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Abstract

This paper considers a class of hybrid stochastic differential equations (SDEs) with different
structures in different modes. In some modes, the coefficients of the SDEs satisfy the linear
growth condition, while in the other modes, the coefficients are highly nonlinear. These systems
are often unstable. This paper aims to design a discrete-time feedback control which is only put
in a part of modes where the coefficients are highly nonlinear, such that these systems become
stable. The stabilities concerned include H,-stability and exponential stability in the moment,
as well as almost sure stability. Finally, an example is given to illustrate these results.

Keywords. hybrid SDEs, discrete-time state observations, feedback control, exponential sta-
bility, asymptotic stability.

*This work is entirely theoretical and the results can be reproduced using the methods described in this paper.

tSchool of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan, Hubei, 430074,
P.R. China, (shibanban@hust.edu.cn). The research of this author was supported in part by the National Natural
Science Foundation of China (Grant No. 61873320).

iDepalrtrnent of Mathematics and Statistics, University of Strathclyde, Glasgow G1 1XH, UK,
(x.mao@strath.ac.uk). The research of this author was supported in part by the Royal Society (WM160014, Royal
Society Wolfson Research Merit Award), the Royal Society of Edinburgh (RSE1832), Shanghai Administration of
Foreign Experts Affairs (21WZ2503700, the Foreign Expert Program).

¥School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan, Hubei, 430074,
P.R. China, (wufuke@hust.edu.cn). The research of this author was supported in part by the National Natural Science
Foundation of China (Grant No. 61873320).



Stabilisation of hybrid system with different structures by feedback control based on discrete-time state observations

1 Introduction

It is well recognized that practical systems are rife with different sources of noises such that these
stochastic systems involve both continuous dynamics and discrete events. It has also been well
recognized that such systems provide more realistic models for many applications in biology, math-
ematical finance, wireless communication, etc. Due to the interaction between continuous dynamics
and discrete events, these systems are often described by SDEs with Markovian switching which
are also called as hybrid SDEs. We refer the reader to [1-8] and references therein for more details
of these systems and their applications.
This paper will consider a hybrid SDE

dz(t) = f(z(t),r(t), t)dt + g(x(t),r(t), t)dB(t), (1.1)

where r(t) is a Markov chain taking values in a finite space S = {1,2,...,N}, B(t) is an m-
dimensional Brownian motion, the mappings f: R" x S x Ry = R" and g : R" x S x Ry — R®»*™
are Borel measurable. The system (1.1) may be unstable, and the instability of stochastic systems
could be verified by applying the known criteria [5, Theorem 3.23, page82] and [9, Theorem 3.5,
pagel23] or computer simulations. To make this system become stable, the common method is to
find a feedback control u(xz(t),r(t),t) such that the controlled system

dz(t) = [f(z(t),r(t),t) + u(x(t),r(t),t)]dt + g(x(t),r(t),t)dB(t)

becomes stable. Note that w(z(t),r(t),t) is a continuous-time feedback, which relies on the con-
tinuous observations of the state z(t). This continuous-time feedback control has been discussed
widely (see e.g., Ji and Chizeck [10], Mao and his coauthors [9,11-14]). However, since states can
be observed only at discrete times 0, 7, 27, - - -, it will be more realistic to consider the discrete-time

control. This feedback control problem can be described as the following controlled system

dx(t) = [f(z(t),r(t),t) +u(z([t/T]7),r(t), t)]dt + g(x(t),r(t),t)dB(t), (1.2)

where 7 > 0 is a constant that stands for the duration between two consecutive state observations,
and [t/7] denotes the integer part of t/7.

For a given stochastic system which may be unstable, Mao [15] proved that if the continuous-time
feedback control function can stabilise this unstable system with exponential speed in the sense of
mean square, then the corresponding discrete-time feedback control can also play the same role for
sufficiently small observation time 7 and Mao also gave estimation of 7. By using the Lyapunov
functionals method, You et al. [16] investigated the exponential stability, H, stability as well as the
asymptotic stability and gave a better estimation for 7. Fei et al. [17] made a significant progress
by showing that a class of highly nonlinear hybrid SDEs can be stabilised by discrete-time feedback
control and they also analysed the H, stability and almost sure stability for the controlled system.
The theory of discrete-time feedback control has also been developed widely, for example, [18-21].

For the feedback control based on discrete-time observations, the state needs to be observed
only at discrete times. On the other hand, the classical continuous-time feedback control, the state

needs to be observed continuously for all time. Not mentioning that it is impossible to observe
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state continuously in practice, we see the time spent on the state observations at discrete times is
less than the continuous-time case. This indicates the control cost can be reduced by the feedback
control based on discrete-time observations. Often the system is observable only when it operates
in some modes but not all. [22] examined the effects of different structures in different modes and
derived the boundedness and the stability of the hybrid systems. Motivated by these observations,
this paper considers a class of hybrid SDEs with different structures in different modes. And the
main aim is to design a discrete-time feedback control for only a part of modes to make this hybrid
system become stable in the senses of H, stability and almost sure stability. This can also reduce
cost further. Most of the existing papers consider the discrete-time feedback control for all modes.
There are a few papers where some special examples are discussed using the control for a part of
modes (see, e.g., Example 6.2 in [17] and Song et al. [23]), but these special examples have the
same structure in all modes.

The rest of this paper is organised as follows. Section 2 gives the necessary notation and some
assumptions. In section 3, we show the original system has a unique solution and a uniform bound
in qth moment under the assumptions of section 2. We further show in this section that the
controlled system has also a unique solution and preserves the uniform bound in qth moment as
long as the control function satisfies the Lipschitz condition. In section 4, we give some rules on the
control function and prove that the controlled system is H, stable, asymptotically stable as well

as exponentially stable under these rules. Finally, an example is given to illustrate these results.

2 Notation and assumptions

Let us introduce some notations and definitions that will be used. Let {2, F, (F;)i>0,P} be a
complete probability space with a filtration (F;);>o satisfying the usual conditions (i.e., it is in-
creasing, right continuous and Fy contains all P-null sets). Let B(t) = (Bi(t), ..., Bm(t))T be an
m-dimensional Brownian motion defined on this probability space. Let r(t),t > 0, be a continuous
time Markov chain on this probability space taking values in a finite state space S = {1,2,..., N}
with the generator I' = (v;;) nxn given by

A A), T
Pir(t+8)=jir(t) =i} = T2 TR A

1+ 7i;A +o(A), if i=j
where A > 0. Here v;; > 0 is the transition rate from 7 to j if i # j, while ~; = —Zj# Vij-

Assume that the Markov chain r(-) is independent of the Brownian motion B(-). Denote by |z|
the Euclidean norm for = € R™. If A is a nonsingular matrix, its inverse is denoted by A~!. For
a matrix A, denote its trace norm by |A| = \/trace(ATA). Let Ry = [0,00) and 7 > 0. If both a
and b are real numbers, then a A b := min{a,b} and a V b := max{a,b}. For a vector or matrix A,
A > 0 means all elements of A are positive. Throughout the paper, C denotes a generic positive
constant, whose value may change for different usage. Similarly, C, denotes the generic positive
constant depending on parameter «. In this paper, the nonsingular M-matrix plays an important
role. We present some conditions equivalent to nonsingular M-matrix, and refer the reader to [24]

for more details on this topic.
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Lemma 2.1. The following statements are equivalent:
(1) A = (aij)NxN is a nonsingular M-matriz,
(2) A~L exists and its elements are all nonnegative,

(3) There exists x > 0 in RN such that Az > 0.

