); such that (f,); converges in the
L'-norm to some f with V(f) < 4K,| f||;. We deduce by a triangular inequality
argument that there is some sequence (ky,),, — +oo for which 1/k,, Z?:o_ el fin

converges to f in the L'-norm as m — +o00. On the other hand,

1 km—1 ‘ km—1
I > (Lf, —Lf)h < Z 1 fin = flls = [ fin = fIli

and this last term goes to 0 as m — +oo. This finally implies that 1/k,, Zk’" YLy

converges to f in the L'-norm.

We claim that given any ¢-invariant set A C R with positive Lebesgue measure,
there exists some absolutely continuous ¢-invariant probability measure p4 whose
density has variation less than 4K and ps(A) = 1. Indeed, for some sequence (k;);
the sequence 1/k; Z?;_Ol L7x 4 converges in the L'-norm to some f4 with V(f4) <
4K1||xallh <4K; and ||fall1 > 0. Thus, taking p4 equal to the normalization of the
measure f4m,, we have that p14 is an absolutely continuous ¢-invariant probability
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measure. Up to multiplying by the total mass of p4 and letting A° = R\ A we have

ki—1 ki—1
1 % , 1 % ,
pa(A°) = hsz JEZO /c LIxa dm, = lizm 5 ]Ezo /RXAC o¢’ - xa dm, = 0.

Now let A C R be some ¢-invariant set with positive Lebesgue measure, and
a = fam, an absolutely continuous ¢-invariant probability measure giving full
weight to A with V(f4) < 4K;. Let r =n/(n—1) and ¢ = 1/n. Combining Remark
5.6 with Holder’s inequality we obtain

L= | fall < [ fallerma(A)Y7 < K (n)4K m, (A)". (22)

Taking K (n) = (K (n)4K,)"Y/" we have that m,(A) > K(n).

It immediately follows that R can be decomposed into finitely many minimal
¢-invariant sets Ay, ..., A, with positive Lebesgue measure. By minimality, for each
1 =1,...p, the absolutely continuous ¢-invariant measure p 4, giving full weight to
A; is ergodic. Moreover, any absolutely continuous ¢-invariant probability measure
p can be written as pp= > - u(A;) pua,.

6 The measure

Here we will use the results of the previous sections to prove that the map ¢ has a
finite absolutely continuous invariant measure. Let R = U,>,R,, be the partition of
S1 x I (mod 0) constructed in Section 3. We define the map ¢ : ST x [ — St x T
by taking

¢lint(R) = ¢"|int(R) if R eR,,

and extending it arbitrarily to the boundaries of the rectangles. In order to use
the results of Section 5, we may view ¢ as a C? piecewise expanding map from
[0,1] x I C R? into itself, since the interiors of the rectangles in R and their images
by ¢ do not intersect the set {6 = 0}.

Our objective now is to show that the map ¢ defined above satisfies the hypothe-
ses of Theorem 5.2.

— (E4) and (E,) are easily verified.
— For (F3), note that if (0, ) belongs to R € R,,, then

_( ar®) 0
D(ﬁ(@,QI) - ( 69}97’3(9,33) aa:Fn(97$) ) ’
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and so

o 1 0 Fn (0, ) 0
(Do(0, )™ = m<_aan(9,x) 899"(9))

_ ( (Dag™(6))~ 0 >
OE (0, 2) (g (B0, Fu(6,2)) (D Fu(6,2)) )

Taking into account Lemma 4.1 this implies
D6~ (6(0, 2))|| < max {[9pg™(0)| ™" + C5/0F(0, )| ", [0 Fn (0, 2)| ' } -

We have
069" (0)] 7" < (d— )™

Using (/,,) and Lemmas 2.3 and 3.5 we also have

1
0. F,(0, )| < exp (—(20 —€e)n+ 3log a) :

Hence,

1D (0, 2))|| < (d— )™+ (1+ Cs) exp <—(20 —¢e)n + 3log é) . (23)

which can be made smaller than one, by taking p large enough.
— (D) is a direct consequence of Proposition 4.2.

— For (C}) and (C3), we observe that by Corollary 3.3 the boundary of ¢(R),
R € R, is made by two vertical lines and two admissible curves. Hence, the
C? components of the boundaries of ¢(R) meet at angles uniformly bounded
away from zero. This, together with Proposition 3.8, provides regular collars
for ¢(R) with constants 5(¢(R)) and p(¢(R)) uniformly bounded away from

Zero.

