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The paper investigates the coupled aeroelasticity and flight mechanics of very flexible
lightweight aircraft. A geometrically-exact composite beam formulation is used to model
the non-linear flexible-body dynamics, including rigid-body motions. The aerodynamics
are modeled by a general 3-D unsteady vortex-lattice method, which can capture the in-
stantaneous shape of the lifting surfaces and the free wake, including large displacements
and interference effects. The coupled governing equations are solved in a variety of ways,
including linear and non-linear time-domain simulations of the full vehicle and frequency-
domain linear stability analysis around trimmed configurations. The resulting framework
for the Simulation of High-Aspect Ratio Planes (SHARP) provides a mid-fidelity represen-
tation of flexible aircraft dynamics, based on an intuitive and easily linearizable structural
representation based on displacements and the Cartesian rotation vector, time-domain 3-D
aerodynamics, and at relatively low computational costs. Previous verification studies on
the structural dynamics and aerodynamics modules are complemented here with studies
on the flexible-body implementation and on the integrated simulation methodology. A nu-
merical investigation is finally presented on a representative high-altitude long-endurance
model aircraft, investigating its stability properties and its open-loop dynamic response.

Nomenclature

∆b spanwise dimension of aerodynamic vortex ring
C Global tangent damping matrix
CBa coordinate transformation matrix, from a to B
∆c chordwise dimension of aerodynamic vortex ring
~F Internal forces in a deformed beam section
K Global tangent stiffness matrix
m mass per unit length
M global tangent mass matrix
M cross-sectional mass matrix
~M Internal moments in a deformed beam section
~p position vector of the origin of the body-fixed frame, a, from the inertial one, G
Q global vector generalized forces in the structural problem
~R local position vector along the beam reference line
s arc length along reference line of the beam elements
S cross-sectional stiffness matrix
t physical time
~v inertial translational velocity of the body-fixed frame, a
~V inertial translation velocity at a beam location
w vector of non-vortical induced velocity at all collocation points
Xb coordinates of the aerodynamic lattice, expressed in the aerodynamic frame of reference
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Greek letters
α local angle of incidence
η vector of displacements and rotations at all finite element nodes
Γ circulation strength of vortex ring
ζ quaternions of the orientation of the body-fixed frame, a
~ξ relative position vector within a beam section / airfoil
Ψ Cartesian Rotation Vector (CRV) at a given node with respect to the body-fixed frame, a
~ω inertial angular velocity of the body-fixed frame, a
~Ω inertial angular velocity at a beam location
Subscript
a body-fixed (global) reference frame
A aerodynamic reference frame
B deformed (material) reference frame; wing semi-span
b bound, corresponding to lifting surface
f flutter
G inertial (Earth) reference frame
i, j, k chordwise, spanwise, and total panel counters
w wake
∞ free stream conditions
Superscript
•n time step n
•̇ time derivatives, d

dt

•′ spatial derivatives, d
ds

•̃ cross-product operator

I. Introduction

Solar- and hydrogen-powered aircraft for very-long-endurance unmanned flight are finally a reality, and
currently there are several prototypes in different stages of development at both sides of the Atlantic. Due to
the exceptionally demanding efficiency requirements, these vehicles are built on an extremely light structure
with large-aspect-ratio wings. This brings a number of issues that need to be considered in the design
process: the possibility of large (geometrically-nonlinear) structural deformations, coupling between the
aeroelastic and flight dynamics responses, low resilience to atmospheric turbulence and gusts, controllability
issues, etc. New multidisciplinary design frameworks are needed for the analysis of these Very Flexible
Aircraft (VFA) and the design of appropriate controllers, and a substantial research effort has been carried
out towards this goal in recent years.1–6 In most cases, the characteristic slenderness of all primary flexible
structures of VFA has motivated descriptions of the nonlinear structural dynamics through beam models
and of the unsteady aerodynamics by means of 2-D strip theory. Three-dimensional aerodynamic effects
may be important however in the interference between lifting surfaces (typically between the wing and tail)
or in the wing tip effects. The latter is typically considered through corrections on the lift curve, but those
are only valid in small ranges of reduced frequencies.7

