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Abstract: We establish some new sufficient conditions to the uniform asymptotically stability and boundedness of the solutions for a
kind of non-autonomous differential equations of third order with constant delay. By defining an appropriate Lyapunov functional, we
prove two new theorems on the subject. Our results improve and form a complement to some known recent results in the literature.
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1. Introduction

Differential equations of higher order have proved to be
valuable tools in the modeling of many phenomena in var-
ious fields of science and engineering. Indeed, we can find
some applications such as nonlinear oscillations (Afuwape
et al. [7], Andres [9] and Fridedrichs [22]), electronic the-
ory Rauch [31], biological model and other models Cronin-
Scanlon [12] and Gopalsamy [23], and etc.. Just as above,
in the past few decades, there has been much attention paid
to the discussion of the qualitative behaviors of the solu-
tions of various nonlinear differential equations of third
order without and with delay. For a comprehensive treat-
ment of the subject, we refer the readers to the book of
Reissig et al. [32] as a survey and the papers of Ademola
and Arawomo ([1], [2]), Ademola et al. [3], Afuwape [5],
Afuwape and Castellanos [6], Antiova [10], Chukwu [11],
Ezeilo ([13]-[19]), Ezeilo and Tejumola ([20], [21]), Hara
[24], Mehri and Shadman [25], Ogundare [26], Ogundare
and Okecha [27], Omeike ([28]-[30]), Rauch [31], Swick
([33]-[35]), Tejumola ([36], [37]), Tung ([38]-[55]), Tung
and Ates ([56], [57]), Tun¢ and Ergéren [58], Tung¢ and
Tung [59], Yao and Meng [60], Wu and Shi [62] and the
references cited in these sources.

On the other hand, by a recent paper published in 2010,
Ademola et al. [4] proved two new results on the bound-
edness and the uniform ultimate boundedness of the solu-
tions of a nonlinear third order differential equation with-

out delay ,

)+ f(20)+g(2()+h(2(t) = p(t, x(t), (1), E(t)).

&)

In this paper, instead of Eq. (1), we consider the non-

autonomous and nonlinear third order delay differential
equations of the form

() + f(t,x(t), xt —r),&(t),&(t —r), &(t), &t — 7))
+g(&(t —1)) + h(x(t —1r))

=p(t,x(t),z(t —r),z(t),&(t —r), 2(t), Z(t —r)).

(@)
We write Eq. (2) in system form as follows
T=Y,
Y=z

z = —f(t,.%‘,l‘(t - T)’yay(t - T)’Z’Z(t - 7“)) - g(y)

t

h@)+ [ g s)=ds + | K als)lss

t—r t—r

+p(ta Z, .I‘(t - T)a Y, y(t - T)7 2, Z(t - T))a
3)
in which the dots denote differentiation with respect to z,
t € R4, R4 = [0,00); the functions f, g, h and p are
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continuous in their respective arguments on i, x RS, R,
R and N, x RO, respectively, and R = (—o0, c0). It is
also assumed that the functions g and h are differentiable.

This paper is motivated by the papers of Ademola et al.
[4] and that mentioned above. We define a new Lyapunov
functional for the results to be established here. Then, us-
ing that Lyapunov functional, we discuss the uniform asymp-
totically stability and boundedness of the solutions of Eq.
(2) for the cases, p(.) = 0 and p(.) # 0, respectively. Ob-
viously, the equation discussed in [4], Eq. (1), is a partic-
ular case of our equation, Eq. (2). Here, by this work, we
improve the boundedness result obtained in [4] obtained
for ordinary nonlinear differential Eq. (1) without delay to
the nonlinear differential Eq. (2) with delay. It should be
noted that Ademola et al. [4] discussed the boundedness of
the solutions of Eq. (1). In addition to the boundedness of
the solutions, we also discuss the uniform asymptotically
stability of the solutions. Our results will be also different
from that mentioned above. It should be noted that the ba-
sic reason to investigate these topics here is that functional
differential equations play a key role in applied sciences.
However, we only study the theorical aspects of the topics
here.

