Ibeas et al. Advances in Difference Equations (2015) 2015:122 ® Advances in Difference Equations

DOI 10.1186/513662-015-0459-x

a SpringerOpen Journal

RESEARCH Open Access

} CrossMark

Stability analysis and observer design for
discrete-time SEIR epidemic models

Asier Ibeas'”, Manuel de la Sen?, Santiago Alonso-Quesada? and Iman Zamani®

“Correspondence:
asier.ibeas@uab.cat

'Departamento de
Telecomunicacio i Enginyeria de
Sistemes, School of Engineering,
Universitat Autobnoma de Barcelona,
Bellaterra, Barcelona, 08193, Spain
Full list of author information is
available at the end of the article

@ Springer

Abstract

This paper applies Micken's discretization method to obtain a discrete-time SEIR
epidemic model. The positivity of the model along with the existence and stability of
equilibrium points is discussed for the discrete-time case. Afterwards, the design of a
state observer for this discrete-time SEIR epidemic model is tackled. The analysis of
the model along with the observer design is faced in an implicit way instead of
obtaining first an explicit formulation of the system which is the novelty of the
presented approach. Moreover, some sufficient conditions to ensure the asymptotic
stability of the observer are provided in terms of a matrix inequality that can be cast in
the form of a LMI. The feasibility of the matrix inequality is proved, while some
simulation examples show the operation and usefulness of the observer.
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1 Introduction

Mathematical models have become an important tool in analyzing the causes, dynamics,
and spread of epidemics [1]. Thus, its study is crucial in order to obtain valuable knowledge
of the underlying aspects of the disease. Moreover, the analysis of mathematical models
describing epidemics spreading allows authorities to make decisions regarding the vacci-
nation policies, quarantine application and so on. These models can be classified into two
main categories: continuous-time and discrete-time models.

Continuous-time models were the first proposed to describe epidemics spreading since
modeling has traditionally been focused from a differential equations point of view. There-
fore, many specific features regarding these models have been studied in many works such
as the presence of bifurcations [2, 3], the construction of approximate solutions [4, 5], the
fractional dynamics [6], the existence of equilibrium points and oscillatory behavior [7],
and the presence of waves [8-10], to cite but a few. However, model stability has been by
far the most important property to be studied [11-17].

On the other hand, discrete-time models have gained substantial importance during
the last years as the increasing number of papers concerning this type of models reveals
[18-22]. There are many reasons that explain this tendency. Among them we can find the
simplicity of its simulation, the fact that it is easier to adjust system’s parameters from
statistical data in discrete-time models than in continuous-time ones and the fact that
discrete-time models may exhibit a richer dynamic behavior than its continuous-time
counterparts [22]. Until now, as [22] states, the study of discrete epidemic models was
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focused on the computation of the reproduction number, the existence and stability (both
local and global) of the equilibrium points, and the extinction, permanence, and persis-
tence of the disease. In addition, these studies have been performed basically on SI, SIR,
and SIRS models.

Moreover, there are two ways to face the problem of setting up a discrete-time epidemic
model. The first one consists in modeling the disease spreading directly in a discrete do-
main. The second one faces the problem by discretizing a previously existing continuous-
time model. The latter approach will be used in this paper. In this way, several discretiza-
tion methods have been used in the literature including the implicit and explicit Euler,
mixed, and Runge-Kutta methods [18—22]. However, discretization procedures do not al-
ways preserve the structural properties exhibited by continuous-time models such as the
conservation of the total population or the positivity of the solutions. Therefore, much
research has been done in the direction of obtaining discretization methods able to pre-
serve all these properties. One of the most important breakthroughs in this respect is the
research made by Micken on the use of nonstandard finite difference (NSFD) methods
[21]. These methods combine implicit and explicit Euler approximations in the incidence
rate function. Therefore, this paper will apply Micken’s NSFD discretization method to
obtain a SEIR discrete-time epidemic model while stating its main properties such as the
well-posedness of the model, the positivity of solutions and the existence and stability of
equilibrium points. Since most of the previous literature is confined to SI, SIR, and SIRS
models, this study will contribute to the application of NSFD approaches to a wider class
of models. In addition, the properties will be proved based on an implicit representation
of the equations, in comparison with previous approaches [18, 19], where an explicit de-
scription of the model is obtained prior to analysis.

Furthermore, control theory has recently emerged as one of the proposed approaches to
deal with the design of vaccination campaigns [23—-29]. Thus, different types of vaccina-
tion laws based on control theory have appeared in the literature during the last years, such
as the state-feedback control [23, 25], robust sliding control [30], or feedback lineariza-
tion [24]. Nevertheless, most of these works calculate the vaccination effort based on the
values of the subpopulations, namely, susceptible, exposed, infectious and immune of the
SEIR model. From a practical point of view only the total population and the number of
infectious may be obtained from clinical data at health centers. Therefore, the number of
susceptible, exposed, and immune cases may not be available to on-line compute the con-
trol vaccination law. Under these circumstances, a state observer is necessary to estimate
the value of these subpopulations.