Now we are in conditions to specify our choice of p: having in mind Theorem 5.2
and estimate (23), let p > 1 be an integer such that

((d — )P+ (14 Cy) exp (_(QC— e)p+ 3log é)) (1 + %) <1
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Thus, we may apply Theorem 5.2 and conclude that ¢ has an absolutely continuous
invariant probability u. Finally, defining the sequence of sets

Ri==R,=0, and R,= |J R for n>p,
RGRn
we take
w —Zw*<u|UR>
n>j

We will show that p* is a p-invariant absolutely continuous finite measure, and then
derive the existence of a finite number of measures with the same properties of p*
and moreover being ergodic.

Invariance. Let A be an arbitrary Borelean in S! x I. We have

1r(e~H(A) = Z (977 (07 A) N (Uns;R))
= ZM(SD U (4) N N (Rj1 U (Unsjs1Ry))

= SR A B) + 30 (AN U )

7=0

In this last equality we used that (R, ), is a sequence of disjoint sets (mod 0). Now
we have

ZM J+1 )N R]+1> = U (szl (SD_j(A) A RJ))

and

Zu AN U B) = (A) = p(AN (UnsoRa)

which altogether gives
W™ (A) = p(A),
and so the measure p* is ¢-invariant.
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Absolute continuity. This is a direct consequence of the absolute continuity of
the measure p. Note that if A is a Borelean in S' x I with mg(A) = 0, then
ma(p~7(A)) = 0 for every 7 > 0. Then, by the absolute continuity of u, we have
p(p~7(A)) = 0 for every j > 0. Hence

A = n (s@j(A) N (U Rn>> =0,

n>j

which shows that p* is absolutely continuous with respect to ms.

Finitness. Let fy be the density of p with respect to the Lebesgue measure my.
We have

pt (St xI) = ZM(Un>jRn)
=0

= d
Z/Un>jRn fodms

j=0
o

= Z fO . XUn>jRndm2.

=0 S1xr

Now, recall that by Remark 5.6 we have fo € L?(S' x I). On the other hand, it
follows from Proposition 2.6 that for every j > p

R ((S"xI)\(H,u---UH))) C Ej,

n>j

and so, by Lemma 2.4

meo ( U Rn> S mQ(Ej) S Ceiryﬂ.
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Altogether, this yields

P (St I) < Y N follzz - X, rallze
=0

< plfollze + 1follze D I1X0,ssrall 22

J=p
00

pllfollze + 1 follze Y C/2eV72

Jj=p

IN

which is obviously finite.

Ergodicity. For proving that ¢ has some ergodic absolutely continuous invariant
probability measure, we will show that for any -invariant set A C S! x I with
positive Lebesgue measure:

1. A has Lebesgue measure uniformly bounded away from zero;

2. there is some absolutely continuous ¢-invariant probability measure giving full
weight to A.

This allows us to decompose S* x I into a finite number of minimal positive Lebesgue
measure p-invariant sets. Then everything follows exactly in the same way as for
the piecewise expanding map ¢ in Section 5.

Let A C S' X I be any -invariant set with my(A) > 0. We have

o1(A) = {x e JRi: d(x) € A} =@ A nR) =4,

i>p i>p

and so the set A is also ¢-invariant. It follows from what we have seen in Section 5

that ma(A) > K(2), and so we have proved 1. above.
Now let 4 be a measure as in Section 5 and take

wa=) ¢ (uAIURn)-

7=0 n>j

In order to obtain 2. it suffices to show that p*(A°) = 0, where A® = (S! x I)\A.
Since A is p-invariant, A is also ¢-invariant, and so

pa(A°) = ZMA (w‘j (A) N (URn)> = ZMA (Acﬂ <URn)> =0
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Hence, the normalized p is an absolutely continuous ¢-invariant probability mea-
sure giving full weight to A.

7 Conclusion of the proof

Here we show how to remove assumption (1) from our hypotheses and conclude that
any C® map ¢ satisfying || — .|| < € for sufficiently small e (with respect to «)
has a finite absolutely continuous invariant measure.

The main step is to show that such a ¢ admits an invariant foliation F¢ by C*
leaves C* close to vertical lines in S* x I. This is a consequence of the fact that the
set of vertical lines constitutes a normally expanding invariant foliation for the map
Da-

Let ‘H be the space of continuous maps £ : S* x I — [—1,1] endowed with the
sup norm, and define the map F': H — H by

0PN =09y a
PO = e+ gy T 0 Es X

Note that F' is well-defined, since

<1

(44¢€) +e
|[Fé(2)] < —(const o+ €) + (d —¢€)

for small @ > 0 and € > 0. Moreover, F' is a contraction on H: given &, € ‘H and
zeStx1I

|detDp(2)[[£(2) — n(2)]
(=00 f (2)€(2(2)) + Dog(2))(=0af (2)n(p(2)) + Dpg(2))]
((d+e)(4+¢) +6)[E(z) —n(2)]

