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Sheet electron beams focused by periodically cusped magnetic (PCM) fields are stable against
low-frequency velocity-shear instabilities (such as diocotron mode). This is in contrast to more
familiar unstable behavior in uniform solenoidal magnetic fields. Two rectangular-cross-section
magnetic configurations capable of focusing in both transverse dimensions are investigated: (i)
a closed-side two-plane PCM configuration that is topologically equivalent to conventional
round-cross-section PPM focusing; and (ii) an open-side configuration that uses ponderomotive
PCM focusing in the vertical plane and simple v,B, Lorentz force focusing in the horizontal
plane. Both configurations are capable of stable sheet beam confinement. The open-side
configuration appears more practical both for focusing and for realizing matched (cold) beam
conditions in which the beam envelope is free from oscillations. For realistic beams with finite

emittance, the existence of a matched cold beam solution implies less emittance growth at beam

injection.

I. INTRODUCTION

Sheet or ribbon electron beams have been of interest
for numerous applications, ranging from microwave tubes
to gas laser excitation and plasma chemistry reactors. A
summary of desirable applications can be found in Ref. 1.
Perhaps the most familiar (infamous) feature of sheet elec-
tron beams concerns their behavior in the presence of a
uniform solenoidal focusing magnetic field. Namely, this is
an unstable configuration, due to EXB drift forces arising
from the guiding magnetic field B and the transverse elec-
tric space-charge fields of the beam. The tendency for low-
frequency (MHD) beam instability in this configuration
can manifest itself in several ways. The simplest manifes-
tation is a rotational mode discussed in Ref. 2. More fa-
miliar are transverse kink, diocotron, and/or filamentation
instabilities. There appears to be some historical differences
regarding the use of the term “diocotron,” with some au-
thors applying it to “ac space-charge” kink-type modes**
and others associating it with EXB velocity shear effects.’
Antonsen and Ott® identify that the mechanism is identical
for both cases. The physical consequence of diocotron in-
stability is that the beam forms localized kinks and vorti-
ces, with the eventual result of beam filamentation, “heat-
ing,” breakup, and possibly interception on the confining
vessel walls. A recent review article discussing diocotron-
type instabilities is also available.® '

The onset of diocotron instability for sheet beams in
solenoidal magnetic fields is not universally assured. There
are several methods for stabilization that have been theo-
retically predicted and experimentally demonstrated. First,
the instability is convective, requiring a finite length of
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propagation before becoming unacceptably pronounced. A
worst-case (lower-bound) estimate for the diocotron insta-
bility growth length can be obtained as>?
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where w.=eB/m is the electron cyclotron frequency,
co;:nez/ Y’me, is the square of the relativistic beam plasma
frequency (# is the beam density in the laboratory frame),
y=(1—B2) 12 is the relativistic energy parameter, and
B,=1u,/c is the beam axial velocity normalized to the speed
of light in vacuum. Clearly, the diocotron instability can be
suppressed by large beam energies (large ) or low-beam-
current densities J,. This is just a consequence of stiffer
beams—i.e., a space-charge instability being reduced by
reducing the effective space charge. Also, strong magnetic-
field intensity B, will increase L,, thereby suppressing the
instability. This has been experimentally demonstrated in
several configurations.>!*!! Placing a sheet beam between
closely spaced conducting plates (or an annular beam in
close proximity to an outer conducting wall) will also sig-
nificantly reduce the instability rate.>>>° This effect is as-
sociated with image charges and currents in the conducting
boundaries. Finite-temperature effects’ and space-charge
neutralization by ions* are other mechanisms for diocotron
instability suppression.

Several of the methods mentioned above for sheet
beam stabilization are not attractive for compact micro-
wave tubes. For example, the generation of strong (several
kilogauss) solenoidal fields requires bulky electromagnets
and associated power supplies. The longer the tube inter-
action length, the greater the field intensity required. Thus,
this approach is primarily relevant to devices with short
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interaction lengths, such as oscillators. The use of relativ-
istic beam energies is obviously restricted to relativistic
accelerator or relativistic vacuum electronics applications.
More conventional devices with lower beam voltages V,
<100 kV must rely on keeping J, small to obtain stiff
beams. This approach is not always practical for moderate-
to high-power millimeter-wave devices which require sig-
nificant beam current propagated through small clearance
microwave circuits (resulting in high J,). Space-charge
neutralization by background ions is generally incompati-
ble with conventional devices based on thermionic
electron-beam sources. An exception to this latter case in-
volves the plasma-filled technology of the PASOTRON™,
although a sheet beam has not actually been used in that
particular device.!?

An alternative method to obtain a stable sheet
electron-beam configuration is to employ a periodic—
rather than uniform solenoidal—focusing magnetic field.
Recently such a configuration has been studied both theo-
retically and experimentally. This work investigated rela-
tivistic sheet beams with periodic “wiggler” focusing. A
robust stability was expected, due to a combination of “stiff
beam” parameters and the fact that the ponderomotive
focusing provides a stable minimum energy state against
low-frequency (MHD) instabilities. This latter issue will
be discussed in greater detail below. Convincing experi-
mental evidence for this stability have included observa-
tions of very low-beam interception currents (high-beam
transmission) for short,! intermediate,'>'* and long'® wig-
gler magnets.

Sheet electron beams would be particularly attractive
for nonrelativistic applications (beam voltages less than 50
kV) such as moderate and high average power millimeter-
wave tubes.” Unfortunately, the wiggler-focusing scheme
becomes more problematic with low-voltage beams be-
cause the large peak magnetic fields required for focusing
beam space charge impart an excessive amount of trans-
verse “wiggling” velocity, possibly even causing complete
beam deflection. An interesting alternative candidate, how-
ever, is to employ a rectangular configuration of periodic
cusped magnetic (PCM) fields such as that illustrated in
Fig. 1. A cylindrical configuration of periodic cusped fields
using permanent magnets to focus a conventional round-
cross-section beam is commonly referred to in the micro-
wave tube industry as PPM focusing.'®

The only known analysis of sheet beam stability in
PCM fields is an article by Dohler!” who modified Pierce
and Kyhl and Webster’s™ analysis for a sheet beam in a
uniform solenoidal field. Dohler’s analysis approach, how-
ever, is only applicable to the case of a slowly varying
magnetic field—specifically, for conditions where the beam
plasma wavelength and the diocotron growth length are
much shorter than the magnetic-field gradient scale length.
For a sinusoidally varying focusing field, this amounts to
the restriction A,=27v,/w,</,,/4, where /,, is the magnet
spatial period. However, PCM focusing is generally most
effective in the limit of short magnet period,'® 1,/4 <2,
where Dohler’s analysis does not apply.

