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Abstract In this paper, the problem of the existence,

uniqueness and uniform stability of memristor-based frac-

tional-order neural networks (MFNNs) with two different

types of memductance functions is extensively investigated.

Moreover, we formulate the complex-valued memristor-

based fractional-order neural networks (CVMFNNs) with

two different types of memductance functions and analyze

the existence, uniqueness and uniform stability of such

networks. By using Banach contraction principle and ana-

lysis technique, some sufficient conditions are obtained to

ensure the existence, uniqueness and uniform stability of

the considered MFNNs and CVMFNNs with two different

types of memductance functions. The analysis results

establish from the theory of fractional-order differential

equations with discontinuous right-hand sides. Finally, four

numerical examples are presented to show the effectiveness

of our theoretical results.

Keywords Fractional-order � Memristor-based neural

networks � Banach contraction principle � Time delays

Introduction

We know that fractional calculus is an old branch of

mathematics, which mainly deals with derivatives and

integrals of arbitrary non-integer order. It was firstly

introduced 300 years ago. Due to lack of application

background and its complexity, it did not attract much

attention for a long time. Recently, it had been applied to

model many real-world phenomena in various fields of

physics, engineering and economics, such as dielectric

polarization, electromagnetic waves, viscoelastic system,

heat conduction, biology, finance etc (Podlubny 1999;

Kilbas et al. 2006; Ahmeda and Elgazzar 2007; Hilfer

2000). The fractional-order model gives more accurate

results than the corresponding integer-order model. The

reasons depend on two main advantages of fractional-order

models in comparison with its integer-order counterparts,

one is the fractional order parameter that enriches the

system performance by increasing one degree of freedom

and other one is that fractional derivatives provide an

excellent instrument for the description of memory and

hereditary properties of various processes. That is, frac-

tional-order model has an infinite memory. Based on the

wide range of applications, fractional calculus had

increased the interest and attracted the attention of many

researchers. Some good results have been proposed in the

literature see Laskin (2000), Deng and Li (2005), Delavari

et al. (2012), Peng et al. (2008) and Wu et al. (2009) ref-

erences therein.

In the past few decades, stability analysis of neural

networks have received considerable attention and many

researches have found being applied in various fields such

as communication systems, image processing, signal pro-

cessing, pattern recognition, optimization problems and

other engineering areas see Seow et al. (2010), Guo and Li
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(2012), Bouzerdoum and Pattison (1993) and Kosko (1988)

references therein. In Wu et al. (2012), the authors have

been studied the robust asymptotic stability analysis for

uncertain BAM neural networks with both interval time-

varying delays and stochastic disturbances. Some new

synchronization condition were obtained for discontinuous

neural networks with time-varying mixed delays by using

state feedback and impulsive control in Yang et al. (2014).

In recent years, fractional calculus, based on its significant

features (more degrees of freedom and infinite memory)

has been used to modeling the artificial neural networks,

the fractional-order formulation of neural network models

is also justified by research results about biological neu-

rons. The study of fractional-order neural networks model

have more complexity due to the solution methods of

fractional calculus. Some of the researchers have analyzed

the fractional-order neural networks and proposed few

interesting results see Yu et al. (2012), Kaslik and Sivas-

undaram (2012), Chen et al. (2013), Boroomand and Me-

nhaj (2009), Zou et al. (2014) and references therein.

On the other hand, due to the potential applications of

neural networks are yields new aspects of theories required

for novel or more effective functions and mechanisms, that

is, the applications are involved in the complex-valued

signals (Hirose 2012; Nitta 2004; Tanaka and Aihara 2009).

This indicates that the dynamic analysis of complex-valued

neural networks is very important. The complex-valued

neural networks is an extension of real-valued neural net-

works with complex-valued state, output, connection

weight, and activation function. The use of complex-valued

inputs/outputs, weights and activation functions make it

possible to increase the functionality of the neural networks,

their performance and to reduce the training time. In real-

valued neural networks, their activation function is usually

chosen to be bounded and analytic. However, in the com-

plex domain, according to the Liovilles theorem (Mathews

and Howell 1997), every bounded entire function must be

constant. Thus, if the activation function is entire and

bounded in the complex domain, then it is constant. This is

not suitable. Therefore, choosing appropriate activation

function is the main challenge in complex-valued neural

networks. However, compared with real-valued recurrent

neural networks, research for complex-valued ones has

achieved slow and little progress as there are more com-

plicated properties. Nowadays, some of the authors have

focused their attention on the study of those complicated

properties of complex-valued neural networks and proposed

some interesting results see Hu and Wang (2012), Duan and

Song (2010), Rao and Murthy (2009), Zhou and Song

(2013), Huang et al. (2014), Chen and Song (2013), Xu

et al. (2013) and references therein.

Memristor is one of the newly modeled two terminal

nonlinear circuit device in the electronic circuit theory. It

was theoretically first developed by Chua (1971), and the

memristor element has been designed and fabricated by a

team from the Hewlett-Packard Company (Tour and He

2008; Strukov et al. 2008). After the invention of practical

model of memristor element, the memristor become a very

interesting topic because of its potential applications in

nonvolatile memory storage, new type of computers will

have no booting time, brain like computers etc. This new

circuit shares many properties of resistors and shares the

same unit of measurement (i.e. ohm). The memristor ele-

ment have attracted much attention based on the following

two main properties. The first one is its memory charac-

teristic and the second one is its nanometer dimensions.

The memory characteristic was determined by its physical

structure and external input. When the voltage applied on

memristor is turned off, the memristor remembers its past

values until it is turned on for the next time. It is well

known that memristor element reveal features just like as

the neurons in the human brain have. Based on these fea-

tures, the memristor element has been used to build a new

model of neural networks. We know that the neural net-

works can be constructed by nonlinear circuit and have

been studied extensively. In this circuit, the self feedback

connection weights and connection weights are imple-

mented by resistors. Suppose that we use memristors

instead of resistors, then the neural networks model is said

to be memristor-based neural networks. The memristor-

based neural network is a state-dependent switching system

due to the fact that the parameter values of connection

weights are changed according to their state. Very recently,

the analysis of dynamic behaviors of memristor-based

neural networks have been studied by many researchers

and some excellent results have been proposed in the lit-

erature see Zhang et al. (2013), Yang et al. (2014), Wu and

Zeng (2012, 2013, 2014), Wu et al. (2011, 2013a, b), Cai

and Huang (2014), Guo et al. (2013), Qi et al. (2014), Wen

et al. (2013), Chen et al. (2014) and references therein. The

memristor-based neural networks is a differential equation

with discontinuous right-hand sides because that it is a

state-dependent switching system. It shows that the solu-

tions of this differential equation are not yet been calcu-

lated in classical sense. Filippov (1988) proposed a

solution method, that is to transform a differential equa-

tions with discontinuous right-hand sides into a differential

inclusion by using the theories of differential inclusion.

Most of the researchers investigated the memristor-based

neural networks and proposed some related results by using

the framework of Filippov solution see Zhang et al. (2013),

Yang et al. (2014), Wu and Zeng (2012, 2013, 2014), Wu

et al. (2011, 2013a, b), Cai and Huang (2014) Guo et al.

(2013), Qi et al. (2014), Wen et al. (2013), Chen et al.

(2014) and references therein. In Yang et al. (2014), the

authors extensively studied the problem of exponential
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synchronization of memristive Cohen–Grossberg neural

networks with mixed delays. Several sufficient conditions

have been derived for the globally exponentially stability

of memristive neural networks with time-varying impulses

in Qi et al. (2014). In Wu and Zeng (2014), the authors

investigated the passivity problem for memristor-based

neural networks with two different types of memductance

functions and some sufficient conditions for the passivity

of addressed memristor-based neural networks were

proposed.

Motivated by the above discussion, the analysis of

fractional-order neural networks and memristor-based

neural networks have become an ongoing research area.

Based on the applications and features of both fractional-

order neural networks and memristor-based neural net-

works, it is necessary to analysis the dynamic behaviors of

memristor-based fractional-order neural networks

(MFNNs). In Chen et al. (2014), the authors introduced the

memristor-based neural networks and proposed some suf-

ficient conditions to ensure the global Mittag–Leffler sta-

bility and synchronization are established by using

Lyapunov method. The problem of the existence, unique-

ness and uniform stability analysis of MFNNs with two

different types of memductance functions has not been

investigated in the existing literature. In this paper, we

consider both real-valued and complex-valued memristor-

based fractional-order neural networks (CVMFNNs) with

time delay and two different types of memductance func-

tions. Some sufficient conditions that guarantee the exis-

tence, uniqueness and uniform stability for both addressed

networks are derived by using Banach contraction principle

and the framework of Fillipov solution.

The rest of this paper is organized as follows. In ‘‘Pre-

liminaries’’ section, the model of real-valued and

CVMFNNs with time delays and two different types of

memductance functions is described. Some of the neces-

sary definitions, lemmas and assumptions are also provided

in this section. Some sufficient conditions for the existence

and uniqueness of solution and uniform stability for the

both proposed networks are derived by using the Banach

contraction principle and the framework of Fillipov solu-

tion in ‘‘Main results’’ section. In ‘‘Numerical examples’’

section, four numerical examples are given to demonstrate

the effectiveness of our theoretical results. Finally the

conclusion of this paper is given in ‘‘Conclusion’’ section.

Notation Rn and Cn denotes the n-dimensional Euclidean

space and n-dimensional complex space respectively.

Throughout this paper, the solutions of all the systems

considered in the following are intended in Filippov’s

sense. cofP̂; �Pg denotes closure of the convex hull of Rn

generated by real numbers P̂ and �P. Similarly, cofÛ; �Ug
denotes closure of the convex hull of Cn generated by

complex numbers Û and �U. zðtÞ ¼ xðtÞ þ iyðtÞ denote the

complex-valued function, where xðtÞ; yðtÞ 2 Rn. Denote

mpq ¼ maxfsup jm̂pqj; sup j �mpqjg; npq ¼ maxfsup jn̂pqj; sup

j�npqjg; bpq ¼ maxfsup jb̂pqj; sup j�bpqjg; cpq ¼ maxfsup

jĉpqj; sup j�cpqjg; bR
pq ¼ maxfsup jb̂R

pqj; sup j�bR
pqjg; cR

pq¼ max

fsup jĉR
pqj; sup j�cR

pqjg; bI
pq ¼ maxfsup jb̂I

pqj; sup j�bI
pqjg and

cI
pq ¼ maxfsup jĉI

pqj; sup j�cI
pqjg:

Preliminaries

In this section, we give some basic definitions, lemmas and

assumptions which can be used later to derive our main

results of this paper.

Definition 1 The fractional integral of order a for a

function f is defined as

Iaf ðtÞ ¼ 1

CðaÞ

Z t

t0

ðt � sÞa�1
f ðsÞds; ð1Þ

where t� t0 and a[ 0; Cð�Þ is the gamma function defined

as CðaÞ ¼
R1

0
ta�1e�tdt.

Definition 2 The Caputo fractional derivative of order a
for a function f 2 Cnþ1ð½t0;1Þ;RÞ (the set of all nþ 1

order continuous differentiable functions on ½t0;1Þ) is

defined by

C
t0

Da
t f ðtÞ ¼ 1

Cðn� aÞ

Z t

t0

f ðnÞðsÞ
ðt � sÞa�nþ1

ds; ð2Þ

where t [ t0 and n is a positive integer such that

n� 1\a\n 2 Zþ.

Lemma 1 If the Caputo fractional derivative Da
t0

f ðtÞ
ðn� 1� a\nÞ is integrable, then:

Ia
t0

Da
t0

f ðtÞ ¼ f ðtÞ �
Xn

p¼0

f ðpÞðt0Þ
p!
ðt � t0Þp: ð3Þ

Especially, for 0\a\1 , one can obtain:

Ia
t0

Da
t0

f ðtÞ ¼ f ðtÞ � f ðt0Þ: ð4Þ

Consider the real-valued memristor-based fractional-

order neural networks (RVMFNNs) described by the fol-

lowing differential equation:

DaxpðtÞ ¼ �epxpðtÞ þ
Xn

q¼1

bmpqðxqðtÞÞbf qðxqðtÞÞ

þ
Xn

q¼1

bnpqðxqðtÞÞbgq xqðt � sðtÞÞ
� �

þ Ip;

ð5Þ
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where t� 0; p ¼ 1; . . .; n, n corresponds to the number of

units in a neural network, xðtÞ ¼ ðx1ðtÞ; . . .;xnðtÞÞT ;
xpðtÞ denotes the state variable associated with the pth

neuron, ep [ 0 is a constant, Ip denote external input

vector, bf qðxqðtÞÞ and bgqðxqðt � sðtÞÞÞ are the nonlinear

activation functions of the qth unit at time t and

t � s; bmpqðxqðtÞÞ and bnpqðxqðtÞÞ are connection memris-

tive weights without and with time delays, which are

defined as

bmpqðxqðtÞÞ ¼
Wpq

Cp

� sgn pq; bnpqðxqðtÞÞ

¼
~Mpq

Cp

� sgn pq; sgn pq ¼
1; p 6¼ q;

�1; p ¼ q;

� ð6Þ

in which Wpq and ~Mpq are represents the memductances of

memristors Rpq and Fpq. Rpq represents the memristor

between the activation function bf pðxpðtÞÞ and xpðtÞ and

Fpq represents the memristor between the activation func-

tion bgpðxpðt � sðtÞÞÞ and xpðtÞ.
Combining with the physical structure of a memristor

device, then one see that

Wpq ¼
dqpq

drpq

; and ~Mpq ¼
d~qpq

d ~rpq

; ð7Þ

where qpq and ~qpq are the charges corresponding to the

memristors Rpq and Fpq; rpq and ~rpq are denotes magnetic

flux corresponding to memristor Rpq and Fpq respectively.

