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Abstract: This paper is concerned with the problem of asymptotic stability for a class of stochastic
differential equations with impulsive effects. A sufficient criterion on asymptotic stability is derived
for such impulsive stochastic differential equations via Lyapunov stability theory, bounded difference
condition and martingale convergence theorem. The results show that the impulses can facilitate the
stability of the stochastic differential equations when the original system is not stable. Finally, the
feasibility of our results is confirmed by two numerical examples and their simulations.
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1. Introduction

It is well known that stability is the essential condition to maintain the normal opera-
tion of dynamic systems, so stability analysis of systems has made long-term
developmen [1–5]. During the evolution of dynamic systems, the state of the system
changes abruptly at certain moments, and such systems are called impulsive systems.
Impulsive systems are extensively researched in the fields of biology, economy, communi-
cation, and power systems, as they can perform both continuous and discrete dynamical
behaviors. Therefore, impulsive differential equations are applied as mathematical models
for many physical phenomena. In fact, the impulses are divided into stabilizing impulses
and perturbed impulses, and the discrete dynamics behavior can be activated frequently
by stabilizing impulses to suppress the unstable continuous behavior [6–13]. For exam-
ple, ref. [7] utilizes the indefinite Lyapunov function and the impulse controller to obtain
the conditions on asymptotic stability of solution for the impulsive systems. In [10], the
exponential stability is investigated by employing impulsive control theory and several
analytical techniques for nonlinear time-delay impulsive control systems. Literature [12]
researches asymptotic stability conditions of impulsive differential systems based on com-
parison principle and vectorial Lyapunov functions. Therefore, it has significant and
practical importance to analyze the effect of impulses on the stability of systems.

Stochastic disturbances commonly exist in the real life. For example, environmental
noise, accidental emergencies, etc., and sometimes such stochastic factors may change
the state of the original dynamic systems. Therefore, stochastic differential equations are
introduced to characterize such dynamical systems with disturbances of stochastic fac-
tors [14–19]. Due to the potential presence of both impulse effects and stochastic factors,
dynamic systems are often modeled as impulsive stochastic differential equations. It is
noteworthy that many scholars are devoted to exploring the role of impulses in stabiliz-
ing unstable systems [20–25]. For example, in [20], the pth moment exponential stability
is investigated on the basis of vector Lyapunov function and Razumikhin technique for
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impulsive time-delay stochastic differential systems. In [21], the exponential stability is de-
veloped by utilizing stochastic analysis techniques, the Razumikhin approach and average
impulsive delay condition for stochastic delayed differential systems with average-delay
impulses. In [24], the almost sure exponential stability of a class of nonlinear stochastic
differential systems with impulse is established based on the Lyapunov function.

To date, the existing literature has analyzed the stability of the system by utilizing
some classical methods for impulsive stochastic differential equations. For instance, the
comparison method [26,27] and the average dwell time method [28–31]. Literature [26] ob-
tains conditions for asymptotic stability of solution for time-varying impulsive differential
equations through the Lyapunov function, comparison principle and some inequalities.
However, it may be difficult to construct suitable comparison systems for real systems,
which makes the theoretical results more conservative. Ref. [30] establishes sufficient
conditions for the global stability of impulsive stochastic systems by using Lyapunov
stability theory and the average dwell time condition. Yet there are two aspects we should
pay attention to. On the one hand, it is generally hard to test the average dwell time
condition in advance. On the other hand, the average dwell time condition does not ensure
the tightness or sparsity of the impulse jumps. According to the above discussion, the
asymptotic stability criterion on stochastic differential equations with impulsive effects is
established in this paper based on Lyapunov stability theory, bounded difference condition
and martingale convergence theorem as well as some lemmas and inequality techniques. It
is interesting that the bounded difference method is more effective in ensuring the stability
of impulsive stochastic differential equations. As far as the authors know, this method
is not used in the existing literature in the analysis of stability for stochastic differential
equations with stabilizing impulses.

This paper is described below. In Section 2, we will introduce the model and some
descriptions. In Section 3, sufficient conditions are given about the asymptotic stability of
impulsive stochastic differential equations. Two examples and their simulations illustrate
the feasibility of the theoretical results in Section 4. Section 5 draws a conclusion.