This article is organized as follows. Unperturbed orbits
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FIG. 1. Schematic of two-plane, rectangular-cross-section, PCM focusing
configuration (electromagnet version).

and period-averaged magnetic focusing forces are obtained
in Sec. II for electrons in two-dimensional rectangular
PCM focusing. Section III is an analysis of the low-
frequency stability of nonrelativistic sheet beams in peri-
odic magnetic focusing. Detailed formulas for magnetic
and space-charge electric fields are derived in Sec. IV for a
sheet electron beam in rectangular-cross-section PCM fo-
cusing. Identification of a practical two-plane-focusing
PCM configuration that allows for beam matching (to
minimize emittance growth) is discussed in Sec. V. Sum-
mary and Conclusions are presented in Sec. VI

Il. UNPERTURBED ORBITS FOR ELECTRONS IN
TWO-PLANE RECTANGULAR PERIODIC
CUSP FOCUSING

Consider a configuration such as that shown in Fig. 1
with rectangular cross section and periodic cusps in both
transverse planes. Anticipating a result from later discus-
sion, the near-axis fields for this configuration can be ap-
proximated by the following expressions which are derived
from a scalar potential, B=—Vy,, and

Xm=(By/k,,) cosh(kx)cosh(ky)cos(k,z):
B,= —(k,/k,;) By sinh(kyx)cosh(ky)cos(k,,z)

z-—(ki/k,z,,)Box cos(k,z), (2a)
B,=—(k,/k,,) By cosh(k,x)sinh(ky)cos(k,z)
~ — (K}/Kk2,) By cos(k,z), (2b)
and
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B,= By cosh(k,x)cosh(k,y)sin(k,z) = By sin(k,z), (2c)

where kfn=k§+k§ follows from V+-B=0. The (nonrelativ-
istic) Lorentz equation has the three vector components:

#=00[y(B,/By) —2(B,/By) 1, (3a)
J=Q4[2( B,/ By) —%( B,/ By)1, (3b)
and
Z=Qo[%( B,/ Bo) —y(B,/Bo)], (3c)

where Qy=qBy/m. For the zeroth-order motion we simply
assume Zy=v; where v, is the beam velocity. The terms

Xy=—~vQ0( B,/ By) (4a)
and
Ji1=vQ0( B,/ By) (4b)

generate first-order “wiggle” motion (x,y,) for electrons
displaced from the axis. Substituting Eq. (2b) into Eg.
(4a) and integrating yields

%1 =Q0(kL/K2) po sin (k1) (5a)
or

x1=(—Qu/k,,.0p) (kf,/kf,,)yo cos(k,pt)
and

1= —Qo(K2/ K2 ) x, sin (k,,0t) (5b)
or

V1= (Qo/ k) (K2/ K2 ) X0 €08 (Kpt).

We now turn to the zeroth-order motion in the x and y
dimensions—i.e., that motion which survives averaging
over a “wiggle” period. In the horizontal plane we have

. . BZ ‘B}’
x0=(),0(y1 E;;—vb Fo)

= '—Qz—ix sin? (k,,vpt)
072 %o mUb
2
+Qovp ‘kTy (ro+y1)cos(kupt)
m

which after period averaging simplifies to

. W Kk
x0=——2——xoﬁm I—F , (6a)

m
i.e., simple harmonic betatron!® motion associated with a
ponderomotive focusing force:

F %k, 1 kf’
"7 e R
By a similar process, we obtain the zeroth-order betatron
motion in the vertical (y) plane,

AN )
)’o——TyoP;( _E)’ (6c)

4142

g . (6b)
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associated with the ponderomotive focusing force,

@R B
ro=-|n 3% (1-%) I

m

(6d)

ill. STABILITY OF SHEET BEAMS IN PERIODIC
MAGNETIC FOCUSING

In this section we discuss the stability of sheet electron
beams in periodic magnetic systems such as wiggler or
PCM focusing. The stability derives from the fact that for
modes evolving over distances longer than a magnet pe-
riod, the magnetic focusing forces can be accurately repre-
sented by their period-averaged, ponderomotive expres-
sions arising from the vXB “beating” of an oscillatory
(“‘wiggle”) velocity against the oscillatory periodic mag-
netic focusing field [i.e.,, Egs. (6b) and (6d)]. For a con-
figuration such as that shown in Fig. 1 with periodic fo-
cusing in both transverse planes the (nonrelativistic) near-
axis, period-averaged vXB force terms can be
approximated according to Egs. (6b) and (6d). As dis-
cussed in a later section, when the configuration is much
wider in the horizontal plane than in the vertical plane, one
obtains k,=~k,, and k, =~ +k;,—k,. Hence the near-axis,
period-averaged ponderomotive PCM forces are approxi-
mately

(F) = (~mQ}/2)y
and

(Fy = (—mQ3/2)Cyx, (7b)

where the brackets { ) denote averaging over a period and
C.=~(k/k,)* Clearly, Egs. (7) are in the form of a po-
tential well U(x,y) with a force-free equilibrium point at
the origin (x=y=0) and for which the second variation of
the potential is positive definite for translational perturba-
tions of the sort g—g-+8gq, i.e.,

58U Lo 86g5 16
—an’aqj g qj'_‘_i qi

(7a)

F ;)
dg;

Hence, in accordance with the stability criteria articulated
by Gibbs,19 one can expect that such a configuration is
stable against low-frequency space-charge modes. We illus-
trate this fact with a simplified treatment of diocotron in-
stability patterned after that originally presented by Bune-
man.'®?° For reference, we briefly review the model® for a
sheet beam in a uniform solenoidal field followed by a
modification of this model for the periodically focused
sheet beam.

The model assumes a uniform solenoidal field B= Byz
and a thin beam with charge density per unit area Ng=ntg
where 7 is the beam thickness, # is the electron density per
unit volume, and N is the electron density per unit area.
Beam perturbations of the sort in Fig. 2 are considered.
Focusing on the dynamics of electrons at the beam center,
the equations of motion are

8¢;>0. (8

i=(qE,/m) —Qqp, (9a)
J=(gE,/m) +QeX, (9b)
Booske, McVey, and Antonsen, Jr. 4142

Downloaded 25 Apr 2007 to 128.104.198.190. Redistribution subject to AIP license or copyright, see http:/jap.aip.org/jap/copyright.jsp



(b)

L 2n/k -

FIG. 2. Schematic (used for stability analysis) of a sheet electron beam
focused by a uniform solenoidal magnetic field: (a) unperturbed state,
(b) perturbed configuration.

where Q¢=|gBy/m|. By concentrating on electrons at the
beam center, all quantities in the unperturbed state [Fig.

2(a)] are approximately zero. For harmonic perturbations

of the sort e**=2% one has

—0*F=(qE,/m) +ioQP, (10a)

— %= (gE,/m) —ioQoX.
Several approximations are now employed. First, it is as-
sumed that in the perturbed state [Fig. 2(b)], electrons in
the beam center experience an electric field E that is ap-

proximately the average of the field at the top £, and
bottom E_ of the beam,

E=ME,+E_). (11)
For electrons at the center of the beam, the perturbed
equation of continuity is approximately

Nz —iNKX. (12)
Assuming kr<k|p| €1 [see Fig. 2(a)l], the geometry of

Fig. 2(b), continuity of tangential field, and the jump in
the normal field components we obtain

EH —Ex__ = —i(Ng/ex)ky

and

E,,—E,_=Ng/e,." (13b)
Next, by assuming the time scale of the perturbation to be
slow (i.e., @<$Qy), Egs. (10)—(13) can be combined to
yield

(10b)

(13a)

E —I-E _ 2€, :
e T _f_" By, (14a)
E,,—E,_ k Ng

Eo—E, TkNg®
Boundary conditions at the beam-vacuum edges are ob-

tained by assuming a quasistatic limit (i.e., k<€w/2mwc)
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_ported for cylindrical configurations, e.g.,

such that fields in the vacuum region are separable in their
dependence on x and y. For a curl-free electric field, this
results in the approximation

Ex:h,z,:FiEy:l: . (15)

Finally, we can combine Egs. (14) and (15) to obtain
w/k= +i(Nq/2¢e,B,), (16)

i.e., a purely growing mode.