The initial conditions associated with (5) are of the form

xpðtÞ ¼ upðtÞ; t 2 ½�s; 0�; p ¼ 1; . . .; n; ð8Þ

where upðtÞ 2 Cð½�s; 0�;RÞ; and norm of an element in

Cð½�s; 0�;RnÞ is kuk ¼
Pn

p¼1 supt2½�s;0�fe�tjupðtÞjg.
Consider the CVMFNNs described by the following

differential equation:

DazpðtÞ ¼ ��pzpðtÞ þ
Xn

q¼1

bbpqðzqðtÞÞfqðzqðtÞÞ

þ
Xn

q¼1

bcpqðzqðtÞÞgq zqðt � sðtÞÞ
� �

þ Hp;

ð9Þ

where t� 0; p ¼ 1; . . .; n, n corresponds to the number of

units in a neural network, zðtÞ ¼ ðz1ðtÞ. . .; znðtÞÞT ; zpðtÞ
denotes the complex-valued state variable associated with

the pth neuron, �p [ 0 is a constant, Hp denote external

input vector, fqðzqðtÞÞ and gqðzqðt � sðtÞÞÞ are the nonlinear

complex-valued activation functions of the q th unit at time

t and t � s; bbpqðzqðtÞÞ and bcpqðzqðtÞÞ are complex-valued

connection memristive weights without and with time

delays, which are defined as

bbpqðzqðtÞÞ ¼
Wpq

Cp

� sgn pq;

bcpqðzqðtÞÞ ¼
Mpq

Cp

� sgnpq; sgnpq ¼
1; p 6¼ q;

�1; p ¼ q;

�

ð10Þ

in which Wpq and Mpq are represents the memductances of

memristors Rpq and Fpq. Rpq represents the memristor

between the activation function fpðzpðtÞÞ and zpðtÞ and Fpq

represents the memristor between the activation function

gpðzpðt � sðtÞÞÞ and zpðtÞ.
Combining with the physical structure of a memristor

device, then one see that

Wpq ¼
dqpq

d1pq

; and Mpq ¼
d ~qpq

d~1pq

; ð11Þ

where qpq and ~qpq are the charges corresponding to the

memristors Rpq and Fpq; 1pq and ~1pq are denotes magnetic

flux corresponding to memristor Rpq and Fpq respectively.

The initial conditions associated with (9) are of the form

zpðtÞ ¼ wpðtÞ þ ivpðtÞ; t 2 ½�s; 0�; p ¼ 1; . . .; n; ð12Þ

where wpðtÞ; vpðtÞ 2 Cð½�s; 0�;RÞ; and norm of an element

in Cð½�s; 0�;RnÞ is kwk ¼
Pn

p¼1 supt2½�s;0�fe�tjwpðtÞjg and

kvk ¼
Pn

p¼1 supt2½�s;0�fe�tjvpðtÞjg.
Many studies show that pinched hysteresis loops are the

fingerprint of memristive devices. Under different pinched

hysteresis loops, the evolutionary tendency or process of

memristive systems evolves into different forms. It is

generally known that the pinched hysteresis loop is due to

the nonlinearity of memductance function. As two typical

memductance functions, in this paper, we discuss the fol-

lowing four cases.

Case 1 The memductance function Wpq and ~Mpq are

given by

Wpq ¼
apq; jrpqj\lpq;

bpq; jrpqj[ lpq;

�
~Mpq ¼

a0pq; j~rpqj\lpq;

b0pq; j~rpqj[ lpq;

(

ð13Þ

where apq; bpq; a0pq; b0pq and lpq [ 0 are constants,

p; q ¼ 1; 2; . . .; n.

Case 2 The memductance function Wpq and ~Mpq are

given by

Wpq ¼ cpq þ 3dpqr
2
pq; ~Mpq ¼ c0pq þ 3d0pq ~r2

pq; ð14Þ

where cpq; dpq; c0pq and d0pq are constants, p; q ¼ 1; 2; . . .; n.

Case 3 The complex-valued memductance function Wpq

and Mpq are given by
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Wpq ¼
hpq; j1pqj\lpq;

#pq; j1pqj[ lpq;

(

Mpq ¼
h0pq; j~1pqj\lpq;

#0pq; j~1pqj[ lpq;

(

W
R
pq ¼

hR
pq; j1R

pqj\lpq;

#R
pq; j1R

pqj[ lpq;

(

M
R
pq ¼

h0
R

pq; j~1R
pqj\lpq;

#0Rpq; j~1R
pqj[ lpq;

(

W
I
pq ¼

hI
pq; j1I

pqj\lpq;

#I
pq; j1I

pqj[ lpq;

(

M
I
pq ¼

h0
I

pq; j~1I
pqj\lpq;

#0Ipq; j~1I
pqj[ lpq;

(
ð15Þ

where hpq; #pq; h0pq; #
0
pq; hR

pq; #
R
pq; h0Rpq; #

0R
pq; hI

pq; #
I
pq; h0Ipq;

#0Ipq and lpq [ 0 are constants, p; q ¼ 1; 2; . . .; n.

Case 4 The complex-valued memductance function Wpq

and Mpq are given by

Wpq ¼ qpq þ 3.pqð1Þ
2
pq; Mpq ¼ q0pq þ 3.0pqð~1Þ

2
pq;

W
R
pq ¼ qR

pq þ 3.R
pqð1RÞ2pq;

M
R
pq ¼ q0Rpq þ 3.0Rpqð~1RÞ2pq; W

I
pq ¼ qI

pq þ 3.I
pqð1IÞ2pq;

M
I
pq ¼ q0Ipq þ 3.0Ipqð~1IÞ2pq;

ð16Þ

where qpq; .pq; q0pq; .0pq; qR
pq; .R

pq; q0Rpq; .0Rpq; q
I
pq; .I

pq; q0Ipq

and .0Ipq are constants, p; q ¼ 1; 2; . . .; n.

According to the features of memristors given in cases

1–4, then the following four cases can be happen.

Case 10 In the case 1, then

bmpqðxqðtÞÞ ¼
m̂pq; jxqðtÞj[ Tq;

�mpq; jxqðtÞj\Tq;

�

bnpqðxqðtÞÞ ¼
n̂pq; jxqðtÞj[ Tq;

�npq; jxqðtÞj\Tq;

� ð17Þ

where the switching jumps Tq [ 0, connection weights

m̂pq; �mpq; n̂pq; and �npq are constants, p; q ¼ 1; 2; . . .; n.

Case 20 In the case 2, bmpqðxqðtÞÞ and bnpqðxqðtÞÞ are

continuous functions, then

Kpq� bmpqðxqðtÞÞ� �Kpq and !pq� bnpqðxqðtÞÞ� �!pq;

ð18Þ

where Kpq;
�Kpq; !pq and �!pq are constants, p; q ¼ 1; 2;

. . .; n.

Case 30 In the case 3, then

bbpqðzqðtÞÞ ¼
b̂pq; jzqðtÞj[ Tq;

�bpq; jzqðtÞj\Tq;

(

bcpqðzqðtÞÞ ¼
ĉpq; jzqðtÞj[ Tq;

�cpq; jzqðtÞj\Tq;

(

bbR

pqðuqðtÞÞ ¼
b̂

R

pq; juqðtÞj[ Tq;

�bR
pq; juqðtÞj\Tq;

8<
:

bcR
pqðuqðtÞÞ ¼

ĉR
pq; juqðtÞj[ Tq;

�cR
pq; juqðtÞj\Tq;

(

bbI

pqðvqðtÞÞ ¼
b̂

I

pq; jvqðtÞj[ Tq;

�bI
pq; jvqðtÞj\Tq;

8<
:

bcI
pqðvqðtÞÞ ¼

ĉI
pq; jvqðtÞj[ Tq;

�cI
pq; jvqðtÞj\Tq;

(
ð19Þ

where the switching jumps Tq [ 0, connections weights

b̂pq;
�bpq; ĉpq; �cpq; b̂

R

pq;
�bR

pq; ĉR
pq; �cR

pq; b̂
I

pq;
�bI

pq; ĉI
pq and �cI

pq

are constants, p; q ¼ 1; 2; . . .; n.

Case 40 In the case 4, bbpqðzqðtÞÞ and bcpqðzqðtÞÞ are

complex-valued continuous functions, then

Dpq� bbpqðzqðtÞÞ� �Dpq and Hpq�bcpqðzqðtÞÞ� �Hpq;

DR
pq� bbR

pqðuqðtÞÞ� �D
R

pq and HR
pq�bcR

pqðuqðtÞÞ� �H
R

pq;

DI
pq� bbI

pqðvqðtÞÞ� �D
I

pq and HI
pq�bcI

pqðvqðtÞÞ� �H
I

pq;

ð20Þ

where Dpq;
�Dpq; Hpq;

�Hpq; DR
pq;

�D
R

pq; HR
pq;

�H
R

pq; DI
pq;

�D
I

pq;

HI
pq, and �H

I

pq are constants, p; q ¼ 1; 2; . . .; n.

Remark 1 The memristor-based neural networks is one of

the special kind of differential equations with discontinu-

ous right-hand sides because that it is a state-dependent

switching system. Thus, the connection weights are chan-

ged depending on their state variable. It shows that the

solutions of this differential equation are not yet been

calculated in the straightforward manner. Therefore, Fil-

ippov (1988) proposed a solution method, that to transform

differential equations with discontinuous right-hand sides

into a differential inclusion by using the theories of dif-

ferential inclusion. Many of the authors studied the

memristor-based neural networks and proposed some good

results in the framework of Filippov solution see Zhang

et al. (2013), Yang et al. (2014), Wu and Zeng (2012, 2013,

2014), Wu et al. (2011, 2013a, b), Cai and Huang (2014),

Guo et al. (2013), Qi et al. (2014), Wen et al. (2013), Chen

et al. (2014) and references therein. If the connection

weights are not changed according to the state variable then
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the memristor-based neural networks become a class of

conventional neural networks system.

Definition 3 A set-valued map F with nonempty values

is said to be upper-semicontinuous at x0 2 E � Rn if, for

any open set P containing Fðx0Þ, there exists a neighbor-

hood Q of x0 such that FðQÞ � P; FðxÞ is said to have a

closed (convex, compact) image if for each x 2 E; FðxÞ is

closed (convex, compact).

Definition 4 For the system dx
dt
¼ gðxÞ; x 2 Rn, with

discontinuous right-hand sides, a set-valued map is defined

as

UðxÞ ¼
\

d [ 0

\
lðPÞ¼0

�co gðBðx; dÞÞ nP
� �

;

where �co½E� is the closure of the convex hull of set

E; Bðx; dÞ ¼ fy : ky� xk� dg; and lðPÞ is a Lebesgue

measure of set P. A solution in Filippov’s sense of the

Cauchy problem for this system with initial condition xð0Þ ¼
x0 is an absolutely continuous function xðtÞ; t 2 ½0;T �, which

satisfies xð0Þ ¼ x0 and the differential inclusion:

dx

dt
2 UðxÞ; for a.e. t 2 ½0; T �:

Definition 5 The solution of systems (5) and (9) is said to

be stable if for any e [ 0 there exists dðt0; eÞ[ 0 such that

t� t0� 0; kvðtÞ � wðtÞk\d implies kz1ðt; t0; vÞ �

zðt; t0;wÞk\e for any two solutions z1ðt; t0; vÞ and

zðt; t0;wÞ. It is uniformly stable if the above d is indepen-

dent of t0.

Assumption 1 bf qð�Þ; bgqð�Þ satisfy the Lipschitz condi-

tions, i.e., for any x; y 2 R; there exist positive constants

Lq; Gq such that

kbf qðxÞ�bf qðyÞk�Lqkx� yk; kbgqðxÞ� bgqðyÞk�Gqkx� yk:
ð21Þ

Assumption 2 ep;mpq; npq; Lq and Gq satisfy the follow-

ing conditions:

km	k þ kn	k\�e;

where �e ¼ minð1� emax; eminÞ; emax ¼ max
8q
feqg;

emin ¼ min
8q
feqg; km	k ¼

Xn

p¼1

jm	pj ¼
Xn

p¼1

max
8q
fjmpqjLqg;

kn	k ¼
Xn

p¼1

jn	pj ¼
Xn

p¼1

max
8q
jnpqjGq

� �
:

Assumption 3 �p; bpq; cpq; kq and lq satisfy the following

conditions:

Xn

q¼1

kf	qk þ
Xn

q¼1

kg	qk þ
Xn

q¼1

kn	qk þ
Xn

q¼1

kp	qk\��;

where �� ¼ minðj1� �maxj; �minÞ; �max ¼ max
8p

�p

� �
; �min ¼ min

8p
�p

� �
;

kf	k ¼
Xn

p¼1

jf	pj ¼
Xn

p¼1

max
8q
jbpqjkq

� �
; kg	k ¼

Xn

p¼1

jg	pj ¼
Xn

p¼1

max
8q
jcpqjlq

� �
;

kf	1k ¼
Xn

p¼1

jf	1pj ¼
Xn

p¼1

max
8q
jbR

pqjk
RR
q

n o
; kf	2k ¼

Xn

p¼1

jf	2pj ¼
Xn

p¼1

max
8q
jbR

pqjk
RI
q

n o
;

kf	3k ¼
Xn

p¼1

jf	3pj ¼
Xn

p¼1

max
8q
jbI

pqjkIR
q

n o
; kf	4k ¼

Xn

p¼1

jf	4pj ¼
Xn

p¼1

max
8q
jbI

pqjkII
q

n o
;

kg	1k ¼
Xn

p¼1

jg	1pj ¼
Xn

p¼1

max
8q
jcR

pqjlRR
q

n o
; kg	2k ¼

Xn

p¼1

jg	2pj ¼
Xn

p¼1

max
8q
jcR

pqjlRI
q

n o
;

kg	3k ¼
Xn

p¼1

jg	3pj ¼
Xn

p¼1

max
8q
jcI

pqjlIR
q

n o
; kg	4k ¼

Xn

p¼1

jg	4pj ¼
Xn

p¼1

max
8q
jcI

pqjlII
q

n o
;

kn	1k ¼
Xn

p¼1

jn	1pj ¼
Xn

p¼1

max
8q
jbI

pqjk
RR
q

n o
; kn	2k ¼

Xn

p¼1

jn	2pj ¼
Xn

p¼1

max
8q
jbI

pqjk
RI
q

n o
;

kn	3k ¼
Xn

p¼1

jn	3pj ¼
Xn

p¼1

max
8q
jbR

pqjk
IR
q

n o
; kn	4k ¼

Xn

p¼1

jn	4pj ¼
Xn

p¼1

max
8q
jbR

pqjk
II
q

n o
;
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Assumption 4 Let z ¼ uþ iv, where i denotes the

imaginary unit, that is, i ¼
ffiffiffiffiffiffiffi
�1
p

. fqðzÞ and gqðzðt � sÞÞ can

be expressed by separating into its real and imaginary part

as

fqðzÞ ¼ f R
q ðu;vÞþ if I

q ðu;vÞ and

gqðzðt� sÞÞ ¼ gR
q ðuðt� sÞ;vðt� sÞÞþ igI

qðuðt� sÞ;vðt� sÞÞ;

where f R
q ð�; �Þ : R2 �! R and f I

q ð�; �Þ : R2 �! R and

gR
q ð�; �Þ : R2 �! R and gI

qð�; �Þ : R2 �! R. For notational

simplicity, uðt � sÞ and vðt � sÞ are denoted by us and vs

respectively.

