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Abstract In this paper, we study the stability of
n-dimensional linear fractional differential equation
with time delays, where the delay matrix is defined
in (RT)"*". By using the Laplace transform, we in-
troduce a characteristic equation for the above system
with multiple time delays. We discover that if all roots
of the characteristic equation have negative parts, then
the equilibrium of the above linear system with frac-
tional order is Lyapunov globally asymptotical stable
if the equilibrium exist that is almost the same as that
of classical differential equations. As its an application,
we apply our theorem to the delayed system in one spa-
tial dimension studied by Chen and Moore [Nonlinear
Dynamics 29, 2002, 191] and determine the asymptot-
ically stable region of the system. We also deal with
synchronization between the coupled Duffing oscilla-
tors with time delays by the linear feedback control
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method and the aid of our theorem, where the domain of
the control-synchronization parameters is determined.
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1 Introduction

Delayed differential equations have been abundantly
studied in [1, 2], and references cited therein. Recently,
time delays and multiple time delays are introduced to
complex dynamical networks, e.g., see [3, 4]. All these
publications are for (integer-order or typical) differen-
tial equations.

Although they have almost the same history as those
of typical differential equations, the fractional(-order)
calculus and differential equations did not attract much
attention till recent decades [5—7]. It was lately found
that many systems can be modelled via using fractional
derivatives. These systems display fractional-order dy-
namics, such as heat transfer, viscoelasticity, electrical
circuit, electro-chemistry, dynamics, economics, poly-
mer physics, and control, see recent two volumes of
Nonlinear Dynamics [8, 9]. Similar to classical differ-
ential systems, the study of stability is always a cen-
tral task for fractional differential systems. In 1996,
Matignon [10] studied stability of n—dimensional lin-
ear fractional systems from a point of view of control.
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Recently, Chen and Moore [11] studied stability of
1-dimensional fractional systems with retard time.

Similar to [3] and [4], in this paper, we introduce
multiple time delays to the fractional differential equa-
tions. Then we study the (asymptotical) stability of
such systems. In details, we briefly introduce the def-
initions of the fractional derivatives and the fractional
equations in Section 2. In Section 3, the main stabil-
ity theorems are proved. The examples are included in
Section 4. These illustrative examples support our the-
oretical analysis. And the conclusions are given in the
last section.

2 Preliminaries

Generally speaking, three fractional derivative def-
initions, i.e., Griinwald—Letnikov fractional deriva-
tive, Riemann—Liouville fractional derivative, and Ca-
puto’s fractional derivative, are mostly used. The for-
mer two definitions are often used by pure math-
ematicians, while the last one is adopted by ap-
plied scientists, since it is more convenient in engi-
neering applications. Here we only discuss Caputo
derivative:

dix(t)

= Jmaxmp,
T x"()

a >0,

where m = [q], i.e., m is the first integer that
is not less than ¢, x” is a conventional mth
order derivative, J# is the Ath order Riemann—
Liouville integral operator, which is expressed as
follows:

JPx(t) = L t(t — ) x(s)ds, B>0
B Jo ' '

In engineering, the fractional order g often lies
in (0,1), so we always suppose that the ‘order’
q is a positive number but less than 1 in this
paper.

In the present article, we study the following n-
dimensional linear fractional differential system with
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multiple time delays:

d? x(1)
Jar = anxi(t — ) + apxa(t — 112)
+---+ alnxn(t - Tll‘l)v
drx()
TR a1 x1(t — T21) + anxy(t — 12)
+---+ a2nxn(t - TZn)v (1)
@) (t = Ta) + G2t — 702)
=a,x1( — 1, anxa(t — T,
Jins 1X1 1 2X2 2
+---+ annxn(t - 7:}m) )

where ¢; is real and lies in (0,1), the initial val-
ues x;(t) = ¢;(t) are given for —max; ; 7;; = —Tmax <
t <0andi =1, ..., n. Inthis system, time-delay ma-
trix T = (T;;)uxn € (RTY", coefficient matrix A =
(@ij)nxn» state variables x;(¢), x;(t — 7;;) € R, and ini-
tial values ¢; (1) € CO[—Tpax, 0]. Its fractional order is
definedasq = (g1, g2, ..., qn). I g = gjand 7;; = 0,
i,j=1,2,...,n, then system (1) is actually the one
considered in [10]. If n = 1, then (1) is reduced to the
system studied in [11].