2. Preliminaries

Consider the functional differential equation
z(t) = F(t,xy),xze = x(t+0),—r <0 <0,t >0, (4

with F' : Ry x Cy — R being continuous, F'(¢,0) =
0, and we suppose that F' takes closed bounded sets into
bounded sets of #”. Here (C, ||. ||) is the Banach space
of continuous function ¢ : [—7, 0] — R" with supremum
norm, r > 0; Cp is the open H -ballin C; Cy = {p €
C([=r,0l, ®") : ]l < HY.

Theorem 1. (Yoshizawa [61]). Suppose that there ex-
ists a continuous Lyapunov functional V' (¢, ¢) defined on
t € Ry, l¢ll < H1,0 < Hy < H, which satisfies the
following conditions;

@ alllel) < V(t,) < blllel), where a(r) € CIP
and b(r) € CIP (CIP denotes the families of continuous
increasing, positive definite functions),

(i) V (¢, 0) < —c(|l¢l|), where ¢(r) is continuous and
positive for r > 0.

Then, the zero solution of (4) is uniform-asymptotically
stable.

3. Main results

Letp(.) = 0.

Our first result is given by the following theorem.

Theorem 2. Suppose that there exist positive constants
a, b, by, ¢, dgand L such that the following conditions
hold:

(1
h(0) =0,600 < @, (x #0),h(z) <c,
90 =002 <oy, (g 2 0019 )| < L,
(i)
o< f(t,x,x(t—r),y,yz(t—r),z,z(t—r))’(z7&0).

Then, the zero solution of Eq. (2) is uniform-asymptotically
stable provided that

. ady 7(aa+ab—c)
7 < min { a(c+L)’ 4(ca+2ac+c+al)’

a
L(a+a+2)+c | °

The proof of Theorem 2 and that of the subsequent
result depend on some certain fundamental properties of
a continuously differentiable Lyapunov functional V' =
V(x¢,yt, 2¢) defined by

z Y
2V =2a [ h(&)dE + 2 [ g(7)dT + 2yh(z) + aba®
0 0
+(a+a?)y? + 22 + 2aary + 2022
0t 0 ¢
+2ayz+2\ [ [ y*(0)d0ds+2Xy [ [ 2*(0)dbds,
—r t+s —r t+s
where « a is positive fixed constant satisfying
0<0¢<b—ca71, 5)

and A\; and A, are some positive constants which will be
determined later in the proof.

Proof. We observe that the above Lyapunov functional
can be rewritten as follows

0 t 0 t
2V = Vi+Va+2)\ / / y*(0)dds+2)o / / 22(0)dfds,
—r t+s —r t+s
(6)
where
z Yy
Wi = 2a/h(§)d£—|—2/g(7’)d7+2yh(x)
0 0
and

Vo = abz? + (a + a®)y? + 22 + 20azy + 202z + 2ayz2.
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In view of assumption (i) of Theorem 2, we have g(y) >
by for all y # 0. Hence

f (1)dr + 2yh(x

y
> 2 [ brdr + 2yh(x)
0 0

(by + h(x))*b~" = b~ h?(x)

> —b1h?(x).

Moreover, assumption (i) of Theorem 2 implies
x

2agh@mg:2545mb—wgnh@mg+b4h%m
> (ab — )b~ 60z + b~ 1h2 ().

Combining the above estimates into V7, we obtain

Vi > (ab—c)b 16p2® = ky2?, (k1 = (ab—c)b~ 16y > 0).
We can also rearrange V5 as follows
= XQOXTa
ab  aa !
where X = (2,9,2), Qo = [ ca a+a® a | and
o a 1

det Qo = (b — a) > 0 since b — a > 0. Hence, we get
Vy > a2(;v2+y2+z2).