Potential-flow-based 3-D aerodynamic models provide the next order of fidelity, without compromising
the simplicity of the unified model or bringing a substantial computational burden. VFA are likely to satisfy
potential-flow assumptions (low-speed flight and attached flow) during climb and descend operations, hence
rendering these models excellent candidates for the mission segments in which significant gust encounters may
occur. Among potential-flow solvers, free-wake methods become necessary for unsteady flow situations with
complex wing kinematics (including large deformations), and for the investigation of interference phenomena,
which is likely to impact VFA dynamics. The Unsteady Vortex Lattice Method (UVLM) has been shown8 to
be a good candidate for, at least, global studies of strongly interfering flow fields, and this has been illustrated
in a previous work by the authors9 on the impact of the wing wake on the tail aerodynamics. Conventional
UVLM implementations are based on a 1st order forward Euler explicit numerical scheme.10 While this
simple approach usually gives satisfactory results, it poses restrictions on the stability and accuracy of the
coupled model of the aircraft dynamics. In this work, we will reformulate the UVLM in a more general
way so that different time integration algorithms can be used. This would enable a tight coupling with the
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structural- and flight-dynamics, where all equations could be solved simultaneously, achieving higher fidelity
and convergence properties. In addition, a tightly-coupled state-space description of the unified model will
lead to a framework in which stability analysis, linear modal reduction and integration of control laws can
be carried out in a straightforward manner.

In a previous work,9 we investigated and compared different independent solution procedures for the un-
steady aerodynamics and structural dynamics response of VFA. Based on that work, this paper will present
a unified model for the accurate prediction of the nonlinear dynamics of VFA. To that goal, a geometrically-
exact composite beam finite-element model will be used to characterize the structural dynamics. The primary
structural variables are the local displacements and the Cartesian rotation vector. Even though this last
selection for the parameterization of the finite rotations yields a more complex algebra than other solution
approaches,4,5 it was found to be a more intuitive approach and one from which linear solutions correspond
to standard structural dynamics model, allowing easy comparison of the results. The rigid-body dynamics
of the unsupported structure are captured by the translational and angular velocities of body-fixed reference
frame. The aerodynamic model is defined by the UVLM, which has been reformulated to accommodate more
general integration algorithms. The full set of governing equations is finally formulated in a closely-coupled
discrete state-space fashion.

II. Aerodynamic Model: Unsteady Vortex Lattice Method

The Unsteady Vortex Lattice Method (UVLM) is an effective computational technique to solve 3-D
potential flow problems about lifting surfaces. The basics of the UVLM algorithm are described by Katz
and Plotkin10 using an explicit time-stepping technique. As in other panel methods, such as the Doublet-
Lattice,11,12 elementary (singularity) solutions are distributed over a surface and the non-penetration bound-
ary condition is imposed at a number of control (collocation) points, leading to a system of algebraic equa-
tions. The UVLM is based on thin-airfoil approximation, so both the elementary solutions and the colloca-
tion points are placed over the instantaneous (i.e., deformed) mean surface in lieu of the actual surface, thus
effectively ignoring thickness effects.

Lifting surfaces and wakes (the latter obtained as part of the solution procedure) are discretized using
vortex rings, i.e., quadrilateral elements composed by discrete vortex segments in a closed loop, along which
the circulation strength, Γk , is constant (see Figure 1). At the beginning of the motion, only the vortex
rings covering the lifting surface exist (bound elements), and collocation points at which flow-tangency will
be imposed are associated to them. As the surface moves along its flight path, a force-free wake is formed,
shed and convected. In order to accomplish this, each trailing edge bound vortex ring sheds a wake panel,
with circulation equal to the trailing edge ring strength at the previous time step. The wake elements are
then freely moved according to the local flow velocity, and thus generate a vortex ring lattice representing
the shed wake.