Next, we study the stability of system (1). Taking
Laplace transform [12] on both sides of (1) gives

51X 1(s) — 5971 (0) = ape™ ™ (X1(s)
+ [0 e pi() dr) + ape ™ (Xa(s)
+ [0 ey de) + -+ are ™ (X, (s)
+ [0 e gu(r)dr)
5 Xa(s) — 27 n(0) = aze™ ™ (X1 (s)
+ [0 e 1) dr) + ane> ™ (Xa(s)
+ fi)m e ga(t)dt) + - -+ + azue ™™ (X, (s) 2)
+ [0 e () dr)

59X, (5) = 5971 9,(0) = ae ™™ (X1 (5)
+ [0, e i) dr) + anne ™ (Xo(s)
+ [0, e () dr) + -+ e (X ()

+/0 e“"qb,l(t)dt),

where X;(s) is the Laplace transform of x;(¢) with
Xi(s) = L(x;(1), 1 <i <n.
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We can rewrite (2) as follows:

X1(s) bi(s)
Xo(s) by (s)

A(s) - : = . ) 3)
X, (s) by (s)

in which

bi(s) = ane™™ [° e"”d())l 0)ydt +ape™™ [° e p(t)dt
+oane™ ™ [T e gu(dt +5771¢1(0)

ba(s) = ame™™ [ e gy (1)t + ane™ ™ [ e gy(1) dt
+oFaye™ jf)rz” e (1) dt + s §(0)

(

bu(s) = ame™™ [° e pi(dt + ape™" [0 eign(t)dr

e [ €90+ 57,000,

5T =512 —S$TIn

s —ajre —aje —aje
—ap1e~S 5P — gyeTST2 ... —qy e
A(s) =
—ap e —aype™2 . 5T — e ST

We call A(s) a characteristic matrix of system (1) for
simplicity and det(A(s)) a characteristic polynomial of
(1). The distribution of det(A(s))’s eigenvalues totally
determines the stability of system (1). This can be seen
from the following discussion.

Obviously, if a linear fractional differential equa-
tion has a non-zero equilibrium, we can move this
equilibrium to the origin by the translation transform.
Throughout the paper, we always suppose that (1) has
a zero solution and all complex computations are done
in the branch of the principle value of argument.

3 Main theorems

In this section, we establish several stability theorems.
Multiplying s on both sides of (3) gives

sX1(s) sby(s)
sXo(s) sby(s)

A(s) - : = : 4
s X, (s) sby(s)

If all roots of the transcendental equation det(A(s)) = 0
lie in open left half complex plane, i.e., Re(s) < 0, then
we consider (4) in Re(s) > 0. In this restricted area,
(4) has a unique solution (s X;(s), ..., s X, (s)). So, we
have

lim sXi(s)=0, i=1,...,n.
s—0, Re(s)=>0

From the assumption of all roots of the characteristic
equation det(A(s)) = 0 and the final-value theorem of
Laplace transform [12], we get

lim x;(t) = lim
t——+00 5s—0, Re(s)>0

sXi(s)=0, i=1,...,n.

It immediately follows the theorem below.

Theorem 1. If all the roots of the characteristic equa-
tion det(A(s)) = 0 have negative real parts, then the
zero solution of system (1) is Lyapunov globally asymp-
totically stable.

Remark 1. If r;j = v > Ofori, j=1,...,nandq| =
q>» = - -+ = q, = 1, then the characteristic matrix and
characteristic equation of (1) arereducedtos/ — Ae™**
and det(s] — Ae™*") = 0, respectively. They coincide
with the usual definitions of the characteristic matrix
and characteristic equation of delayed equations. Es-
pecially, if 7 = 0, then the characteristic matrix and
characteristic equation of (1) are respectively reduced
to s/ — A and det(s/ — A) = 0, which agree with the
typical definitions for typical differential equations.