Assumption 2.1. Assume for each integer h > 1, there exists a positive constant ky, such that

|f(l‘,i,t) - f(jviat)‘ \ ‘g(l'ai’t) _g(j>i7t)| < k‘h(l’ - j)

for all z,z € R™ with |z| V |Z| < h and all (i,t) € S x Ry. Without loss of any generality, assume
that the state space S = S1USy with S1 = {1,..., N1} and So = {N1+1,..., N}, where1 < N; < N.
Assume there exist positive constants K,q > 1,q2 > 1 such that for (z,i,t) € R™ x S1 x Ry

|f(z,i,t)] < Klz|,  |g(x,i,t)] < Kla], (2.1)
and for (z,i,t) € R™ x Sy x R4,
|f(z i, )] < K(lz| + [2[™), |g(z,i,t)] < K(|z] + |z]?). (2.2)

Remark 2.2. Assumption 2.1 implies that in any Si-mode, the coefficients of the underlying
system (1.1) satisfy the linear growth condition. In any Ss-mode, coefficients of the underlying
system (1.1) are highly nonlinear. Conditions (2.1) and (2.2) imply f(0,4,¢) = 0 and ¢(0,14,t) = 0,

which are required for the stability purpose.

Remark 2.3. (2.2) shows that in any Ss-mode, the coefficients of the underlying system (1.1)
are controlled by polynomial functions with highest orders ¢; and ¢s. By the Young inequality,
|z|% i = 1,2, together with |z|, yield that f and g can include the forms of Y"1 | 2% with 6; € [1, ¢1]
and 6; € [1, g2] respectively. If the linear term is removed, f and g cannot include the polynomial

with order less than ¢; and ¢o, respectively.

Assumption 2.2. Let q,p > 2 with
q>P+a—1)V(2aqVe))),
p>(an+1) V(22 —q +1).

Moreover, for each i € Sy, there exists constant B; € R such that

qg+p—3

ol f(z,i,t) +

and
D :=—(q+p— 2)diag(B1, .., Axy) — (Vij)ijes, (2.4)

s a nonsingular M-matriz.

For each i € So, there exist constants «, €; € Ry such that

. —1 ,
2T f(a,i,t) + L5 —lg(@, i, D < —alal? + eifaf (2.5)

4
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3 Rules for feedback control

To avoid confusion, let z(¢) denote the solution to the underlying system (1.1), and z(t) denote the

solution to the controlled system (1.2). Rewrite (1.1) as follows:
dz(t) = f(2(t),r(t), t)dt + g(2(t),r(t),t)dB(t), 2z(0) =29 € R"™. (3.1)

Note that (2.3) and (2.5) implies that (3.1) satisfies the monotonic condition. This, together with
the local Lipschitz condition in Assumption 2.1, guarantees that the underlying system (3.1) has
a unique global solution z(¢) and this solution satisfies E|z(t)|? < C; (see [1, Corollary 3.21, Page
97]). But in the following, we will show this solution z(¢) can be bounded uniformly in qth moment

under Assumptions 2.1 and 2.2. For this purpose, we let

(01,0s,....0n) " =D71(1, .., )T (3.2)
and Bmax = maxjes, Bi, €max = MaxXes, €, Omax = Maxes, 0; and Opin = minieg, 6;.
Theorem 3.1. Under Assumptions 2.1, 2.2, the solution z(t) of the system (3.1) satisfies

sup Elz()]|? < C. (3.3)
0<t<o0o

Proof. For any C > 0, define a Lyapunov function U : R" x S — Ry by

2|7 + CH;|z|9TP2 if e85y,
Ulz,i) = g g ! (3.4)
|z|? if €5y,

and introduce LU : R" x S x Ry — R by
1
LU(z,i,t) = U.(2,i) f(2,i,t) + 5tmce[gT(z,i,t)UZZ(z,i)g(z,i, O+ iU (2, 4),
jeS
where

L (0U(z,4)  0U(z,1i) L [0%U(z,9)
Uz(z,z)—( RS v ) and Uzz(z,z)—[iazkazl }an'

For any given i € 57, we have

-2
LU(’Z?Zat) = q|Z|q_QZTf(Z,Z',t) + %|z\q_2|g(z,i,t)|2 + Q(q2)‘2|q_4|zTg(Z7iat)|2
-2
g+ — 20001217 1 (5,0,0) + TEEZZ om0, )
+p—-2)(¢g+p—14 _ . _
+(q P )2((1 P )C9i]z\q+p 612Tg(z,4,t)>+C Z 7ij0;2|9P2.
JEST

Note that |27 g(z,i,t)]2 < |2|?|g(z,1,t)[>. By (2.3), (2.4) and (3.2), we get for i € S;

—1
LUGit) < all (i + L gt
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Clq+p— 2)62|r (sz<z,z',t> . W|g<z,z,t>12)

2
+C ) 7165121
JES1
< qBilz|"+ (g +p—2)Cib;|2|TPE+C Y i)z
JES1
= gBil2|" - C|z|7P?

= —(2179) (CO:| 2] 7TP72 + |2]9) — (g)z\qﬂ’” + (2—19 IR
< %;X)U(z,i) o, (3.5)
where
1 := sup {—(g)lulqﬂ’_z + (2611@ + quaX)W} < 0. (3.6)

Similarly, it follows from (2.5) that for ¢ € Sy

. _ . —1 _
LU(zit) < q2|" (sz(z,z,t) + glg(z,z,t)@ +C D gty
JEST

< ql2 P (—alzP + el +C D yigbylz|TTP
JEST
= —(qa -Cy '7ij‘9j> |27 + ey 2|7,
JESL
Since a > 0, we can always choose C sufficiently small such that
C>jes, Vil
g q

, VielS,. (3.7)

(%

This implies that for i € Sy

LU(z,it) < _<29:ax)‘2’q Yoy = —<29i1ax>U(z,i) + e, (3.8)

where

_ 1
co 1= sup{ — (qa -C Z %’ﬁj)\u!ﬁp 24 (quax + 29max>‘u’q} < 0.

u>0 jes:

Combining (3.5) with (3.8), for all i € S we have

LU(z,i,t)S—( )U(z,i)—i—cl\/cQ.