In the absence of dissipation, the circulation strength of the wake rings remains constant as they move
away from the lifting surface, but they are allowed to roll up and stretch. Albeit dissipation could also be
accounted for by implementing any of various models for wake decay,13,14 this was not regarded as necessary
for the applications under study, since the influence of the wake already decays very rapidly as it is convected
away from the lifting surface. Benefiting from this, the computational burden can be significantly reduced
by neglecting the influence of very far wake panels and truncating the wake.

The circulation strength of the bound vortex elements is determined by applying the non-penetration
boundary condition, requiring a zero velocity component normal to the solid surface at every collocation
point k. From this distribution of vortex elements, the aerodynamic loads acting on the lifting surface can
be computed using the unsteady Bernoulli equation.

In this section, the discrete-time equations governing the UVLM are presented. The aerodynamic states
that fully define the problem, in the most general case, are

xA =
[
ΓTb ΓTw Γ̇

T

b XT
w

]T
, (1)

where Γb and Γw are the vectors with the circulation strengths in the bound and wake vortex rings, respec-
tively, Γ̇b represents the derivative of bound circulations andXw is the vector with the wake grid-coordinates,
thus defining the wake shape. At discrete time step n + 1, the non-penetration boundary condition can be

3 of 21

American Institute of Aeronautics and Astronautics



k

kcΔ

a

ΓWt
ΓWt-Δt

ΓW t-2Δt

G

kΓ

,v ω

kbΔ

Figure 1. Unsteady aerodynamics model: lifting surface and wake discretization using vortex ring elements.

formulated as
AbΓ

n+1
b +AwΓn+1

w +wn+1 = 0, (2)

where Ab = Ab(X
n+ε
b ) and Aw = Aw(Xn+ε

b ,Xn+ε
w ) are the wing-wing and wing-wake aerodynamic influence

coefficient matrices, respectively, and Xb includes the coordinates of the bound vortex-rings. Elements of
these matrices are obtained by projecting the velocity computed using the Biot-Savart law over the vortex-
ring normal vector, and the time at which they are evaluated within the current time step, determined by
0 ≤ ε ≤ 1, depends on the integration scheme. The last term in Eq. (2) is the vector of normal components
of the non-vortical induced velocities at the collocation points, and may include gust-induced velocities, wing
deformations and rigid-body motions. We will write it as

wn+1 = Wb

(
Ẋ
n+1

b + un+1
g

)
, (3)

where Wb

(
Xn+ε
b

)
is a matrix that project the local velocities to the normal direction to the panels, and ug is

the vector with local gust velocities (if present). For a purely aerodynamic problem, that is, in which neither
structural dynamics nor flight dynamics are solved, the motion of the lifting surfaces will be prescribed and
in this case, Xb and Ẋb will be part of the inputs to the system. If a coupled aeroelastic and flight dynamics
problem is considered, Xb and Ẋb will be a function of the structural and rigid-body states, as described in
section IV, as well as including inputs such as deployment of control surfaces.

At each time step, a new row of vortex rings will be shed into the wake from the trailing edge of each
lifting surface. In addition to this, the existing wake will displace following the local flow velocity (the free
wake model). This is written as

Xn+1
w = CbX

n+1
b + CwX

n
w +

∫ tn+1

tn
V (t) dt. (4)

The vector V in this equation includes the local (inertial) flow velocities at the grid points of the wake
mesh. If a prescribed wake were to be considered, the integral term would be dropped, but for a fully
force-free wake it is necessary to retain it. Cb and Cw in Eq. (4) are very sparse constant matrices that
update the position of the prescribed wake: the former closes the newly shed wake panel with the trailing
edge of the lifting surface, satisfying the Kutta condition, while the latter preserves the wake of the previous
time step unchanged.