1. The partial derivatives of fqð�; �Þ with respect to u; v:

of R
q =ou; of R

q =ov; of I
q=ou and of I

q=ov exist and are

continuous. Similarly, the partial derivatives of

gqð�; �Þ with respect to u; v: ogR
q=ou; ogR

q=ov; ogI
q=ou

and ogI
q=ov exist and are continuous.

2. The partial derivatives of R
q =ou; of R

q =ov; of I
q=ou and

of I
q=ov are bounded, that is, there exist positive

constant numbers kRR
q ; kRI

q ; kIR
q ; kII

q such that

jof R
q =ouj � kRR

q ; jof R
q =ovj � kRI

q ; jof I
q=ouj � kIR

q ; jof I
q=

ovj � kII
q :

3. Also, the partial derivatives ogR
q=ou; ogR

q=ov; ogI
q=ou

and ogI
q=ov are bounded, that is, there exist positive

constant numbers lRR
q ; lRI

q ; lIR
q ; lII

q such that

jogR
q=ouj � lRR

q ; jogR
q=ovj � lRI

q ; jogI
q=ouj � lIR

q ; jogI
q=

ovj � lII
q :

Then, according to the mean value theorem for mul-

tivariable functions, we have that for any

u; u0; v; v0 2 Rn

jf R
q ðu0; v0Þ � f R

q ðu; vÞj� kRR
q ju0 � uj þ kRI

q jv0 � vj;
jf I

qðu0; v0Þ � f I
q ðu; vÞj � kIR

q ju0 � uj þ kII
q jv0 � vj;

jgR
q ðu0s; v0sÞ � gR

q ðus; vsÞj � lRR
q ju0s � usj þ lRI

q jv0s � vsj;
jgI

qðu0s; v0sÞ � gI
qðus; vsÞj � lIR

q ju0s � usj þ lII
q jv0s � vsj:

ð22Þ

Assumption 5 fqð�Þ; gqð�Þ satisfy the Lipschitz conditions

in the complex domain, i.e., for any u; v 2 C; there exist

positive constants kq; lq such that

kfqðuÞ � fqðvÞk� kqku� vk; kgqðuÞ � gqðvÞk�lqku� vk:
ð23Þ

Main results

In this section, some sufficient conditions for the existence,

uniqueness and uniform stability of considered both

RVMFNNs and CVMFNNs are derived.

Real-valued memristor-based fractional-order neural

networks

We first consider RVMFNNs with time delays and two

different types of memductance functions. By using Fil-

ippov’s solution, differential inclusion and Banach con-

traction principle, some sufficient conditions are obtained

to ensure the existence, uniqueness and uniform stability of

considered RVMFNNs.

Theorem 1 Under the case 10, if Assumption 1–2 are

satisfied, then the system (5) is satisfying the initial con-

dition (8) is uniformly stable.

Proof By theories of differential inclusions and set-val-

ued maps, from (5), if follows that

DaxpðtÞ 2 � epxpðtÞ þ
Xn

q¼1

cofm̂pq; �mpqgbf qðxqÞ

þ
Xn

q¼1

cofn̂pq; �npqgbgqðxqsÞ þ Ip;

ð24Þ

or equivalently, for p; q ¼ 1; 2; . . .; n; there exists a mea-

surable functions ~mpqðtÞ 2 cofm̂pq; �mpqg and ~npqðtÞ 2
cofn̂pq; �npqg such that

DaxpðtÞ ¼ �epxpðtÞ þ
Xn

q¼1

~mpqðtÞbf qðxqÞ

þ
Xn

q¼1

~npqðtÞpqbgqðxqsÞ þ Ip;

ð25Þ

kp	1k ¼
Xn

p¼1

jp	1pj ¼
Xn

p¼1

max
8q
jcI

pqjlRR
q

n o
; kp	2k ¼

Xn

p¼1

jp	2pj ¼
Xn

p¼1

max
8q
jcI

pqjlRI
q

n o
;

kp	3k ¼
Xn

p¼1

jp	3pj ¼
Xn

p¼1

max
8q
jcR

pqjlIR
q

n o
; kp	4k ¼

Xn

p¼1

jp	4pj ¼
Xn

p¼1

max
8q
jcR

pqjlII
q

n o
:
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for p; q ¼ 1; 2; . . .; n; j ~mpqðtÞj� maxfjm̂pqj; j �mpqjg�mpq

and j~npqðtÞj � maxfjn̂pqj; j�npqjg� npq.

Consider x0 and x with x0 6¼ x. x0ðtÞ ¼
ðx01ðtÞ; . . .;x0nðtÞÞ and xðtÞ ¼ ðx1ðtÞ; . . .;xnðtÞÞ are any

two solutions of the system (5) with initial conditions

x0pðsÞ ¼ u0pðsÞ; where u0pðsÞ 2 Cð½�s; 0�;RnÞ; u0pð0Þ ¼
0; xpðsÞ ¼ upðsÞ, where upðsÞ 2 Cð½�s; 0�;RnÞ; upð0Þ ¼
0; p 2 n. We have

Daðx0pðtÞ � xpðtÞÞ� � epðx0pðtÞ � xpðtÞÞ

þ
Xn

q¼1

mpq½bf qðx0qÞ � bf qðxqÞ�

þ
Xn

q¼1

npq½bgqðx0qsÞ � bgqðxqsÞ�:

Now multiply D�a on both sides, we can write

x0pðtÞ�xpðtÞ�D�a
h
�epðx0pðtÞ�xpðtÞÞ

þ
Xn

q¼1

mpq½bf qðx0qÞ�bf qðxqÞ�þ
Xn

q¼1

npq½bgqðx0qsÞ�bgqðxqsÞ�
i
;

ð26Þ

From (26), we have

x0pðtÞ � xpðtÞ�
1

CðaÞ

Z t

0

ðt � sÞa�1
h
� epðx0pðsÞ � xpðsÞÞ

þ
Xn

q¼1

mpq
bf qðx0qÞ � bf qðxqÞ
h i

þ
Xn

q¼1

npq bgqðx0qsÞ � bgqðxqsÞ
h ii

ds:

By taking absolute value and multiply e�t on both sides, we

get

e�tjx0pðtÞ � xpðtÞj �
1

CðaÞ e
�t

Z t

0

ðt � sÞa�1
h
epjx0pðsÞ � xpðsÞj

þ
Xn

q¼1

jmpqjjbf qðx0qÞ � bf qðxqÞj þ
Xn

q¼1

jnpqjjbgqðx0qsÞ � bgqðxqsÞj
i
ds

� ep

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0pðsÞ � xpðsÞjds

þ
Xn

q¼1

jmpqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s

h
Lqjx0qðsÞ � xqðsÞj

i
ds

þ
Xn

q¼1

jnpqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

h
Gqjx0qsðsÞ � xqsðsÞj

i
ds

� ep

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0pðsÞ � xpðsÞjdsþ

Xn

q¼1

jmpqjLq

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0qðsÞ � xqðsÞjds

þ
Xn

q¼1

jnpqjGq

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjx0qsðsÞ � xqsðsÞjds

� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ
Xn

q¼1

jmpqjLq

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0qðsÞ � xqðsÞjds

þ
Xn

q¼1

jnpqjGq

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

jnpqjGq

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjx0qsðsÞ � xqsðsÞjds

e�tjx0pðtÞ � xpðtÞj � ep sup
t
fe�tjx0pðtÞ � xpðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ m	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ n	p
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � c� sÞa�1

e�ðt�cÞe�cju0qðcÞ � uqðcÞjdcþ n	p
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � c� sÞa�1
e�ðt�cÞe�c
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From (27), we can obtain

kx0ðtÞ � xðtÞk ¼
Xn

j¼1

sup
t
fe�tjx0pðtÞ � xpðtÞjg

� emax þ km	k þ kn	k½ �kx0ðtÞ � xðtÞk
þ kn	k½ �ku0ðtÞ � uðtÞk:

ð28Þ

The above Eq. (28) can be rewritten as

kx0ðtÞ �xðtÞk� kn	k
1� emaxþkm	kþ kn	kð Þ ku

0ðtÞ �uðtÞk:

ð29Þ

From (29), we can say that for 8e [ 0; then there exist a

d ¼ 1� emaxþkm	kþkn	kð Þ
kn	k e [ 0 such that kx0ðtÞ � xðtÞk\e

when ku0ðtÞ � uðtÞk\d. Thus, the solution xðtÞ is uni-

formly stable.

Theorem 2 Under the case 20, if Assumption 1–2 are

satisfied, then the system (5) is satisfying the initial con-

dition (8) is uniformly stable.

Proof By (5), if follows that

DaxpðtÞ� � epxpðtÞ þ
Xn

q¼1

~Kpq
bf qðxqÞ

þ
Xn

q¼1

~!pqbgqðxqsÞ þ Ip; ð30Þ

Transform (30) into the compact form as follows:

DaxðtÞ� � ExðtÞ þ ~Kbf ðxðtÞÞ þ ~!bg xðt � sðtÞÞð Þ þ I;

ð31Þ

where xðtÞ ¼ ðx1ðtÞ; . . .;xnðtÞÞT ; I ¼ ðI1; . . .; InÞT ;bf ðxðtÞÞ ¼ ðbf 1ðx1ðtÞÞ; . . .;bf nðxnðtÞÞÞT bgðxðt � sðtÞÞÞ ¼

ðbg1ðx1ðt � sðtÞÞÞ; . . .; bgnðxnðt � sðtÞÞÞÞT ; ~Kpq ¼ max

fjKpqj; j �Kpqjg; ~K ¼ ð ~KpqÞn�n;
~!pq ¼ maxfj!pqj; j �!pqjg;

~! ¼ ð ~!pqÞn�n.

Consider x0 and x with x0 6¼ x. x0ðtÞ ¼
ðx01ðtÞ; . . .;x0nðtÞÞ and xðtÞ ¼ ðx1ðtÞ; . . .;xnðtÞÞ are any

two solutions of the system (31) with initial conditions

x0pðsÞ ¼ u0pðsÞ; where u0pðsÞ 2 Cð½�s; 0�;RnÞ; u0pð0Þ ¼ 0;

xpðsÞ ¼ upðsÞ, where upðsÞ 2 Cð½�s; 0�;RnÞ; upð0Þ ¼ 0;

p 2 n. We have

Daðx0pðtÞ � xpðtÞÞ� � epðx0pðtÞ � xpðtÞÞ

þ
Xn

q¼1

~Kpq
bf qðx0qÞ � bf qðxqÞ
h i

þ
Xn

q¼1

~!pq bgqðx0qsÞ � bgqðxqsÞ
h i

:

Now multiply by D�a on both sides, we can write

x0pðtÞ � xpðtÞ�D�a
h
� epðx0pðtÞ � xpðtÞÞ

þ
Xn

q¼1

~Kpq
bf qðx0qÞ � bf qðxqÞ
h i

þ
Xn

q¼1

~!pq bgqðx0qsÞ � bgqðxqsÞ
h ii

;

ð32Þ

From (32), we have

x0pðtÞ � xpðtÞ�
1

CðaÞ

Z t

0

ðt � sÞa�1
h
� epðx0pðsÞ � xpðsÞÞ

þ
Xn

q¼1

~Kpq½bf qðx0qÞ � bf qðxqÞ�

þ
Xn

q¼1

~!pq½bgqðx0qsÞ � bgqðxqsÞ�
i
ds:

By taking absolute value and multiply by e�t on both sides

of the above, we get

� jx0qðcÞ � xqðcÞjdc� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ m	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ n	p
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ n	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg þ m	p

Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjg þ n	p

Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s

þ n	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjge�s

� ep sup
t

e�tjx0pðtÞ � xpðtÞj
n o

þ m	pkx0ðtÞ � xðtÞk þ n	pku0ðtÞ � uðtÞk þ n	pkx0ðtÞ � xðtÞk: ð27Þ
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e�tjx0pðtÞ � xpðtÞj �
1

CðaÞ e
�t

Z t

0

ðt � sÞa�1
h
epjx0pðsÞ � xpðsÞj þ

Xn

q¼1

j ~Kpqjjbf qðx0qÞ � bf qðxqÞj

þ
Xn

q¼1

j ~!pqjjbgqðx0qsÞ � bgqðxqsÞj
i
ds

� ep

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0pðsÞ � xpðsÞjdsþ

Xn

q¼1

j ~Kpqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s

h
Lqjx0qðsÞ � xqðsÞj

i
ds

þ
Xn

q¼1

j ~!pqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

h
Gqjx0qsðsÞ � xqsðsÞj

i
ds

� ep

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0pðsÞ � xpðsÞjdsþ

Xn

q¼1

j ~KpqjLq

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0qðsÞ � xqðsÞjds

þ
Xn

q¼1

j ~!pqjGq

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjx0qsðsÞ � xqsðsÞjds

� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ
Xn

q¼1

j ~KpqjLq

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjx0qðsÞ � xqðsÞjds

þ
Xn

q¼1

j ~!pqjGq

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~!pqjGq

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjx0qsðsÞ � xqsðsÞjds

e�tjx0pðtÞ � xpðtÞj � ep sup
t
fe�tjx0pðtÞ � xpðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ m	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ n	p
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�mju0qðmÞ � uqðmÞjdm

þ n	p
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�mjx0qðmÞ � xqðmÞjdm

� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ m	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ n	p
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ n	p
Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg þ m	p

Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjg

þ n	p
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s þ n	p

Xn

q¼1

sup
t
fe�tjx0qðtÞ � xqðtÞjge�s

� ep sup
t
fe�tjx0pðtÞ � xpðtÞjg þ m	pkx0ðtÞ � xðtÞk þ n	pku0ðtÞ � uðtÞk þ n	pkx0ðtÞ � xðtÞk: ð33Þ
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From (33) we can obtain

kx0ðtÞ � xðtÞk ¼
Xn

j¼1

sup
t

e�tjx0pðtÞ � xpðtÞj
n o

� emax þ km	k þ kn	k½ �kx0ðtÞ � xðtÞk
þ kn	kku0ðtÞ � uðtÞk:

ð34Þ

The above Eq. (34) can be rewritten as

kx0ðtÞ �xðtÞk� kn	k
1� emaxþkm	kþ kn	kð Þ ku

0ðtÞ �uðtÞk:

ð35Þ

From (35), we can say that for 8e [ 0; then there exist a

d ¼ 1� emaxþkm	kþkn	kð Þ
kn	k e [ 0 such that kx0ðtÞ � xðtÞk\e

when ku0ðtÞ � uðtÞk\d. Thus, the solution xðtÞ is uni-

formly stable.