Corollary 1. Suppose t;; =0 fori, j=1,...,nand
qr=q»=---=q, =a € (0, 1). Ifall the roots of the
equation det(Al — A) = 0 satisfy | arg(L) |> %, then
the zero solution of system (1) is Lyapunov globally
asymptotically stable.

This result is Theorem 2 of [10]. Here, we can very
easily prove it by using Theorem 1 of the present paper.

Proof: For this case, (1)’s characteristic equation be-
comes det(s“/ — A) = 0. Let A be s%, then s = A
Because all the roots As of equation det(Al — A) =
0 satisfy | arg(d) |> %, it follows that | arg(s) |=]
arg()»é) |> %. So all the characteristic roots of sys-
tem (1) have negative real parts. This completes the

proof. U
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Corollary 2. Suppose that t;; = 0, and all g;s are ra-
tional numbers between 0 and 1, fori, j=1,...,n.
Let M be the lowest common multiple of the denomina-
torsu;s of q;s, where q; = v; Ju;, (u;,v;) =1, u;, v; €
Zt,i=1,...,n andsety = 1/M. Then the zero so-
lution of system (1) is Lyapunov globally asymptotically
stable if all the roots \s of the equation

WMt —ay —ap - —an
M
—ay AP —ay - —ay
det . . . =0
Mgy
—dn] —dap2 s AN — Unn

®)
satisfies | arg(A)| > ym/2.

From Theorem 1, the characteristic equation of (1)
are of fractional powers of s. This corollary tells that
the characteristics equation of (1) can be transformed
to an integer-order polynomial equation if all g;s are
rational numbers, simplifying the computations.

Proof: Obviously, the characteristic equation is

st —ay  —ap - —ai
—ay sT —ay - —ay
det| | o , —0. (6
—dnl —dan2 st — Ann

Denote A by s”, then s = )ﬁ, hence (6) is changed
to (5). | arg(s) |=| arg(A7) [> 7 due to the argument
assumption of Equation (5). The conclusion holds. [

Corollary3. If gy =q» = =g, =a € (0, 1), all
the eigenvalues s of A satisfy | arg(L) |> - and the
characteristic equation det(A(s)) = 0 has no purely
imaginary roots for any t;; > 0,1, j =1,...,n, then
the zero solution of system (1) is Lyapunov globally
asymptotically stable.

Since the characteristic equation of (1) is a transcen-
dent, finding the its eigenvalues is often difficult. How-
ever, to find the eigenvalues of the coefficient matrix
A of (1) is comparatively easier. This result simplifies
computations of the original problem.

@ Springer

Proof: Assume that [(A) =det(A] — A)
and  @(A) = det(A(A«)) —det(A] — A),  then
M)+ o) = det(A()ﬁ)). Obviously, ) =
Mop e 4 and () = (U0, die T
o™= 4+ (0 hije™ " 4+ ho)h"2 + -+, where
do, ho, c1, dij, hjj, . .. are constants.

Clearly, there existsanarea{A | | A |> r,| arg(X) |<
%} such that | /() |>| ¢(1) | and there are no roots to
[(X) = 0. According to Rouché Theorem [13], there
is no root of [(A) + ¢(1) =0 in the above same
area.

Note that all the zero points of /()) are in the area
| arg(1) |> 5. If there is a zero point of /(A) + ¢p(1) =
0 in the area | arg(A) |< %7, then there exist a set
of parameters t;; (i, j = 1, ..., n) such that A passes
through one of the two lines: arg(A) = %" and arg(A) =
%, between —r and r, this contradicts the assump-
tions of this theorem, since the assumption that there
is no purely imaginary roots to det(A(s)) = 0, which

is to say there are no roots A, where | arg(A) |= -, for

det(A(Lx)) = 0. Thus, all the roots of det(A(A#)) = 0
satisfy | arg(A) [> %F, i.e. det(A(s)) # 0 for Re(s) >
0. The proof is finished. (]

Itimmediately follows that we have the result below.