For a free wake, the vortex-ring cornerpoints need also to be moved according to the local velocity,
V , which encompasses bound and wake vorticity influence. As shown in equation (5), time-integration is
necessary to determine the location of the rolled-up wake. Conventionally, this is done using an explicit one-
step Euler method. In order to improve the accuracy and/or stability of the wake rollup, other higher-order
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schemes have been proposed in the literature, such as a two-step Euler15 and the fourth order Adams-
Bashforth-Moulton.16 In this work it will be approximated as∫ tn+1

tn
V (t) dt ≈ [DbΓ

n
b +DwΓnw] ∆t, (5)

where Db = Db(X
n+ε
b ,Xn+ε

w ) and Dw = Dw(Xn+ε
w ) are analogous to Ab and Aw in Eq. (2), but with the

induced velocities computed at the wake cornerpoints, instead of the bound collocation points.
In turn, the propagation equations for the wake circulation can be written in discrete time as

Γn+1
w = BbΓ

n
b +BwΓnw, (6)

where Bb and Bw are very sparse constant matrices which account for Kelvin’s circulation theorem (that
enforces the condition for wake shedding at the trailing edge) and Helmholtz’s vortex theorem (in the
convection of the wake). They serve a similar purpose as Cb and Cw in equation (4), mapping the wake
circulation of the previous time step to the current one. Note that if any dissipation model were to be
assumed for the wake, this should be included in Bw.

Finally, once the distribution of vortex elements has been obtained at each time step, the inviscid aero-
dynamic loads can be computed. The induced drag, D, is aligned with the local instantaneous velocity, and
the lift, L, acts along the local vector perpendicular to the local velocity and projected over the normal to
the panel. These loads are given by

Ln = ρ∞Gc

[
(Ui∆i + Uj∆j) Γnb + Γ̇

n

b

]
, (7)

Dn = ρ∞

[
−U∗∆Γnb +GsΓ̇

n

b

]
, (8)

where ∆i(j) are matrices filled with 1 and −1 in the correct positions in order to account for the adjacent
panels (see Katz and Plotkin10); matrix Gc = Gc(X

n
b ) and Gs = Gs(X

n
b ) are diagonal matrices, with element

(k, k) given by (Gc)k,k = (∆b∆c cosαn)k, (Gs)k,k = (∆b∆c sinαn)k, and αnk (Xn
b , Ẋ

n

b ) represents the angle

of incidence of vortex ring k at time step n; Ui(j) = Ui(j)(Γ
n
w,X

n
b ,X

n
w, Ẋ

n

b ) and U∗ = U∗ (Γnb ,Γ
n
w,X

n
b ,X

n
w)

are diagonal matrices that represent the induced velocities projected over the relevant vectors and weighted
using the corresponding geometric properties, such that

(Ui)k,k =

(
~q · ~τi
∆c

)
k

, (Uj)k,k =

(
~q · ~τj
∆b

)
k

, and (Uj)
∗
k,k =

(
~q ∗ ·~l∆b

)
k
. (9)

The induced velocities ~q include contributions from the wake and the motion of the lifting surface, whereas
~q ∗ only considers the streamwise contribution of bound and wake circulation (plus the trailing-edge closing

segment); ~τi, ~τj are, respectively, the chordwise and spanwise tangential vectors of the panel, and ~l represents
the local lift vector; ∆c and ∆b correspond to the chordwise and spanwise panel dimensions.

To sum up, equations (2), (4) and (6) define the discrete-time propagation equations in the aerodynamic
states defined in Eq. (1). The expressions for the aerodynamic loads, Eqs. (7-8) are the output equations.
Note that the derivative of the bound circulation, Γ̇b, appears in the evaluation of the unsteady lift and
induced drag, and therefore it was included in the state vector. An alternative procedure would have been
to substitute directly Γ̇

n

b in Eqs. (7-8), obtained from the non-penetration boundary condition, Eq. (2),
together with Eqs. (3-6), in which case this term would not need to be kept explicitly. The current approach
was found however more appropriate since it is easier to implement and the penalty in the number of states
is not significant.

III. Flexible Body Dynamics: Displacement-Based Geometrically-Exact
Composite Beam

The slender structures in the high-aspect-ratio wing aircraft will be modeled as composite beams, using a
finite-element solution methodology based on those of Hodges17 and Patil et al.,2 but using displacements and
the Cartesian Rotation Vector (CRV) as primary degrees of freedom, as done by Geradin and Cardona.18 A
quick summary of the solution procedure is included here for completeness. Figure 2 sketches the description
of the deformation that will be followed here. There are no constraints on the undeformed configuration
allowing the beam to be initially curved and twisted.
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Figure 2. Structural model: geometrically-exact beam elements.