We now apply the above model to the case of a sheet
beam in a periodic magnetic focusing field. Again, we as-
sume a perturbation of the sort ¢/ **~" ags depicted in Fig.
2(b) and assume that the perturbation evolves on a time
scale sufficiently long to justify averaging the dynamics
over a magnet period [see Egs. (7)]. Hence, the equations
of motion are

— %= (gE,/m)— (Q%/2)C.% (17a)
and
— %= (gE,/m)— (Q}/2)7. (17b)

Using Egs. (11)-(13) and (15) we obtain for this case the
two equations:

o= (Ng*/2meg)k+ (03/2)C,
and

o*=(—Ng*/2mey) k+ (Q%/2).

(18a)

(18b)

Normal mode solutions exist only for simultaneous solu-
tion of Eqs. (18a) and (18b). Upon substitution this yields

0*=(Q¥/4)(1+C,), (19)
i.e., bounded, harmonic, betatron motion (no growing in-

stability). The validity of this calculation pertains to per-
turbations for which w/uy<k,,, or

Q5(1+C,) <4ksup, (20)

where u, is the beam’s axial velocity.

In conclusion, whereas a sheet electron beam in a uni-
form solenoidal37§’8{9 or a slowly varying periodic!’ mag-
netic field is unstable to diocotron modes, a sheet beam in
a short-period periodic magnetic field should be stable
against low-frequency space-charge perturbations. The lat-
ter statement is predicated upon the assumption that the
periodic magnetic fields are sufficiently strong to permit an
equilibrium solution—i.e., that the beam is focused in the
bulk sense. Evaluating conditions necessary for such focus-
ing forms the content of the following sections.

Still unresolved are questions associated with dynamics
occuring on fast time scales, such as emittance growth and
electromagnetic (FEL) instabilities. To rigorously investi-
gate the former requires a 3D simulation. However, the
general qualitative behavior is expected to follow that re-
emittance
growth can occur as the result of beam mismatch®! or
magnetic-field errors.”? Hence, optimizing beam entrance
conditions'® and minimizing field errors should keep emit-
tance growth low enough for microwave tube applications.
Evaluation of emittance growth of periodically focused
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FIG. 3. Cross-sectional view of sheet beam enclosed in a conducting
rectangular waveguide showing relevant beam and waveguide wall dimen-
sions.

sheet beams for more stringent accelerator applications

will require more detailed numerical analyses.
Susceptibility to unintended FEL-like electromagnetic

instabilities is also theoretically possible, due to the “wig-

gling” motion of electrons off the geometric axis as induced

by the periodic PCM field. However, whereas the quiver
energy scales as (nonrelativistically) vx —_—— Q.O/Zk2 for
near-ax1s electrons with wiggler focusmg, we have
Q2%/2 for PCM focusing. Hence, :

xtms~

(U x,rms) PCM/ ( vx,rms) wiggler =~ kzmy ’

which will generally be a small number, implying weak
growth for FEL-type instabilities.

IV. MAGNETIC AND SPACE-CHARGE ELECTRIC
FIELDS FOR A SHEET ELECTRON BEAM IN
RECTANGULAR-CROSS-SECTION PCM FOCUSING

Before evaluating conditions necessary for focusing, we
will derive limiting-form expressions for the space-charge
electric and magnetic fields associated with sheet electron
beams in rectangular-cross-section PCM focusing.

A. Space-charge electrostatic fields of a rectanguiar

beam width w, and waveguide cross-section dimensions a,
and b,. It is assumed that the solution is independent of the
waveguide axis dimension z. Hence, we seek the solution
for electrostatic scalar potential ®g,

X,
V20 (xpz) = PO
€o

x| <a./2, |p|<bs2,
1)
Dy |x| =a/2) =®5( |y

A Green’s function solution to the relevant equation

=b,/2)=0.

A VN e Ol
a2t gy | O Xy ) =— p ,

(22)
G(|x'| =a,/2) =G(|y' | =b/2)=0,

is obtained as

G(x, y'y) = E gj cos(kp")cos(kp)

. ae
s1nh[kj(5=|=x’) s

ae
kj(-i:tx)

B 2 _Qj+Dm
8= bk, simh(ka) ' 15 b,

Xsinh

x'2x,

e (23)

The solution to Eq. (21) is therefore

P p(x,y) =ff dx' dy’ G(x',x;y".y) p(x',y"),
S,

wEg

(24)

where S, represents the waveguide cross section. Since the
geometry is symmetric about the y axis, we concentrate our
computation of @y to the region x>0. Taking the case of a
uniform distribution of beam density # with “sharp” edges

; —en, |y|<t/2, |x|<w/2
sheet electron beam with uniform density and p(x.y) -=-l . (25)
sharp edges 0, otherwise
We seek the space-charge fields for a configuration (where n is a constant) one obtains from Egs. (23)
such as that illusirated in Fig. 3, with beam thickness ¢, and (24)
i
in( e, 2 )sinh( %, 2\sinh( , 2
m 2 860127 Sm( ji)Sln ( f 2)811’1 < 2) k ) inh |k a, ] w< a,
— . A —_— s —_ <— ,
e = b & sinh (ka,) cos(kjy)sin [ f(z )] 25752
— t _ - !
(DE(x’y) - )\ 2 Si_fl k - (26)
: m i 4w, 72 r ) cosh(k;x) | a,—w 0 w
~ j=,0, b, —T—cos( jy) —_ X gos [ j( 3 )] , <x<2.
- cosh(kj 3)

1t is useful to obtain the form of this expression in the limit that we can ignore the sidewalls at x= +a,/2. Evaluating

Eq. (26) in the limit a,— « yields
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© 4o cos(k,y)sm[k (t/2)] ( e“kj[(w/2)+x]+e~kj[(w/2)—x]) 7

@ Zs
E(an’)——e o b k3 2
for |x|<w/2. This expression becomes accurate when k; (@, —w)/2>2, or whenever (a,—w) R 1.3b,. In this limit it is
identical to that which one obtains for the sheet beam posmoned between two infinite parallel planes as shown in Fig. 4

and associated with the Green’s function

S 2cos(ky )cos(kp) ek

Gy (xx'py’) = 2_}0 eobk; 2

For stability and focusing calculations, expressions for
the electric field, E= —V®j will be preferred. As a check
on the validity of our expressions above, it is instructive to
first consider the electric field for an infinitely wide sheet
beam of thickness #/2, placed between two conducting par-
allel plates that are separated by a spacing of b,. This can
be rather trivially obtained by direct integration of Gauss’s
law to obtain

(—m/e)ayy, 0<y<t/2,

- (—m/)wy(t/2)§, t/2<y<b./2. (29)

Alternatively, one should obtain the same result by taking
the negative gradient of Eq. (27) in the limit w/2— « to
obtain

infinitely wide beam -

w/2- m & 4olsin[k;(1/2)
E») — = Z e—————m 5 ] sin(k,p).
/= T o)

It has been verified that Eqs. (29) and (30) are in exact
agreement by completing the sum numerically.