2. Preliminaries

Let (Ω,F , P) stand for a complete probability space with a filtration {Ft}t≥0 satis-
fying the usual conditions, i.e., it is right continuous and F0 contains all P-null sets. Let
ω(t) = (ω1(t), . . . , ωn(t))> be n-dimensional Brownian motion in this space. Given that
N means all positive integers. R represent all real numbers, R+ is a nonnegative member
in set R, that is, R+ = [0,+∞), Rn and Rn×n be the n-dimensional vectors and n × n
real matrices, respectively. A vector or matrix Y with transpose is defined as Y>. E[·]
means the mathematical expectation. For y ∈ Rn, |y| represents the Euclidean vector norm.
Y < 0(Y > 0) means negative (positive) of matrix Y.

Firstly, we will consider the stochastic differential equations

dy(t) = Ey(t)dt + Fy(t)dω(t), t ∈ [tk−1, tk), (1)

where the state y(t) ∈ Rn, the initial value y(t0) = y0, E and F are constant mataices.
Next, consider stochastic differential equations with impulsive effects as follows,{

dy(t) = Ey(t)dt + Fy(t)dω(t), t ∈ [tk−1, tk),

y
(
tk
+
)
− y
(
tk
−) = bky

(
tk
−), t = tk, k ∈ N,

(2)

where y(t) is right-continuous at tk, namely y(tk) = y(tk
+), {tk}∞

k=1 is the impulsive jump
point and bk ∈ (−2, 0).

Hencel system (2) is equivalent to{
dy(t) = Ey(t)dt + Fy(t)dω(t), t ∈ [tk−1, tk),

y(tk) = µky
(
tk
−), t = tk, k ∈ N,

(3)
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where µk = 1 + bk satisfying |µk| ∈ (0, 1).
In this paper, hk is defined as the length of impulse interval on the range [tk−1,tk),

namely hk = tk − tk−1. We suppose that {hk}k∈N are uniformly bounded, i.e., it has a
positive number h which satisfies hk ≤ h. Furthermore the impulsive interval lengths h1,
h2, . . . , are independent random variables on the probability space (Ω,F , P).

It is necessary to introduce several definitions and lemmas before getting the condition
of stability for systems (3).

Definition 1. The solution y(t) of Equation (3) is said to be mean square asymptotically stable

lim
t→∞

E|y(t)|2 = 0,

for any initial value y0 ∈ Rn.

Definition 2. If there exists a positive number L satisfying

|lk+1 − lk| ≤ L,

then for ∀k ∈ N, {lk}k∈N is called bounded difference sequence.

Remark 1. Both the literature [32] and this paper utilize bounded difference conditions to research
the stability of the system, yet they are completely different. On the one hand, the model is changed
from ordinary differential equations to stochastic differential equations, and on the other hand, the
impulse type is changed from perturbed impulses to stabilizing impulses.

Definition 3. Give a function V(x(t)) : Rn → R+, an operator LV(x(t)) is defined by

LV(y(t)) = Vt(y(t)) + Vy(y(t)) f (y(t)) +
1
2

trace[g(y(t))TVyyg(y(t))].

Vt(y(t)) =
∂V(y(t))

∂t
, Vy(y(t)) =

(
∂V(y(t))

∂y1
, . . . ,

∂V(y(t))
∂yn

)
,

Vyy(y(t)) =

(
∂2V(y(t))

∂yi∂yj

)
n×n

.

Definition 4. If the random variable {Yn}n≥0 is integrable and satisfies inequality E(Yn+1|Fn) ≤ Yn,
then {Yn}n≥0 is denoted by nonnegative super-martingale, with respect to natural filtration
{Fn}n≥0.

Definition 5 (Martingale convergence theorem). For nonnegative super-martingale {Yn}n≥0,
if supE|Yn| < +∞, then {Yn}n≥0 converges to the integrable random variable Y∞ as n→ ∞ and
E(Y∞|Fn) ≤ Yn.

Lemma 1 (Gronwall inequality). Supposed that u(·), v(·) and a(·) be real-valued continuous
functions, satisfing

a(t) ≤ u(t) +
∫ t

0
v(s)a(s)ds,

for ∀t ≥ 0, then

a(t) ≤ u(t)e
∫ t

0 v(s)ds.

Lemma 2 (Fatou’s lemma). Let {gk}k∈N be a sequence of non-negative random variables on some
probability space then

E
[

lim
n→∞

inf gn

]
≤ lim

n→∞
infE[gn].
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Lemma 3 (see [33] Schur complement). Assume that P1, P3 are matrices of appropriate dimen-
sions, P2 is a positive definite matrix, then the following two equations are equivalent,

(1) P2 < 0, P1 − P3P−1
2 P>3 < 0,

(2)
[

P1 P3
P>3 P2

]
< 0.