29max

Recalling the definition of U(z,1), we have |z|? < U(z,1). Therefore, by [1, Theorem 5.2, Pagel57],
the required result (3.3) follows. O

But Eq. (3.1) may be unstable. The main aim of this section is to design a feedback control

u(x([t/7]T),r(t),t), based on discrete-time state observations, such that the controlled system

dx(t) = [f(z(t),r(t),t) + u(z (o), r(t), t)|dt + g(z(t),r(t), t)dB(t) (3.9)

is stable, where &; := [t/7]7 and the control function u : R™ x S x Ry — R™ is Borel measurable.
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Rule 3.2. For i € S5, the control function satisfies the Lipschitz condition, i.e.,
|u($7 i, t) - u(y7 i) t)| < I{’:E - y’

with some £ > 0 and w(z,i,t) = 0 for ¢« € S;. For the stability purpose, assume also that
u(0,4,t) =0 for all i € Ss.

Theorem 3.1 shows that the gth moment of the underlying system (3.1) is bounded uniformly.
The following theorem shows that the controlled system (3.9) preserves this property under Rule
3.2.

Theorem 3.3. Let Assumptions 2.1, 2.2 and Rule 3.2 hold. Then for any initial value x(0) =

xo € R™, the controlled system (3.9) has a unique global solution and

sup Elz(t)]? < C. (3.10)
0<t<oo

Proof. In fact, the controlled system (3.9) is a hybrid stochastic differential delay equation (SDDE)
with a bounded variable delay. Define a function 7 : Ry — [0, 7] by

w(t)=t—kr for kr<t<(k+1)71, k=0,1,2,---.
Rewrite the controlled system (3.9) as
da(t) = [F(@(t), 1(t), 1) + u(a(t — 7(1)), r(0), O]dt + g((t),r(8), )ABE), ¢ >0,

Recalling the definition of U, applying the generalized It6 formula (see [1, Lemma 1.9, page 49])
gives

dU (z(t),r(t)) = LU(x(t),x(t — = (t)),r(t),t)dt +dM(t), t>0,

where M (t) is a continuous local martingale with M (0) = 0 and the function LU : R x R" x S x
R, — R is given by

_ 1
LU(z,y,i,t) = Up(,9)[f (2,4,1) + u(y, 1, £)] + j?“ace{gT(% i, ) U (2, 0)g (2,1, 0)] + Y 75U (2, 7).
JES
We divide the remaining proof into two steps.

Step 1: existence and uniqueness. For any given ¢ € 51, we have

-2
LUGy.it) = alal?2a [f(.i.0) + u(y. i, )] + Llallg(a i )2 + L2

2
Nopla+p—4,T : - q+p—2, gipa N2
+(q +p - 2)C01|x‘ €z [f(CC,’L,t) + U(y,l, t)] + Tcel’:d |g(x,z, t)|

|2 g(x, 1, 1)

-2 —14
Llate )2(q+p )C9i!$\q+p76\$T9(l’,M)!Z+C > il PR,
JEST

In the same way as (3.5), we can show that for i € S;
- -1
LUGey,it) < glol" (o7 flayit) + L= lg(a. i 1))

7
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- , +p—3 . -
+(q+p— 200" (2T f(a,i,0) + TL (i, )) +C Y yisbsfal 7
JEST

< —<2eilax)U(:v,i)+C1, (3.11)

where we have used the fact that u(z,i,t) = 0,7 € S; and ¢; is from (3.6). Similarly, for each

i € S, we calculate

LU(x,y,i,t) = qlxlq‘QwT[f(:cvz',t)+u<y,i,t>]+%\xlq‘2lg<x,z’,t)\2
-2 _ . _
—i—cj(q2)]w\q Yol g(z,i, )2 +C Z ij0;z| P2,
JEST
Note that |u(z,i,t)| < k|z|. By (2.5), we have for i € Sy

. _ . . qg—1 . _
LU, yit) < alol (27 [f(w0.0) +uly,i,0)] + Lol i,0)F) +C 3 ylal 772

JEST
< —gale|™P 4 geilal+C 37 yii03[al P2 + glal " uly, i, )
JES1
< (= aa+C Y sy )l 4 gealelt + gnlal7yl.

JES1

Recalling e(~7/20max) < 1 (fax is positive), then we can choose e € (0,1) sufficiently small such
that
1
e " +er < 1. (3.12)

By Young’s inequality, it follows from (3.7) that for i € S5,

_ /(a—1)
7 ; _ _ 0. | platp—2 togg o @ —1D)(gr)? q a
LU (x,y,i,t) < (qa CE %39j>]m| + qe|x]? + 2(qe) /@D |z|? + ely|
JES1
1
< C37(29 )U(m,i)+5U(y,z’), (3.13)

where

_ 1 (g —1)(gr)?/ @)
c3 = ili}()){ - (qa -C Z ’yijé?j) || T2 4 <29max + g€max + a(ge) /@D )’U‘q}
= JEST

Therefore, combining (3.11) with (3.13), we have for i € S

LU(x,y,i,t) <c1 Ves+ Ui(z) + Ui (y),

where Uy (z) = |z|9. Obviously, Ui (z) < U(x,i). Consequently, by [1, Theorem 7.13, Page280], we
conclude that the controlled system (3.9) has a unique global solution z(t) with E|z(t)|? < Cr for
any t € [0,T].