More generally, the electric field for a sheet beam with
uniform density and “sharp” edges can be obtained by
taking the negative gradient of Eq. (26) or Eq. (27), de-
pending on which limiting case is of interest. As an illus-
tration, we compute the electric-field components for the
case of a wide sheet beam with uniform density and sharp
(abrupt) edges at |x|=w/2 where the effect of the side
walls can be neglected [e.g., using Eq. (27)]:

/I\Y sheet electron
beam\

b ] é"_// >

‘b - X
conducting
waveguide
wall

FIG. 4. Rectangular sheet beam confined between two conductmg par-
allel planes.
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xSx'. (28)

22 ki(t/2 '
m co sm[ (t/ )]cos(kjy)

E, (x,y)—-—;”_o b, 2
w 3
xeXP(_ki_2_>smh(ij)’ (31a)
2 4olsin(k;(2/2)]
E(x,y)—-~ Z g sin(ky)
b, K
e~ kjw/24x) 4 p—kj(w/2—x)
(1_ . ) (31b)

B. Space-charge electrostatic fields of a rectangular
sheet electron beam with nonuniform density
or diffuse edges

Equations (31) provide expressions for the electric-
field components of a wide rectangular sheet beam with
uniform density, abrupt edges at |x| =w/2, and confined
between two infinitely wide parallel conducting plates. The
assumptions” of uniform density and abrupt edges at
[ x| =w/2 may not always be applicable or desirable and in
this sub-section we investigate formulas for the electro-
static space-charge field when the beam has diffuse edges
that are nominally located at |x| =w/2. We will start with
a very simplified model and formula, followed by a more
exact derivation to establish validity regimes for the sim-
pler expression.

First, we consider a simplified model in which the x
and y dependencies are approximately separable. In partic-
ular, we consider Poisson’s equation for a wide rectangular
sheet electron beam confined between parallel conducting
plates with beam density n(x) that is uniform in p but
variable in x (for example, near the beam edge):

82<I>E 82<DE e
™) +_}jz——' n(x). (32)

‘When the density varies sufficiently slowly in x (criteria to
be determined later), we can expect

azcrz 5, a;«pE
)y

or

————~6—0 n(x). . (33)
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"OE_ exp(z—le)] n(s)

;0 [expéle)]

FIG. 5. Horizontal density profile used to compare approximate and
exact space-charge-field solutions for a beam with diffuse edges [Egs.
(33)1.

For a beam of thickness ¢ and symmetrically confined be-
tween conducting planes separated by a distance b,, one
readily obtains a solution for the potential

en(x)

b, t ¢
e 7 H73)) e

en(x) b, I b,
2¢ t(y_i)’ <<z

Dp(xy)= (34)

and for the electric-field components in the region

ly| <72,
b, dn(x)
x(xsy)~ 26 }’2 t(2 4) —EC“_, - (358.)
E(xy)=— (e/eo)n(x)y. (35b)

To establish validity restrictions on Egs. (35) for the
case of a sheet beam symmetrically placed between con-
ducting planes, we again perform a Green’s function solu-
tion for the electrostatic fields. In this case, however, we
consider a beam with a prescribed diffuse density variation.
It will be convenient to measure horizontal displacement
from the beam edge by introducing the position variable
s=w/2—x. To keep the analysis clear and tractable, we
select a particular representative density variation near the
nominal beam edge at s=0:

(no/2)exp(s/L), s<0,

no[l—% exp(—~S/L)], S>0’ (36)

n(x)-n(s)= l

schematically illustrated in Fig. 5. The horizontal electric-
field component can be calculated as

vy

E(sp)=——p" = e I

+/2 BG (5,5 ,y,y)
Oy A3 sh) 7
= ds’ f
(37)

where G" (s,s";p,y") is obtained from Eq. (28). The exact
result for this case is

€ty s 2Sin[kj(t/2)]
E.(s,y)= cos(ky)
( y) % ]20 bek§
k;L exp(—s/L)—exp(k;s)
J J
() o
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where k; has the same definition as before. Introducing the
normallzed quantities L=L/ b,, §=s/b,, t=t/b,, y=y/b,,
and E=E/E,, where Ey=—engb,/€,, Eq. (38) can be re-
written as

EA’s(s:yA);
_ ((2j+ D7t
. ZSm(—————
= ZO (2j+1)2172f COS[(Zj-{—l)Wﬁ]
Jj=
(2j+1)’n'iexp(—%)—exp[—(2j+1)'n'§]

x i+ D1
(39a)
We now proceed to compare the exact expression (39a)
with the approximate expression (35a) for the case of the
density variation specified in Eq. (36). In terms of the
normalized quantities, Eq. (35a) using Eq. (36) is rewrit-

. tenas )
. 1 yz 1 ¢ $
E(sy) = AN (2 4) ]exp( L)' (39b)

The exact expression (39a) is then computed by numeri-
cally summlng over a large but finite number of terms. This
summation is facilitated by noting that for (2]+1)1Tl'/
2<1, E;~(2j+1)"!, whereas for (2j+1)mt/2>1,

,\ sin[(2j+1)17(t/2)] 1
ST @i+ ) PEL T i+

a rapidly converging series. Consequently, the sum in Eq.
(39a) can be well approximated by truncation after j=1/
7Tt—— Equations (39a) and (39b) have been plotted in
Figs. 6(a) and 6(b) for =3 and L= 1, respectively.
From the two plots, it can be inferred that the simplified
expressions [Eqgs. (35) or (39b)] can be gsed with reason-
able accuracy (within 109%) whenever L= L/b,>1. Fur-
thermore, the simplified expressions generally err in a con-
servative manner (higher E-field estimate than the exact
formula).

In summary, Eqgs. (31) and (35) provide simplified
limiting forms for the electric space-charge fields of
rectangular-cross-section sheet beams for the cases of uni-
form density with sharp edges [Egs. (31)] and sheet beams
with density gradients along the horizontal dimension
[Eqgs. (35)]. With reference to Fig. 3, both equations are
quantitatively valid for (¢,—w) 2 1.3b,. Equations (35)
are generally applicable to density gradients at the beam
edge or in the beam center, provided the density gradient
scale length is not too abrupt, i.e., L/b,>1.