Corollary 4. If qi=q=---=¢g,=a €(0.5,1),
all the eigenvalues As of A satisfy |arg(d)|> 7,
and the equation det(A()\i)) =0 has no purely
imaginary roots for any t;; > 0,1, j =1,...,n, then
the zero solution of system (1) is Lyapunov globally
asymptotically stable.

Corollary 5. Suppose that all g;s are rational num-
bers between 0 and 1, for i,j=1,...,n. Let M
be the lowest common multiple of the denominators
u;sofq;s, whereq; = v; Ju;, (u;,v;) =1, u;,v; € Z%,
i=1,...,n, and set y = 1/M. If all the roots )\ of
Equation (5) satisfies | arg(L)| > VTU and the character-
istic equation det(A(s)) = 0 has no purely imaginary
roots forany t;; > 0, i, j =1, ..., n, then the zero so-
lution of system (1) is Lyapunov globally asymptotically
stable.
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Proof: Let

M
A —ay —an e —an

—ay AP —ay - —ay,
[(2) = det . . ) . ;

M.
—dy1 —dp2 e AN — ()

and ¢(A) = det(A()ﬁ)) — I(A). The rest proof is the
same as that of Corollary 3, so it is omitted here. [

4 Applications

Chen and Moore [11] considered the following delayed
fractional equation:

44
L ) )

where g and K, are real numbers and 0 < g < 1, time
delay 7 is a positive constant.

They got a stability condition of (7), given by a tran-
scendent inequality via the Lambert function [11, 14].
Here we derive another stability condition, which is
very convenient for application.

The characteristic equation of (7) is

s —Kpe ™ =0. ®)

Assume thats = wi = |w|(cos F + i sin(£75))isaroot
of (8), where w is real number and when w > 0, we take
i sin 7, while when w < 0, we take 7 sin(— 7). Then one
gets

qmr . . qm
1 cos — sin| + —
o (s v (257
—K, (coswt — i sin(+wt)) = 0.
That is,
g
|w]? cosq— —K,coswr =0
2
and

T
|wl|? sin % + K, sinwt = 0.

From the above two equations, one obtains
b4
(|a)|f1)2 + K; —2|w|?K, cos <q7 + wt) =0.

Thus, we can easily get that when

T
% + (—K,)"1T # 2k + D,

where k € Z, Equation (8) has no purely imaginary
roots.

According to Corollary 3, one has the following con-
clusion.

Stability condition of (7). If K, <0,
(=K # 22k + D — ) and (=K, #
—%((Zk + D — %n), wherek € Z, then the zero solu-
tion of system (7) is Lyapunov globally asymptotically
stable.

In what follows, another application is presented.

Recently, chaos synchronization of fractional dif-
ferential equation attracts increasing interests [15-20]
due to its potential applications in control processing
and secure communication [10]. Here we take Duffing
oscillator as an example. A fractional version of the
Duffing oscillator is described as

dqxl
dtd
diy
dtd

=V

= —ky; +x1(t — 1) —x1(t — 1)3 + Bcost,

(€))

where 0 < ¢ < 1, T > 0, and k, B are positive num-
bers.

We choose (9) as a drive system and regard the non-
linear item as a driving signal. The corresponding re-
sponse system is defined by

quZ

I k1(x2 — x1)

d4

dzf = —ky, +x2(1 — T) — x1(t — T’ (10)

+Bcost —ky(y2 — 1),

where k1, k, are control parameters under investigation.
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Subtracting (9) from (10), one gets the error system
as follows

die,
€ = ey —klex
drd
dle (11)
qu = —(k + kz)e); + ex(t - T)’
where ey =x2 —x1, et —T)=x(—1)—x

(t—1),and ey, =y, — y1.

Obviously, the synchronization between (9) and (10)
is equivalent to the globally asymptotical stability of the
zero solution to error system (11).

