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STABILI.TY AND CENERALIZED HOPF BIFURCA?ION

THR"OUGH A REDUCTION PRINCIPI,E

by

S. R, Bernfeld*, P. Negrlnl**, and L. Salvadorl.*

I.. INTRODUCTION

lfe are lntereeted ln obtalnlng an *rRalysle of the b{futeetlng perlodlc

orblte arlelng {n the generallzed Hopf blfurcatlon probtrema Ln nn. The

exlstence of these perlodlc orblta has often been obtalned by uslng euch

techniques as the LLapunov-Schmldt method or topologleal degree efgunentg

(eee [5] and Lta referenceg). Outr approach, on the other hand, la baeed

upon atabtllty propertl,eg of the equllltrriun po{nt of the unperturbed

syBtem. Andfonov et. a1. tll showed the frultfutrnesa of thle approach ln

etudylng bifureatlon problena ln RZ (for mote recent papere aee Negrlni

and Salvadort [6] and Bernfeld and Salvadorl [21]. In the case of R2,

tn contrset to that nf Rt, m > 2, the etablllty argufieflts can be ef-

fectlvely apptletl because of the Polncar6-Bendlxgon theory. Blfurcatlon

probleme lu Rn cen be redueed to that of RZ when tlro dlmenelonal tn-

varlant rnanlfolds are known te exlst. The exlstence of such manlfoldg

occuta, fot exampl-c "*hen the unperturbed syoten contalne only two purely

lnaglnaty elgenvaluee,

In thle psper *e ehall be concef,ned wlth the general sltuatlon ln

Rn ln whlch the unpereurbed cysten may have aeveral palra of purely

*Thle research wae partl"elly aupported by U. S. Army Reeeerch Grant
DAAG29-80-C-0060

**Wotk performed under the auaplces of ltallan Councll of Reaeatch (CNR)



In contraet to (a) another propefty r*htctr we ccneldef ln thls paper Lsl

(A) Fot any nelghborhaod N of f0, fur any tnteger J 3, 0' fot any nefgh-

bothood tff of 0, aud for any nutnber 6 > 0 thete exlsts f € N euch

that (1.2) hee j nontri.vl*l pertodlc orbl.ts Lylng ln Ul whoee petlod

le {n [?n-8, 2t*6!.
?In Ro, Andror'ov ec.6L. [11 proved thet property (e) la a consequerice

of the orlgln of (i.1) betne h-aaynptotically etable ot ir completely un-

stable t{here h ls en odd {nteger end k t +. The orlgln of (1.1) ln

Rn |a sald to tre h-eeyrnpiotfeally at.ab!.e or h-compLetely unetable tf h

le the anall.eat posltLve lnteger euch tlrat the arlgln of (1.2) la asyrnptotlcal.i".*
L

etable (completely unstable) fot all f fot clir,ctr f (p) - t'(f) ' q(frp[")

(that le h ls the srnslleet postive lnteger such that aeymptottc stablllty

and complete lnstabtl{iy of the orlg{n for (1.X} are recogn{zable by lnapectlii;t

the te$ne up to order tr ln the Taylor expannion of fO) (see Negrl-nl and

Salvedorl [6] for fureher lnformettsn on the h-aeymptotlc stablllty]. In

a recent peper Bernfeld and Salvadott [2J tn R? extended the resulte of

Andronov et.a1. [i-] by prcvLng Frop€rty (a] .l-n equlvalent to the h-aeymptotlc:

atabtltty (h-eomplete instabtltty) of the r:rr:t.g{,n of (1.1)(vhere again
h- I

k - ?) . It was aleo ehoun that p'roperty (A) ls equ{valent to the case ln

whfch the orlgln of (1.1) le netther h-aaymptotl.cally etable nor h-completely

unstable for any posLtl'rr: lnte5;er h.

The prcblem ln Rn ll'ee f'lfet conej.dered by Chafee l3J. Uslng the

Liapunov-Schrntdt method he cirtainecl a cleter*rlnlng equatlon 0(€'f) ' 0



of e t$o dinene{onal eystem approprlately related to the unpetturbed eyeteut

(1.1). In addltl-on, en algebteLc ptocedute ellowa for a conctete aolut!'on

to the problern.