Gathering the estimates for V; and V5 into (6), it follows
that

2V > (a? + ky)x? + o?(y? + 2?)

0 t 0 t
20 [ [ Y2 (0)dOds+2X; [ [ 2*(0)dOds
—r t+s —r t+s
> ko(2? + y* + 27)
0 t 0 t
+2\ [ [ y*(0)dOds+2Xy [ [ 22(0)dbds,
—r t+s —r t+s

where k; = o2. On the other hand, by the assumptions of
Theorem 2 and the estimate 2 |m| |n| < m? + n?, it can
be easily obtained for a positive constant k3 that

2V < ks(x? +y? + 22)

0 t
dfds+2)y [ [ 22

—r t+s

+2/\1f0 jy2(9)

—r t+s

(9)dods,

so that
B 0 ¢
ka(z? +y2 +22)+N [ [ y?(0)dods

—r t+s

0 t

+Ao f f 22

—r t+s

(0)dods <V

0t
<ks(@®+y?+2)+N [ [ (0

)dfds
—r t+s
0 t
X [ [ 22(0)d6ds,
—r t+s

where ko = 27 1ky and ks = 27 k5.

Thus, subject to the above discussion, it can be shown
that condition (i) of Theorem 1 holds.

Let (x,y,2) = (2(t),y(t), 2(t)) be a solution of (3).
Along this solution, it follows from (6) and (3) that

G = —azh(z) - —y*h'(x)} — a{g(y) — by}a
—(azx 4+ ay + 2){f(.) — az}

+az +ay+2z) [ h'(z(s))y(s)ds

t—r

{ayg(y)

¢
+az+ay+2) [ g (y(s))z(s)ds + Myr + Xo2?r

t—r

t

—/\1fy Yds — Xg [ 22

t—r t—r

(s)ds +aY QYT

where Y = (y,2), Q1 = <61L é) and det Q; = —

Making use of the assumptions of Theorem 2, we get

7 2 1 2

4 < —Ladpa? — L(aa+ab— )y — Loz

+(ax +ay + 2) ft R (z(s))y(s)ds

t—r

Faw+ay+2) [ o (s(s)=(s)ds + Auy?r

t—r
¢
+Ao 22 — My f y*(s)ds — Xo [ 2%(s)ds — W,

t—r t—r

(i=1, 2, 3), where

Wlfoz{ 601' + (g(y )fby)x+%(aa+abfc) 1

W = af 300 + (£() — az)e + 177},
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1

16a

Qe

W5 = af e

(aa+ab—c)y® + (f(.) —az)y + }.

Using the estimates

do(aa + ab — ¢)
_ 2 0 2
{g(y) —by}” < e Yy

U0 -as < 22,
(70 —asp? < OFB29 2

respectively, we conclude

2
b—
mz%@ﬁm~wwﬂfcm>zm

o
W > 2 (Vo |zl = |2))* > 0,

2
a aa+ab—c «

%>MQ/WP%/M>>O
a a

By noting the assumptions 0 < h/(z) < ¢, |¢'(y)] < L
and the estimate 2 |m| |n| < m? + n?, itis followed that

(o +ay+72) | W(x(s)y(s)ds <

t—r

¢
Haca? + acy? + c2?) + S(a+a+1) [ y*(s)ds,
t—r

(ax + ay + 2) j ' (y(s))z(s)ds <

t—r

t
Floa® +ay® +2%) + F(a+at1) [ 22(s)ds.

t—r
In view of the above estimates, we get

¥ < —27Yady — (ac+ aL)r}a?
—{%(aa+ab—c) — 1(2\1 + ac+ aL)r}y?

—27Ha — (2Xg + ¢+ L)r}2?