Step 2: Uniform bound. Similarly, by virtue of (3.11) and (3.13), we derive for i € S

LU (z,y,i,t) < c—aU(w,i) +eU(y, ) 1{ics,} (3.14)

8
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where ¢ := ¢ V ¢3, @ := 1/(20max). Then, by (3.12), we have
e fer < 1. (3.15)

For any t > 0, there is a unique integer k£ > 0 such that ¢ € [k7,(k + 1)7). Letting t;, = k7 for
k=0,1,2,---, we have t — m; = t. By the generalised It6 formula, we derive that for ¢ € [tg, tx+1)

e"BU (z(t),r(t)) = e“tk]EU(x(tk),r(tk))—l—E/ e®laU(x(s),r(s)) + LU (x(s), z(s—m(s)),r(s), s)]ds.

ti
Using (3.14) yields
¢"EU (1), 7(t))

< " RU (2(ty), r(tg)) + E t

=

e [c + U (s — (5)), 1($) Loy s

= " BU (a(tk), r(te)) + E | e*[c+eU(x(s —7(s)),7(s — 7(5)))]L{r(s—n(s))esz}]ds

—
e &+

< EU (a(t),7(t)) +E | e**[e+eU(a(s = n(s)), (s — m(s)))]ds

S
e +

= ™ EBU (x(ty), 7(tr) + E | e®lc+eU(x(t), r(te))]lds

T

k
at __

< ™K RU (2(ty,), (tr)) + (eat) e+ eBU (x(tk), r(tr))]- (3.16)

In particular

eatk+1EU($(tk+1)7 T(tk+1)> < eatkEU(x(tk)7 r(tk)) + (W) [C + EEU('x(tk’)? r(tk’))]

This implies

EU (2(tpr), r(tes1)) < e*aTEU(x(tk),r(tk)H(#)[cﬂm@(m,r(tk»]
< e EU(x(tk), r(te)) + 7le + eEU (x(tk), r(tr))]

et + (e 4+ er)EU (x(tg), r(ty)).
Consequently, using (3.15) gives

EU (% (tg41), 7 (te+1))

IN

T+ (e +eT)[er + (e 4+ em)EU (x(tg—1), r(tr—1))]

< er[l+ (e Her) 4+ (e + ) + (7Y + en)FTLU(2(0),7(0))
S 1— (efa‘r + 87’) + (|x(0)‘q + Hmax|x(0)‘q+p*2)' (317)
Furthermore, it follows from (3.16) that
sup [eatIEU(x(t),r(t))] < eatkIEU(:U(tk),r(tk)) + (M) [c + eRU (x(tg), r(tr))]-

tp<t<tp41
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This, together with (3.4) and (3.17), implies

sup Elz(t)|? < sup  EU(z(t),r(t))

te<t<tpi1 te<t<tpi1

< <<>m<»+(¢2”)k+mUmm»wmm

< oS N) S - DIEU (), (1)

< " _1—% o ) (o O+ () 2),
Since k is arbitrary, the required assertion (3.10) holds. 0

4 Stabilisation

4.1 H, stabilisation and asymptotic stabilisation

Let us now make a remark and introduce some constants which will be used in our new Rule 4.2

below.

Remark 4.1. By Assumption 2.2, it is obvious that

. ta -2, . -
2T f(w,0,0) + E D lg( i 1) < Bilal?
and
BQ = _(p+ q1 — 1)dlag(51, "'7BN1) - (’Yij)i,jeSl (41)

is a nonsingular M-matrix. Similarly, by (2.3), there exist constants 3;, 5; (i € S1) with 3; < f; < B;
such that for all (z,i,t) € R™ x S1 x Ry

. 1.
o f(@yi ) + Syl i ) < Bifarl?,

T - q1 SN2 B2 (4.2)
x f(.%',l,t) + §|g(x,z,t)] < ﬂllm‘ .
Recalling u(z,i,t) = 0,7 € S1, we hence have for all (z,i,t) € R” x S x R4
1
e [f(,i,t) +ule, i 0] + Slg(w, i ) < Bif]?,
ot [fa,i, )+ ule,i, 0] + 5 gl i) < lal?, (4.3)

p+qr—2

T [f(z,i,t) 4+ u(x,i,t)] +

Rule 4.2. Design a control function u : R™ x Sy x R — R" such that there exist constants
ai,di,ﬁi,@(i S 52) with a; > &; > o and ; < Bz < ¢; for both

Tf (@, int) + ule, i )] + lwwmwﬁ<—'ww+&mﬁ
o (i, 0) i, 0] + Llg(e, i, < —aalal? + Bl

10
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to hold for all (z,i,t) € R" x Sy x R,. Moreover, the constants 3;, 5;(i € S3) here along with
Bi, Bi(i € S1) in (4.2) make the following two M-matrices

B := —2diag(B1, ..., B8) — (Vij)ijes:

N - (4.5)
Bi := —(q1 + 1)diag(B1, ..., Bn) — (Vij)ijes

nonsingular.

Let us explain that there exist lots of such functions satisfying Rule 4.2 under Assumption 2.2.
For example, take u(x,i,t) = —Lx for i € Sy and @(z,i,t) = 0 for i € S;, where L is a positive
constant, then

ala(x,i,t) = —Llz|?, V (z,i,t) € R" x Sy x Ry.

By (2.5), we have for (z,i,t) € R™ x S x Ry

. o 1 .
2T [f(,i,8) + alw, i 1)] + Slg(@.i, ) < —alel + (¢ = Lal?,
2" [fla,it) + e, i, 0] + Tlg(a,i, ) < —alal? + (e - L)l

In addition, since D is a nonsingular M-matrix and 3; < BNZ < B;, there exists a constant L large

enough such that the following matrices

B = _QdIag(Blv "'7/8N156N1+1 - Lv e EN T L) - (’Yl])l,]GS
By == —(q1 + 1)diag(B1, ..., Bny, eny41 — Ly ooy en — L) — (Yig)ijes

are nonsingular M-matrix. That is, the control function @ satisfies Rule 4.2. For convenience, let

b := max;es, b, b; be the ith row sum of B;*, and

(n1,m2, -nn)t =B, -, DT,
(ﬁl; Mo, - 777N)T = Bl_l(lv ) 1)T7
minieSQ (Q1 + 1)071771 (46)
maXieS, (Zje,s‘l Yij)b+ 17
(ﬁla 12, --'aﬁNl)T = D851(17 Tty 1)Ta

since B, Bj are nonsingular M-matrices, then all 7;,7; are positive. Note that &; > a > 0 for

1 € Sy, D > 0. Moreover, Bs is a nonsingular M-matrix, all 7; are also positive. Define
V(w,i) = milo? 4+ il x| 2+ Gl PP  eg )y (4.7)
and

LaV(x,,t) = Vi, D) [f (6, ) + ulz, i, £)] + %trace[gT(x, Va2, 0)9 2,1, D] + 3 955V (5, 5).
JjeS
(4.8)

Lemma 4.3. Let Assumptions 2.1,2.2 and Rules 3.2, 4.2 hold. Then there exist positive constants
po—p3 such that for each i € S

LyV (,4,t) + pr(2mila| + (a1 + 1)l ™)? + pal f (2,4, 1)* + pslg (@, i, 8)]* < —polz[* — [+,

11
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Proof. Let
Wz, i,t) = LiV(x,i,t) + p1(2m]x| + (1 + D)7 |2|T)? + po| f(x,0,1))* + palg(z, i, t)>.  (4.9)
Hence it suffices to prove that
Wiz, i, t) < —polz|? — |z]9 T (4.10)

We divide the following proof into two steps.
Step 1: Estimation of L;V. It is easy to see from (4.8) and (4.7) that