C. Magnetostatic fields for 2D PCM focusing

In this subsection, we investigate periodically cusped
magnetic-field configurations that will provide sheet beam
focusing in both transverse planes. At first glance, one may
be tempted to consider either curved-pole?® or canted-
pole®® configurations which have been successfully em-
ployed with wiggler focusing. However, in periodic-cusped
focusing, midplane (y=0) electrons experience no trans-
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FIG. 6. Comparison of exact [Eq. (33a)] and approximate [Eq. (33b)]
space-charge-field solutions for a beam with diffuse edges. s is a horizontal
position coordinate measuring displacement relative to the beam edge (at
5=0) and normalized to the waveguide wall separation distance 5,. (a)
t/b,=0.1 and L/b,=3; (b) t/b,=0.1 and L/b,=1.

verse force or quiver velocity. Hence, neither the curved-
pole nor the canted-pole configuration will provide hori-
zontal focusing for midplane electrons—which generally
represent a large fraction of the sheet beam. Instead, we
will consider two alternative configurations.

The first configuration—henceforth referred to as a
‘“closed” configuration—is that displayed in Fig. 1. This
structure is topologically equivalent to PPM focusing of
round beams and can be envisioned as the result of com-
pressing a circular-cross-section PPM structure in one
transverse (y) dimension while stretching the configura-
tion in the other transverse dimension (x). Focusing oc-
curs in the narrow dimension by the simultaneous exist-
ence of B, and B, components, while focusing in the wide
transverse dimension results from the presence of B, and
B, components.

In principle, the fields for the closed configurationof
Fig. 1 can be obtained from a scalar magnetic potential ®,,
that satisfies Laplace’s equation along with appropriate
boundary conditions at the inside edges of the magnet,

V2D (x,2) =0, |x|<a,/2, |y|<bn/2. (40)

In the limit of an infinitely wide problem (i.e., a,,— ),
the problem reduces to two dimensions (y and z) and can
be solved by separationof variables in a manner similar to
that of Refs. 26 and 27 for wiggler magnets. For finite a,,,
however, the problem is no longer separable. Nevertheless,
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T i _l

bm <

g >
I

FIG. 7. Filamentary model (without iron pole pieces) of rectangular
PCM configuration.

in the magnet gap region far from the magnet edges one
intuitively expects approximately separable solutions
(from Sec. II):

"By~ — By(k,/k,,)sinh(k,x)cosh(k,y)cos(k,.z), (2a)
By~ —Bo(ky/km)cosh(kxx)sinh(kyy)cos(k,,,z), (2b)
B,~ B, cosh(k,x)cosh(k,p)sin(k,,z), (2¢)

where, to satisfy Laplace’s equation as well as to obtain
B,(b,/2) =B, (a,/2), we take

k
Ky L 41
NEv (H12)
k s
=yt d

To support this approximation, we have used the Biot—
Savart formula and numerically calculated the fields for
the filamentary closed PCM configuration illustrated Fig.
7. The transverse field variation of Fig. 7 is expected to be
similar to that of Fig. 1, with the principal exception that
higher-harmonic content should be observed for the con-
figuration of Fig. 1 due to the presence of the low-
reluctance iron pole pieces. Specific results for the z com-
ponent of the case a,,=5.0, b,,=0.5, k,=27 (ie, all
dimensions are normalized to the magnet period /,,), are
plotted in Fig. 8. Generally, for |y]<0.1 and [x]<1.0 it
was observed that the above approximate expressions [Eqgs.
(2) and (41)] provide a very good fit to the computed field
values. More exact numerical simulations including the ef-
fects of ferritic pole pieces are planned for the future. For
the purposes of this article, however, we will make use of
the approximate expressions given above.

A second configuration is also considered, namely the
“open” structure of Fig. 9 with offset pole pieces. This
offset-pole-piece configuration has already been success-
fully used for two-plane wiggler focusing of low-space-
charge, relativistic sheet electron beams.!® The two-plane
focusing properties of this arrangement can be appreciated
from inspection of its magnetic equivalent in Fig. 10. Fo-

(41b)
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FIG. 8. Numerically calculated axial magnetic-field component B,, of the
filamentary PCM configuration displayed in Fig. 7 [10 coils placed at
z=(0, 0.5, 1.0,... ,4.0, 4.5)]. (a) B, vs x at y=0 and z=2.5, (b) B,vsy
at x=0 and z=2.5, and (¢) B, vs z for x=0 and y=0.

cusing in the narrow (y) dimension works on the ponder-
omotive (periodic fields) principle, whereas focusing at the
beam edges in the wide transverse dimension results from
the zeroth-order v,B, forces.

To model the fields of the configuration in Fig. 9 (or
Fig. 10) we will superpose periodic fields for an “infinitely
wide” PCM structure with fields resulting from four semi-
infinite sheets of magnetic “surface charge”, as depicted in

FIG. 9. Open-sided PCM configuration using offset pole pieces. Magnetic
polarity labels (X,S) indicate the field polarity on the inside or gap-side
faces of the magnet poles.

4148 J. Appl. Phys., Vol. 73, No. 9, 1 May 1993

-FIG. 10. An open-sided PCM configuration equivalent to the offset pole

piece configuration of Fig. 9. Again, magetic polarity labels (N,S) indi-
cate the field polarity on the inside or gap-side faces of the magnet poles.

Fig. 11. With this approach, we can solve for the periodic
field, By, using Eq. (40) and separation of variables.
Following the derivations of Refs. 26 and 27, and keeping
just the lowest-order harmonic terms, the result is

“ B},Qcmz — By sinh(k,,p)cos(k,z), (42a)

an
Qi

d

B, yem= By cosh(k,p)sin(k,z). (42b)

The side or “offset” fields B g can be obtained from Cou-
lomb’s law—i.e., by integrating over the “surface magnetic
charge” sources,

(X—x") P’
By=C f 7 7 b4
‘ o8 sources ([(x—x Y+ (y—y )%
(—Y") prsdx’ A) |
[G—x+ 017 )
where Cj is a dimensionalizing constant. Equation (43)
has been solved for the semi-infinite magnetic charge

(43)

FIG. 11. Magnetic equivalent of open-sided configurations in Figs. 9 and

10 achieved by replacing offset pole regions with semi-infinite sheets of

magnetic “surface charge.”
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FIG. 12. Two-dimensional view of the semi-infinite magnetic surface
charge sheets of Fig. 11, indicating and labeling their relative positions.

source distribution pictured in Fig. 12, subject to the con-
dition that Byz— =+ B§ at x— 4 . In particular, the p
component of By is

B o B, Wy/2+x
ol =" [arctan (_——ly— b, /2|)
wy2—x
ly—b,/2| )
The fields of the open-side configuration of Figs. 9 or 10 are

therefore modeled as the superposition B=B,,.,, + B¢ us-
ing Eqgs. (42) and (44).

—arctan( . (44)

V. FOCUSING AND BEAM MATCHING

In this section, we review conditions for bulk beam
focusing and beam matching. In general, the problem of
matching a rectangular sheet beam with two-plane-
focusing periodic magnetic fields is a nonlinear, nonsepa-
rable problem involving the balance of magnetic focusing
forces, space-charge defocusing forces, and transverse ki-
netic pressure associated with finite beam emittance. Fu-
ture numerical studies of this problem are planned, but
they are beyond the scope of this article. Hence, present
discussions will be limited to approximate analyses associ-
ated with zero emittance (“‘cold’’) laminar beams.