State observers are largely used in control applications to cope with the inability to mea-
sure some state variables. Thus, we can find many applications in chemical [31], aeronautic
[32], and electrical engineering [33], to cite just a few. Also, there are few previous works
where a state observer is designed for epidemic models [27, 28]. In these works, an ob-
server is designed for a continuous-time SEIR epidemic model whose values are then used
to implement a vaccination strategy. In the present work, however, a state observer is de-
signed for a discrete-time SEIR model obtained by a NSFD discretization method, which
is for the first time being considered in the literature. The design of such a state observer
must face some particularities, which make it different from previous approaches to ob-

server design:
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+ NSED schemes lead to implicit systems rather than explicit. Thus, the design of the
state observer must be done implicitly. This makes a big difference from traditional
observer design where the problem is usually formulated in an explicit way.

+ Epidemic models are singular systems so that there exists an algebraic relation
between the dynamic variables of the system.

+ The number of infectious can be measured, implying that there is no need to estimate
this state component, which leads to a reduced-order observer.

In this way, the combination of all the above items makes the design of state observers
for discrete-time SEIR epidemic models rather different from standard approaches in the
literature. In addition, the asymptotic stability of the observer will be discussed, while
some simulation examples will show its operation. Some preliminary results of this paper
were first presented in [34] and [35].

The paper is organized as follows. Section 2 describes the model description and prob-
lem formulation. Section 3 studies the main properties of the discrete model. The design
of the state observer is carried out in Section 4. Section 5 is devoted to the study of the
analytic properties of the observer. Finally, Section 6 shows some numerical simulation

examples while our Conclusions end the paper.

2 Model description
Consider the SEIR continuous-time epidemic model described by [23]

S(t) = —uS(2) + wR(¢£) — % +VUN(), (1)
) S(OI

E) - %(’t)(” ~ (4 + 0)E()

I(t) = (1 + Y)I(t) + 0 E(8),

R(t) = —(1 + w)R(E) + y1(2), (2)

where S(¢), E(t), I(t), and R(f) denote the subpopulations of susceptible, exposed, infec-
tious and immune, respectively, defining the state vector x” (£) = [S E I R]. N(t) denotes
the total population at time ¢ (i.e. N(£) = S(¢) + E(¢) + I(t) + R(£)), 1 is the rate of deaths
from causes unrelated to the infection, v denotes the birth rate and w is the rate of los-
ing immunity. The term %()t])(t) is referred to as the disease incidence rate and defines the
total number of new infections per unit of time at time ¢. o~ and y ! are, respectively,
the average duration of the latent and infectious periods. All the above parameters are as-
sumed to be positive so as to represent a real situation. This model is also referred to as
the SEIRS model in the literature (see, for instance, [36]) due to the presence of the terms
FwR(¢) in (1) and (2). The total population dynamics can be calculated by summing up all

the equations (1)-(2), leading to
N() = (v - wN(). 3)

It can be deduced from (3) that the total population is constant when v = p, increases

when v > 1 and decreases when v < . This model is discretized by using Micken’s NSFD
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method [21], to get

Sk+ - Sk ,BSI+ Ik

2L S + Ry — oK UNG, (4)
h N,

Exi—Ex BSkalk
lh = Nkl - (M + U)Ek+1;

Tp1 — Iy

IT —(+ ¥k + 0 Epy,

Rps1 — Ry

IT —(1 + @)Ris1 + Vixs, (5)

where % > 0 denotes the integration step while Sk, Ex, Ik, and Ry denote the value of the
susceptible, exposed, infectious and immune at sampling time £; = kk which define the
discrete-time state vector x,{ = [Sk Ex Ix Ri¢]. The dynamics of the total population in
discrete-time can be obtained by summing up again all the equations (4)-(5) to get

Niy1 = Ni

n = W= N, ©

which corresponds to the NSFD discretization of the continuous-time equation (3). This
fact implies that the discretization method is consistent with the total population dynam-
ics given by the continuous-time model, property not satisfied by all discretization meth-
ods [20]. Equation (6) can be re-written as