LaV(wit) = ol [f( 1) +ule,i )] + Slofe,i, )P

q +1
2

g+ Viila| 2 [f (2,0, 0) + w(w,d, 1)) + il g, i, 6)7

+(Q1 + 1)2(Q1 —-1)

_ _ . . p+aq—1_ _ .
+ (p + q1 — 1)77i|x|p+q1 SJZ'T[f(QZ‘,Z,t) + U($,Z,t)] + 777i|$|p+q1 3|g(1’,Z,t)|2

2
+qg-1)@+qa-—3)_ _ .
PR = DO =) g 1oy 0, 0) PPy

3 vl Y vl T+ D mlate !
jes JjeS Jj€SL

iz 22t g @, i, )

IA

20”1 (2,1,0) + (e, 0] + g, i, )

Han+ il [T (G 0) 4 e )] + LlgGei )]

_ _ . . +q—2 .
{0+ a1 = Dilal =2 2T [f (1) + ule i )] + L gl i, D] Pl

+> ymilel + ) vl @+ Y iyl
jeS JES JEST

By (4.3) and (4.4), we have

LiV(x,it) < 20i[(Bila*) Lesyy + (Bilz? — ailz|P)1iesy]
+{(@1 + Dl [(Bile) L ies,y + (~alal? + Blal) 1 ges,)] |
H e+ 0 = Vel Bl Piesy

> vimglel Y vl T+ D agmlafre !
jeS jeSs JEST
= {anﬂdﬂg + Z%‘jﬁj|x\2 + (g1 + V)il + Z%]’ﬁﬂl‘wlﬂ
jes jes
+p+q - DnBilafPt o+ > ’Yz‘jﬁj’x\pﬂl_l}l{ie&}
jEST

+{277¢5z‘!3?\2 + > imlal® = 20ami|x P — (g1 + V)i lfPt !
jes

12
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g+ DiBila| ™ + )yl + ) ’Yijﬁj|$|p+q1_1}1{i652}'

jeS JEST
By virtue of (4.1), (4.5) and (4.6), we obtain

4

20, 8i + Z%’ﬂ?j =-1 for i € S,

jes
(@1 + )7 8; + Z%’jﬁj =-1 fori e S,
jes

(p+aq — V)ifi + Z Vi = —D for i € 5.

\ JjESL

We hence have
LiV(rit) < {=[af = 2ot - Dlapto e,

+{ > vl = o = 2aimifal? — (g1 + DéaadilaP T - |x|q1+1}1{i652}'
JES1
By (4.6), we have
b s i+ 1
G > (W)D Vic S
(g1 + 1)

Noting that 7; < Db for ¢ € Sy, then

<o > jes, Yijllj + D
T (gD

Vi€ Sy,

which implies

—(q + Vsl + >y < =D Vi€ S
JES1

Therefore, we have
LiV(e,it) < {—[af — oot = Dlaptot e,
+{ = | = 20imlal? — 217 = Dlapt e Mg,

[zl = 2|t = Dz, (4.11)

IN

Step 2: Proof of W(z,i,t) < —pg|x|? — |z|% L. Substituting (4.11) into (4.9) gives
W (z,i,t) < —|of? = |2|2F = DIafPH =4 py 2|+ (1 + Dl T) + pal f (2,8, 8)[* + pslg (. i, £) >
By Assumption 2.1, we have for i € S
[f (@0, 8)] < K(|z[ +[z[") and |g(z,i,t)] < K(|z] + |2|*).
By (a + b)? < 2(a® + b%), we arrive at
W(z,it) < —faf? = |2["F = DlaPr o=t 4 py(8n7|2f* + 2(q1 + 1)%7F[«*")

13



Stabilisation of hybrid system with different structures by feedback control based on discrete-time state observations

202 K2 (| + |2 1) + 203 K2 (|2 + |]2%).

In addition, by Assumption 2.2, we have 2(¢1 V ¢2) < p+ ¢ — 1, and hence (|z[*? V |z|*2) <

|z|? + |z|PT 91, Therefore, we have

W(l’,i,t) s - [1 - (8p177i2 + 2P1(CI1 + 1)2772-2 + 4p2K2 + 4p3K2)] ’x‘Q _ ‘x’qﬁ_l
—[D = 2p1(a1 + 1% + 292K + 2p3K3) [P+

we can choose appropriate positive constants p;j(1 < j < 3) sufficiently small such that
8p1 maxry} + 2p1(q1 + 1)* max i} + 4(p2 + pg) K* < 0.5,
7 K3
2p1(q1 +1)? max 77 4 2(pa + p3)K? < D. (4.12)

We then have
W (x,i,t) < —0.5[z]> — [z|1F!

Let po € (0,0.5], then (4.10) holds and the proof is complete. O

Theorem 4.4. Let conditions of Lemma 4.3 hold. Assume further

v/ v/ 1
< YOO nd 1 < TNV —, (4.13)
2k2 V2k K2 4Kk
where po-p3 come from Lemma 4.3, then the solution of the controlled system (3.9) satisfies
0 —
/ Elz(t)|9dt < C, V g€ [2,q1 + 1], (4.14)
0
and
lim Elz(t)]9 =0, ¥ q € [2,q). (4.15)
t—o0

Proof. We divide this proof into three steps.

Step 1: Define two segment processes #; = {x(t + ) : =27 < s <0} and 7, = {r(t +s) : =27 <
s <0} for t > 0. To ensure that Z; and 7, are well defined on 0 < ¢t < 27, we set z(s) = z(0) and
r(s) =r(0) for s € [-27,0). Let

~

V (&, 7, t) = V(x(t),r(t) + J(t), t>0, (4.16)
where V' comes from (4.7) and
w/ / T f(x(0), r(0),v) +u(@(8n),7(v), 0)* +[g(a(v), r(v),v)|*]dvds,
—7 Jt+s
where 1) is a positive constant to be determined later. And, we set f(z,i,v) = f(x,4,0), u(z,i,v) =

u(z,1,0), g(z,i,v) = g(x,4,0) for (z,i,v) € R® x S x [-27,0]. We claim that ‘7( Ty, 7, t) is an 1tO

process on t > 0. In fact, by the generalised It6 formula, for ¢ > 0 we have
AV (z(t),r(t)) = LV (x(t),z(5),r(t), t)dt + dM(t), (4.17)

14
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where M (t) is a continuous local martingale with M(0) =0 and LV : R" X R" x S x R, — R is
defined by

1
LV (z,y,i,t) = Vo, )[f (2,0,t) + u(y,i,t)] + f?"ace{gT(fv, i) Vi (2, 8)g (2,6, 1)) + Y 7igV (2, ).
jeSs
We compute
1
§|g(xaiat)’2]
+(ar + D)7l 2T [f(x,4,1) +uly,i,1)] +