A. Basic focusing in two dimensions

To clarify the discussion, we first consider general
guidelines for PCM focusing of an infinitely wide sheet
beam with uniform density. In this limit, the problem de-
pends only on the y dimension, for which the relevant
equation of motion is [see Eq. (17b)]

dv, ¢ 0 02

—a,?y::; Ey——z—y::w,%y—jy
Hence, we can expect beam focusing for

0(2)}2(0‘;‘.

Furthermore, to ensure the validity of the period-averaged
equations, as well as to ensure stability against diocotron
modes, we require a spatial magnet period short enough to
satisfy kpg<k,, k,=w,/uy<k,, and k;=2uw/L;<k,,
where kg is the betatron wave number and L, has been
defined in Eq. (1). Simultaneous satisfaction of these con-
straints yields a general guideline for a stable confinement
regime of periodically focused (nonrelativistic) sheet elec-
tron beams,

(45)
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FIG. 13. Stability regime for a PCM focused sheet electron beam with
perveance density P/4=10"° pervs/cm? and PCM magnet period /,,=1
cm.

202<Q5 <25 U3 (46)

Based on the definitions of the various parameters in Eq.
(46), an alternative form is

(21X 10~ MY no< B < (92X 10~4)(V,/ ),

where n, is the beam density in cm >, B, is the peak PCM
field amplitude in kG, /,, is the PCM period in cm, and ¥,
is the beam voltage in volts. Further advantage is gained by
noting that

no=Jy/euy .

Also, for a thermionic Pierce gun sheet beam source
(space-charge limited) the current density is related to the
beam voltage as

Jy(A/em?) = (P/A) VY2,

where P/A represents the perveance per unit area of the
beam in units of pervs/cm? and V), is in volts. Thus, Eq.
(46) can be expressed as

, 9.2x107*
22PIAVi< By~ V.
m

(47)

As an illustration, consider the representative case of
P/A=10 upervs/cm*>—a value readily achieved in present
commercial Pierce-type thermionic electron guns—and
l,,=1 cm. The corresponding upper and lower bounds on
values of peak PCM magnetic field for stable sheet beam
confinement have been plotted in Fig. 13 for beam voltages
ranging between 1 and 50 kV. From these values it can be
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assured that exceeding the lower bound while staying sig-
nificantly less than the upper bound is well within the ca-
pability of modern magnet technology.

We next turn to consideration of bulk focusing of sheet
beams in the horizontal dimension. For the closed mag-
netic configuration of Fig. 7 and a sheet beam near y~0,
we assume the approximate equation of motion [see Eq.
(17b)]

dv, ¢q 02K
dtTm T 2 k;;"‘

For a beam with uniform density and sharp edges, we use
Eq. (31a) for the electric field. Looking at the beam edge
(x=w/2) and taking y~0, the condition for magnetic fo-
cusing to exceed space-charge defocusing is

©
2
o? j};,o

To illustrate, we consider the particular case of #/6=0.1
and w/b==6. Furthermore, from the previous discussion of
the closed PCM configuration and with reference to Fig. 5,
we can take k%/k% ~b*/a* for which we consider the rep-
resentative case of b/a=0.1. For these values, Eq. (48)
approximately reduces to

2sin[(2j+1)(7/2) (/b)) Q2 Kkt w

O 28 W

3000,<Q5 (49)

or

330(P/A)V,< B2, (50)

which is significantly more restrictive than for focusing in
the y dimension.

By comparison, basic focusing in the x direction using
the offset-pole or open-side configuration appears much
easier. In this case, the equation of motion for electrons at
the beam edge is

dv, ¢q q
T:z";l Ex—-—’m‘ uoB ,Off +

Again, we use Eq. (31a) for the space-charge electric field
at the beam edge and B, ¢ is based on the model of Eq.
(44). For illustration, we set b,,=b,, w,=w, x=w/2, y=0,
and select representative values of #/6=0.1 and w/b=6
yielding the horizontal focusing condition

(51)

where (), =qB/m. Converting as before to an alternative
form, we obtain :

0.4co12,b/ up<l,

130(P/A4)b\[V,< By, (52)
where P/A is in pervs/cm?, ¥, is in volts, the waveguide
wall separation b is in cm, and B, is in kG. In Fig. 14 we
have plotted Egs. (50) and (52) for the case where P/A4
=10 ppervs/cm? and b=0.5 cm. The fact that B, is con-
siderably less than B; (by several orders of magnitude)
illustrates the greater effectiveness of open-side focusing.
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FIG. 14. Comparison of peak magnetic fields needed to horizontally focus
a sharp-edged rectangular sheet beam with #/b=0.1 and w/b=6: (a)
peak PCM field intensity needed for horizontal focusing with closed-side
configuration; (b) peak side field intensity needed for horizontal focusing
with open-side configuration. Both figures assume a perveance density of
P/A=10"% pervs/cm?. Note the large difference in vertical axis scale
between the two figures.

B. Matching with sheet beams having constant
thickness

From the discussion above, stable focusing of sheet
electron beams with appreciable space charge appears to be
within the reach of present technology; however, most ap-
plications of this capability (such as coherent microwave
sources or accelerators) are also interested in low-velocity
spread or low emittance. From this perspective, the situa-
tion is much more complicated. In general, controlling
emittance growth in periodically focused beams requires
beam matching at injection'®?!—that is, a precise balance
of space charge, magnetic focusing, and transverse kinetic
pressure forces. As mentioned above, our discussion of this
topic will concentrate on idealized ‘‘zero-emittance”
beams.

The first point concerns the fact that a (laminar) sheet
beam with constant thickness ¢ and uniform density n,
cannot be “matched” in the y dimension (equal space
charge and magnetic focusing forces for all values of y in
the beam) simultaneously for all points across the beam
width, —w/2<x<+w/2. This can be appreciated from the
fact that the y component of space-charge field decreases
near the beam edge at | x| =w/2 due to fringing effects. In
particular, this field reduction—due to image charges in
the waveguide walls—occurs within a distance b of the
beam edge and results in a factor of 2 reduction in E, as
seen in Fig. 15 [calculated from Eq. (31b) for w/b>1].
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FIG. 15. Vertical space-charge-field variation across the width of a uni-
form density, constant thickness sheet beam confined between two paral-
lel conducing plates separated by a distance b,. 5 is a horizontal position
coordinate measuring displacement relative to the beam edge (at s=0).
s=3 corresponds to the center of the beam in this example.

Hence, setting .(26}2@12, to obtain beam matching in the
center results in overfocusing (and probable emittance
growth) in the vertical direction at the beam edges.