For error system (11), the coefficient matrix A is
described by

s 1
A—<1 —(k+kz)>

and its characteristic equation det(A(s)) is given as

51+ kg -1

det(A(s)) = —e7 514 (k+ky)

=52 4 (k) + k + kp)s?
+kitk + k) —e T =0. (12)
Suppose that s = wi = |w|(cos 5 + i sin(£%)) is a
root of (12), where w is real number and when w > 0,

we take i sin % whilst when w < 0, we take —i sin %
Then one has

|| (cos qm +isin(xqm)) + |w|? (k) + k + ky)
qr . . qm
X COST—FlSln :I:7 + ki(k + k»)
—coswt + i sinwt = 0.
Separating real and imaginary parts gives
] cos g + |l (s + k + ko) cos L&
+ ki (k + k2) = cos wt

and

|2 sin(£q7) + |o|? (k1 + k + ko) sin ( + %)

= —sinwrt.

@ Springer

From above two equations, one has
T
<|w|2q cos g + |]9(k: + k + ka) cos ‘%

2
+ky (k + kz)) + <|w|24 sin(+¢7)

+lo|?(ki + k + k)

2
xsin(iﬂ>> =1,
2

1.,

0“4 2(k; + k + kp)? cos % o

+ ((ky + k + k2)* + 2k (k + ko) cos gr) ]
T
12k (k + ko) (ki + k + ko) cos ‘17 ol

Hi (ke + k2)* = 0. (13)

Obviously, when 0 < ¢ < 1 and the following condi-
tion holds

ky =0, (14)

then (13) has no real solutions, meaning that (12) has
no purely imaginary roots under assumption (14).
If we choose

1
k>0 k> =k (15)

1

then two eigenvalues of coefficient matrix A of (11) are
negative.

So, when k| and k; satisfy both (14) and (15), system
(11) satisfy the conditions of Corollary 3. Therefore, we
have the following theorem.

Theorem 2. If k; and ky satisfy both (14) and (15),
then the zero solution of system (11) is Lyapunov glob-
ally asymptotically stable. Therefore, synchronization
between systems (9) and (10) can be achieved.

Numerical simulations are given in Fig. 1. Here, we
find a chaotic attractor for ¢ = 0.86, T = 0.12 and a
limitcycleforg = 0.66,7 = 0.12, see Fig. 1(a) and (¢),
respectively. These limit sets can be synchronized by
the drive-response configuration (9) and (10). For the
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(¢c) ¢ =0.66, 7 =0.12.

Fig.1 The chaotic attractor and limit cycle of delayed fractional
Duffing oscillator and their synchronization between systems (9)
and (10), where k = 0.25, B = 7.5. (a) Chaotic attractor, where
g = 0.86, T = 0.12. (b) Synchronization error of chaotic attrac-

chaotic attractor, the control parameters are chosen as
k1 = 4.6,k = 0, and for the limit cycle, the control pa-
rameters are chosen as k; = 6, k, = 6, see Fig. 1(b) and
(d). Of course, there are some other choices for the con-
trol parameters values as long as they satisfy Theorem
2. In all simulations, we apply the Adams—Bashforth—
Moulton scheme, for references see [21, 22].

5 Conclusions
In the present paper, we study the stability of fractional

systems with multiple time delays. The characteristic
equation for such systems is first defined. Based on this

t
(d) ¢ =0.66, 7 = 0.12, ky = 6, ky = 6.

tor, where ¢ = 0.86,7 = 0.12,k; = 4.6, k, = 0. (c) Limitcycle,
where ¢ = 0.66, T = 0.12. (d) Synchronization error of limit cy-
cle, where ¢ = 0.66, 7 = 0.12,k; =6,k =6

introduced characteristic equation, several interesting
stability criterions are derived. Using these obtained
results, we successfully determine a sufficient stabil-
ity condition for a delayed fractional differential equa-
tion. We also apply our results to the synchronization
of limit sets between fractional Duffing systems with
retard time. These two examples are in line with the
theoretical analysis.