(@ —1) . g j
+((J1 )2((]1 )ﬁi!$|q1 3|$Tg(a:,z7t)|2

+{(p+ a = Ve 2T [ (2,,8) + u(y, 1)

p+qr—1_ _ .
il PP g (2, i, 1)

LV (z,y.i,t) = 2 (a7 [f(z,i,t) +uly,i,t)] +
q+1

ﬁi|x’q1_1|g(qj’ i? t)|2

2
p+tqa—Dp+aq—3)_ _ :
4 A AP g (a1, O s,
> gl D gl T Y iyl (4.18)
Jjes jes JESL

On the other hand, it is easy to see that

(o [ [ A0 + el (@00 + (o) (), ) lduds)
= V(0,101 + u(a(6),10), OF + 1g(e0) (0, )P
o [ A @) @), 0) 4 u(@(6), @), 0 + o), rw), 0P (419

Substituting (4.17) and (4.19) into (4.16) yields
AV (&, 7e,t) < LV (2(t),2(8;),7(t), t)dt + dM(t)
+7[r|f(2(t), (1), 1) + ulz (), (1), 1)1 + g(x(t), (1), 1))
—¢ [ [rlf (@), r(v),0) + u(@(6,),r(v),0)]* + g(x(v), r(v),v)[]dv.  (4.20)

Furthermore, recalling u(z,i,t) = 0,7 € S, it follows from (4.18) and (4.8) that

LV (@,y,08) < LaV (@i t) + {2+ (@ + Diifal® )T uly, i) = ue,i, 0] [ es,).
This, together with (4.20), implies that
AV (&, 7o, t) < LV (&4, 71, t) + dM (L), (4.21)
where

LV (&, 7, t) = LiV(x(t),r(t),t)

15
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+{ @y + (a1 + Vi[OI Ofu(@(00), 7(0),8) = ul@(t), 7(0), 0] L pyessy
T [r F(@ (), 7(£), £) + u(z(6), 7(8), O + lg(@(t), r(t), £)]]
— [ [ @), r(0),0) + u(@(8,), 7 (v), o) + |g(@(v), 7(v), v)[*]dv. (4.22)

t—1

Then by virtue of Theorem 3.3, Assumption 2.1, 2.2 and Rule 3.2, we have

sup E|LV (&, 7, t)| < C. (4.23)

0<t<oco

Step 2: Let us now estimate L‘A/(a?t,ft,t). Choose 1 = k?/p1. Recalling |u(z,i,t)| < k|z|,i € Sa,

we obtain
{(27%@) + (g1 + Vi lz@)| Dz () fu(z(6:), 7(t), ) — u(=z(t), r(t), t)]}l{r(t)esg}
< {(2"%(75)\90@)\ + (@1 + D)o |x ()" )kl (de) — x(t)‘}l{r(t)GSb}
<

2
~ K
{P@nle(®] + (a1 + Do o0 + Tla0) = 2O PLisgess)

From (4.13), we see that 2072 < py and 7 < p3. Noting that u(wx,i,t) = 0 for i € S and
lu(z,i,t)| < klz| for i € Sy, it follows from Lemma 4.3 and (4.22) that

LV (&, 7, 1)
2
~ K
LaV ((t),r(),) + {1 o)+ a1+ Disple(DI)? + o (6) = 20 Pessy

ool f((0), 70, O + {20762 2 (01 P ryessy + palg(a(®), r(), 1)

,{2 t

— Ir|f (2(0), m(0),0) + u(@(8,), (), )2 + |g(x(), (v), v)[2]dv

IN

2 2 4
B 2 a+1 K B 9 2T%K 9
ol = )2+ { Tla(0) 2O + = @) P esn

,{.12 t

- H[T‘f(x(v)’ r(0),0) + w(@(60), r(v), 0) 2 + [g(2(v), r(v), v) [2]dv.

IN

In light of (4.13), we have

272K%
z(6,)” <

4 2 K2 5 2
t)°+ — —x(t)|”.
s [2(0) + la() — ()

We therefore have

V fiQ 47.254
LV (&, 7,t) < —pola(t)® — ()" + {Tm|x(6t) — 2@ + ‘x(t)|2}1{r(t)esz}
H2 t
- [r1f (2(0), 7(0), 0) + u(@(8,), 7(v), )| + [g(z(), (v), v)|2]dv
4724 9 1 2 )
= s p1 Ne@F = l=OF +{271\x(5t) —a(t)] }1{T(t)652}

16
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I{2 t

o [71f(z(v), r(v),v) + u(@(8,),r(v), v)]* + |g(z(v), r(v),v)P]dv. (4.24)
t—1

Step 3: For any initial value z, choose [y large enough such that |zg| < ly. For each integer [ > I,

define a stopping time

=inf{t > 0: |z(t)| > I},

where we use the convention that inf ) = co. Theorem 3.3 indicates that (; is increasing to infinity

with probability 1 as | — oo. By the generalized It6 formula, it follows from (4.21) that

~

NG
EV(xMQ, Fine,, tAG) < (xo, 70,0) + IE/ LV (4,75, s)ds, t>0.
0

By virtue of (4.23), the dominated convergence theorem and the Fubini theorem, letting | — oo

yields
EV (24,7, t) < V(Z0,70,0) + /t ELV (&5, s, s)ds. (4.25)
By (4.24), we have :
BLV (0 7r8) < —(p0— T Bla(s)]? = Ela(s)[*H + 2 E{[a(6.) - a(5) L oesay
p1 2p1
—ZjE /;[T!f(w(v)vr(v)vv) +u(z(8y),r(v),0)* + g(x(v), r(v), v)|*)dv. (4.26)

On the other hand, by (3.9), we have

E{mas) —2(5) 1 pesy) |

< Elz(ds (S)l2

= ) +u(x r(v),v)]dv z(v),r(v),v v)|?

= E!/ ) +u(x(6),7(v),v)]d +/6$9(()7()7 )dB(v)|

< E/& (7| (x(v), r(v),v) + u(@(8,),7(v), 0)|* + |g(z(v), r(v), v)[*|dv

< QIE/i (7| f(z(v), r(v),v) + u(z(8,), 7(v),v)|* + |g(z(v), r(v),v)[}]dv. (4.27)

Substituting (4.26) into (4.25) yields

47254

~

t
BT (21, 71, 1)) < 7 (30, 70, 0) — / (90 —
0

VE|(s)|2ds — /0 Bl ()| %+ ds.