Next, we consider the issue of beam matching in the
horizontal dimension. In general, matching over the entire
beam cross section requires that defocusing and focusing
forces have the same spatial dependence. This occurs nat-
urally in the y dimension since the space-charge force (y
component) and periodic focusing force (near y=~0) both
vary linearly with dimension p across the beam. The same
cannot be said for horizontal force components associated
with a beam of constant thickness and uniform density.
For example, with the closed-side magnet configuration of
Fig. 7, the x component of the focusing force has an ap-
proximately linear dependence on x, as discussed previ-
ously. From Eq. (31a), however, it is apparent that near
the beam edge at x=w/2, the space-charge force varies
much more rapidly with x (i.e., exponentially, due to the
hyperbolic sine term). To remedy this functional mis-
match, one is tempted to consider a beam with a diffuse,
parabolic density dependence, n(x) ~nyx*/ L. According
to Eq. (35a), such a density profile would yield the desired
linear dependence of the space-charge field on x; however,
while improving the matching in the x dimension, this
parabolic density profile will only exacerbate the previ-
ously mentioned mismatch in the y dimension near the

beam edges (|x|=w/2). .
The situation improves slightly when one considers the
open-side configuration for horizontal focusing. In Fig. 16,
we have plotted the spatial dependence of horizontal fo-
cusing and defocusing forces given a sharp-edged, uniform
density beam and open-side focusing [see Egs. (31a) and
(44)]. Both forces increase rapidly with x as one ap-
proaches the beam edge, although the gradient scale length
for the magnetic field is longer than for the space-charge
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FIG. 16. Variation with x of horizontal (magnetic) focusing and (space
charge) defocusing forces for a sharp-edged, uniform density, constant
thickness (rectangular) sheet beam in the open-side PCM configuration
of Fig. 9 or Fig. 10. In this instance the waveguide wall spacing and
magnet gap are equal (b,=b,=5), and x/b=0 represents the beam cen-
ter while x/b=3 represents the beam edge (z/6=0.1).

field. Again, one is tempted to consider profiling the beam
density in the x dimension to achieve more nearly equal
spatial variations between the two forces. To illustrate, we
consider a density profile that is parabolic for | x| <w/2 but
has sharp edges at |x| =w/2 as pictured in Fig. 17. This
particular choice is motivated by the fact that the space-
charge fields can be analytically computed from Eq. (37).
For a very large density gradient scale length L,, one ob-
tains the previous result shown in Fig. 16. However, as
illustrated in Fig. 18 for w/b=6, a close match in the
spatial dependencies of the space charge and magnetic
forces is realized with modest profiling obtained with L,/
b=4. Again, however, such profiling causes the beam den-
sity to be lower at the sides than in the beam center result-
ing in beam edges that are overfocused in the y dimension.

The discussion above illustrates that self-consistent
matching of a zero-emittance sheet beam in both dimen-

2,2 n(x)
ngx /Ln \ A
S
1 1 -
-w/2 +w/2 %

FIG. 17. Horizontal density profile with abrupt edges used for approxi-
mate match of space-charge and focusing forces in Fig. 18.
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forces for a constant thickness sheet beam having the density profile of
Fig. 7 with L,/b=4 and confined by the open-sided PCM configuration
of Fig. 10. For this example, b,,=b,=b, w,;=w=6>b, and 1/b=0.1.

sions across the entire cross section is not achievable with
constant thickness beams. In particular, the regions suffer-
ing from greatest mismatch (and therefore vulnerable to
the greatest emittance growth) occur within a waveguide
wall separation distance b of the sheet beam edges. Com-
plete matching of the beam (if possible), including these
edge regions, would require a complicated prescription for
beam density and emittance profiles—a topic for future
study. On the other hand, for large values of w/b, these
higher-emittance edge regions will constitute a small por-
tion of the overall beam and—depending on the
application—may be negligible.

C. Matching with sheet beams by profiling the beam
thickness: Elliptical sheet beams

An alternative approach to beam maitching involves
profiling the thickness (modifying the beam cross-sectional
shape) rather than the density. For example, based on cal-
culations by Lapostolle,?® approximate expressions for the
electric-field components due to a uniformly dense beam
with elliptical cross section can be written as

1 gnr, m ,
R R e (>3
and
1 nr. m r
qnry - x (53b)

2
=0 V=0,

7 € (rx’l"ry) Y e ° (rx—}-ry) ¥
where 7, and r, are the semiaxes of the ellipse in the hor-
izontal and vertical transverse dimensions, respectively.
Note that these fields are linear in both x and y, automat-
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FIG. 19. Distortion of space-charge electric fields of an elliptical beam by
conducting waveguide walls.

ically ensuring that a matchable condition exists with the
linear forces [Egs. (7)] obtained from closed-side, two-
plane PCM focusing (see Figs. 1 and 8). In particular, a
matched beam will be realized for

2
'QO 2 Tx

2% Ttry (542)
and
Qg bf’n 2 7y (54b)

2 a ()
In the limit that r«>r,, matching is achieved by setting
cop—Qo/2 to balance forces in the vertical dimension [Eq.
(54a)], followed by separately adjusting the ratios b,,/a,,
and 7,/r, to achieve balance in the horizontal dimension
[Eq. (54b)]. Taking the example of b, /a,,=0.2, this re-
quires a very thin elliptical sheet beam with 7,/r,=625.

The next issue concerns the effect of nearby conducting
walls on the space-charge fields of an elliptical-cross-
section sheet beam, as illustrated in Fig. 19. This is ana-
lyzed through the use of the Green’s function for a beam
between two parallel plates [viz., Eq. (28)] and the expres-
sions

I'

E, = —qnf
—r

L I'

E,= —qnf
—r.

where

yp(x) =ry1/1——x2/r,zc

locates the perimeter of the elliptical-cross-section beam.
Normalizing all quantities as previously done in the deri-
vation of Eq. (39a) we obtain

J‘y;,(x') ,9Gy (xx"p,y")
&y ———,
—yp(x") dx

—yp(x’ ) ay
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|E(xp) | = 2

< 2cos[(2j+1)my]
= (2j+ 1) (

—ry

- f " ax’ sin[ (27 + 1) mys(x’) ]e+(2f+1)1r(x—-x’))

and

By (xp) | = ,Z'o @j+Dm

o 2sinf (2 +1)my] (

—ry

rx . ,
+f dx’ sin[ (27 + 1) myp(x’) Jet G+ D7G=x )),
X

where (normalized) dimensions are in units of b, (the
waveguide wall separation distance) and the fields are in
units of Ey= —engb,/c,.

The basic behavior of the fields is illustrated by the
following numerically evaluated cases. First, we computed
the horizontal field E,(x,y=0) as a function of (normal-
ized) horizontal position for several representative values
of waveguide wall separation. In particular, Fig. 20 dis-
plays E,(x) in the y=0 plane for (r./b,r,/b.)
=(0.375,0.0125), (3,0.1), and (6,0.2), respectively. For
the case of distant conducting walls (0.375,0.0125), E,(x)
has the linear dependence predicted in Eq. (53a); however,
as the walls are brought closer [(3,0.1) and (6,0.2)], image
charge shielding causes the horizontal space-charge field to
increase more rapidly near the edges of the beam.