Acknowledgements The authors would like to thank review-
ers of this paper for their careful reading and pertinent cor-
rection suggestions. The present work was supported in part
by the Tianyuan Foundation under Grant No. A0324651 and
the National Natural Science Foundation under Grants Nos.

@ Springer



416

Nonlinear Dyn (2007) 48:409-416

60304017 and 20336040/B06. WD wishes to thank Prof. H.P.
Ma for his constant encouragement.

References

10.

. Hale, J.K., Verdugn Lunel, S.M., Introduction to Functional

Differential Equations. Springer-Verlag, New York (1991)

. Deng, W.H., Wu, Y.J, Li, C.P.: Stability analysis of differen-

tial equations with time-dependent delay. Int. J. Bif. Chaos.
16(2), 465-472 (2006)

. Li, C.P, Sun, W.G., Kurths, J.: Synchronization of complex

dynamical networks with time delays. Physica A 361, 24-34
(2006)

. Li, C.P, Sun, W.G., Xu, D.: Synchronization of complex

dynamical networks with nonlinear inner-coupling functions
and time delays. Prog. Theor. Phys. 114(4), 749-761 (2005)

. Miller, K.S., Ross, B.: An Introduction to the Fractional

Calculus and Fractional Differential Equations. Wiley-
Interscience, New York (1993)

. Podlubny, I.: Fractional Differential Equations. Academic

Press, New York (1999)

. Butzer, PL., Westphal, U.: An Introduction to Fractional

Calculus. World Scientific, Singapore (2000)

. Agrawal, O.P., Tenreiro Machado, J.A., Sabatier, J.: Intro-

duction. Nonlinear Dyn. 38(1-2), 1-2 (2004)

. Kempfle, S., Schifer, 1., Beyer, H.: Fractional calculus:

theory and applications. Nonlinear Dyn. 29(1-4), 99-127
(2002)

Matignon, D.: Stability result on fractional differential equa-
tions with applications to control processing. In: Proceedings
of IMACS-SMC, pp. 963-968, Lille, France (1996)

@ Springer

11.

12.

13.

14.

16.

17.

19.

20.

21.

22.

Chen, Y., Moore, K.L.: Analytical stability bound for a class
of delayed fractional-order dynamic systems. Nonlinear
Dyn. 29, 191-200 (2002)

Muth, E.J.: Transform Methods with Applications to Engi-
neering and Operations Research. Prentice-Hall, New Jersey
(1977)

Franklin, P.: Functions of Complex Variables. Prentice-Hall,
New Jersey (1958)

Chen, Y., Moore, K.L.: Analytical stability bound for delayed
second-order systems with repeating poles using Lambert
function w. Automatica 38, 891-895 (2002)

. Deng, W.H., Li, C.P.: Synchronization of chaotic frac-

tional Chen system. J. Phys. Soc. Jpn. 74, 1645-1648
(2005)

Deng, W.H., Li, C.P.: Chaos synchronization of the fractional
Lii system. Physica A 353, 61-72 (2005)

Lu, J.G.: Nonlinear observer design to synchronize
fractional-order chaotic system via a scaler transmitted sig-
nal. Physica A 359, 107-118 (2005)

. Lu, J.G.: Synchronization of a class of fractional-order

chaotic systems via a scalar transmitted signal. Chaos Soli-
tons Fractals 27(2), 519-525 (2006)

Zhou, T.S., Li, C.P: Synchronization in fractional-
order differential systems. Physica D 212, 111-125
(2005)

Li, C.P,, Deng, W.H., Xu, D.: Chaos synchronization of the
Chua system with a fractional order. Physica A 360, 171-185
(2006)

Diethelm, K., Ford, N.J., Freed, A.D.: A predictor—corrector
approach for the numerical solution of fractional differential
equations. Nonlinear Dyn. 29(1-4), 3-22 (2002)

Li, C.P,, Peng, G.J.: Chaos in Chen’s system with a fractional
order. Chaos Solitons Fractals 22, 443-450 (2004)