In e fortheonlng p8pet, the euthots wlll 6pp1y afl extenslon of the

Polncari procedure [8], glven by Salvadott [71 ln otder to conpute ln cer-

taln ca6ee the nunbet h dltectly fton rystenr (1'1)'

2, AESUITS

By an approprlete chenge of coordlnetes dependlng on f we m8y srlte

syetems (1.1) and (1.2) respecttvely ln the form

(2.1)

and

(2,2'

llere drF are constantrt

and I, Y, X0'Y0 belong

c'1trntro) rRt-Z1. l{oreover,

one and the elgenvalueg of

lr#tnlrn'0rt1'
and (2.2) as fO and

r -y * tfu(nrXrz)
r x + Y'(xr:trz)
- A0" * ZO(xrYrz) '

r ox - py * X(xryrz)
. cy * $x * Y(xrYrz)

- Az * Z(xry rz) ,

A and AO are (n-2)

ro c'[Bn(ro) rR] and

XlY1Z1X6rY'rz0 6re
, ttl-Z

Ao, tt, l;-; eatlefv

We shall refer to the r{ght hend eldes of (2'1)

reepectivelY.

x (n-2) conEtent nattlceet

ZrZ0 belong to

of order greatet than

the eondltl,on thet

a

x
a

v
a

z

a

x
a

v
a
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to

be

?he two dLrneneLonal surfae e 2 ' +(h) (*ry) le tangent at the orlgln

the e{genapace correBpondtng to the elgenvalues *1. Thle eutface w111

eelled a quaai-lnvarlant manLfold of order h'

Glven any h > 0 deflne the follorrlng trrro dlmenslonal syetem

- -y + xo(x,v,t(h)(*ry)i

- n * to(*rrr+(h) (*,y)J .
(sh)

a

x
a

v

(Thle ls the syuten refemed to ln the tntroductlon) '

l{e dlstlngulah the two poeelble cases !

L Theteexlsta h>l (andthen h mutltbeodd)euehthat x:I=

le ei.ther h-aeyrnptottcally etable or h-eornpletely unetable fot (Sh)'

1I. Cege I does not hold.
We ate now able to state our maLn fegult.

Theorgq 1. In caee I pfoperty (a) holds ntth k - #. In caae tI, property

(A) holde.

If el1 the e{genvsluea of An heve teal part not equal to zero' then

forevery h>1 thereexlstea ch+l

shich w{11 be denoted by l{h, l,le notlee that lf z - 6(x,y) {s the equatlon

of thle center rnanlfcld, we cdfl wrlte

4(x,y) . +(h) (x,y) + o1x2+y2 rh12.

Ae a eorollary of Theoren 1 the foilorlng result holds.

Theoren 2. Suppoae that all the elgenvaluee of

ferent than zero. thenl (1) lf there exlsts an

euch that the orlg{n of the unperturbed eyrtem

tnro dlmenslonal center rnanifold

AO have real Psrt dlf-

h (and h must be odd)

(2.1) le elther h-esyarptotlcally



(3.1)

(3.2)

Uelng the transfornatlon

E - z - o(h)(x,y),

we can rewrlte the unpertutbed syetem (2.1) aa

-r * *;n)(x,y,E)

* + v[h) (x,y,q)

A06 + w[h) {*,r, r) ,

where xlh) (*,y,0) - x0(*,v,0(h) (*,v)) , t[n) (x,v,0) - Yo(x,v,0(h) (x'v))

Frorn (2.4) we obeerve that W[h]t*ryrOl le of order greater than 'h'

Analogouely, we can rewrlte the pertutbed ayatem (2'2) as

ox-Fy+x(h)(xryrE)

ar * Bx + Y(h) (x,y,q)

o, * 
"(n) 

(x,y, E) ,

where x(h) (*,y,0) - x[xry,S(h) (x,y)), y(t') (x,y,0) - Y (x,y,0(h) (*,y)J and

X(h), y(h), W(h) ate of order > Z, For alrnpllcJ.ty, we.ghall agaln refer

to the rlght hand e{dee cf (3.1} and (3.2) 68 fo and f reapectlvely.