By virtue of (4.13), pg > 472k*/p1, we have

t "/\- ~ ~ ¢ ~ R
/ E’.’L‘(S)’st < M’ / E’x(s)"J1+1d$ < M
0

4712K4 ) 472K4 )

(po—=5=) o (o = =
This, together with E|z(s)|? < E|x(s)|? + E|z(s)|T for any g € [2,q; + 1], yields that

/ E|z(s)|%ds < C,
0

which is the desired assertion (4.14). Furthermore, following the line to derive the Theorem 4.5

n [17], we can derive the required conclusion (4.15). O

17
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4.2 Exponential stabilisation

In this section, we will show that the controlled system (3.9) is stable in the sense of both L7 (g €
[2,¢)) and almost sure exponential stability for proper control function u and sufficient small 7.
For this purpose, let us present a lemma and introduce some constants which will be used in the
Theorem 4.6 below.

Lemma 4.5. Let Assumptions 2.1,2.2 and Rules 3.2, 4.2 hold. There exist positive constants po—ps
with p; < pj(j = 0,1,2,3) and function H satisfying ps|x[PT0~1 < H(z) < ps(1 + |[2[PT071) such
that for each i € S

LyV(x,i,t) + pr(2ml2] + (@ + D)ii|x]9)? + pal f (2,3, 1) |* + pslg(a, i, 1) > < —pola|* — H(x).
Proof. Let

W(xvivt) = L1V(l’,i,t) + ﬁ1(277i|x’ + (‘h + 1)1%‘.%.’(11)2 =+ ﬁﬂf(wv%t)w + ﬁg‘g(l‘,i,t)‘?

Following the line to prove Lemma 4.3 and similar to (4.12), we choose appropriate positive con-
stants p; with p; < p;(1 < j < 3) such that

8p1 maxry} + 201 (q1 + 1)* maxij} + 4(p2 + pg) K* < 0.5,

7 7
2p1(q1 + 1) max 2 +2(p2 + p3) K% < 0.5D.
(2
We then have
Wiz, i,t) < —0.5|z|* — |z| ™! — 0.5D|z[PTe1,

Let H(z) = |z|"" + 0.5D[z[P*0~1, 5y € (0,0.5D], ps € [0.5D + 1,00). Recalling (g1 + 1) <
(p+q — 1), we have
palz|PTO < H(x) < ps(1+ [afPro—h).

Let po = po, Lemma 4.3 shows W (x,i,t) < —po|z|?> — H(z) and the desired assertion follows.  [J
Theorem 4.6. Let the conditions of Lemma 4.5 hold. Assume further

vV PoP1 vpip2  P1ps 1
2K2 V2k K2 42K

where po—ps come from Lemma 4.5. then the solution of the controlled system (3.9) satisfies

T < and T < (4.28)

1 _
lim sup n log(Elz(t)|?) <0, V g € [2,q) (4.29)
t—r00
and )
lim sup —log(|z(¢)|) <0, a.s.. (4.30)
t—o0 t

18
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Proof. Let ‘7(@, 7t,t) be given by (4.16) with the ¢ = k?/p;. Similar to (4.25), we have
t
RV (&4, 4, 1) < V (@0, 7, 0) +/ BV (0,75, 5) + LV (35,74, 5) ) ds,
0
where ¢ is a sufficiently small positive number to be determined later. Let
ap = I}élg'lm’ az = r?eaéxnia a3 = Iz%%}fm’ a4 = r{le%xm-
We then obtain that
N er2 t
a1 f'Elz(t)> < V(io,70,0) + —®1(t) +/ e”® (agaE\x(s)\Q
P1 0
taseE|z(s)[PT0 1 4 ageE|z(s)| 2! + ELV (24, s, s))ds,

where
t 0 S
® (1) =E | ewb/‘t/; (71 (@(0),7(0),0) + w(z(60), 7(0), 0 + lg(2(v), 7(v), ) ldvduds.

Noting that |x(s)]9T! < |z(s)]? + |x(s)[PT9 1, we have
t 2 % er? ' 2
a1 Elz(t)|* < V(Zo,70,0) + ﬁ—@l(t) + / 655<(a2 + aq)eE|z(s)|
1 0

(a3 + ag)eElz(s) POt £ ELV (g5, 74, s))ds. (4.31)

Applying Lemma 4.5 and a similar argument to derive (4.24) yields

R 42 72,4
LV(3ntes) < —plal(s)? = H(a(s) + { gorlo(@) = a(6) + a0 Pes
H2 s
[ ) ). 0) + (). (@), 0 + laa(o), (o), 0) o
7_2 I€4 ,{2
< (= TNl — Ha(e) + { G la(6) ~ 29 PLpes

K2 [* " 2 2
—ﬁl/sT[Tlf(x(v),r(v),v)+u(w(5v),r(v),v)l + lg(z(v), r(v), v)["]dv.

By virtue of (4.27), we have

4724 K2

Bla(o)f ~ BH(a(s) = 15 [ [l f(a(e), o))

+u(2(8u),7(v),0)* + |g(2(v), 7(v), v) ] dv.

ELV (&5,75,5) < —(po—

This, together with (4.31), implies that

ct 2 LN ~ EK/Q K/2
ale E|x(t)\ < V(QZ(),T(), 0) + fq)l(t) — 77@11@)
P1 4py

t 47.21%4
+/f%—%— (0 + an)e)Blas)
0
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+(ag + ag)eElz(s)Prn1 — IEH(x(s)))ds,

where
Dyt / / P (@(0), 7(0),0) + u(z(6,), (), v) 2 + g(a(v), r(v), v) Pduds.
It can be easily observed that
() < / o / 7l (o), 7(0), 0) + u(@(60), (), 0)? + lg(z(v), #(v), v) Pduds
= 7P (t

Moreover, Lemma 4.5 gives fy|z[PT%~! < H(z), and hence |z(s)|P*®~! < 5, H(2(s)). This implies

R 1 2 t 4
ae®Elz(t)2 < V(do,fo,0) + (67 — =) P11 (¢) +/ es ( Fo — —
4" P 0 P1
az +a
—(az + aq)e]Elz(s)]* — (1 — (?’/M‘”)EH( (s )))ds. (4.32)
We can choose a sufficiently small € > 0 such that
1 4 2,4
T<~, (ag+age < py— ——, (a3fa4)€ <1
4 P1 P4
By (4.28), we have pg > 472k*/p1. Then it follows from (4.32) that
E|z(t)]? < ( (&0, 70,0)/a1)e” ", Wt > 0. (4.33)
For any ¢ € (2, q), applying the Holder inequality gives
Elz(t)|? < [E(la(t)?) V0D [Ez(r)|1) T2/ 02
< Ca N2 (B (|2(t)|?) @D/ (a=2), (4.34)

where in the last inequality we used the result (3.10). Substituting (4.33) into (4.34) yields
Elz(t)|7 < ¢@2)/(a- 2(V (2o, 7o, 0) /ay )eeHa—D/(a=2),

Then the desired result (4.29) follows. Finally, by a similar approach to derive the Theorem 5.4
n [17], we can obtain the assertion (4.30). This proof is completed. O

5 Example

The following example will illustrate our idea.