3. Main Results

Next, we will establish the stability criterion for stochastic differential equations with
impulses by Lyapunov stability theory, bounded difference condition and martingale
convergence theorem.

Theorem 1. The solution of stochastic system (3) is asymptotic stable if there exist a positive
number η, a positive definite matrix R and bounded differences subsequence {lk}k∈N such that

(1)
RE + E>R + F>RF− ηR < 0, (4)

(2)

lim
j→∞


lj

∏
k=1

(µk)
2

 = 0. (5)

Proof. Construct a Lyapunov function

V(y(t)) = yT(t)Ry(t),

thus, we know that
λ1(R)|y(t)|2 ≤ V(y(t)) ≤ λ2(R)|y(t)|2,

where λ1(R) and λ2(R) are minimum and maximum eigenvalue of positive definite matrix
R respectively.

It is derived from (3), for t ∈ [tk−1, tk)

y(t) = y(tk−1) +

t∫
tk−1

Ey(s)ds +
t∫

tk−1

Fy(s)dω(s).

In view of elementary inequality and Hölder inequality, one gets

|y(t)|2 ≤3|y(tk−1)|2 + 3(t− tk−1)
∫ t

tk−1

|Ey(s)|2ds

+ 3
∣∣∣∣∫ t

tk−1

Fy(s)dω(s)
∣∣∣∣2.

(6)
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Taking the expectation of inequality (6) on both sides,

E|y(t)|2 ≤3E|y(tk−1)|2 + 3|E|2(t− tk−1)
∫ t

tk−1

E|y(s)|2ds

+ 3E
∣∣∣∣∫ t

tk−1

Fy(s)dω(s)
∣∣∣∣2

≤3E|y(tk−1)|2 + 3|E|2(t− tk−1)
∫ t

kk−1

E|y(s)|2ds

+ 3E
∫ t

tk−1

|Fy(s)|2ds

≤3E|y(tk−1)|2 + 3
(
|E|2(t− tk−1) + |F|2

) ∫ t

tk−1

E|y(s)|2ds.

By the Lemma 1, the following inequation holds

E|y(t)|2 6 3E|y(tk−1)|2e3(t−tk−1)(|E|2(t−tk−1)+|F|2). (7)

It follows from Itô’s formula that

dV(y(t)) = LV(y(t))dt + Vx(y(t))(Fy(t))dω(t). (8)

Here δ > 0 is small enough to satisfy t + δ ∈ (tk−1, tk), one has

EV(y(t + δ))−EV(y(t)) =
∫ t+δ

t
ELV(y(s))ds.

Thus

D+EV(y(t)) = ELV(y(t))

= E
[
2y>(t)REy(t) + (Fy(t))>R(Fy(t))

]
= E

[
y>(t)

(
2RE + F>RF− ηR

)
y(t) + y>(t)(ηR)y(t)

]
.

(9)

By condition (4), we can see

D+EV(y(t)) ≤ E
[
y>(t)(ηR)y(t)

]
= ηEV(y(t)), (10)

then (10) can be solved as

EV(y(t)) ≤ E
[
V(y(tk−1))eη(t−tk−1)

]
,

for t ∈ [tk−1, tk).
Therefore, the results show that

EV(y(t−k )) ≤ E
[
V(y(tk−1))eη(tk

−−tk−1)
]
. (11)

It is obtained from (3) and (11)

EV(y(tk)) = E
[
y>(tk)Ry(tk)

]
= (µk)

2E
[
y>
(
tk
−)Ry

(
tk
−)]

= (µk)
2EV

(
y
(
tk
−))

≤ (µk)
2eηhkEV(y(tk−1)). (12)
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Since hk is uniformly bounded, eηhk is integrable and it is obvious from Equation (12)
that V(y(tk)) is integrable, which shows that

E[V(y(tk))|Fk−1] ≤ (µk)
2eηhkE[V(y(tk−1))|Fk−1]

≤ (µk)
2eηhk V(y(tk−1)). (13)

Based on uniform boundedness of hk, nonnegative super-martingale
{

V
(

y
(

tlj

))}
j∈N

and (5), we get that
{

V
(

y
(

tlj

))}
j∈N

converges to a non-negative random variable V∞

from martingale convergence theorem.
In view of E{V(y(tk))} = E[E[V(y(tk))|Fk−1]], we have

E
{

V(y(tlj
))
}
≤
{
∏

lj
k=1 (µk)

2
}

eηhE{V(y(t0))}. (14)

According to the Lemma 2, there holds

E{V∞} = E
[

lim
j→∞

V
(

y
(

tlj

))]
= E

[
lim
j→∞

inf V
(

y
(

tlj

))]
≤ lim

j→∞
infE

[
V
(

y
(

tlj

))]
≤ lim

j→∞


lj

∏
k=1

(µk)
2

eηhE{V(y(t0))}.