A. Geometrically-Exact Beam Kinematics using the Cartesian Rotation Vector

The deformation of the structure is described in a Lagrangian manner in terms of a moving, body-fixed
reference coordinate system a which moves with respect to an inertial frame G by the translational velocity
of its origin va(t) and its rotational velocity ωa(t). Subscripts are used to indicate the coordinate system in
which the components of the vectors are given. The orientation of the global frame a with respect to the
inertial frame G is given by the coordinate transformation matrix, CGa(t) and will be parameterized using
quaternions ζ(t) = (ζ0, ζv).

The local orientation of the beam cross sections is defined by their local coordinate systems, B, in
the deformed (or current) configuration. The orientation of cross-sections at each point in the current
configuration is described in terms of finite rotations from the global reference frame a and the local deformed
frame B using the CRV, Ψ(s, t). The corresponding coordinate transformation matrix will be CBa(s, t). The

deformation of the reference line going from the undeformed state {~R(s, 0), ~Bi(s, 0)} to the current state

{~R(s, t), ~Bi(s, t)} will be described by the following force and moment strains17

γ(s, t) = CBa(s, t)R′a(s, t)− CBa(s, 0)R′a(s, 0), (10)

κ(s, t) = KB(s, t)−KB(s, 0), (11)

where (•)′ is the derivative with respect to the arclength s. The curvature will be computed from the
corresponding CRV, Ψ for the rotation from frame a to frame B,

KB = T (Ψ) Ψ′, (12)

where T (Ψ) is the tangential operator, which can be written as,18

T (Ψ) = I +
cosφ− 1

φ2
Ψ̃ +

(
1− sinφ

φ

)
Ψ̃Ψ̃

φ2
, (13)

where (•̃) is the cross-product operator and φ = ‖Ψ‖. The inertial properties of the reference line will be
determined by its translational and angular inertial velocities at each location defined by the arclength s,
given, respectively, as

VB = CBa
(
Ṙa + ω̃aRa + va

)
,

ΩB = T (Ψ) Ψ̇ + CBaωa. (14)
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B. Dynamic Equations of Motion for an Unrestrained Curved Beam

The dynamics of the beam in a given time interval [t1, t2] is to be analyzed in the (moving) body-attached
reference frame a. From Hamilton’s principle, it is∫ t2

t1

δΠdt =

∫ t2

t1

∫ l

0

[δT − δU + δW] dsdt = 0. (15)

In this expression, Π is defined as the total potential of the member, T and U are the kinetic and internal
energy densities per unit length, respectively, and δW is the virtual work of applied loads per unit length.
The virtual strain and kinetic energies are written, respectively, as

δU = δγTFB + δκTMB , (16)

δT = δV TB PB + δΩTBHB , (17)

where FB and MB are the column matrices with the components of the internal force and moment in the
local deformed frame. They are related to the beam strains through the constitutive relations{

FB

MB

}
= [S] ·

{
γ

κ

}
. (18)

The stiffness matrix S is obtained through an appropriate cross-sectional analysis methodology.19 The
inertial velocities in Eq. (17) are also given in their components in the material frame B. Their conjugated
momenta are defined then as {

PB

HB

}
= [M] ·

{
VB

ΩB

}
, (19)

where the cross-sectional mass matrix M is given as

M =

[
mI −mξ̃cgB
mξ̃cgB J

]
, (20)

with mass per unit length m, cross-sectional inertia, J , and distance between the reference line of the beam
and the material centroid of the cross sections, ~ξcg. Finally, all virtual magnitudes will be expressed in terms
of the independent set of variables, through the relations introduced in the previous section.