—{M —27tc(a+a+1)} ft y2(s)ds

—{ -2 L(a+a+1)} ff 22(s)ds.

t—r

Let

1
AL = ic(a—i—a—l—l)
and
1
Ao = 5L(oz+a+ 1).
Then, we get
4V < —{ady — (ac+ aL)r}a?
—{%(aa+ab—c) — L(ca+2ac+ c+ al)r}y?
—%{a — [L(a+a+2) + cJr}z2
Hence, we conclude

d
%V(zt, Yi, 2) < —kaz?® — ksy® — kez® <0

for some positive constants k4, k5 and kg provided that

. adg 7(aa+ab—c)
7 < min { a(c+L)’ 4(ca+2ac+c+al)’

@«
L(a+a+2)+c [ °

This completes the proof of Theorem 2.

Let p(.) # 0.
Our second result is given by the following theorem.

Theorem 3. We assume that all the assumptions of
Theorem 2 and

|p(t,$,l‘(t - T)7y7y(t - T‘),Z,Z(t - r))‘ < |Q(t)| )

¢
/|q(s)|ds <Py < oo
0

hold, where P, is a positive constant.
Then, there exists a positive constant M such that the
solution z(t) of Eq. (2) defined by the initial function

z(t) = ¢(t),2'(t) = ¢'(t), 2" (t) = ¢"(¢)
satisfies
()] < M, |2'(t)] < M, [2"(t)] < M
ft(:r allt >ty > 0, where ¢ € C%([to—r,to], R), provided
that

ady 7(aatab—c)
a(c+L)’ 4(ca+2ac+c+al)?

r<min{

o
L(a+a+2)+c | °
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Proof. Let (x(t), y(t), 2(¢)) be any solution of (3). Then,

by an easy calculation, it is obtained that
WV < —ky2? — ksy? — ke2? + (ax + ay + 2)
xp(t,z,x(t —r),y,y({t —r),z,2(t — 1))
< max(a, a, )(|z] + |y[ +[2]) lg()]
< Ou(lzl+ [yl + |2]) la(t)]

<03+ +y*+27)[q(t)],

where §; = max(a, a, 1). Making use of the estimate
2?4+ y? + 22 < kS V (4, i, 21), We get

d

%V(xtayta z) < 02 |q(t)] + 62V (e, ye, 2¢) |a(t)]
where d2 = max(3d1, 01 I%; 1). Integrating the above esti-
mate from O to ¢, it follows that

t
V(xt7yt7zt) S V(x07y0720) + 62 f ‘Q(s)| dS
0

t
+d2 f V(IS, Ys, Zs) ‘Q(S)| ds.
0

Using the Gronwall-Reid-Bellman inequality, (see Ah-
mad and Rama Mohana Rao [8]), and the assumption

t
[la@lds < 7y <,
0

we can conclude the result of Theorem 3.

References

[1] T. A. Ademola; P. O. Arawomo, Stability and uniform ulti-
mate boundedness of solutions of a third-order differential
equation. Int. J .Appl. Math. 23 (2010), no. 1, 11-22.

[2] T. A. Ademola; P. O. Arawomo, Stability and ultimate
boundedness of solutions to certain third-order differential
equations. Appl. Math. E-Notes 10 (2010), 61-69.

[3] T. A. Ademola; R. Kehinde; O. M. Ogunlaran, A bounded-
ness theorem for a certain third order nonlinear differential
equation. J. Math. Stat. 4 (2008), no. 2, 88-93.

[4] T. A. Ademola; M. O. Ogundiran; P. O. Arawomo; O.
A. Adesina, Boundedness results for a certain third order
nonlinear differential equation. Appl. Math. Comput. 216
(2010), no.10, 3044-3049.

[5] A. U. Afuwape, Further ultimate boundedness results for a
third-order nonlinear system of differential equations. Boll.
Un. Mat. Ital. C (6) 4 (1985), no. 1, 347-361.

[6] A. U. Afuwape; J. E. Castellanos, Asymptotic and exponen-
tial stability of certain third-order non-linear delayed dif-
ferential equations: frequency domain method. Appl. Math.
Comput. 216 (2010), no. 3, 940-950.