Example 5.1. Consider a scalar hybrid SDE
dz(t) = f(z(t),7(t), t)dt + g(x(t),r(t), t)dB(t), (5.1)
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where f and g are defined as follows:

0.5z, if i=1 0.2z, if i=1

0.2z, if =2 0.3z, if =2
flx,i,t) = and  g(z,i,t) =

z —a®, if i=3 0.1]z[32, if i=3

2w — 22, if i=4 0.3[z)%?, if i=4,

B(t) is a scalar Brownian motion, and 7(¢) is a Markov chain with the state space S = {1,2,3,4}

and the generator

-8 1 4 3

1 -6 2 3
=

1 1 -3 1

Let S1 = {1,2}, Sy = {3,4}. It is straightforward to show that the Assumptions 2.1, 2.2 are satisfied

for

p=4,q=06,q1 =3,q0 = 1.5, B1 = 0.64, B = 0.515, a = 0.9875,¢; = 1.0125,¢5 = 2.1125, (5.2)

o (288 -1 oot (04259 0.2265
-1 -188 ) 0.2265 0.6524 |
By Lemma 2.1 and (3.2), D is a nonsingular M-matrix and (61, 62) = (0.6524,0.8789). Theorem
’6

and

3.1 shows the underlying system (3.1) obeys supg<;, E|2(t)|® < C. However, the simulation with
initial value z(0) = 1 and r(0) = 1 (Figure 1(a)) shows that this hybrid SDE (5.1) is not stable.
Assume that the system is observable when it operates in mode Ss. We design a feedback control

relying only on mode S3. Accordingly, we take the control function v : R x S x Ry — R as follows:
u(z,i,t) =0, €Sy and u(z,i,t) = -3z, 1€ Ss. (5.3)
Obviously, Rule 3.2 is satisfied with x = 3. By Theorem 3.3, the controlled system
dx(t) = [f(z(t),r(t),t) + u(z(de),r(t), t)|dt + g(x(t),r(t), t)dB(t) (5.4)
has a unique global solution with supg<;., E|z(t)|® < C.
We compute for ¢ € S,
0.522% if i =1,

. . 1 .
el [f(x,i,t) + u(z,i, ) + = |g(z,i,t)]> =
2 0.2452% if i =2,

- , , ¢ o 0.56x2 if i=1,
x [f(JJ,Z,t)+U(I,Z,t)]+*|g(l‘,z,t)| =
2 0.33522 if i=2,
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and for i € S,

_ , 1 _ —22% — 2 +0.5 x 0.01)z|® if i =3,
2 —2? — 22 + 0.5 x 0.09|z> if i=4.

Noting that |z|? < 0.522 + 0.52%, hence for i € S, we have

—1.997522 — 0.9975z*  if i =3,

, . 1 ,
IT[f(x,z,t)—}-u(a:,z,t)]‘f‘§|g(x,z,t)|2 = 2 4 . .
—0.9775x% — 1.97752* if i = 4.

Similarly,

—1.99252:2 — 0.99252*  if i =3,

. . q .
2 f (@i, t) + i 0)] + g i) = ) .
—0.93252" — 1.932562™ if i =4.
Hence, (4.3) and (4.4) hold for

B1 = 0.52, B = 0.245, B3 = —1.9975, B4 = —0.9775,
B1 = 0.56, B2 = 0.335, B3 = —1.9925, 34 = —0.9325,
as = 0.9975, ay = 1.9775, éig = 0.9925, Gy = 1.9325.

Then we have

6.96 —1 —4 -3 576 —1 —4 -3
-1 551 =2 -3 -1 466 -2 -3
B = and B1:
-1 -1 699 -1 -1 -1 1097 -1
-1 -1 0 3.955 -1 -1 0 5.73
Note that
0.233 0.1312 0.1707 0.3194 0.2536 0.1262 0.1155 0.2190
Bl 0.1122 0.2909 0.1473 0.3430 and Bl — 0.1123 0.3109 0.0976 0.2386
0.0618 0.0756 0.1999 0.1548 ! 0.0392 0.0468 0.1140 0.0649
0.0873 0.1067 0.0804 0.4203 0.0639 0.0763 0.0372 0.2544

By (5.2), we have 1 = 0.64, 52 = 0.515. Then we obtain

416 -1 0.262  0.09
By = and By'= .
-1 291 0.09 0.3746

By Lemma 2.1, B, B; and Bs are all nonsingular M-matrix. Then it follows from (4.6) that

(m,m2,m3,n1) = (0.8543,0.8934,0.4921, 0.6947),
(v, iz, 3, 74) = (0.7134,0.7594,0.2649, 0.4318),
D = 0.5451,
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(7, 72)" = (0.1919,0.2533).

By (4.11), L1V (x,4,t) < —2? — 2* — 0.54512%. Moreover, we have

(2milx| + (g1 + Dig|z|™)? < 3.19272% +10.8552z* + 9.22725,
z,i,t))? < 4z + 8zt + 44F,
lg(z,i,t))> < 0.20252° + 0.067527.

Take p1 = 0.05, po = 0.01, p3 = 1. Then we obtain
LV (2,0, t) 4+ p1(2nilz] + (g1 + V)| 2|1)? + pal f (3, 8) > + pslg(x, i, t)[* < —0.59792% — H(z),

where H(z) = 0.3097z* + 0.043725. That is, Lemma 4.5 is satisfied with 0 < pg < 0.5979,
0 < pg < 0.0437, p5s > 0.3534. Consequently, the condition (4.28) becomes 7 < 0.0053. By
Theorems 4.6, the controlled system (5.4) with the control function (5.3) is not only exponentially
stable in L7 for ¢ € [2,6), but also almost surely provided 7 < 0.0053. To illustrate the stability
of controlled system (5.4), we perform a simulation with 7 = 0.005 and initial data z(0) = 1 and

r(0) = 1 to support our theoretical results, which is shown in Figure 1(b).
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1-eps-converted-to.pdf

(a) The computer simulation of the sample paths of the Markov
chain and the solution of the Eq.(5.1) using the Euler-Maruyama
method with step size 107%.

11-eps-converted-to.pdf

(b) The computer simulation of the sample paths of the Markov
chain and the solution of the Eq.(5.4) using the Euler-Maruyama
method with step size 107

Figure 1: simulation
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