To obtain the virtual work of the applied forces in Eq. (15), consider the surface forces ~µ (given in its
components µG in the inertial frame of reference) acting on the external contour of the beam cross sections.
The corresponding virtual work per unit length is given by

δW =
〈
δXT

GµG
〉

(21)

where δXG is the virtual position vector in the current configuration at the material points where ~µ is applied
and 〈•〉 is the integral over the area contour at the cross section at position s along the reference line. From
Figure 2, the position vector itself is

XG = pG + CGaRa + CGaCaBξB (22)

where the column matrix ξB contains the cross-sectional coordinates expressed in the local deformed material
frame B. Substituting this expression in Eq. (21), one obtains the following form for the virtual work per
unit length

δW =
[
δpTGC

Ga + δRTa + δφTa

(
R̃a + CaB ξ̃BC

Ba
)]
CaBfB + δΦTBmB , (23)

where δφa and δΦB are global and local virtual rotations, respectively, and where the set of resultant forces
per unit length have been obtained as

fB = 〈µB〉 , mB =
〈
ξ̃BµB

〉
. (24)
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All the different contributions of the internal, kinetic and virtual work of the applied forces are substituted
into the expression of Hamilton’s principle Eq. (15). After integration by parts, the weak form of the
equations of motion is∫ t2

t1

∫ l

0

δRTaC
aB
[(

d
dt + Ω̃B

)
PB − fB

]
+ δR′

T
aC

aBFB+

δΦTB

[(
d
dt + Ω̃B

)
HB + ṼBPB − K̃BMB − (ẽ1 + γ̃)FB −mB

]
+ δΦ′

T
BMBds+

δpTGC
Ga
[(

d
dt + ω̃a

)
Pa − Fa

]
+ δφTa

[(
d
dt + ω̃a

)
Ha −Ma

]
dt =

=

∫ l

0

[
δRTaC

aBPB + δΦTBHB

]t2
t1
ds+

[
δpTGC

GaPa + δφTaHa
]t2
t1

(25)

where e1 = [1 0 0]T . The total momenta and external forces are given in the global reference frame a as

Pa =

∫ l

0

CaBPBds, Ha =

∫ l

0

(
R̃aC

aBPB + CaBHB

)
ds,

Fa =

∫ l

0

CaBfBds, Ma =

∫ l

0

(
R̃aC

aBfB + CaBmB

)
ds. (26)

In strong form, the flexible-body dynamics equations can be written as(
d
dt + Ω̃B

)
PB =

(
d
dx + K̃B

)
FB + fB ,(

d
dt + Ω̃B

)
HB + ṼBPB =

(
d
dx + K̃B

)
MB + (ẽ1 + γ̃)FB +mB ,(

d
dt + ω̃a

)
Pa = Fa,(

d
dt + ω̃a

)
Ha = Ma. (27)

The orientation of the body-fixed reference frame with respect to the inertial frame will be represented
by means of quaternions, which need to satisfy the propagation equation20

ζ̇0 = − 1
2ω

T
a ζv,

ζ̇v = 1
2 (ζ0ωa − ω̃aζv) . (28)

The instantaneous coordinate transformation matrix CGa and position vector of the body-fixed reference
frame are finally obtained as

CGa =
(
2ζ2

0 − 1
)
I + 2

(
ζvζ

T
v + ζ0ζ̃v

)
,

ṗG = CGava. (29)

C. Discrete Form of the Equations of Motion

Eq. (25) sets the basis for a finite-element discretization solution procedure. For that purpose, we will
approximate the position and rotation vectors within the nth element by given shape functions Ni(s)

a,

Ra(s) ∼=
3∑
i=1

Ni(s)Ra(si),

Ψ(s) ∼=
3∑
i=1

Ni(s)Ψ(si), (30)

aThere are known issues with objectivity of the interpolation operation of finite rotations.21 At the time of this manuscript
this is still under investigation, but good performance of the implementation has been observed for fine enough discretization.
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for sn−1 ≤ s ≤ sn. Linear and quadratic elements have been implemented. If η is the vector of all nodal
displacements and rotations, the discrete form of the dynamic equations is written as

M (η)


η̈

v̇a

ω̇a

+Qgyr (η, η̇, va, ωa) +Qstif (η) = Qext (η, η̇, va, ωa, ζ) (31)

Details of the different terms in this equation are included in the appendix. Finally, the linearized
(incremental) form of Eq. (31) around a dynamic equilibrium is given as

M


∆η̈

∆v̇a

∆ω̇a

+ C


∆η̇

∆va

∆ωa

+K


∆η

0

0

 = ∆Qext (∆η,∆η̇,∆va,∆ωa,∆ζ) (32)

where M , C, and K are the tangent mass, damping and stiffness matrices.