Theorem 3 If Assumptions 1 and 2 hold, there exist a

unique equilibrium point in system (5), which is uniformly

stable.

Proof Let epx	p ¼ u	p and constructing a mapping T :

Rn ! Rn; defined by

Tpup�
Xn

q¼1

mpq
bf q

up

ep


 �
þ
Xn

q¼1

npqbgq

up

ep


 �
þ Ip; ð36Þ

where p ¼ 1; 2; . . .; n; TðuÞ ¼ ðT1ðuÞ; T2ðuÞ; . . .; TnðuÞÞT .

Now, we will show that T is a contraction mapping on

Rn endowed with the Euclidean space norm. In fact, for

any two different points u ¼ ðu1; u2; . . .; unÞT ; v ¼
ðv1; v2; . . .; vnÞT ; we have

kTðuÞ � TðvÞk ¼
Xn

p¼1

jTðuÞ � TðvÞj

�
Xn

p¼1

����
Xn

q¼1

mpq
bf q

uq

eq


 �
� bf q

vq

eq


 � �

þ
Xn

q¼1

npq bgq

uq

eq


 �
� bgq

vq

eq


 � �����

�
Xn

p¼1

Xn

q¼1

ðmpqLq þ npqGqÞ
eq

juq � vqj
 !

�
Xn

p¼1

ðm	p þ n	pÞ
emin

Xn

q¼1

juq � vqj
 !

� ðkm
	k þ kn	kÞ

�e
ku� vk:

ð37Þ

Based on Assumption 1,

kTðuÞ � TðvÞk\ku� vk; ð38Þ

which implies that T is a contraction mapping on Rn.

Hence, there exists a unique fixed point u	 such that

Tðu	Þ ¼ u	; i.e.

u	p ¼
Xn

q¼1

mpq
bf q

up

ep


 �
þ
Xn

q¼1

npqbgq

up

ep


 �
þ Ip; ð39Þ

That is

�epx
	
p þ

Xn

q¼1

mpq
bf qðx	qÞ þ

Xn

q¼1

npqbgqðx	qÞ þ Ip ¼ 0;

ð40Þ

for p ¼ 1; 2; . . .; n; which implies that x	 is an equilibrium

point of system (5). Moreover, it follows from Theorem 1

and Theorem 2 that x	 is uniformly stable.

Remark 2 If a ¼ 1, then system (5) can be written as

_xpðtÞ ¼ �epxpðtÞ þ
Xn

q¼1

bmpqðxqðtÞÞbf qðxqðtÞÞ

þ
Xn

q¼1

bnpqðxqðtÞÞbgqðxqðt � sðtÞÞÞ þ Ip;

ð41Þ

where t� 0; p ¼ 1; . . .; n. Then, the sufficient conditions

for the existence, uniqueness and uniform stability of

RVMFNNs in Theorems 1–3 reduced to the integer order

real-valued memristor-based neural networks (41).

Remark 3 Some sufficient conditions for the existence,

uniqueness and uniform stability of RVMFNNs are derived

in Theorems 1 and 2 based on Filippov’s solution, differ-

ential inclusion theory and Banach contraction principle.

Next we are going obtain some sufficient conditions for the

existence, uniqueness and uniform stability of CVMFNNs

in the following Theorems based on Filippov’s solution,

differential inclusion theory and Banach contraction

principle.

Complex-valued memristor-based fractional-order

neural networks:

In this section, we describe CVMFNNs with time delays

and two different types of memductance functions. First,

we separate the CVMFNNs into its equivalent two

RVMFNNs then by using Filippov’s solution, differential

inclusion and Banach contraction principle, some sufficient

conditions are obtained to show the existence, uniqueness

and uniform stability of considered CVMFNNs.

Theorem 4 Under the case 30, if Assumptions 3–4 are

satisfied, then the system (9) is satisfying the initial con-

dition (12) is uniformly stable.
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Proof Complex-valued memristor-based fractional-order

neural networks system (9) can be expressed by separating

real and imaginary parts, we get

DaupðtÞ ¼ ��pupðtÞ þ
Xn

q¼1

bbR

pqðuqðtÞÞf Rðu; vÞ

�
Xn

q¼1

bbI

pqðvqðtÞÞf Iðu; vÞ þ
Xn

q¼1

bcR
pqðuqðtÞÞ

� gRðuðt � sÞ; vðt � sÞÞ �
Xn

q¼1

bcI
pqðvqðtÞÞ

� gIðuðt � sÞ; vðt � sÞÞ þ HR;

ð42Þ

DavpðtÞ ¼ ��pvpðtÞ þ
Xn

q¼1

bbI

pqðvqðtÞÞf Rðu; vÞ

þ
Xn

q¼1

bbR

pqðuqðtÞÞf Iðu; vÞ þ
Xn

q¼1

bcI
pqðvqðtÞÞ

� gRðuðt � sÞ; vðt � sÞÞ

þ
Xn

q¼1

bcR
pqðvqðtÞÞgIðuðt � sÞ; vðt � sÞÞ þ HI :

ð43Þ

By theories of differential inclusions and set-valued maps,

from (42) and (43), it follows that

DaupðtÞ 2 ��pupðtÞ þ
Xn

q¼1

co b̂
R

pq;
�bR

pq

n o
f Rðu; vÞ

�
Xn

q¼1

co b̂
I

pq;
�bI

pq

n o
f Iðu; vÞ þ

Xn

q¼1

co ĉR
pq; �c

R
pq

n o

� gRðuðt � sÞ; vðt � sÞÞ �
Xn

q¼1

co ĉI
pq; �c

I
pq

n o
gI

� ðuðt � sÞ; vðt � sÞÞ þ HR;

ð44Þ

DavpðtÞ 2 ��pvpðtÞ þ
Xn

q¼1

co b̂
I

pq;
�bI

pq

n o
f Rðu; vÞ

þ
Xn

q¼1

co b̂
R

pq;
�bR

pq

n o
f Iðu; vÞ þ

Xn

q¼1

co ĉI
pq; �c

I
pq

n o

� gRðuðt � sÞ; vðt � sÞÞ þ
Xn

q¼1

co ĉR
pq; �c

R
pq

n o
gI

� ðuðt � sÞ; vðt � sÞÞ þ HI :

ð45Þ

or equivalently, for p; q ¼ 1; 2; . . .; n there exists a measur-

able functions ~b
R

pqðtÞ 2 cofb̂R

pq;
�bR

pqg; ~b
I

pqðtÞ 2 cofb̂I

pq;
�bI

pqg;
~cR

pqðtÞ 2 cofĉR
pq; �c

R
pqg; and ~cI

pqðtÞ 2 cofĉI
pq; �c

I
pqg such that

DaupðtÞ ¼��pupðtÞþ
Xn

q¼1

~b
R

pqðtÞf Rðu;vÞ�
Xn

q¼1

~b
I

pqðtÞf Iðu;vÞ

þ
Xn

q¼1

~cR
pqðtÞgRðuðt� sÞ;vðt� sÞÞ

�
Xn

q¼1

~cI
pqðtÞgIðuðt� sÞ;vðt� sÞÞþHR;

ð46Þ

DavpðtÞ ¼ ��pvpðtÞ þ
Xn

q¼1

~b
I

pqðtÞf Rðu;vÞ þ
Xn

q¼1

~b
R

pqðtÞf Iðu;vÞ

þ
Xn

q¼1

~cI
pqðtÞgRðuðt� sÞ;vðt� sÞÞ

þ
Xn

q¼1

~cR
pqðtÞgIðuðt� sÞ;vðt� sÞÞ þHI :

ð47Þ

Clearly, for p; q ¼ 1; 2; . . .; n; j~bR

pqðtÞj � maxfjb̂R

pqj;
j�bR

pqjg � bR
pq; j~b

I

pqðtÞj � maxfjb̂I

pqj; j�bI
pqjg� bI

pq; j~cR
pqðtÞj �

maxfjĉR
pqj; j�cR

pqjg� cR
pq and j~cI

pqðtÞj � maxfjĉI
pqj; j�cI

pqjg�
cI

pq.

Consider z0 ¼ u0 þ iv0 and z ¼ uþ iv with u0 6¼ u and

v0 6¼ v. z0ðtÞ ¼ ðz01ðtÞ; . . .; z0nðtÞÞ and zðtÞ ¼ ðz1ðtÞ; . . .; znðtÞÞ
are any two solutions of the system (9) with initial condi-

tions z0pðsÞ¼w0pðsÞþiv0pðsÞ; where w0pðsÞ; v0pðsÞ2 Cð½�s; 0�;
RnÞ; w0pð0Þ ¼ 0; v0pð0Þ ¼ 0; zpðsÞ ¼ wpðsÞ þ ivpðsÞ, where

wpðsÞ; vpðsÞ 2 Cð½�s; 0�;RnÞ; wpð0Þ¼0; vpð0Þ¼0; p 2 n.

We have

Daðu0pðtÞ� upðtÞÞ� � �pðu0pðtÞ� upðtÞÞ

þ
Xn

q¼1

bR
pq f R

q ðu0q;v0qÞ� f R
q ðuq;vqÞ

h i
�
Xn

q¼1

bI
pq f I

qðu0q;v0qÞ
h

�f I
q ðuq;vqÞ

i
þ
Xn

q¼1

cR
pq gR

q ðu0qs;v
0
qsÞ� gR

q ðuqs;vqsÞ
h i

�
Xn

q¼1

cI
pq gI

qðu0qs;v
0
qsÞ� gI

qðuqs;vqsÞ
h i

;

Daðv0pðtÞ� vpðtÞÞ� � �pðv0pðtÞ� vpðtÞÞþ
Xn

q¼1

bI
pq f R

q ðu0q;v0qÞ
h

�f R
q ðuq;vqÞ

i
þ
Xn

q¼1

bR
pq f I

q ðu0q;v0qÞ� f I
q ðuq;vqÞ

h i

þ
Xn

q¼1

cI
pq gR

q ðu0qs;v
0
qsÞ� gR

q ðuqs;vqsÞ
h i

þ
Xn

q¼1

cR
pq gI

qðu0qs;v
0
qsÞ� gI

qðuqs;vqsÞ
h i

:
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Now multiply by D�a on both sides, we can write

u0pðtÞ � upðtÞ�D�a
h
� �pðu0pðtÞ � upðtÞÞ

þ
Xn

q¼1

bR
pq f R

q ðu0q; v0qÞ � f R
q ðuq; vqÞ

h i

�
Xn

q¼1

bI
pq f I

qðu0q; v0qÞ � f I
q ðuq; vqÞ

h i

þ
Xn

q¼1

cR
pq gR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞ
h i

�
Xn

q¼1

cI
pq gI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞ
h ii

;

ð48Þ

v0pðtÞ � vpðtÞ�D�a
h
� �pðv0pðtÞ � vpðtÞÞ

þ
Xn

q¼1

bI
pq f R

q ðu0q; v0qÞ � f R
q ðuq; vqÞ

h i

þ
Xn

q¼1

bR
pq f I

q ðu0q; v0qÞ � f I
qðuq; vqÞ

h i

þ
Xn

q¼1

cI
pq gR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞ
h i

þ
Xn

q¼1

cR
pq gI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞ
h ii

:

ð49Þ

From (48), we have

u0pðtÞ � upðtÞ�D�a
h
� �pðu0pðtÞ � upðtÞÞ

þ
Xn

q¼1

bR
pq f R

q ðu0q; v0qÞ � f R
q ðuq; vqÞ

h
� �
Xn

q¼1

bI
pq½f I

q ðu0q; v0qÞ

� f I
qðuq; vqÞ

i
þ
Xn

q¼1

cR
pq gR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞ
h i

�
Xn

q¼1

cI
pq gI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞ
h

�
i

� 1

CðaÞ

Z t

0

ðt � sÞa�1
h
� �pðu0pðsÞ � upðsÞÞ

þ
Xn

q¼1

bR
pq f R

q ðu0q; v0qÞ � f R
q ðuq; vqÞ

h i

�
Xn

q¼1

bI
pq f I

q ðu0q; v0qÞ � f I
qðuq; vqÞ

h i

þ
Xn

q¼1

cR
pq gR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞ
h i

�
Xn

q¼1

cI
pq gI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞ
h ii

ds:

By taking absolute value and multiply by e�t on both sides

of the above, we get

e�tju0pðtÞ � upðtÞj �
1

CðaÞ e
�t

Z t

0

ðt � sÞa�1
h
�pju0pðsÞ � upðsÞj þ

Xn

q¼1

jbR
pqjjf R

q ðu0q; v0qÞ � f R
q ðuq; vqÞj

þ
Xn

q¼1

jbI
pqjjf I

q ðu0q; v0qÞ � f I
qðuq; vqÞj þ

Xn

q¼1

jcR
pqjjgR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞj

þ
Xn

q¼1

jcI
pqjjgI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞj
i
ds

� �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0pðsÞ � upðsÞjdsþ

Xn

q¼1

jbR
pqj

1

CðaÞ

Z t

0

ðt � sÞa�1

� e�ðt�sÞe�s
h
kRR

q ju0qðsÞ � uqðsÞj þ kRI
q jv0qðsÞ � vqðsÞj

i
ds

þ
Xn

q¼1

jbI
pqj

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s

h
kIR

q ju0qðsÞ � uqðsÞj

þ kII
q jv0qðsÞ � vqðsÞj

i
dsþ

Xn

q¼1

jcR
pqj

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

�
h
lRR

q ju0qsðsÞ � uqsðsÞj þ lRI
q jv0qsðsÞ � vqsðsÞj

i
dsþ

Xn

q¼1

jcI
pqj

1

CðaÞ

Z t

0

ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ
h
lIR

q ju0qsðsÞ � uqsðsÞj þ lII
q jv0qsðsÞ � vqsðsÞj

i
ds
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� �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0pðsÞ � upðsÞjds