[71 A. U. Afuwape; P. Omari; F. Zanolin, Nonlinear perturba-
tions of differential operators with nontrivial kernel and ap-
plications to third-order periodic boundary value problems.
J. Math. Anal. Appl. 143 (1989), no. 1, 35-56.

[8] S. Ahmad; M. Rama Mohana Rao, Theory of ordinary dif-
ferential equations. With applications in biology and engi-
neering. Affiliated East-West Press Pvt. Ltd., New Delhi,
1999.

[9] J. Andres, Periodic boundary value problem for certain non-
linear differential equations of the third order. Math. Slovaca
35 (1985), no. 3, 305-309.

[10] E. S. Anitova, On the boundedness of the solutions of a sys-
tem of third-order differential equations. (Russian) Vestnik
Leningrad. Univ. Ser. Mat. Meh. Astronom 19 (1964), no. 2,
149-151.

[11] E. N. Chukwu, On the boundedness and the existence of a
periodic solution of some nonlinear third order delay differ-
ential equation. Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis.
Mat. Natur. (8) 64 (1978), no. 5, 440-447.

[12] J. Cronin-Scanlon, Some mathematics of biological oscilla-
tions. SIAM Rev. 19 (1977), no. 1, 100-138.

[13]]J. O. C. Ezeilo, On the boundedness of solutions of a certain
differential equation of the third order. Proc. London Math .
Soc. (3) 9 (1959) 74-114.

[14]1]J. O. C. Ezeilo, A note on a boundedness theorem for some
third order differential equations. J. London Math. Soc. 36
(1961) 439-444.

[15]J. O. C. Ezeilo, A boundedness theorem for some non-linear
differential equations of the third order. J. London Math.Soc
.37 (1962) 469-474.

[16] J. O. C. Ezeilo, A boundedness theorem for a certain third-
order differential equation. Proc. London Math. Soc. (3) 13
(1963) 99-124.

[17]J. O. C. Ezeilo, An elementary proof of a boundedness theo-
rem for a certain third order differential equation. J. London
Math. Soc. 38 (1963) 11-16.

[18]J. O. C. Ezeilo, A stability result for a certain third order
differential equation. Ann. Mat. Pura Appl. (4) 72 (1966)
1-9.

[19]J. O. C. Ezeilo, A generalization of a boundedness theorem
for a certain third-order differential equation. Proc. Cam-
bridge Philos. Soc. 63 (1967) 735-742.

[20]J. O. C. Ezeilo; H. O. Tejumola, Boundedness and periodic-
ity of solutions of a certain system of third-order non-linear
differential equations. Ann. Mat. Pura Appl. (4) 74 (1966)
283-316.

[21]J. O. C. Ezeilo; H. O. Tejumola, Boundedness theorems for
certain third order differential equations. Atti Accad. Naz.
Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 55 (1973), 194-
201 (1974).

[22] K. O. Fridedrichs, On nonlinear vibrations of third order.
Studies in Nonlinear Vibration Theory, pp. 65-103. Insti-
tute for Mathematics and Mechanics, New York University,
1946.

[23] K. Gopalsamy, Stability and oscillations in delay differen-
tial equations of population dynamics. Mathematics and its
Applications, 74. Kluwer Academic Publishers Group, Dor-
drecht, 1992.

[24] T. Hara, On the uniform ultimate boundedness of the solu-
tions of certain third order differential equations. J. Math.
Anal. Appl. 80 (1981), no. 2, 533-544.

© 2013 NSP
Natural Sciences Publishing Cor.



360 N SS

C. Tung : Stability and boundedness for a kind of non-autonomous differential equations ...

[25] B. Mehri; D. Shadman, Boundedness of solutions of cer-
tain third order differential equation. Math. Inequal. Appl. 2
(1999), no. 4, 545-549.