Ny = —— Nk 7)
+

which provides the explicit value of N,; in terms of the system’s parameters and Nj. For
the sake of simplicity, let us rearrange (4)-(5) in the following implicit matrix form:

vh
Mxp)xr = xk + TVANgq = x + T ———— Ny = Dy, (8)
1+(u—-v)h

where

=11 o 0 o0,

1 1 1 1
0O 0 0 O
D=Iys+ ————— , 9
ATy (,u—v)h 0000 )
0O 0 0 O
A 0 0 -B
-H C 0 0
M(xy) = 10
(k) 6 -G D 0 (10)
0 0 -F ]
with

h
A=1+uh+i{—1k, B = wh, C=1+(u+0)h,
k
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D=1+ (u+y)h, J=1+(u+w)h, F=yh,

Bh
G=oh, H=—I. 11
o N (11)
Note that the matrix M (x;) depends explicitly on x; through entries A and H, since they
depend on N and I as (11) shows. Equation (8) allows one to isolate the value of state

vector xy.1, when possible, as
Xps1 = M () Dy (12)

For the SEIR model, the closed-form explicit representation given by (12) is intricate.
Therefore, all the properties of this model will be stated starting from the implicit form (8)
rather than from (12) in comparison with some previous works [18, 19], where an explicit
(or semi-explicit) formulation of the model is obtained prior to analysis. The following
section is devoted to the study of the main properties of this scheme.

3 Main properties of the discrete-time model
Initially, the well-posedness of (12) will be proved.

Lemma 1 M(xy) is invertible, its inverse is given by (13) and all the entries of the matrix
M(x)™t are non-negative for any set of positive parameters and any I > 0, Ny > 0. We
have

CD] BFG BCF BCD

1 DH] AD] BHF BDH
ACDJ - HGBF % GH] AG] AC] BGH
FGH AFG ACF ACD

M) = (13)

Proof Firstly, notice that, since all the parameters (including the time step /) are assumed
to be positive and Iy, Ny > 0, A,B,C,D,],F,G >0 and H > 0 from (11). Now, the determi-
nant of M(xx) can be symbolically computed as

det M(x;) = ACDJ — HGEB. (14)

Hence, if Iy, Ny > 0 then ACDJ > 0,A > H,C > G, D > F,and J > Baccording to (11). There-
fore, ACDJ > HGFB, det M (x;) = ACDJ — HGFB > 0, and M (xy) is invertible. Moreover, its
inverse can be symbolically computed as (13). Finally, it can be directly seen from (13) that
all its entries are non-negative since all the quantities involved are non-negative from (11).
Thus, the lemma is proved. O

Furthermore, we have the following.

Theorem 1 S, Ex, Iy, and Ry remain non-negative for all discrete time ty = kh, k € N pro-
vided that Sy, Eo, Io, Ry > 0,1+ (i — v)h > 0, and all the system’s parameters are positive.

Proof The proof is performed by mathematical induction. Thus, let us assume that x, is
non-negative. Now suppose that x; is non-negative and it will be proved that so is xx1.
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In this way, since x; is non-negative so is Ny and, in particular, . This fact implies that
M () is invertible due to Lemma 1. In addition, its inverse is given by (13), whose entries
are non-negative. Then the (k + 1)th state vector, xy,;, is calculated through (12) as

vh

_ -1 -1
K1 = M (o) "o + M (o) F—l T v)hNk'

(15)
Since 1 + (i — v)k > 0, all the elements in the right-hand side of (15) are non-negative, so
is ;1 and the theorem is proved. O

Remark1 Notice that Theorem 1 states that the system is always well defined, since [y > 0
and Ny > 0 for all k > 0 implies that M (xy) is always invertible due to Lemma 1 and makes
possible the calculation of x,; at each time step through (12).

Remark 2 Moreover, Theorem 1 can also be used to establish the range of values of the
time step /1 that guarantees the well-posedness of the discrete-time model. Thus, from
1+ (u —v)h > 0 we see that # must fulfill:

0<h<Lﬂ ifv>u, (16)
he(0,00) otherwise.

Since & must meet this constraint, the method is a NSFD-based one, rather a pure NSFD
method.

Remark 3 The non-negativity and well-posedness of the discrete-time system are crucial
properties for the discrete-time model [37]. These properties are obtained easier by using
the NSFD method than by using other discretization schemes. For instance, consider the
forward Euler approximation of the derivative applied to the left-hand side of (1)-(2) [22],

to obtain
Sii1 =S Skl
e ﬁNkkk +vN, 17)
Ex1—Ex BSidk
el ke _ E,
7 N, (n +0)Eg
I — 1
Lt =l i o
Riv1 — Ry
= =~ o)Re + v (18)

These equations can be cast in the matrix form:

Skl
X = Mg + T1 Bk, (19)
Ny
where
1+(v—pwh vh vh (w+V)h
M, = 0 1-(u+o)h 0 0
0 oh 1-(u+y)h 0