- (d — consta)? '

[FE(z) = Fn(z)] <

This last quantity can be made smaller than 1/2[£(z) —n(z)|, as long as « and € are
chosen sufficiently small. This shows that I is a contraction of the Banach space H,
and so has a fixed point £¢ € 'H. Note that since the map F' depends continuously on
the dynamics ¢, and for ¢, the fixed point coincides with the constant map equal to
zero, then for ¢ close to ¢, the fixed point £ of F' is close to zero. We have defined
F in such a way that if we take E°(z) = span{(£¢(z), 1)}, then for every z € S x I

Dop(2)E*(2) C E*(¢(2))- (24)

41



Now we take F¢ to be the set of integral curves of the vector field z — (£°(2), 1).
Since the vector field is taken of class C°, it does not follow immediately that
through each point in S* x I passes only one integral curve. However, we will prove
uniqueness of solutions by using the fact that the map ¢ has a big expansion in the
horizontal direction.

Assume by contradiction that there are two distinct integral curves Y, Y, € F¢
with a common point. So we may take three distinct nearby points zg, 21,20 € St x I
such that zp € Y1 NYs, 21 € V), 20 € Y5 and 21, 29 have the same z-coordinate.
Consider the horizontal curve X joining 2; to zy. If we iterate X by ¢, such iterates
are admissible curves (nearly horizontal) and locally grow in the horizontal direction
by a factor al least d — const « in each iterate. Hence, after a certain number of
iterates the images of X wrap many times around the cylinder S* x I. On the
other hand, since the iterates of Y; and Y, are always tangent to the vector field
z — (€°(2),1), it follows that all the iterates of Y7 and Y3 have small amplitude
in the #-direction. This gives a contradiction, since all the iterates by ¢ of the
homotopically zero closed curve made by Y7, Y5 and X is always homotopic to zero
in S x I. Thus, we have uniqueness of solutions of the vector field z — (£¢(z), 1),
and from (24) it follows that F¢ is a ¢-invariant foliation of S* x I by C! leaves C'"!
close to vertical lines.

The existence of this invariant foliation F* replaces the assumption of the skew-
product form of ¢ in (1). One also needs an analog of the second part of assumption
(1). Since (24) holds and E°(z), E°(¢(z)) are unidimensional spaces, there must be
some scalar A(z) satisfying

Dp(2)(€°(2), 1) = A(2)(§(#(2)), 1)

for every z € S' x I. We define the critical set of o by C = {z € S* x I : A(z) = 0}.
By an easy implicit function argument it is shown in Section 2.5 of [V2] that C is
the graph of some C? map 7 : S* — I arbitrarily C?-close to zero if € is small. This
means that up to a change of coordinates C?-close to the identity we may suppose
that 7 = 0 and, hence, write A(0,x) = x(0,x) with |[¢) 4 2| close to zero if € and
« are small. This provides an analog to the second part of assumption (1). At this
point, the arguments of [V2] apply with 9, f (6, ) replaced by A(0,x), to show that
H;:Ol A(0;, z;) grows exponentially fast almost surely.

Now the proof of Theorem A follows in just the same way as before, with the
leaves of F¢ replacing the vertical lines. For the sake of completeness a few words are
required, concerning the construction of the partition R. In this case the boundary of
the rectangles will be made by two horizontal segments (as before) and two segments
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of leaves in F¢. For each n > 1 we define a partition P, of S* x {0} in the following
way: consider the map

X,: S'x{0} — SixI
(6,0)  +— ¢"(6,0)
and let Iy be the leaf of F¢ close to {# = 0} that is fixed under ¢. Then we define
P, = {[9', 0") : (¢',6") is a connected component of X ((S" x I)\Fg)} .

This partition easily induce a partition of S! x I into nearly vertical strips

ﬁn—{Q—UFQZWEPn},
Ocw
where each Fy is the leaf of F¢ that contains the point (0,0) € S* x I. Note that

for cach z € I and Q € P, the length of w = (S* x {z}) N Q depends on z in an
unimportant way. In fact we have

(d + consta) ™ < |w| < (d — consta) ™"

for every z € I and n > 1. Now the construction of the partition R follows as
in Section 3, starting our inductive process with the nearly vertical strips of the
partition P,. Here we use the left hand side fibers of the strips in P, (n > p) to
determine the itineraries of points. Having defined the elements of R, and §,, for
some n > p, we use the partition P, to divide the remaining rectangles in S,,.
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