[26] B. S. Ogundare, On the boundedness and the stability results
for the solutions of certain third order non-linear differential
equations. Kragujevac J. Math. 29 (2006), 37-48.

[27] B. S. Ogundare; G. E. Okecha, On the boundedness and
the stability of solution to third order non-linear differen-
tial equations. Ann. Differential Equations 24 (2008), no. 1,
1-8.

[28] M. O. Omeike, New result in the ultimate boundedness
of solutions of a third-order nonlinear ordinary differential
equation. JIPAM. J. Inequal. Pure Appl. Math. 9 (2008), no.
1, Article 15, 8 pp.

[29] M. O. Omeike, Stability and boundedness of solutions of
some non-autonomous delay differential equation of the
third order. An. Stiint. Univ. Al. I. Cuza lagi. Mat. (N.S.)
55 (2009), suppl. 1, 49-58.

[30] M. Omeike, New results on the asymptotic behavior of a
third-order nonlinear differential equation. Differ. Equ. Appl
.2(2010), no. 1, 39-51.

[31]1 L. L. Rauch, Oscillation of a third order nonlinear au-
tonomous system. Contributions to the Theory of Nonlinear
Oscillations, pp. 39-88. Annals of Mathematics Studies, no.
20. Princeton University Press, Princeton, N.J., 1950.

[32] R. Reissig; G. Sansone; R. Conti, Non-linear Differential
Equations of Higher Order, Translated from the German.
Noordhoff International Publishing, Leyden, 1974.

[33] K. E. Swick, A boundedness result for the solutions of cer-
tain third order differential equations. Ann. Mat. Pura Appl
. (4) 86 (1970) 169-180.

[34] K. E. Swick, Asymptotic behavior of the solutions of certain
third order differential equations. SIAM J. Appl. Math. 19
(1970) 96-102.

[35] K. E. Swick, Boundedness and stability for a nonlinear third
order differential equation. Atti Accad. Naz. Lincei Rend .
Cl. Sci. Fis. Mat. Natur. (8) 56 (1974), no. 6, 859-865.

[36] H. O. Tejumola, On the boundedness and periodicity of so-
lutions of certain third-order non-linear differential equa-
tions. Ann. Mat. Pura Appl. (4) 83 (1969) 195-212.

[37] H. O. Tejumola, A note on the boundedness and the stabil-
ity of solutions of certain third-order differential equations.
Ann. Mat. Pura Appl. (4) 92 (1972), 65-75.

[38] C. Tung, Uniform ultimate boundedness of the solutions of
third-order nonlinear differential equations. Kuwait J. Sci.
Engrg. 32 (2005), no. 1, 39-48.

[39] C. Tung, Boundedness of solutions of a third-order nonlinear
differential equation. JIPAM. J. Inequal. Pure Appl. Math. 6
(2005), no. 1, Article 3, 6 pp.

[40] C. Tung, On the asymptotic behavior of solutions of certain
third-order nonlinear differential equations. J. Appl. Math.
Stoch. Anal. 2005, no. 1, 29-35.

[41] C. Tung, On the boundedness of solutions of certain nonlin-
ear vector differential equations of third order. Bull. Math.
Soc. Sci. Math. Roumanie (N. S.) 49(97) (2006), no. 3, 291-
300.

[42] C. Tung, On the stability and boundedness of solutions of
nonlinear vector differential equations of third order. Non-
linear Anal. 70 (2009), no. 6, 2232-2236.

[43] Tung, C., On the qualitative behaviors of solutions to a kind
of nonlinear third order differential equations with a retarded

argument. An. Stiint. Univ. “Ovidius” Constanta Ser. Mat.
17 (2), (2009), 215-230.

[44] C. Tung, Some new results on the boundedness of solutions
of a certain nonlinear differential equation of third order. Int.
J. Nonlinear Sci. 7 (2009), no. 2, 246-256.