0 0 yh 1-(u+w)h
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and x¢ = [S Ex I R¢)7, T = [-11 0 0]7. If we want to apply now the same argument as in
(15) to prove the non-negativity of the system (i.e. the non-negativity of all the elements of
the right-hand side of (15)) we find two main drawbacks: (i) the first one is that the vector
I'; possesses negative components, and, secondly, (ii) all the entries of the matrix M; are
non-negative provided that the following constraints hold:

1+(v-—wh=>0, (20)
1-(u+0)h>0,
1-(u+y)h=0,
1-(u+w)h>0. (21)

Thus, the simple argument used in (15) is not directly applicable here, while it may lead to
further conditions on the sampling period / arising from (20)-(21):

O<h<min(-1-, -1, L1 1) ifv<py,
uto? p+y’ pro’ p-v (22)
0<h<min(-L+, L, 6 L otherwise.

o’ p+y’ utw

Therefore, the NSFD method reveals as a very useful one to treat the discretization prob-
lem of the SEIR model since its properties are proved easily and under mild mathematical
conditions.

3.1 Existence and stability of equilibrium points

This section studies the existence and stability of equilibrium points in the discrete-time
SEIR model given by (4)-(5).

Lemma 2 The discrete-time equation systems (4)-(5) and continuous-time equation sys-
tems (1)-(2) posses the same equilibrium points, given by
(1) If 1 # v then the only equilibrium point is given by the trivial one
S*=FE*=I*=R*=N*=0.
(2) If o = v the total population is constant, i.e.
N(t) =N =N(0) = S(0) + E(0) + I(0) + R(0) and there are three potential equilibrium
points given by:
(@) The trivial one, S* = E* =I* = R* = N* = 0.
(b) S*=N,E*=I*=R* =0, i.e. the total population is susceptible. This point is
usually referred to as the disease-free equilibrium point.
(c) The so-called endemic equilibrium point:
5 = (u«+cr)(u+y)N, (23)
op
(n+o)(u+y)oB—(u+y)u+0))
ap((u+o +y)(u+w)+yo)
o Wt o)of—(u+y)u+o)

E*=

C Blu+o+y)(n+w)+yo)
. y(@B—(u+y)u+o))
Blln+o +y)u+w)+yo)
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Proof The proof of the first part is straightforward from (1)-(2) and (4)-(5) while the equi-

librium points are calculated in [25]. O

Now, the stability of the equilibrium points is discussed. We will focus on the two non-
trivial equilibrium points obtained when u = v: the disease-free and the endemic equi-
librium points.? For this, the nonlinear system (8) is linearized around these equilibrium
points and the first Lyapunov theorem (linearization theorem) is used. Thus, the linearized

equation reads®

(W) Vie+1 = Vi (25)

8xk+l

where x* denotes the corresponding equilibrium point and v; = x; —x* is the incremental
variable. In this way, the results are obtained starting from the implicit equation (8) rather

than from the explicit one (12) as some previous works do [18, 19]. The advantage of this

D M)xies)
0x41

than explicitly. In order to perform the calculation of the Jacobian, we must firstly write

approach is that the calculus of the Jacobian matrix ( )x+ is easier implicitly

M (xx) - k41 in terms of only x4, since, otherwise, we would be omitting some terms in
the Taylor development. Therefore

1+ uh+ %h(—GEkH +Dl,1) O 0 -B

B _GEp + DIiyy) C 0 0
M) - g = N ]gl il ¢ b - Xer1. (26)
0 0 -F J

Thus, the Jacobian is given by

< (D M(xi)xxi) )

%41

Bh Bh Bh
L+ uh+ 5 (-GE* +DI*) -5 GS* <DS* -B

Bh ¢ * Bh % Bh %
_pi| -KeeEeDr)  ceftes Rpst oo |
0 G D 0
0 0 -F J

so that around the disease-free equilibrium point

l+uh -BhG  BhD -B
0 C+BhG -BhD 0
0 -G D 0
0 0 -F ]

=p1

*
*ar

(a(D_lM(xk)ka))

an+1

and the linearized system is given by

l+puh -BhG  BhD —B
4|l o c+pnG -phD 0
D! = V. 27
0 G I o | Ve = (27)

J

0 0 -F
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Since the incremental variables satisfy vi x + Vo + V31 + vax = 0 due to the constraint S +
Ei + I + Ry = N we can omit one variable in our analysis, since it can be obtained from
this algebraic equation. Therefore, if we omit the first one we obtain the reduced system,

C + ﬂhG —,BhD 0 V2,k+1 Vg'k
-G D 0| vk |=]Vak |- (28)
0 -F ] Va k41 Vak

The linearized reduced system (28) will be asymptotically stable provided that all the
eigenvalues of the left-hand side matrix are strictly greater than unity in absolute value. In
this way, the eigenvalues are given by

Mm=J=1+(u+wh,

_ C+D+BhG+,/(C-D)?+2BhG(C + D) + G*B*h?