þ
Xn

q¼1

jbR
pqjkRR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

jbR
pqjk

RI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

jbI
pqjkIR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

jbI
pqjk

II
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

jcR
pqjlRR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

jcR
pqjlRI

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

jcI
pqjlIR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

jcI
pqjlII

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

� �p sup
t
fe�tju0pðtÞ � upðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ
Xn

q¼1

jbR
pqjkRR

q

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjdsþ

Xn

q¼1

jbR
pqjk

RI
q

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjdsþ

Xn

q¼1

jbI
pqjkIR

q

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjdsþ

Xn

q¼1

jbI
pqjk

II
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s

� jv0qðsÞ � vqðsÞjdsþ
Xn

q¼1

jcR
pqjlRR

q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jw0qsðsÞ � wqsðsÞjdsþ
Xn

q¼1

jcR
pqjlRR

q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� ju0qsðsÞ � uqsðsÞjdsþ
Xn

q¼1

jcR
pqjlRI

q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

jcR
pqjlRI

q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

jcI
pqjlIR

q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jw0qsðsÞ � wqsðsÞjdsþ
Xn

q¼1

jcI
pqjlIR

q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� ju0qsðsÞ � uqsðsÞjdsþ
Xn

q¼1

jcI
pqjlII

q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

jcI
pqjlII

q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds
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e�tju0pðtÞ � upðtÞj � �p sup
t
fe�tju0pðtÞ � upðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ f	1p þ f	3p

h iXn

q¼1

sup
t
fe�tju0qðtÞ

� uqðtÞjg
1

CðaÞ

Z t

0

ua�1e�uduþ ½f	2p þ f	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

� 1

CðaÞ

Z t

0

ua�1e�uduþ ½g	1p þ g	3p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�m

� jw0qðmÞ � wqðmÞjdmþ ½g	1p þ g	3p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�m

� ju0qðmÞ � uqðmÞjdmþ ½g	2p þ g	4p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�m

� jv0qðmÞ � vqðmÞjdmþ ½g	2p þ g	4p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�m

� jv0qðmÞ � vqðmÞjdm

� �p sup
t
fe�tju0pðtÞ � upðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½f	1p þ f	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½f	2p þ f	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½g	1p þ g	3p�
Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½g	1p þ g	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

� �p sup
t
fe�tju0pðtÞ � upðtÞjg þ ½f	1p þ f	3p�

Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

þ ½f	2p þ f	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg þ ½g	1p þ g	3p�

Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s

þ ½g	1p þ g	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

� �p sup
t
fe�tju0pðtÞ � upðtÞjg þ ½f	1p þ f	3p�ku0ðtÞ � uðtÞk

þ ½f	2p þ f	4p�kv0ðtÞ � vðtÞk þ ½g	1p þ g	3p�kw
0ðtÞ � wðtÞk

þ ½g	1p þ g	3p�ku0ðtÞ � uðtÞk þ ½g	2p þ g	4p�kv0ðtÞ � vðtÞk
þ ½g	2p þ g	4p�kv0ðtÞ � vðtÞk:

ð50Þ
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From (50) we can obtain

ku0ðtÞ � uðtÞk ¼
Xn

j¼1

sup
t
fe�tju0pðtÞ � upðtÞjg

� �max þ kf	1k þ kf
	
3k þ kg	1k þ kg	3k

� �
ku0ðtÞ � uðtÞk

þ kf	2k þ kf
	
4k þ kg	2k þ kg	4k

� �
kv0ðtÞ � vðtÞk

þ kg	1k þ kg	3k
� �

kw0ðtÞ � wðtÞk
þ kg	2k þ kg	4k
� �

kv0ðtÞ � vðtÞk:
ð51Þ

The above Eq. (51) can be rewritten as

ku0ðtÞ� uðtÞk� 1

1� �maxþkf	1kþkf
	
3kþkg	1kþkg	3k

� �� �
� kf	2kþkf

	
4kþkg	2kþkg	4k

� �
kv0ðtÞ� vðtÞk

�
þ kg	1kþkg	3k
� �

kw0ðtÞ�wðtÞk
þ kg	2kþkg	4k
� �

kv0ðtÞ� vðtÞk
�
:

ð52Þ

Similarly, we consider the Eq. (49), one can easily obtain

as follows

v0pðtÞ � vpðtÞ ¼ D�a
h
� �pðv0pðtÞ � vpðtÞÞ

þ
Xn

q¼1

bI
pq½f R

q ðu0q; v0qÞ � f R
q ðuq; vqÞ� þ

Xn

q¼1

bR
pq½f I

q ðu0q; v0qÞ

� f I
q ðuq; vqÞ� þ

Xn

q¼1

cI
pq½gR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞ�

þ
Xn

q¼1

cR
pq½gI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞ�
i
;

v0pðtÞ � vpðtÞ ¼
1

CðaÞ

Z t

0

ðt � sÞa�1
h
� �pðv0pðsÞ � vpðsÞÞ

þ
Xn

q¼1

bI
pq½f R

q ðu0q; v0qÞ � f R
q ðuq; vqÞ� þ

Xn

q¼1

bR
pq½f I

q ðu0q; v0qÞ

� f I
q ðuq; vqÞ� þ

Xn

q¼1

cI
pq½gR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞ�

þ
Xn

q¼1

cR
pq½gI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞ�
i
ds:

By taking absolute value and multiply by e�t on both sides,

we have

e�tjv0pðtÞ � vpðtÞj �
1

CðaÞ e
�t

Z t

0

ðt � sÞa�1 �pjv0pðsÞ � vpðsÞj þ
Xn

q¼1

jbI
pqjjf R

q ðu0q; v0qÞ � f R
q ðuq; vqÞj

(

þ
Xn

q¼1

jbR
pqjjf I

q ðu0q; v0qÞ � f I
q ðuq; vqÞj þ

Xn

q¼1

jcI
pqjjgR

q ðu0qs; v
0
qsÞ � gR

q ðuqs; vqsÞj

þ
Xn

q¼1

jcR
pqjjgI

qðu0qs; v
0
qsÞ � gI

qðuqs; vqsÞjgds

¼ �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0pðsÞ � vpðsÞjdsþ

Xn

q¼1

jbI
pqj

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�s½kRR

q ju0qðsÞ � uqðsÞj þ kRI
q jv0qðsÞ � vqðsÞj� ds

þ
Xn

q¼1

jbR
pqj

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s½kIR

q ju0qðsÞ � uqðsÞj

þ kII
q jv0qðsÞ � vqðsÞj� dsþ

Xn

q¼1

jcI
pqj

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� lRR
q ju0qsðsÞ � uqsðsÞj þ lRI

q jv0qsðsÞ � vqsðsÞj
h i

dsþ
Xn

q¼1

jcR
pqj

1

CðaÞ

Z t

0

ðt� sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� lIR
q ju0qsðsÞ � uqsðsÞj þ lII

q jv0qsðsÞ � vqsðsÞj
h i

ds

¼ �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0pðsÞ � vpðsÞjds

þ
Xn

q¼1

jbI
pqjk

RR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds
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þ
Xn

q¼1

jbI
pqjkRI

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

jbR
pqjkIR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

jbR
pqjkII

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjdsþ

Xn

q¼1

jcI
pqjlRR

q

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjdsþ

Xn

q¼1

jcI
pqjlRI

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

jcR
pqjlIR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjdsþ

Xn

q¼1

jcR
pqjlII

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

¼ �p sup
t
fe�tjv0pðtÞ � vpðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ
Xn

q¼1

jbI
pqjkRR

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

jbI
pqjk

RI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjdsþ

Xn

q¼1

jbR
pqjk

IR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

jbR
pqjkII

q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjdsþ

Xn

q¼1

jcI
pqjlRR

q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjw0qsðsÞ � wqsðsÞjds

þ
Xn

q¼1

jcI
pqjlRR

q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjdsþ
Xn

q¼1

jcI
pqjlRI

q

1

CðaÞ

�
Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjdsþ

Xn

q¼1

jcI
pqjlRI

q

1

CðaÞ

�
Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

jcR
pqjlIR

q

1

CðaÞ

�
Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjw0qsðsÞ � wqsðsÞjdsþ

Xn

q¼1

jcR
pqjlIR

q

1

CðaÞ

�
Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjdsþ
Xn

q¼1

jcR
pqjlII

q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

jcR
pqjlII

q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

e�tjv0pðtÞ � vpðtÞj � �p sup
t
fe�tjv0pðtÞ � vpðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ ½n	1p þ n	3p�

�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ ½n	2p þ n	4p�

�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½p	1p þ p	3p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�mjw0qðmÞ � wqðmÞjdm

þ ½p	1p þ p	3p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�mju0qðmÞ � uqðmÞjdm

þ ½p	2p þ p	4p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�mjv0qðmÞ � vqðmÞjdm

þ ½p	2p þ p	4p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�mjv0qðmÞ � vqðmÞjdm

Cogn Neurodyn (2015) 9:145–177 161

123



From (53) we can obtain

kv0ðtÞ � vðtÞk ¼
Xn

j¼1

sup
t
fe�tjv0pðtÞ � vpðtÞjg

� �max þ kn	2k þ kn
	
4k þ kp	2k þ kp	4k

� �
kv0ðtÞ � vðtÞk

þ kn	1k þ kn
	
3k þ kp	1k þ kp	3k

� �
ku0ðtÞ � uðtÞk

þ kp	1k þ kp	3k
� �

kw0ðtÞ � wðtÞk
þ kp	2k þ kp	4k
� �

kv0ðtÞ � vðtÞk: ð54Þ

The above Eq. (54) can be rewritten as

kv0ðtÞ� vðtÞk� 1

1� �maxþkn	2kþkn	4kþ kp	2kþkp	4k
� �� �

� kn	1kþ kn	3kþ kp	1kþ kp	3k
� �

ku0ðtÞ� uðtÞk
�

þ kp	1kþ kp	3k
� �

kw0ðtÞ�wðtÞk
þ kp	2kþkp	4k
� �

kv0ðtÞ� vðtÞk
�
:

ð55Þ

From the Eqs. (52) and (55), we can write in the following

form,

¼ �p sup
t
fe�tjv0pðtÞ � vpðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½n	1p þ n	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½n	2p þ n	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

¼ �p sup
t
fe�tjv0pðtÞ � vpðtÞjg þ ½n	1p þ n	3p�

Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

þ ½n	2p þ n	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

� �p sup
t
fe�tjv0pðtÞ � vpðtÞjg þ ½n	1p þ n	3p�ku0ðtÞ � uðtÞk

þ ½n	2p þ n	4p�kv0ðtÞ � vðtÞk þ ½p	1p þ p	3p�kw
0ðtÞ � wðtÞk

þ ½p	1p þ p	3p�ku0ðtÞ � uðtÞk þ ½p	2p þ p	4p�kv0ðtÞ � vðtÞk
þ ½p	2p þ p	4p�kv0ðtÞ � vðtÞk:

ð53Þ
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ku0ðtÞ � uðtÞk� 1

M1

M2kv0ðtÞ � vðtÞkf

þM3kw0ðtÞ � wðtÞk þM4kv0ðtÞ � vðtÞkg; ð56Þ

kv0ðtÞ � vðtÞk� 1

N 1

N 2ku0ðtÞ � uðtÞkf

þN 3kw0ðtÞ � wðtÞk þ N 4kv0ðtÞ � vðtÞkg;
ð57Þ

where

M1 ¼ 1� �maxþ kf	1kþkf
	
3kþkg	1kþkg	3k

� �� �� �
;

M2 ¼ kf	2kþkf
	
4kþkg	2kþkg	4k

� �
;

M3 ¼ kg	1kþkg	3k
� �

;M4 ¼ kg	2kþkg	4k
� �

;

N 1 ¼ 1� �maxþkn	2kþkn
	
4kþkp	2kþkp	4k

� �� �
;

N 2 ¼ kn	1kþkn
	
3kþkp	1kþkp	3k

� �
;N 3 ¼ kp	1kþkp	3k

� �
;

N 4 ¼ kp	2kþkp	4k
� �

:

The Eqs. (56) and (57) can be rewritten in the following

form

ku0ðtÞ � uðtÞk� M2

M1

kv0ðtÞ � vðtÞk þM3

M1

kw0ðtÞ � wðtÞk

þM4

M1

kv0ðtÞ � vðtÞk;

ð58Þ

kv0ðtÞ � vðtÞk� N 2

N 1

ku0ðtÞ � uðtÞk þ N 3

N 1

kw0ðtÞ � wðtÞk

þ N 4

N 1

kv0ðtÞ � vðtÞk:

ð59Þ

Substituting (59) into (56), we have

ku0ðtÞ � uðtÞk� M2

M1

N 2

N 1

ku0ðtÞ � uðtÞk þ N 3

N 1

kw0ðtÞ � wðtÞk
�

þN 4

N 1

kv0ðtÞ � vðtÞk
�
þ M3

M1

kw0ðtÞ � wðtÞk

þM4

M1

kv0ðtÞ � vðtÞk;

¼M2N 2

M1N 1

ku0ðtÞ � uðtÞk

þ M2N 3

M1N 1

þM3

M1


 �
kw0ðtÞ � wðtÞk

þ M2N 4

M1N 1

þM4

M1


 �
kv0ðtÞ � vðtÞk;

ku0ðtÞ � uðtÞk�
M2N 3

M1N 1
þM3

M1

1�M2N 2

M1N 1

 !
kw0ðtÞ � wðtÞk

þ
M2N 4

M1N 1
þM4

M1

1�M2N 2

M1N 1

 !
kv0ðtÞ � vðtÞk:

Similarly, substituting (58) into (57), we have

kv0ðtÞ� vðtÞk� N 2

N 1

M2

M1

kv0ðtÞ� vðtÞk
�

þM3

M1

kw0ðtÞ�wðtÞkþM4

M1

kv0ðtÞ� vðtÞk
�

þ N 3

N 1

kw0ðtÞ�wðtÞkþN 4

N 1

kv0ðtÞ� vðtÞk;

¼N 2M2

N 1M1

kv0ðtÞ� vðtÞk

þ N 2M3

N 1M1

þN 3

N 1


 �
kw0ðtÞ�wðtÞk

þ N 2M4

N 1M1

þN 4

N 1


 �
kv0ðtÞ� vðtÞk;

kv0ðtÞ� vðtÞk�
N 2M3

N 1M1
þN 3

N 1

1�N 2M2

N 1M1

 !
kw0ðtÞ�wðtÞk

þ
N 2M4

N 1M1
þN 4

N 1

1�N 2M2

N 1M1

 !
kv0ðtÞ� vðtÞk:

If we take,

kw0ðtÞ � wðtÞk� e1

2
M2N 3
M1N 1

þM3
M1

1�M2N 2
M1N 1


 � ¼ e1

2d1

;

kv0ðtÞ � vðtÞk� e1

2
M2N 4
M1N 1

þM4
M1

1�M2N 2
M1N 1


 � ¼ e1

2d2

;

where d1 ¼
M2N 3
M1N 1

þM3
M1

1�M2N 2
M1N 1


 �
and d2 ¼

M2N 4
M1N 1

þM4
M1

1�M2N 2
M1N 1


 �
.