[45] C. Tung, Stability criteria for certain third order nonlinear
delay differential equations. Port. Math. 66 (2009), no. 1,
71-80.

[46] C. Tung, A new result on the stability of solutions of a
nonlinear differential equation of third-order with finite lag.
Southeast Asian Bull. Math. 33 (2009), no. 5, 947-958.

[47] C. Tung, On the stability and boundedness of solutions to
third order nonlinear differential equations with retarded ar-
gument. Nonlinear Dynam. 57 (2009), no. 1-2, 97-106.

[48] C. Tung, The boundedness of solutions to nonlinear third
order differential equations. Nonlinear Dyn. Syst. Theory 10
(2010), no. 1, 97-102.

[49] C. Tung,On the stability and boundedness of solutions of
nonlinear third order differential equations with delay. Filo-
mat 24 (2010), no. 3, 1-10.

[50] C. Tung, Some stability and boundedness conditions for
non-autonomous differential equations with deviating argu-
ments. Electron. J. Qual. Theory Differ. Equ. 2010, No. 1,
12 pp.

[51] C. Tung, On some qualitative behaviors of solutions to a
kind of third order nonlinear delay differential equations.
Electron. J. Qual. Theory Differ. Equ. 2010, No. 12, 19 pp.

[52] C. Tung, Bound of solutions to third-order nonlinear differ-
ential equations with bounded delay. J. Franklin Inst. 347
(2010), no. 2, 415-425.

[53] C. Tung, On the existence of periodic solutions to nonlin-
ear third order ordinary differential equations with delay. J.
Comput . Anal. Appl. 12 (2010), no. 1-B, 191-201.

[54] C.Tung, Asymptotic stable and bounded solutions of a
kind of nonlinear differential equations with variable delay.
Funct. Differ. Equ. 17 (2010), no. 3-4, 345-354.

[55] C. Tung, Stability and bounded of solutions to non-
autonomous delay differential equations of third order. Non-
linear Dynam. 62 (2010), no.4, 945-953.

[56] C. Tung; M. Ates, Stability and boundedness results for so-
lutions of certain third order nonlinear vector differential
equations. Nonlinear Dynam. 45 (2006), no. 3-4, 273-281.

[57] C.Tung, M. Ates, Boundedness and stability of solutions of
a kind of nonlinear third order differential equations. J. Appl
.Func. Anal. 5, no.3, (2010), 242-250.

[58] C. Tung; H. Ergéren, On boundedness of a certain non-linear
differential equation of third order. J. Comput. Anal. Appl.
12 (2010), no. 3, 687-694.

[59] C. Tung; E. Tung, New ultimate boundedness and periodic-
ity results for certain third-order nonlinear vector differen-
tial equations. Math. J. Okayama Univ. 48 (2006), 159-172.

[60] H. Yao; W. Meng, On the stability of solutions of certain
non-linear third-order delay differential equations. Int. J.
Nonlinear Sci. 6 (2008), no. 3, 230-237.

[61] T. Yoshizawa, Stability theory by Liapunov’s second
method. Publications of the Mathematical Society of Japan,
No. 9. The Mathematical Society of Japan, Tokyo 1966.

[62] C. X. Wu; B. Shi, Globally asymptotic stability of a third-
order nonlinear delay system. (Chinese) Math. Pract. Theory
38 (2008), no. 16, 227-230.

© 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 7, No. 1, 355-361 (2013) / www.naturalspublishing.com/Journals.asp

Cemil Tung was born in Yesiloz
Koyii (Kalbulas), Horasan-Erzurum,
Turkey, in 1958. He received the
Ph. D. degree in Applied Math-
ematics from Erciyes University,
Kayseri, in 1993. His research in-
terests include qualitative behav-
iors of solutions of differential equa-
tions. At present he is Professor of
Mathematics at Yiiziincii Y1l Uni-
versity, Van-Turkey.

© 2013 NSP
Natural Sciences Publishing Cor.