A2

)

2
C+ D+ BhG —/(C —D)*> +2BhG(C + D) + G>p2h?
Ag = . (29)
2
It can be readily seen that A; > 1, while
2 h+ BhG C-D)? +2BhG(C + D) + G2%h?
Az:1+(M+o+y) +BhG +/( 2)+ BhG(C+D)+ Gl 30)
The only eigenvalue that might threaten stability is A3, which may be re-written as
C+D+ BhG-/(C+D+BhG)?-4CD
pgo SXDEP V(C+D+ phG) . 31)

2

Notice that the argument of the square root is positive from (29). Therefore, (31) implies
that A3 must also be positive since CD > 0. The stability condition then reads A3 > 1. Some
algebra on (31) shows that this condition can be met, provided that

Bo

R E—} 32
w+y)(ro) (32)

Ro:
which corresponds to the same stability condition found in [25] for the continuous-
time system. Thus, not only does the discretization method preserve positivity and to-
tal population dynamics, but also the equilibrium points and their stability. In this way,
the reproduction number of the discrete-time model is given by (32). When (32) is
met, the linearized system is globally stable around the disease-free equilibrium point,
Vi Voo Vs Vax — 0 and S — N as k — 0o, while the nonlinear system is locally stable
around the equilibrium point. Thus, we have already proved the following theorem.

Theorem 2 The discrete-time epidemic SEIR model (4)-(5) is locally asymptotically stable

around the disease-free equilibrium point when p = v provided that R := % <1

On the other hand, the following theorem holds when R > 1.

Theorem 3 If i = v and R > 1 then one of the following claims remains true:
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(1) The solution of the discrete-time SEIR model (4)-(5) tends to the endemic equilibrium
point.
(2) Some variables of the discrete-time model (4)-(5) oscillate.

Proof Firstly note that the positivity of the model along with the constraint Sy + Ex +
It + Ry = N imply that 0 < S, Ex, Iy, R < N. Therefore, all variables are globally bounded
through time. Now, since the state variables cannot diverge as k — oo, there are only two
possibilities:

(1) All the state variables converge to a constant finite value.

(2) Some of the state variables do not converge to a constant value, and therefore,

oscillate.

If all the variables converge to a constant value, it must be an equilibrium point. The trivial
point is not reachable due to the constraint Sy + Ex + I + R = N while the disease-free
equilibrium point is unstable when Ry > 1. In consequence, the finite constant limit must
be the endemic equilibrium point. On the other hand, if any of the variables does not
converge to a finite limit it must oscillate. Thus the theorem is proved. O

Theorem 3 represents an alternative-type theorem to establish the behavior of the solu-
tions when R > 1. The particular case corresponding to one situation or another depends
on the particular values of the parameters. However, the complexity of the endemic point
expressions (23)-(24) makes it difficult to obtain analytical conditions based entirely on
the parameters to distinguish in between. This result is also in line with those presented

n [36] for the continuous-time model, where the conditions under which the endemic
equilibrium point is globally stable are presented. The important feature regarding the
case R > 1 is that the disease persists in the population (in a constant or oscillatory way),
and this is the reason why the equilibrium point is called endemic. In this case, the appli-
cation of vaccination contributes to removing the disease. Many vaccination laws make
use of the values of the subpopulations to generate the vaccination effort. Nevertheless,
the number of susceptible, exposed, and immune cases may be very difficult to obtain in
practice since only the infectious can be registered at health centers. Therefore, a state

observer is designed in the next section for the discrete-time model.

4 Design of the state observer

The purpose of the state observer is to obtain an estimation of the state, Xy, from the
unique available data, the infectious subpopulation, I;. This issue is the main feature of
the presented design process. In this way, the following feasible assumptions will be used
in the sequel:

Assumption 1 The total population Nj is known at all k > 0.
Assumption 2 The number of infectious is available at all k > 0.

Remark 4 The total population may be obtained from (7) if birth and mortality rates are
known or by direct measurement. This assumption is particularly feasible in the case of
non-lethal diseases, for which the population remains almost constant during the spread-
ing stage.
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Remark 5 The number of infectious may be obtained from clinical data at health centers.