The next question is whether a beam that is matched to
PCM focusing in the vertical dimension at the beam center
(x=0) remains matched across the entire cross section.
Recall that for the constant thickness sheet beam with uni-

0.06 T v T

005

—— =
ooaf Fxfb=6

==O= 1yx/b=3

=l rylb=.375
0.03

0.02

normalized electric field, Ex/Eo

0.01

-
-----

0.0 0.2 0.4 0.6 0.8 1.0

normalized horizontal position, xlrx

FIG. 20. Horizontal space-charge electric field E,(x,y=0) for an ellipti-
cal sheet beam between two conducting plates separated by distance b.
r/r,=30 for all three cases. Large r,/b corresponds to closely spaced
conducting walls, while small r,/b corresponds to remotely spaced
conducting walls.
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X s ’
dx’ sin[ (2] +1)mpy(x’) Je™ B/ +DTE=0

(55a)

dx’ sin[ (27 1) my,(x") ]e—(2j+1)11(x—x’)

(55b)

form density, a beam that was matched in the center near
x=0 was overfocused at the edges near x=w/2, due to a
reduction in E,, with increasing x (Fig. 15). To check this
for the elliptical sheet beam, we numerically evaluated
E,(x,y=y;) [viz., Eq. (55b)] for large and small wave-
guide wall spacing, i.e., (7,/b,r,/b,) =(0.375,0.0125), and
(6,0.2), respectively. To determine whether matching in
the vertical direction at the beam perimeter is satisfied for
all values of x, we compare Ey(x,yb) with y,(x), since the
PCM focusing in the vertical plane is a linear function of y.
The results shown in Fig. 21 indicate the desired vertical
matching of forces across the entire beam width.

The results displayed in Figs. 20 and 21 suggest that
two possible matched configurations are possible. In the
limit of large b, (distant waveguide walls), the space-
charge fields are linear in both dimensions and are well
matched with the linear forces of closed-side two-plane
PCM focusing as discussed previously. On the other hand,

0.208@~

015

010

vert. space charge field, close walls
[ ==®= vert. focusing field, close walls
=~ vert. space charge field, remote walls

scaled magnetic focusing and
space charge fields

0.05 vert. focusing field, remote walls

—_

0.0 0.2 0.4 0.6 0.8 1.0

normalized horizontal position, x/rx

FIG. 21. Demonstfation of matching between vertical space charge and
vertical PCM focusing forces (at elliptical beam perimeter) across the
entire beam width, independent of whether conducting waveguide walls
are in close proximity or distant. Circles (open and solid) correspond to
close proximity walls (»,/b,=6), while squares (open and solid) corre-
spond to remotely positioned waveguide walls (r,/b,=0.375). In all
cases, 7,/r,=30. .
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FIG. 22. Demonstration of matching between horizontal space-charge
and offset-pole-piece focusing forces across entire beam width. For this

example, 7,/b,=6, r,/b,=0.2, w/b, =17, w=2r,, and b,,=(12/7)b,.

for smaller values of b, the space-charge ficlds are linear
and match single-plane PCM focusing in the vertical di-
mension, but are nonlinear and better matched to the open-
side focusing configuration [viz., Fig. 9 or Fig. 10] in the
horizontal dimension. That such a match is possible is il-
lustrated in Fig. 22 where, taking w,=2r, we have plotted
(normalized) E, vs x for (r,/b,7,/b,)=(6,0.2) and com-
pared it with the (normalized) open-side, horizontal focus-
ing force for wy/b,,=7 [this combination of parameters
corresponds to having the magnet gap somewhat larger
than the waveguide wall gap, ie., b,=(12/7)54,]. The
close match between magnetic focusing and space-charge
defocusing forces as a function of horizontal position is
evident.

VIi. SUMMARY AND CONCLUSIONS

Sheet beams would be attractive for numerous appli-
cations, but are subject to disruptive instabilities and emit-
tance growth. In this article we have analyzed the confine-
ment characteristics of sheet beams focused by periodic
cusped magnetic (PCM) focusing. The analysis has con-
centrated on nonrelativistic (low voltage) sheet beams, be-
cause space-charge forces are often more significant in this
regime in comparison with relativistic applications. Two
rectangular-cross-section magnetic configurations capable
of focusing in both transverse directions were considered:
(1) a closed-side two-plane PCM configuration that is to-
pologically equivalent to conventional round-cross-section
PPM focusing; and (ii) an open-side configuration that
uses ponderomotive PCM focusing in the vertical plane
and simple v,B, Lorentz force focusing in the horizontal
plane. Three types of sheet beams were studied: (i) sheet
beams with constant thickness (rectangular cross section)
and uniform density; (ii) sheet beams with constant thick-
ness (rectangular cross section) and a density variation in
the horizontal plane; and (iii) sheet beams with elliptical
cross section and uniform density. Electrostatic and mag-
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" netostatic field formulas were derived for the three types of
-sheet beams and two magnetic configurations, respectively.

Using a simplified fluid model (first introduced by
Bunemman for sheet beams in solenoidal magnetic fields) we
have illustrated the fact that periodically focused sheet
beams (either PCM or wiggler) should be stable against
low-frequency perturbations such as the diocotron mode.
This stability should hold for all modes with growth
lengths longer than the spatial magnetic period.

We also investigated two-plane beam focusing require-
ments. Period-averaged orbit dynamics in the closed-side
two-plane PCM fields show that ponderomotive focusing
in the narrow (vertical) transverse dimension is equal in
magnitude to planar “wiggler” focusing or cylindrical

~ PPM focusing, but focusing in the horizontal plane is

much weaker—by approximately a factor of the cross-
section aspect ratio to the fourth power, (bm/am)“. As a
result, two-plane focusing of rectangular thickness sheet
beams with uniform thickness "and density appears
straightforward in the vertical dimension, but problematic
in the horizontal dimension. On the other hand, two-plane
focusing of such beams with the open-side configuration
appears to be well within the capabilities of existing magnet
technology. Adding a density variation or diffuse edges (to
the constant thickness sheet beam) in the horizontal di-
mension such that beam density is peaked near the center
would tend to make focusing in the horizontal dimension
more feasible for closed-side PCM focusing (by reducing
space-charge fields at the beam edge), but it exacerbates
beam mismatch problems near the beam edges.

Finally, we discussed the issue of beam matching in
order to minimize beam envelope oscillations or emittance
growth. The discussion only considered cold, or zero-
emittance, beams. In general, it was illustrated that lami-
nar sheet beams with constant thickness cannot be
matched with either the closed- or open-side PCM magnet
configurations. The most troublesome regions, as men-
tioned above, are within a waveguide wall separation dis-
tance of the beam edges in the horizontal plane. On the
other hand, elliptical-cross-section sheet beams with uni-
form density can be matched with either the open- or
closed-side PCM configurations by suitable adjustments to
magnet, beam, and waveguide cross-section dimensions. Of
the two magnet alternatives, matching in the closed-side
two-plane PCM configuration may be more challenging
due to the large eccentricity or aspect ratio (r,/7,> 1) re-
quired in the beam’s elliptical cross section for reasonable
choices of magnet dimensions. This large elliptical aspect
ratio is a result of the significantly weaker focusing force in
the horizontal plane of a closed-side two-plane PCM con-
figuration. Fabrication of a beam source with the precise
elliptical cross section may be difficult when such a large
aspect ratio is required. On the other hand, fabrication of

_elliptical cross section beam sources that are matched to

open-side PCM focusing appears much more practical.
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