Then Eq. (56) becomes,

ku0ðtÞ � uðtÞk� e1: ð60Þ

Similarly if we take,

kw0ðtÞ � wðtÞk� e2

2
N 2M3
N 1M1

þN 3
N 1

1�N 2M2
N 1M1


 � ¼ e2

2d3

;

kv0ðtÞ � vðtÞk� e2

2
N 2M4
N 1M1

þN 4
N 1

1�N 2M2
N 1M1


 � ¼ e2

2d4

;

where d3 ¼
N 2M3
N 1M1

þN 3
N 1

1�N 2M2
N 1M1


 �
and d4 ¼

N 2M4
N 1M1

þN 4
N 1

1�N 2M2
N 1M1


 �
.

Then Eq. (57) becomes,

kv0ðtÞ � vðtÞk� e2: ð61Þ

From Eqs. (60) and (61), we can say that for 8e ¼
maxfe1; e2g[ 0; then there exist a d ¼
e=maxfd5; d6g[ 0; d5 ¼ maxfd1; d3g; d6 ¼ maxfd2; d4g
such that kz0ðtÞ � zðtÞk\e when kv	ðtÞ � w	ðtÞk\d. Thus,

the solution zðtÞ is uniformly stable.
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Theorem 5 Under the case 40, if Assumption 3–4 are

satisfied, then the system (9) is satisfying the initial con-

dition (12) is uniformly stable.

Proof Complex-valued memristor-based fractional-order

neural networks system (9) can be expressed by separating

real and imaginary parts, we get

DaupðtÞ ¼ ��pupðtÞ þ
Xn

q¼1

bR
pqðuqðtÞÞf Rðu; vÞ

�
Xn

q¼1

bI
pqðvqðtÞÞf Iðu; vÞ þ

Xn

q¼1

cR
pqðupðtÞÞ

� gRðuðt � sÞ; vðt � sÞÞ

�
Xn

q¼1

cI
pqðvqðtÞÞgIðuðt � sÞ; vðt � sÞÞ þ HR;

ð62Þ

DavpðtÞ ¼ ��pvpðtÞ þ
Xn

q¼1

bI
pqðvqðtÞÞf Rðu; vÞ

þ
Xn

q¼1

bR
pqðuqðtÞÞf Iðu; vÞ þ

Xn

q¼1

cI
pqðvqðtÞÞ

� gRðuðt � sÞ; vðt � sÞÞ

þ
Xn

q¼1

cR
pqðvqðtÞÞgIðuðt � sÞ; vðt � sÞÞ þ HI :

ð63Þ

DaupðtÞ� � �pupðtÞ þ
Xn

q¼1

~D
R

pqf Rðu; vÞ �
Xn

q¼1

~D
I

pqf Iðu; vÞ

þ
Xn

q¼1

~H
R

pqgRðuðt � sÞ; vðt � sÞÞ

�
Xn

q¼1

~H
I

pqgIðuðt � sÞ; vðt � sÞÞ þ HR;

ð64Þ

DavpðtÞ� � �pvpðtÞ þ
Xn

q¼1

~D
I

pqf Rðu; vÞ þ
Xn

q¼1

~D
R

pqf Iðu; vÞ

þ
Xn

q¼1

~H
I

pqgRðuðt � sÞ; vðt � sÞÞ

þ
Xn

q¼1

~H
R

pqgIðuðt � sÞ; vðt � sÞÞ þ HI :

ð65Þ

Clearly, for p; q ¼ 1; 2; . . .; n

~D
R

pq ¼ max jDR
pqj; j �D

R

pqj
h i

; ~D
I

pq ¼ max jDI
pqj; j �D

I

pqj
h i

;

~H
R

pq ¼ max jHR
pqj; j �H

R

pqj
h i

; and ~H
I

pq ¼ max jHI
pqj; j �H

I

pqj
h i

:

Consider z0 ¼ u0 þ iv0 and z ¼ uþ iv with u0 6¼ u and

v0 6¼ v. z0ðtÞ ¼ ðz01ðtÞ; . . .; z0nðtÞÞ and zðtÞ ¼ ðz1ðtÞ; . . .; znðtÞÞ
are any two solutions of the system (9) with initial condi-

tions z0pðsÞ ¼ w0pðsÞ þ iv0pðsÞ;where w0pðsÞ; v0pðsÞ2 Cð½�s; 0�;
RnÞ; w0pð0Þ ¼ 0; v0pð0Þ ¼ 0; zpðsÞ ¼ wpðsÞ þ ivpðsÞ, where

wpðsÞ; vpðsÞ2 Cð½�s; 0�;RnÞ; wpð0Þ¼ 0; vpð0Þ¼ 0; p 2 n.

We have

Daðu0pðtÞ� upðtÞÞ� � �pðu0pðtÞ� upðtÞÞ

þ
Xn

q¼1

~D
R

pq½f R
q ðu0q;v0qÞ� f R

q ðuq;vqÞ�

�
Xn

q¼1

~D
I

pq½f I
qðu0q;v0qÞ� f I

q ðuq;vqÞ�

þ
Xn

q¼1

~H
R

pq½gR
q ðu0qs;v

0
qsÞ� gR

q ðuqs;vqsÞ�

�
Xn

q¼1

~H
I

pq½gI
qðu0qs;v

0
qsÞ� gI

qðuqs;vqsÞ�;

Daðv0pðtÞ� vpðtÞÞ� � �pðv0pðtÞ� vpðtÞÞ

þ
Xn

q¼1

~D
I

pq½f R
q ðu0q;v0qÞ� f R

q ðuq;vqÞ�

þ
Xn

q¼1

~D
R

pq½f I
qðu0q;v0qÞ� f I

q ðuq;vqÞ�

þ
Xn

q¼1

~H
I

pq½gR
q ðu0qs;v

0
qsÞ� gR

q ðuqs;vqsÞ�

þ
Xn

q¼1

~H
R

pq½gI
qðu0qs;v

0
qsÞ� gI

qðuqs;vqsÞ�:

Now multiply by D�a on both sides, we can write

u0pðtÞ� upðtÞ�D�a
h
� �pðu0ðtÞ� upðtÞÞþ

Xn

q¼1

~D
R

pq½f R
q ðu0q;v0qÞ

� f R
q ðuq;vqÞ��

Xn

q¼1

~D
I

pq½f I
q ðu0q;v0qÞ� f I

q ðuq;vqÞ�

þ
Xn

q¼1

~H
R

pq½gR
q ðu0qs;v

0
qsÞ� gR

q ðuqs;vqsÞ�

�
Xn

q¼1

~H
I

pq½gI
qðu0qs;v

0
qsÞ� gI

qðuqs;vqsÞ�
i
; ð66Þ

v0pðtÞ� vpðtÞ�D�a
h
� �pðv0pðtÞ� vpðtÞÞþ

Xn

q¼1

~D
I

pq½f R
q ðu0q;v0qÞ

� f R
q ðuq;vqÞ�þ

Xn

q¼1

~D
R

pq½f I
qðu0q;v0qÞ� f I

q ðuq;vqÞ�

þ
Xn

q¼1

~H
I

pq½gR
q ðu0qs;v

0
qsÞ� gR

q ðuqs;vqsÞ�

þ
Xn

q¼1

~H
R

pq½gI
qðu0qs;v

0
qsÞ� gI

qðuqs;vqsÞ�
i
: ð67Þ
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From the Eq. (66), we have

u0pðtÞ�upðtÞ�D�a
h
� �pðu0pðtÞ�upðtÞÞþ

Xn

q¼1

~D
R

pq½f R
q ðu0q;v0qÞ

� f R
q ðuq;vqÞ��

Xn

q¼1

~D
I

pq½f I
qðu0q;v0qÞ

� f I
q ðuq;vqÞ�þ

Xn

q¼1

~H
R

pq½gR
q ðu0qs;v

0
qsÞ

�gR
q ðuqs;vqsÞ��

Xn

q¼1

~H
I

pq½gI
qðu0qs;v

0
qsÞ

� gI
qðuqs;vqsÞ�

i

� 1

CðaÞ

Z t

0

ðt � sÞa�1
h
� �pðu0pðsÞ � upðsÞÞ þ

Xn

q¼1

~D
R

pq½f R
q ðu0q; v0qÞ

� f R
q ðuq; vqÞ� �

Xn

q¼1

~D
I

pq½f I
qðu0q; v0qÞ � f I

qðuq; vqÞ�

þ
Xn

q¼1

~H
R

pq½gR
q ðu0qs; v

0
qsÞ � gR

q ðuqs; vqsÞ�

�
Xn

q¼1

~H
I

pq½gI
qðu0qs; v

0
qsÞ � gI

qðuqs; vqsÞ�
i
ds:

By taking absolute value and multiply by e�t on both sides,

we get

e�tju0pðtÞ � upðtÞj �
1

CðaÞ e
�t

Z t

0

ðt � sÞa�1
h
�pju0pðsÞ � upðsÞj þ

Xn

q¼1

j ~DR

pqjjf R
q ðu0q; v0qÞ � f R

q ðuq; vqÞj

þ
Xn

q¼1

j ~DI

pqjjf I
q ðu0q; v0qÞ � f I

qðuq; vqÞj þ
Xn

q¼1

j ~HR

pqjjgR
q ðu0qs; v

0
qsÞ � gR

q ðuqs; vqsÞj

þ
Xn

q¼1

j ~HI

pqjjgI
qðu0qs; v

0
qsÞ � gI

qðuqs; vqsÞj
i
ds

� �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0pðsÞ � upðsÞjdsþ

Xn

q¼1

j ~DR

pqj
1

CðaÞ

Z t

0

ðt � sÞa�1

� e�ðt�sÞe�s
h
kRR

q ju0qðsÞ � uqðsÞj þ kRI
q jv0qðsÞ � vqðsÞj

i
ds

þ
Xn

q¼1

j ~DI

pqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s

h
kIR

q ju0qðsÞ � uqðsÞj

þ kII
q jv0qðsÞ � vqðsÞj

i
dsþ

Xn

q¼1

j ~HR

pqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

�
h
lRR

q ju0qsðsÞ � uqsðsÞj þ lRI
q jv0qsðsÞ � vqsðsÞj

i
dsþ

Xn

q¼1

j ~HI

pqj
1

CðaÞ

Z t

0

ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ
h
lIR

q ju0qsðsÞ � uqsðsÞj þ lII
q jv0qsðsÞ � vqsðsÞj

i
ds
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� �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0pðsÞ � upðsÞjds

þ
Xn

q¼1

j ~DR

pqjkRR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

j ~DR

pqjkRI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

j ~DI

pqjkIR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

j ~DI

pqjkII
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

j ~HR

pqjlRR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~HR

pqjlRI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

j ~HI

pqjlIR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~HI

pqjlII
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

� �p sup
t
fe�tju0pðtÞ � upðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ
Xn

q¼1

j ~DR

pqjkRR
q

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjdsþ

Xn

q¼1

j ~DR

pqjkRI
q

1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjdsþ

Xn

q¼1

j ~DI

pqjkIR
q

1

CðaÞ

Z t

0

ðt � sÞa�1

e�ðt�sÞe�sju0qðsÞ � uqðsÞjdsþ
Xn

q¼1

j ~DI

pqjkII
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s

� jv0qðsÞ � vqðsÞjdsþ
Xn

q¼1

j ~HR

pqjlRR
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jw0qsðsÞ � wqsðsÞjdsþ
Xn

q¼1

j ~HR

pqjlRR
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� ju0qsðsÞ � uqsðsÞjdsþ
Xn

q¼1

j ~HR

pqjlRI
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

j ~HR

pqjlRI
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

j ~HI

pqjlIR
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jw0qsðsÞ � wqsðsÞjdsþ
Xn

q¼1

j ~HI

pqjlIR
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� ju0qsðsÞ � uqsðsÞjdsþ
Xn

q¼1

j ~HI

pqjlII
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjdsþ
Xn

q¼1

j ~HI

pqjlII
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞ

� jv0qsðsÞ � vqsðsÞjds
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e�tju0pðtÞ � upðtÞj � �p sup
t
fe�tju0pðtÞ � upðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ ½f	1p þ f	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ

� uqðtÞjg
1

CðaÞ

Z t

0

ua�1e�uduþ ½f	2p þ f	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

� 1

CðaÞ

Z t

0

ua�1e�uduþ ½g	1p þ g	3p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�m

� jw0qðmÞ � wqðmÞjdmþ ½g	1p þ g	3p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�m

� ju0qðmÞ � uqðmÞjdmþ ½g	2p þ g	4p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�m

� jv0qðmÞ � vqðmÞjdmþ ½g	2p þ g	4p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�m

� jv0qðmÞ � vqðmÞjdm

� �p sup
t
fe�tju0pðtÞ � upðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½f	1p þ f	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½f	2p þ f	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½g	1p þ g	3p�
Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½g	1p þ g	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

� �p sup
t
fe�tju0pðtÞ � upðtÞjg þ ½f	1p þ f	3p�

Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

þ ½f	2p þ f	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg þ ½g	1p þ g	3p�

Xn

q¼1

sup
t
fe�t

jw0qðtÞ � wqðtÞjge�s þ ½g	1p þ g	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

þ ½g	2p þ g	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

� �p sup
t
fe�tju0pðtÞ � upðtÞjg þ ½f	1p þ f	3p�ku0ðtÞ � uðtÞk

þ ½f	2p þ f	4p�kv0ðtÞ � vðtÞk þ ½g	1p þ g	3p�kw
0ðtÞ � wðtÞk

þ ½g	1p þ g	3p�ku0ðtÞ � uðtÞk þ ½g	2p þ g	4p�kv0ðtÞ � vðtÞk
þ ½g	2p þ g	4p�kv0ðtÞ � vðtÞk:

ð68Þ
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From (68) we can obtain

ku0ðtÞ � uðtÞk ¼
Xn

j¼1

sup
t
fe�tju0pðtÞ � upðtÞjg

� �max þ kf	1k þ kf
	
3k þ kg	1k þ kg	3k

� �
ku0ðtÞ � uðtÞk

þ kf	2k þ kf
	
4k þ kg	2k þ kg	4k

� �
kv0ðtÞ � vðtÞk

þ kg	1k þ kg	3k
� �

kw0ðtÞ � wðtÞk
þ kg	2k þ kg	4k
� �

kv0ðtÞ � vðtÞk:
ð69Þ

The above Eq. (69) can be rewritten as

ku0ðtÞ� uðtÞk� 1

1� �maxþkf	1kþkf
	
3kþkg	1kþkg	3k

� �� �
� f kf	2kþkf

	
4kþkg	2kþkg	4k

� �
kv0ðtÞ� vðtÞk

þ kg	1kþkg	3k
� �

kw0ðtÞ�wðtÞkþ kg	2k
�

þkg	4k
�
kv0ðtÞ� vðtÞkg:

ð70Þ

Similarly, we consider the Eq. (67), one can easily obtain

as follows

v0pðtÞ� vpðtÞ�D�a
h
� �pðv0pðtÞ� vpðtÞÞþ

Xn

q¼1

~D
I

pq½f R
q ðu0q;v0qÞ

� f R
q ðuq;vqÞ�þ

Xn

q¼1

~D
R

pq½f I
q ðu0q;v0qÞ� f I

q ðuq;vqÞ�

þ
Xn

q¼1

~H
I

pq½gR
q ðu0qs;v

0
qsÞ� gR

q ðuqs;vqsÞ�

þ
Xn

q¼1

~H
R

pq½gI
qðu0qs;v

0
qsÞ� gI

qðuqs;vqsÞ�
i
;

v0pðtÞ� vpðtÞ�
1

CðaÞ

Z t

0

ðt� sÞa�1
h
� �pðv0pðsÞ� vpðsÞÞ

þ
Xn

q¼1

~D
I

pq½f R
q ðu0q;v0qÞ� f R

q ðuq;vqÞ�þ
Xn

q¼1

~D
R

pq½f I
qðu0q;v0qÞ

� f I
q ðuq;vqÞ�þ

Xn

q¼1

~H
I

pq½gR
q ðu0qs;v

0
qsÞ� gR

q ðuqs;vqsÞ�

þ
Xn

q¼1

~H
R

pq½gI
qðu0qs;v

0
qsÞ� gI

qðuqs;vqsÞ�
i
ds:

By absolute value and multiply by e�t on both sides, we

have

e�tjv0pðtÞ � vpðtÞj �
1

CðaÞ e
�t

Z t

0

ðt � sÞa�1 �pjv0pðsÞ � vpðsÞj þ
Xn

q¼1

j ~DI

pqjjf R
q ðu0q; v0qÞ � f R

q ðuq; vqÞj
(

þ
Xn

q¼1

j ~DR

pqjjf I
q ðu0q; v0qÞ � f I

q ðuq; vqÞj þ
Xn

q¼1

j ~HI

pqjjgR
q ðu0qs; v

0
qsÞ � gR

q ðuqs; vqsÞj

þ
Xn

q¼1

j ~HR

pqjjgI
qðu0qs; v

0
qsÞ � gI

qðuqs; vqsÞjgds

¼ �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0pðsÞ � vpðsÞjdsþ

Xn

q¼1

j ~DI

pqj
1

CðaÞ

�
Z t

0

ðt � sÞa�1
e�ðt�sÞe�s½kRR

q ju0qðsÞ � uqðsÞj þ kRI
q jv0qðsÞ � vqðsÞj�ds

þ
Xn

q¼1

j ~DR

pqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�s½kIR

q ju0qðsÞ � uqðsÞj

þ kII
q jv0qðsÞ � vqðsÞj�dsþ

Xn

q¼1

j ~HI

pqj
1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� lRR
q ju0qsðsÞ � uqsðsÞj þ lRI

q jv0qsðsÞ � vqsðsÞj
h i

dsþ
Xn

q¼1

j ~HR
pqj

1

CðaÞ

Z t

0

ðt� sÞa�1
e�ðt�sþsÞe�ðs�sÞ

� lIR
q ju0qsðsÞ � uqsðsÞj þ lII

q jv0qsðsÞ � vqsðsÞj
h i

ds
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¼ �p

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0pðsÞ � vpðsÞjds

þ
Xn

q¼1

j ~DI

pqjk
RR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

j ~DI

pqjkRI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

j ~DR

pqjk
IR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

j ~DR

pqjk
II
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

j ~HI

pqjlRR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~HI

pqjlRI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

j ~HR

pqjlIR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~HR

pqjlII
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

¼ �p sup
t
fe�tjv0pðtÞ � vpðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ
Xn

q¼1

j ~DI

pqjk
RR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

j ~DI

pqjk
RI
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

j ~DR

pqjkIR
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sju0qðsÞ � uqðsÞjds

þ
Xn

q¼1

j ~DR

pqjk
II
q

1

CðaÞ

Z t

0

ðt � sÞa�1
e�ðt�sÞe�sjv0qðsÞ � vqðsÞjds

þ
Xn

q¼1

j ~HI

pqjlRR
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjw0qsðsÞ � wqsðsÞjds

þ
Xn

q¼1

j ~HI

pqjlRR
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~HI

pqjlRI
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

j ~HI

pqjlRI
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

j ~HR

pqjlIR
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjw0qsðsÞ � wqsðsÞjds
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þ
Xn

q¼1

j ~HR

pqjlIR
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞju0qsðsÞ � uqsðsÞjds

þ
Xn

q¼1

j ~HR

pqjlII
q

1

CðaÞ

Z s

0

ðt � sÞa�1
e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

þ
Xn

q¼1

j ~HR

pqjlII
q

1

CðaÞ

Z t

s
ðt � sÞa�1

e�ðt�sþsÞe�ðs�sÞjv0qsðsÞ � vqsðsÞjds

e�tjv0pðtÞ � vpðtÞj � �p sup
t
fe�tjv0pðtÞ � vpðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ ½n	1p þ n	3p�

�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

1

CðaÞ

Z t

0

ua�1e�uduþ ½n	2p þ n	4p�

�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½p	1p þ p	3p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�mjw0qðmÞ � wqðmÞjdm

þ ½p	1p þ p	3p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�mju0qðmÞ � uqðmÞjdm

þ ½p	2p þ p	4p�
Xn

q¼1

1

CðaÞ

Z 0

�s
ðt � m� sÞa�1

e�ðt�mÞe�mjv0qðmÞ � vqðmÞjdm

þ ½p	2p þ p	4p�
Xn

q¼1

1

CðaÞ

Z t�s

0

ðt � m� sÞa�1
e�ðt�mÞe�mjv0qðmÞ � vqðmÞjdm

¼ �p sup
t
fe�tjv0pðtÞ � vpðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½n	1p þ n	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½n	2p þ n	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

1

CðaÞ

Z t

0

ua�1e�udu

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t

t�s
ha�1e�hdh

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s 1

CðaÞ

Z t�s

0

ha�1e�hdh
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From (71) we can obtain

kv0ðtÞ � vðtÞk ¼
Xn

j¼1

sup
t
fe�tjv0pðtÞ � vpðtÞjg

� �max þ kn	2k þ kn
	
4k þ kp	2k þ kp	4k

� �
kv0ðtÞ � vðtÞk

þ kn	1k þ kn
	
3k þ kp	1k þ kp	3k

� �
ku0ðtÞ � uðtÞk

þ kp	1k þ kp	3k
� �

kw0ðtÞ � wðtÞk
þ kp	2k þ kp	4k
� �

kv0ðtÞ � vðtÞk:
ð72Þ

The above Eq. (72) can be rewritten as

kv0ðtÞ� vðtÞk� 1

1� �maxþkn	2kþkn
	
4kþkp	2kþkp	4k

� �� �
� kn	1kþkn

	
3kþkp	1kþkp	3k

� �
ku0ðtÞ� uðtÞk

�
þ kp	1kþkp	3k
� �

kw0ðtÞ�wðtÞk
þ kp	2kþkp	4k
� �

kv0ðtÞ� vðtÞk
�
:

ð73Þ

From the Eqs. (70) and (73), we can write in the following

form,

ku0ðtÞ � uðtÞk� 1

M1

M2kv0ðtÞ � vðtÞk þM3kw0ðtÞf

�wðtÞk þM4kv0ðtÞ � vðtÞkg;
ð74Þ

kv0ðtÞ � vðtÞk� 1

N 1

N 2ku0ðtÞ � uðtÞkf

þN 3kw0ðtÞ � wðtÞk þ N 4kv0ðtÞ � vðtÞkg;
ð75Þ

where

M1¼ 1� �maxþ kf	1kþkf
	
3kþkg	1kþkg	3k

� �� �� �
;

M2¼ kf	2kþkf
	
4kþkg	2kþkg	4k

� �
;

M3¼ kg	1kþkg	3k
� �

;M4¼ kg	2kþkg	4k
� �

;

N 1¼ 1� �maxþkn	2kþkn
	
4kþkp	2kþkp	4k

� �� �
;

N 2¼ kn	1kþkn	3kþkp	1kþkp	3k
� �

;N 3¼ kp	1kþkp	3k
� �

;

N 4¼ kp	2kþkp	4k
� �

:

The Eqs. (74) and (75) can be rewritten in the following

form

ku0ðtÞ � uðtÞk� M2

M1

kv0ðtÞ � vðtÞk þM3

M1

kw0ðtÞ � wðtÞk

þM4

M1

kv0ðtÞ � vðtÞk; ð76Þ

kv0ðtÞ � vðtÞk� N 2

N 1

ku0ðtÞ � uðtÞk þ N 3

N 1

kw0ðtÞ � wðtÞk

þ N 4

N 1

kv0ðtÞ � vðtÞk: ð77Þ

¼ �p sup
t
fe�tjv0pðtÞ � vpðtÞjg þ ½n	1p þ n	3p�

Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjg

þ ½n	2p þ n	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjg

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tjw0qðtÞ � wqðtÞjge�s

þ ½p	1p þ p	3p�
Xn

q¼1

sup
t
fe�tju0qðtÞ � uqðtÞjge�s

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

þ ½p	2p þ p	4p�
Xn

q¼1

sup
t
fe�tjv0qðtÞ � vqðtÞjge�s

� �p sup
t
fe�tjv0pðtÞ � vpðtÞjg þ ½n	1p þ n	3p�ku0ðtÞ � uðtÞk

þ ½n	2p þ n	4p�kv0ðtÞ � vðtÞk þ ½p	1p þ p	3p�kw
0ðtÞ � wðtÞk

þ ½p	1p þ p	3p�ku0ðtÞ � uðtÞk þ ½p	2p þ p	4p�kv0ðtÞ � vðtÞk
þ ½p	2p þ p	4p�kv0ðtÞ � vðtÞk:

ð71Þ
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Substituting (77) into (74), we have

ku0ðtÞ�uðtÞk�M2

M1

N 2

N 1

ku0ðtÞ�uðtÞkþN 3

N 1

kw0ðtÞ�wðtÞk
�

þN 4

N 1

kv0ðtÞ�vðtÞk
�

þM3

M1

kw0ðtÞ�wðtÞkþM4

M1

kv0ðtÞ�vðtÞk;

¼M2N 2

M1N 1

ku0ðtÞ�uðtÞk

þ M2N 3

M1N 1

þM3

M1


 �
kw0ðtÞ�wðtÞk

þ M2N 4

M1N 1

þM4

M1


 �
kv0ðtÞ�vðtÞk;

ku0ðtÞ�uðtÞk�
M2N 3

M1N 1
þM3

M1

1�M2N 2

M1N 1

 !
kw0ðtÞ�wðtÞk

þ
M2N 4

M1N 1
þM4

M1

1�M2N 2

M1N 1

 !
kv0ðtÞ�vðtÞk:

Similarly, substituting (76) into (75), we have

kv0ðtÞ� vðtÞk� N 2

N 1

M2

M1

kv0ðtÞ� vðtÞk
�

þM3

M1

kw0ðtÞ�wðtÞkþM4

M1

kv0ðtÞ� vðtÞkg

þ N 3

N 1

kw0ðtÞ�wðtÞkþN 4

N 1

kv0ðtÞ� vðtÞk;

¼N 2M2

N 1M1

kv0ðtÞ� vðtÞk

þ N 2M3

N 1M1

þN 3

N 1


 �
kw0ðtÞ�wðtÞk

þ N 2M4

N 1M1

þN 4

N 1


 �
kv0ðtÞ� vðtÞk;

kv0ðtÞ� vðtÞk�
N 2M3

N 1M1
þN 3

N 1

1�N 2M2

N 1M1

 !
kw0ðtÞ�wðtÞk

þ
N 2M4

N 1M1
þN 4

N 1

1�N 2M2

N 1M1

 !
kv0ðtÞ� vðtÞk:

If we take,

kw0ðtÞ � wðtÞk� e1

2
M2N 3
M1N 1

þM3
M1

1�M2N 2
M1N 1


 � ¼ e1

2d1

;

kv0ðtÞ � vðtÞk� e1

2
M2N 4
M1N 1

þM4
M1

1�M2N 2
M1N 1


 � ¼ e1

2d2

;

where d1 ¼
M2N 3
M1N 1

þM3
M1

1�M2N 2
M1N 1


 �
and d2 ¼

M2N 4
M1N 1

þM4
M1

1�M2N 2
M1N 1


 �
.

Then Eq. (74) becomes,

ku0ðtÞ � uðtÞk� e1: ð78Þ

Similarly if we take,

kw0ðtÞ � wðtÞk� e2

2
N 2M3
N 1M1

þN 3
N 1

1�N 2M2
N 1M1


 � ¼ e2

2d3

;

kv0ðtÞ � vðtÞk� e2

2
N 2M4
N 1M1

þN 4
N 1

1�N 2M2
N 1M1


 � ¼ e2

2d4

;

where d3 ¼
N 2M3
N 1M1

þN 3
N 1

1�N 2M2
N 1M1


 �
and d4 ¼

N 2M4
N 1M1

þN 4
N 1

1�N 2M2
N 1M1


 �
. Then

Eq. (75) becomes,

kv0ðtÞ � vðtÞk� e2: ð79Þ

From Eqs. (78) and (79), we can say that for 8e ¼
maxfe1; e2g[ 0; then there exist a d ¼
e=maxfd5; d6g[ 0; d5 ¼ maxfd1; d3g; d6 ¼ maxfd2; d4g
such that kz0ðtÞ � zðtÞk\e when kv	ðtÞ � w	ðtÞk\d. Thus,

the solution zðtÞ is uniformly stable.

Theorem 6 If Assumptions 3–5 hold, there exist a unique

equilibrium point in system (9), which is uniformly stable.

Proof Let �pz	p ¼ u	p and constructing a mapping T :

Cn ! Cn; defined by

Tpup�
Xn

q¼1

bpqfq
up

�p


 �
þ
Xn

q¼1

cpqgq

up

�p


 �
þ Hp; ð80Þ

where p ¼ 1; 2; . . .; n; TðuÞ ¼ ðT1ðuÞ; T2ðuÞ; . . .; TnðuÞÞT .