Therefore, I; does not have to be estimated, since it is directly obtained from the actual
data. This fact allows us to consider the design of a reduced-order observer. On the other
hand, the constraint Ny = Si + Ex + Ix + Ry for all k > 0 also permits the algebraic direct
calculation of one state variable in terms of the others. In this way, if k,f = [S’k f:"k jk f?k]
denotes the observed state, there is no need to estimate fk, while .§k will be calculated

from
Sk =Ni—Ep — R — I.. (33)
Thus, we just need to observe the values of Ex and Ry. The first step is to re-organize the

state vector so as to put together the variables that are to be truly estimated. To this end

define the re-organized state vector zj = [Ex Rx Sk Ir]T = Tx; with

, (34)

o = O O
S O O =
_ O O O
S O = O

so that only the first two components of z; have to be observed. With this notation, the

implicit epidemic model (8) can be re-written as
TD ' M) T 2k = Kiziar = 2 (35)

where Ky = TD ' M(x;) T!. Equation (35) will be the starting point to design the reduced-
order state observer. Now, (35) is expanded as

K Kok Kz Z1 k41 Z1k
Ko Kaor Kasi |- | 2240 | = | 224 (36)
Kz Kzp  Kask 23 k+1 23k

with zf « = [Ex Rils zox = Sk, and z3 ¢ = Ix. The reason to proceed with the observer design
implicitly is that matrix K can be computed symbolically in an easy way. Hence, we have

Ky = diag(C,J), Kb, =[-H 0], (37)

KL, =[0 —F],

1

Koy = - |nh - — (B+nhv))|,
Kotk el [nhv(G-C) - (B+nhv))]
% A+ Hnhv

2k hv +1

nhv(F — D)

Koz =

23k hv +1

K =[-G 0], Kz =0,

K3k =D, (38)
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with n = 1+(u+v)h The last equation of (36) reads

Ka1xz1ks1 + K3okzo ka1 + K33k23, 141 = 235 (39)

and will be used to reduce the order of the observer. Since zp 1 = Sky1 = Nis1 — Exs1 —
Riy1 — Iy = Niy1 — [1 1z1,441 — 23,441, (39) is transformed to

Ksikzijen + Kook (Nes = [1 1z101 = 23,001) + K33k23.001 = 23,00
which finally becomes

(Kak — Kak[1 1]) 2141

=23k — Kaarzz a1 + Kaokzz o1 — KzokNia - (40)

(3

Let us analyze the meaning of (40). The right-hand side of (40), &, is known since the
infectious and the total population are known by Assumptions 1 and 2. On the other hand,
the left-hand side is unknown since it just involves the actual state, which is not known.
This equation will be used as error signal to drive the state observer. The observer is then
designed from the first equation of (36):

Kuizip + Kook (Nesn = [1 1z — 23401) + KiscZahe1 = 20k

by substituting the actual state by the observed one and by adding the observation error,
leading to

Kz + Kok (Nesn = [1 121401 — 234001) + Kisezs e

= Z1ge + Lic((Kaik — Ksoie[1 - 1) 214001 — 8k), (41)

which is the reduced-order observer to estimate the only two components that remain to
be observed. L,{ = [l lox] € R? is the so-called observer gain. Note that (41) is an implicit
observer since the observed variable Z; x,; appears at both sides of equation. Therefore,
the observer is designed implicitly instead of explicitly. An explicit representation of the
observer, more appropriate for implementation, can be obtained by re-arranging now (41)

to

QiZ1ks1 = 21k — LiSk — KioxNie1 + (Kiok — Ki3x)23 k415

Qi = Kug — Kigr[1 - 1] = LieKaux + LiKsoi[1 1], (42)
so that

Ziienn = Qi+ (Z1k — LSk — KiokNis + (Kiok — Ki3)23,141) (43)

whenever Q;' exists. It will be proved in the sequel that this inverse matrix exists if the
observer is designed to be asymptotically stable. In this way, (43) and (33) provide together
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an estimation of all the state variables. The derivation of the observer in an implicit way

allows the symbolic calculation of the matrix Qy above as

I I
O - C+lkG+ ﬁhN—kk ,BhN—kk (44)
Glox J

with the parameters defined by (11). The explicit calculation of this matrix will allow us to

analyze the stability properties of the observer.

5 Stability analysis of the observer
This section is devoted to the stability analysis of the observer. For this purpose, denote

the observation error as ex = z1 ¢ — 21 4. Thus, the error equation reads

Qrers1 = €. (45)

The stability of the observer is discussed in the following theorem, which provides suftfi-

cient conditions to guarantee the observation of the states.

Theorem 4 Counusider the discrete-time model (8) satisfying Theorem 1 constraints. Then
the observation error ey of the observer defined by (41) under Assumptions 1 and 2 converges
asymptotically to zero if there exist symmetric positive-definite matrices Py, Sy € R>** and

vector LZ = [Lik box] such that the matrix inequality
Qi Pk Qx — Prs1 = Sk (46)
holds for all k > 0.