We now state the follorlng lemna whoae ptoof le based on the lmpllclt

functlon theotem.

xE
a

vt

a7-

a

xs
t
ya

qs

&mla l. There exlets Lr er 6 > 0 and a

that for every f € N and fot every perlodlc

y(trxoryg rEo) rz(trx6rYgrro)) of (3.2) lylng

nelghborhood N of fO euch

solutlon (x(t rx' ryg, tg),
n

ln B (e) rchoee Perlod le ln
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We now l.nttoduce for ayetern (3.4) propertles (a ) and (A ) whtch

corresponde to propertiee (a) and (A) for eystem (3.2).

(et)(!.) There exl.ste e nelghborhood il of fO and e ne{ghborhood U' of r

v r 0 such that for every f € i, thete are at most k nontt{.vLal Ztt

petlod{c solutlons cf (3./+) lylng ln Ut.

(11) For each lnteger J, 0 < J < k, for each nelghborhood N of f'r

N ! ft, and fot each neLghborhood Ui of r = 0r v - 0 there exlate f

eueh that (3.4) haa exactly J neitr{v*el 2r patLodlc eolutlons lying ln
I

(A )For any ne{ghbothood I{ of f0, fot any lnteget J ! 0, and for any

nelghbothood Ui of t-0rv.0thereex{sts f€N euchthat(3.4)

has J nontrlv{al 2n petiodlc orblte lylng tn U1.

l{e than have I
Lemra ?. Property (at) lmplles (a).

In order to ptove Lemna 2, t-t ls eufflclent ln vlew of Lemma 1, to

aecerteln the foll"owlng property: (bt) the 2n perlodlc eolutlone of (3.4)

lytng tn s flxed nelghbothood of r - 0r v - 0 tend to the orlgln as f+f',
A solut{on (r(e)rv(O)) of (3.4) w111 be cal1ed a (2rrv} eolutlon lf

v(Zt) - v(0), Every 2n perlodlc eolutlon ls a (Znrv) solutlon but the

t0r

€N
I

u1.

converBe

tlone, we

eunptlone

the aecond

a solutlon

flclently

ia not, Ln general, true. tn order to flnd the 2n perlodlc solu-

only need to analyze the set of (2nrv) eoLutf.ons. Under ouf, aE-

on AO we can uee the ttnpllclt function theorem to derlve from

equatLon 1n (3.4) a c- funetLon r(crf)rr(Orf)' - 0 such that

of (:.4) paeslng through (Orcrv'), wlth f-f'rc, and vO auf-

sfial1, i.e a (Znrv) aolutlon lf end only lf r0 - r(crf). Denote
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for (St) we have

ur(Orf') :1, u{(2nrfo) - 0r t - 2.,. h-1r un(2nrf') # 0,

thue lnplytng (3.10) holde (eee [6] for more detalle).

Let ue extend the domaln of V(crf) to lnclude negatlve values of co

Slnce the otlgln is a golutlon of (3.4) for any f, en appllcatlon of

Rollefs Theorem, ln vlew of (3.10), lmpllee that there exlsts a 6 > 0, and

a nelghborhood N of fO eueh thet for any f € [J, V(crf) hes at most

h - 1 nontero roots lylng ln [-6rdJ, On the other hand, tt ls eaoy to

recognlze that fot each posltlve root of V(crf) there ls a negatlve root

of V(crf). Thus, there are at nont + 2n perlodlc solutlons of (3.4)

Lylng ln a nelghborhood Ut of r a 0, v - o. This provee ("t)(t) ls

satlsfled.

Propetty (at)(rf) can be proved by aaeumlng a partlculer perturbed

eyeten of the forn

ir*-y+xjtt)(x,y,6)

i-*+vjh)(x,y,6)

(h-3) /2
+ [ arx(x

1"0
'*r',t

(h-3, /2 d 6*' f ''^ivt*z+vz)I
1*0

where t! are

Slnce the

holds. Lemna 2

. fh\q-AoE*wd"'(x,y,tr),

constaflts dependlng on J, 0 < J 1 k, N and Ur.

roote of V(.rf) - g approach zero as f+f6r property

then {mplles (a) holde, provlng Theoretn 1 fot caEe I.

(b)
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