Now, we will show that T is a contraction mapping on

Cn endowed with the complex space norm. In fact, for any

two different points u ¼ ðu1; u2; . . .; cnÞT ; v ¼
ðv1; v2; . . .; vnÞT ; we have

kTðuÞ � TðvÞk ¼
Xn

p¼1

jTðuÞ � TðvÞj

�
Xn

p¼1

����
Xn

q¼1

bpq fq
uq

�q


 �
� fq

vq

�q


 � �

þ
Xn

q¼1

cpq gq

uq

�q


 �
� gq

vq

�q


 � �����

�
Xn

p¼1

Xn

q¼1

ðbpqkq þ cpqlqÞ
�q

juq � vqj
 !

�
Xn

p¼1

ðf	p þ g	pÞ
�min

Xn

q¼1

juq � vqj
 !

� ðkf
	k þ kg	kÞ

��
ku� vk: ð81Þ
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Based on Assumption 5,

kTðuÞ � TðvÞk\ku� vk; ð82Þ

which implies that T is a contraction mapping on Cn.

Hence, there exists a unique fixed point u	 such that

Tðu	Þ ¼ u	; i.e.

u	p ¼
Xn

q¼1

bpqfqð
up

�p

Þ þ
Xn

q¼1

cpqgqð
up

�p

Þ þ Hp; ð83Þ

That is

��pz	p þ
Xn

q¼1

bpqfqðz	qÞ þ
Xn

q¼1

cpqgqðz	qÞ þ Hp ¼ 0; ð84Þ

for p ¼ 1; 2; . . .; n; which implies that z	 is an equilibrium

point of system (9). Moreover, it follows from Theorem 4

and Theorem 5 that z	 is uniformly stable.

Remark 4 If a ¼ 1, then system (9) can be written as

_zpðtÞ ¼ ��pzpðtÞ þ
Xn

q¼1

bbpqðzqðtÞÞfqðzqðtÞÞ

þ
Xn

q¼1

bcpqðzqðtÞÞgqðzqðt � sðtÞÞÞ þ Hp;

ð85Þ

where t� 0; p ¼ 1; . . .; n. Then, the sufficient conditions

for the existence, uniqueness and uniform stability of

CVMFNNs in Theorems 4–6 reduced to the integer order

complex-valued memristor-based neural networks (85).

Remark 5 Many of the authors investigated the dynamic

properties of memristor-based neural networks with time

delays such as global stability, synchronization, anti-

synchronization, passivity and dissipativity see Zhang

et al. (2013), Yang et al. (2014), Wu and Zeng (2013,

2014), Chen et al. (2014), Wu and Zeng (2012), Wu

et al. (2011, 2013a, b), Cai and Huang (2014), Guo et al.

(2013), Qi et al. (2014), Wen et al. (2013) and references

therein. In Wu and Zeng (2014), the authors investigated

the passivity problem for memristor-based neural

networks with two different types of memductance

functions and some sufficient conditions were proposed

for satisfying the passivity conditions of addressed

memristor-based neural networks. In Chen et al. (2014),

the authors introduced the memristor-based neural net-

works and proposed some sufficient conditions that

guarantee the global Mittag–Leffler stability and syn-

chronization by using Lyapunov method. The existence,

uniqueness and uniform stability analysis of memristor-

based fractional-order neural networks with two different

types of memductance functions has not been investi-

gated in the literature. In this paper, the authors consider

both real-valued and CVMFNNs with time delay and two

different types of memductance functions. This obtained

results improve and extent to the results proposed in

previous works.

Numerical examples

In this section, we give some numerical examples to show

the effectiveness of our proposed theoretical results.

Example 1 Consider memristor-based fractional-order

neural networks with time delays

DaxpðtÞ ¼ �epxpðtÞ þ
Xn

q¼1

bmpqðxqðtÞÞbf qðxqðtÞÞ

þ
Xn

q¼1

bnpqðxqðtÞÞbgqðxqðt � sðtÞÞÞ þ Ip;

ð86Þ

where e1 ¼ 2; e2 ¼ 1; I1 ¼ �1:7; I2 ¼ 1:2; s ¼ 0:6; the

fractional order a is chosen as a ¼ 0:9 and the activation

functions described by bf qðxqðtÞÞ ¼ bgqðxqðtÞÞ ¼
tanhðxqðtÞÞ;

Clearly, Lp ¼ Gp ¼ 1. The Assumption 2 is verified by using

the above parameters. However, system (86) has a unique

uniformly stable solution according to Theorems 1 and 3.

bm11ðx1ðtÞÞ ¼
0:75; jx1ðtÞj[ 1;

0:65; jx1ðtÞj\1;

�
bm12ðx2ðtÞÞ ¼

�0:4; jx2ðtÞj[ 1;

�0:5; jx2ðtÞj\1;

�

bm21ðx1ðtÞÞ ¼
�0:25; jx1ðtÞj[ 1;

�0:35; jx1ðtÞj\1;

�
bm22ðx2ðtÞÞ ¼

0:6; jx2ðtÞj[ 1;

0:5; jx2ðtÞj\1;

�

bn11ðx1ðtÞÞ ¼
�0:15; jx1ðtÞj[ 1;

�0:25; jx1ðtÞj\1;

�
bn12ðx2ðtÞÞ ¼

0:1; jx2ðtÞj[ 1;

0:05; jx2ðtÞj\1;

�

bn21ðx1ðtÞÞ ¼
�0:12; jx1ðtÞj[ 1;

�0:25; jx1ðtÞj\1;

�
bn22ðx2ðtÞÞ ¼

�0:7; jx2ðtÞj[ 1;

�0:8; jx2ðtÞj\1:

�
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Also, according to Theorem 3, system (86) has a unique

equilibrium point x	 ¼ ðx	1;x	2Þ
T

and which is said to be

uniformly stable. Figure 1 shows that the solution of system

(86) is converges uniformly to the equilibrium point x	.

Example 2 Consider memristor-based fractional-order

neural networks with time delays

DaxpðtÞ ¼ �epxpðtÞ þ
Xn

q¼1

bmpqðxqðtÞÞbf qðxqðtÞÞ

þ
Xn

q¼1

bnpqðxqðtÞÞbgqðxqðt � sðtÞÞÞ þ Ip;

ð87Þ

where e1 ¼ 2; e2 ¼ 1; I1 ¼ �1:7; I2 ¼ 1:2; s ¼ 0:6; the

fractional order a is chosen as a ¼ 0:9 and the activation

functions described bybf qðxqðtÞÞ ¼ bgqðxqðtÞÞ ¼ tanhðxqðtÞÞ;

bm11ðx1ðtÞÞ ¼ �0:6 sinðx1ðtÞÞ;
bm12ðx2ðtÞÞ ¼ 0:8 cosðx2ðtÞÞ;
bm21ðx1ðtÞÞ ¼ 0:8 sinðx1ðtÞÞ;

bm22ðx2ðtÞÞ ¼ �0:6 cosðx2ðtÞÞ;
bn11ðx1ðtÞÞ ¼ 0:9 sinðx1ðtÞÞ;
bn12ðx2ðtÞÞ ¼ 0:6 cosðx2ðtÞÞ;

bn21ðx1ðtÞÞ ¼ 0:6 sinðx1ðtÞÞ; bn22ðx2ðtÞÞ ¼ 0:9 cosðx2ðtÞÞ:

Obviously, Lp ¼ Gp ¼ 1. By using the above parameters the

Assumption 2 is verified easily. Therefore, system (87) has a

unique uniformly stable solution according to Theorems 2

and 3. Also, according to Theorem 3, system (87) has a

unique equilibrium point x	 ¼ ðx	1;x	2Þ
T

and which is said to

be uniformly stable. Figure 2 shows that the solution of sys-

tem (87) is converges uniformly to the equilibrium point x	.

Example 3 Consider a class of complex-valued memristor-

based fractional-order neural networks with time delays

DazpðtÞ ¼ ��pzpðtÞ þ
Xn

q¼1

bbpqðzqðtÞÞfqðzqðtÞÞ

þ
Xn

q¼1

bcpqðzqðtÞÞfqðzqðt � sðtÞÞÞ þ Hp;

ð88Þ

where �1 ¼ 8; �2 ¼ 6;H1 ¼ �3þ i; H2 ¼ 2þ 4i; s ¼ 0:6;

the fractional order a is chosen as a ¼ 0:9 and the activa-

tion functions described by fqðzqðtÞÞ ¼ 1�e�uqðtÞ

1þe�uqðtÞ þ i 1
1þe�vqðtÞ ;

gqðzqðtÞÞ ¼ 1�e�vqðtÞ

1þe�vqðtÞ þ i 1
1þe�uqðtÞ ;

Obviously, kRR
p ¼ kII

p ¼ 0:1; kIR
p ¼ kRI

p ¼ 0; lRR
p ¼ lII

p ¼
0; lIR

p ¼ lRI
p ¼ 0:1. By using the above parameters the

Assumption 3 is verified easily. Therefore, system (88) has

a unique uniformly stable solution according to Theo-

rems 4 and 6. Also, according to Theorem 6, system (88)

has a unique equilibrium point u	 ¼ ðu	1; u	2Þ
T ; v	 ¼

ðv	1; v	2Þ
T

and which is said to be uniformly stable. Figure 3

shows that the solution of system (88) is converges uni-

formly to the equilibrium point u	; v	.

Example 4 Consider a class of complex-valued memris-

tor-based fractional-order neural networks with time delays

bbR

11ðu1ðtÞÞ ¼
2; ju1ðtÞj[ 1;

1; ju1ðtÞj\1;

�
bbR

12ðu2ðtÞÞ ¼
3; ju2ðtÞj[ 1;

2; ju2ðtÞj\1;

�

bbR

21ðu1ðtÞÞ ¼
3; ju1ðtÞj[ 1;

2; ju1ðtÞj\1;

�
bbR

22ðu2ðtÞÞ ¼
�1; ju2ðtÞj[ 1;

�2; ju2ðtÞj\1;

�

bbI

11ðv1ðtÞÞ ¼
4; jv1ðtÞj[ 1;

3; jv1ðtÞj\1;

�
bbI

12ðv2ðtÞÞ ¼
1; jv2ðtÞj[ 1;

0:5; jv2ðtÞj\1;

�

bbI

21ðv1ðtÞÞ ¼
�2; jv1ðtÞj[ 1;

�3; jv1ðtÞj\1;

�
bbI

22ðv2ðtÞÞ ¼
2; jv2ðtÞj[ 1;

1; jv2ðtÞj\1;

�

bcR
11ðu1ðtÞÞ ¼

�1; ju1ðtÞj[ 1;

�2; ju1ðtÞj\1;

�
bcR

12ðu2ðtÞÞ ¼
2; ju2ðtÞj[ 1;

1; ju2ðtÞj\1;

�

bcR
21ðu1ðtÞÞ ¼

2; ju1ðtÞj[ 1;

1; ju1ðtÞj\1;

�
bcR

22ðu2ðtÞÞ ¼
1; ju2ðtÞj[ 1;

0:5; ju2ðtÞj\1;

�

bcI
11ðv1ðtÞÞ ¼

3; jv1ðtÞj[ 1;

2; jv1ðtÞj\1;

�
bcI

12ðv2ðtÞÞ ¼
�3; jv2ðtÞj[ 1;

�4; jv2ðtÞj\1;

�

bcI
21ðv1ðtÞÞ ¼

�4; jv1ðtÞj[ 1;

�5; jv1ðtÞj\1;

�
bcI

22ðv2ðtÞÞ ¼
2; jv2ðtÞj[ 1;

1; jv2ðtÞj\1;

�
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Fig. 1 Time responses and state trajectories of RVMFNNs (86) with a ¼ 0:9
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Fig. 2 Time responses and state trajectories of MFNNs (87) with a ¼ 0:9
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Fig. 3 Time responses and state trajectories of real and imaginary parts of CVMFNNs (88) with a ¼ 0:9
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DazpðtÞ ¼ ��pzpðtÞ þ
Xn

q¼1

bbpqðzqðtÞÞfqðzqðtÞÞ

þ
Xn

q¼1

bcpqðzqðtÞÞfqðzqðt � sðtÞÞÞ þ Hp;

ð89Þ

where �1 ¼ 8; �2 ¼ 6;H1 ¼ �3þ i; H2 ¼ 2þ 4i; s ¼ 0:6;

the fractional order a is chosen as a ¼ 0:9 and the activa-

tion functions described by fqðzqðtÞÞ ¼ 1�e�uqðtÞ

1þe�uqðtÞ þ i 1
1þe�vqðtÞ ;

gqðzqðtÞÞ ¼ 1�e�vqðtÞ

1þe�vqðtÞ þ i 1
1þe�uqðtÞ ;

bbR

11ðu1ðtÞÞ ¼ 2; bbR

12ðu2ðtÞÞ ¼ 3; bbR

21ðu1ðtÞÞ ¼ 3;

bbR

22ðu2ðtÞÞ ¼ �1;

bbI

11ðv1ðtÞÞ ¼ 4; bbI

12ðv2ðtÞÞ ¼ 1; bbI

21ðv1ðtÞÞ ¼ �2;

bbI

22ðv2ðtÞÞ ¼ 2;

bcR
11ðu1ðtÞÞ ¼ �1; bcR

12ðu2ðtÞÞ ¼ 2; bcR
21ðu1ðtÞÞ ¼ 2;

bcR
22ðu2ðtÞÞ ¼ 1;

bcI
11ðv1ðtÞÞ ¼ 3; bcI

12ðv2ðtÞÞ ¼ �3; bcI
21ðv1ðtÞÞ ¼ �4;

bcI
22ðv2ðtÞÞ ¼ 2:

Clearly, we know that kRR
p ¼ kII

p ¼ 0:1; kIR
p ¼ kRI

p ¼ 0;

lRR
p ¼ lII

p ¼ 0; lIR
p ¼ lRI

p ¼ 0:1. By using the above

parameters the Assumption 3 is verified easily. Moreover,

system (89) has a unique uniformly stable solution

according to Theorems 5 and 6. Also, according to Theo-

rem 6, system (89) has a unique equilibrium point u	 ¼
ðu	1; u	2Þ

T ; v	 ¼ ðv	1; v	2Þ
T

and which is said to be uniformly

stable. Figure 4 shows that the solution of system (89) is

converges uniformly to the equilibrium point u	; v	.

Conclusion

In this paper, the authors have been extensively investi-

gated the problem of existence of uniform stability of a

class of MFNNs with time delay and two different types of

memductance functions as well as CVMFNNs with time

delay and two different types of memductance functions.

By using Banach contraction principle, differential inclu-

sion and framework of Filippov solution, some new suffi-

cient conditions that ensure that the existence and uniform

stability of the addressed MFNNs and CVMFNNs with

time delay and two different types of memductance func-

tions have been derived. Numerical examples are also

demonstrate the effectiveness of our theoretical results.
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