Proof Consider the positive-definite Lyapunov candidate sequence Vi = e/ Pyey. Its time

variation is given by

T T
AVi = Vi = Vi = e 1 Prsreri — e Preg

T T T

i1 Prierst — €1 Qi Pr Qrernn
T T

et (Pes1 — Qf PeQx)exa

= _elz;lskekﬂ <o0. (47)

Since Vj is positive definite and AV is negative definite, the second Lyapunov theorem
guarantees the convergence to zero of the observation error and the observed variables
converge to the actual ones. O

Remark 6 It will be proved below that the stability condition (4:6) is feasible so that it is
always possible to design an asymptotically stable state observer.

Remark 7 Equation (46) can be expressed as a linear matrix inequality (LMI) by using
Schur complements. Therefore, the observer design problem can be efficiently solved by

available numerical suites.
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Remark 8 Since e; — 0, we have (E; — £) — 0 and (R — R;) — 0 as k — o0o. As a con-
sequence, (33) implies (Sx — .§k) — 0 as kK — oo and all immeasurable state variables are
observed.

The following corollary appears from Theorem 4.
Corollary 1 If Qi satisfies the matrix equation (46), then it is invertible.

Proof Equation (46) can be re-written as
QL POk > Sk + P (48)

Since Sy and Py,; are symmetric positive-definite matrices, v7 (Sx + Py,1)v > 0 for any real
vector v # 0 and all kK > 0. Thus, from (48) we have

v QI P Qv > v (Sk + Prn)v > 0 (49)

for any v # 0 implying that Q,{Pk Oy isa positive-definite matrix. Therefore, det(Q,{Pk Q) >
0. Since det(ABC) = det(A) det(B) det(C) we obtain from (49) det(Qy)? - det(Py) > 0, imply-
ing det(Qx)? > 0 and det(Qx) # 0. O

In this way, if the gain vector Ly meets Theorem 4’s requirements, the observer is well
defined and asymptotically stable. Furthermore, we can prove now that inequality (46) is
feasible.

Theorem 5 There exists at least one gain vector LkT = [l lox] such that (46) holds.

Proof It will be proved that the equality in (46) holds when Ly = 0 and Si = S is symmetric
and positive definite. In this case, the matrix Oy reads

I 1
0, - (C+ Bhik ﬂhN—kk>’ (50)
0 J

whose eigenvalues are given by 4; = C + 5h1{7kk >C=1+(pn+o)r>land Ay =] =1+
(1 + w)h > 1 for all k > 0. Since both eigenvalues are larger than unity at all time, we see
that Q;' always exists and it is a convergent matrix. The proof is based on the explicit
calculation of a sequence of symmetric positive-definite matrices Py satisfying (46). The
following notation will be used:

RﬁA,:Al “Ay - Ay,

i=1

n
Ll—[A,»:An-...~A2 A
i=1

The rationale behind the above definitions is that R [ multiplies the matrices by the right
while L[] multiplies them by the left. Moreover, the following relation between the two
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definitions appears:

n T n
(R ]_[A,-) =L] [AT. (51)
i=1 i=1

With this notation, we can now explicitly construct a solution to (46) as

Py = i(ze]i[ Q;T>S<L11i[ Q;) (52)

q=k p=k

Now we can check that (52) is a valid solution to (46):
«+ Convergence. Since Q,:l is a convergent matrix for all k > 0 the series (52) is
convergent and well defined.
« Positive definiteness. Equation (52) can be re-written as

00 q T q
Pe=)" (L I1 Q;) S(L I1 Q;) (53)
p=k

q=k p=k

by using (51). Thus,

since S = ST > 0.

« Solution to (46). A direct calculation yields

Ol Py Qx — P
=0 (QSO + QT QS Ot + ) Qi = Prn
=S+ (S + ) —Pra
Pra

=S (54)

As a consequence, there exists at least one solution to (46) and the observer design prob-

lem is feasible. O

Remark 9 A further interpretation of Theorem 5 is that the observer is asymptotically
stable in the open-loop case since L = 0 implies the vanishing of the error driving term in
(41).
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6 Numerical examples
This section contains some simulation examples regarding the results introduced in the
previous sections. The parameters of the system are assumed to be known and given by

wt=255days, o '=12days, ™! =12 days,
(55)
y=o0, v~! =115 days, B =1.66 days™.

Model’s parameters are taken from an outbreak of influenza in a British boarding school
in the late 1970s, [38], where the i and v parameters have been modified in such a way
that a short-term simulation is enough to show the dynamic behavior of the system. In this
way, in a period of some days the effect of natural growth can be noticed. The initial values
of the populations are Sy = 400, Ey = 150, Iy = 550, Ry = 200 for a total initial population
of Ny =1,300. Initially, Figures 1, 2, 3, and 4 depict the dynamics of the continuous and
discrete-time systems for time steps of /2 = 12 hours and / = 24 hours. These time steps
are considered since they imply that data are gathered twice or once per day, respectively,
which fits in a typical sampling procedure.