From condition (5), it is obtain that E{V∞} = 0. It is obvious that the sequence{
V
(

y
(

tlj

))}
j∈N

converges to zero.

It follows from (7) that

E|y(t)|2 ≤ 3E|y(tk−1)|2e3(t−tk−1)(|E|2(t−tk−1)+|F|2)

≤ 3(k−lj−1)Meγk · · · eγlj−1+1E
∣∣∣y(tlj−1

)∣∣∣2,
(15)

for t ∈ [tk−1,tk] ⊂
[
tlj−1

, tlj

]
, where M = |µk−1|2 . . . |µlj−1+1|2, γk = 3hk

(
|E|2hk + |F|2

)
.

On the basis of uniform boundedness of hk and bounded difference condition {lk}k∈N,
the following inequalities hold

E|y(t)|2

≤ 3(k−lj−1)Meγk · · · eγlj−1+1E
∣∣∣y(tlj−1

)∣∣∣2
≤ 3(k−lj−1)Me3hL(|E|2h+|F|2)E

∣∣∣y(tlj−1

)∣∣∣2
≤ 3(k−lj−1)M

λ1(R) e3hL(|E|2h+|F|2)E
[
V
(

y
(

tlj

))]
.

Therefore, lim
t→∞

E|y(t)|2 = 0.

Remark 2. From Lemma 3, in Theorem 1 the condition (4) is equals to(
RE + E>R− ηR F>

∗ −R−1

)
< 0. (16)

It is easy to solve the positive definite matrix R by using Matlab LMI toolbox.
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4. Numerical Simulations

As a result of the above theoretical derivation of stability for system (3), two numerical
examples are provided in this section that illustrate the feasibility of our results.

Example 1. Firstly, we consider the two-dimensional stochastic differential equations with impul-
sive effects, dy(t) =

(
0.3 −0.5
3 −0.6

)
y(t)dt +

(
0.2 −0.1
−0.8 0.1

)
y(t)dw(t), t ∈ [tk−1, tk),

y(tk) = 0.4y
(
t−k
)
, t = tk, k ∈ N,

(17)

where state y(t) ∈ R2.

We choose η = 3, the feasible solution of LMI (16) is derived by Matlab toolbox

R=
[

32.5001 5.4141
5.4141 11.3585

]
.

Therefore, it is clear from Theorem 1 that stochastic systems (17) is asymptotically stable.
The simulation results are as follows. For the initial condition y0 = (0.5,−0.2)T , in

Figure 1, the state is unstable for stochastic systems (17) without stabilizing impulses.
According to Figure 2 one can see that the state is stable for stochastic systems (17) with
stabilizing impulses. We can derive that the impulses contribute to the stability of the
system state.

Example 2. Next, we investigate the following three-dimensional impulsive stochastic differential
equation,


dy(t) =

 −1 0.2 −0.5
0.3 0.1 0.4
0 0.2 0.1

y(t)dt +

 −0.2 −0.8 0
0.3 −0.2 −0.4
0 0.1 −0.5

y(t)dw(t), t ∈ [tk−1, tk),

y(tk) = 0.1y
(
t−k
)
, t = tk, k ∈ N,

(18)

where state y(t) ∈ R3.

We set η = 6, by solving LMI (16) in Remark 2, the feasible solution is obtained
as follows

R=

 3.2678 0.3266 −0.2426
0.3266 4.7449 0.5246
−0.2426 0.5246 4.7890

.

For the initial value y0 = (−0.3, 0.5, 0.2)T , Figures 3 and 4 indicate that the solution
of system (18) with stabilizing impulses is asymptotically stable. As we observe, the
convergence time of the state trajectory is shorter for the system (18) with impulsive effects.
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Figure 1. State trajectories of system (17) without stabilizing impulses.
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Figure 2. State trajectories of system (17) with stabilizing impulses.
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Figure 4. State trajectories of system (18) with stabilizing impulses.

5. Conclusions

Based on Lyapunov stability theory, bounded difference condition and martingale
convergence theorem, the stability condition is derived for stochastic differential equations
with stabilizing impulses. Finally, two examples and simulation figures are given to
demonstrate the efficiency of the stability condition. Furthermore, the results of this
paper will be applied to the stability analysis of nonlinear impulsive stochastic differential
equations and stochastic homogeneous differential equations .
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