It can be seen that the transient response depends slightly on the value of the time step,
while maintaining the shape of the response and tending to be the same value in the steady-
state. Moreover, since Ry > 1 in this example, the disease is persistent and there are always
a number of infectious and exposed individuals among the population.

Now, the operation of the reduced state observer will be illustrated through some nu-
merical examples. A time step of /2 = 6 hours has been used. The observer gain has been
selected as LT = [[1 1] for the sake of simplicity so that there is only one free parameter.

Figure 1 S variable: susceptible population. 1100

1000 | continuous-time

\ h =12 hours

h =24 hours

900

20 40 60 80 100
time (days)

Figure 2 E variable: exposed population. 200r

180
160
140

120

h =24 hours
100
h =12 hours
80

60+

401

«—— continuous-time
20 y
0

20 40 60 80 100
time (days)
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Figure 3 [ variable: infectious population. 600

500
400

— 3007}

200} || h=24hours

h =12 hours

100

<——— continuous-time
h I

. )
0 20 40 60 80 100
time (days)

Figure 4 R variable:immune population. 900r

800 -

h = 24 hours

h =12 hours

600 rf

500

400

continuous-time

300

. . . . )
20 40 60 80 100
time (days)

Figure 5 Evolution of the actual and observed 700
susceptible.

: Sk(est)

Susceptible

0 10 20 30 40 50 60 70 80
time (days)

The initial values of the populations are Sy = 560, E, = 70, Iy = 35, Ry = 35 for a total ini-
tial population of Ny = 700. Since the observed populations are initially unknown we may
choose the values of 3”0, EO, and i%o as desired while satisfying §0 + Eo + f?o =No—-1I=
700 — 35 = 665. However, as a systematic way to initialize the observer we suggest to use
the initial values :90 =Ny — Iy = 665 and Eo = ﬁo = 0. This is always a valid selection. Fig-
ures 5-7 show the evolution of the actual and observed populations when [ = 0.5 while
Figure 8 depicts the convergence of the observation errors to zero.

It can be noticed in Figures 5-8 that the actual states are observed and the estimation
errors vanish asymptotically. Now, we may analyze the effect of varying the observer gain
[ into the dynamics of the observation. Thus, / will be changed from / = -0.2 to [ = 1.
Figure 9 depicts the behavior of the observer for the susceptible when the gain is varied
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Figure 6 Evolution of the actual and observed 1o ‘ ‘ ‘ ‘ ‘ ‘ ‘
exposed cases.

601 1

Exposed

50 1
w0l Ek(est)

301 1

0 10 20 30 40 50 60 70 80
time (days)

Figure 7 Evolution of the actual and observed
immune cases.

Immune

. . . .
0 10 20 30 40 50 60 70 80
time (days)

Figure 8 Dynamics of the observation errors. 8
60

401

Observation errors

o 10 20 30 40 50 60 70 80
time (days)

from /= -0.2 to [ = 1, while Figure 10 displays the observation error. Also, Figures 11 and 12
show the observation error for the remaining variables. As can be deduced, the larger the
observer gain is the faster the estimation of the state variables is. Hence, the most advisable
tuning for the observer gain is the largest constant [ satisfying the stability constraint (46).

7 Conclusions

In this paper a discrete-time SEIR model has been obtained from a continuous-time one by
using Micken’s discretization method. Afterwards, the well-posedness of the model along
with the existence and stability of the equilibrium points have been studied. Moreover, an
implicit method has been used to analyze these properties instead of the explicit one used
in previous works. It has been shown that this method preserves all the structural prop-
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Figure 9 Behavior of the observer in S. 700
6502
600 == |increases
o 550 /
]
8 500}
(53
(23
=3
P 4s0f
400
350
3000 10 20 30 40 50 60 70 80
time (days)
Figure 10 Observation errorin S. 20
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Figure 11 Observation errorin E. 7

lincreases

Observation error in E

. . . . . . . )
10 20 30 40 50 60 70 80
time (days)

erties exhibited by the continuous-time model such as the expression of the reproduction
number and the stability properties of the equilibrium points. In addition, the design of
a state observer has been introduced for a discrete-time SEIR epidemic model. The ob-
server was designed in an implicit way since the derivation of its stability properties as well
as the design process itself are easier than when proceeding with an explicit model of the
system. Moreover, some sufficient conditions to ensure the asymptotic stability of the ob-
server have been provided in terms of a matrix inequality that can be cast in the form of a
LML The feasibility of these conditions has been proved while some simulation examples
showed the operation and usefulness of the observer. The observer is shown to be capable
of estimating the actual state variables, while all the observation errors are converging to

Zero.
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Figure 12 Observation error in R. 35
30
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