IV. Coupled Aeroelasticity and Flight Dynamics of a Flexible Aircraft

The previous flexible-body and unsteady aerodynamic models will be used to represent the complete
dynamics of a flexible air vehicle. As the structural model is based on beams (curves in space) and the
aerodynamic lattice is distributed over a lifting surface (see Figure 3), a mapping procedure is required
between both meshes.

a

B

G

,v ω
am

Figure 3. Full representation of flexible aircraft: beam-like structure, vortex-ring lattice and rigid-body
motions.

A. Mapping Structural Displacement to the Aerodynamic Model

Firstly, displacements and rotations of the beam nodes, Ra and Ψ, and the corresponding velocities, Ṙa and
Ψ̇, have to be transformed to deformations and velocities of the grid points of the aerodynamic lattice, which
can be written as Xb,am and Ẋb,am

b. Vortex-ring cornerpoints and collocation points are expressed in the
aerodynamic coordinate system, am, defined independently but rigidly linked to the body-fixed global one,
a, and can be mapped to and from the other reference frames through transformation matrices. It would be
possible to include camber deformations on this approach,22 but it will be assumed here that airfoils remain
rigid under wing deformations.

bIn what follows, subindex b will be dropped from these magnitudes, since only the lifting surfaces are considered in the
interface with the structural model. We will refer to these magnitudes as Xam and Ẋam to indicate that they are referred to
the aerodynamic frame of reference of the m lifting surface.
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(a) Mapping between beam nodes and aerodynamic grid.
A discontinuous line is used for the vortex rings and a con-
tinuous line for the beam. Aerodynamic cornerpoints are
hollow, whereas beam nodes are filled.

a

G

aero

a a

(b) Mapping of inviscid aerodynamic forces, Faero, to nodal
forces and moments (Fa,Ma). Locations at which aerody-
namic forces act (center of vortex ring leading segment) are
marked with crosses.

Figure 4. Mapping between aerodynamic lattice and structural finite element discretization: (a) geometry
and (b) aerodynamic loads.

In the initial configuration a mapping between the structural nodes and the aerodynamic grid can be
defined, as illustrated in Figure 4(a). For the sake of simplicity, the finite-element discretization of the beam
coincides with the spanwise aerodynamic grid, and hence vortex ring cornerpoints and beam nodes lie along
the same rigid airfoil at each spanwise station – note, however, that airfoil camber is allowed. The variable
~ξ measures the distance between a vortex ring cornerpoint and the relevant node, and it will be expressed in
the nodal material frame, i.e., ξB . This quantity will remain constant under the assumption of rigid airfoils,
and as a consequence, it is possible to determine the aerodynamic grid in the lifting surface aerodynamic
frame of reference, am, at any deformed configuration of the member. For a given vortex ring cornerpoint,
the following transformation is defined at time step n:

Xn
am = Cama

[
Rna + CaB (Ψn) ξB

]
, (33)

where the coordinate transformation between the body-fixed global coordinate system, a, and the aerody-
namic frame, am, is given by the constant Cama matrix. Each cornerpoint of the vortex rings is updated
analogously. In turn, the positions of the collocation points are obtained through interpolation of the corre-
sponding four vortex ring cornerpoints.

The transformation for the velocities is

Ẋn
am = Cama

[
vna + ω̃naR

n
a + Ṙna + CaB (Ψn) Ω̃nBξB

]
, (34)

where the local inertial angular velocity, ΩnB , was given in Eq. (14). As in the case of positions, the velocities
of the aerodynamic vortex ring cornerpoints are obtained using Eq. (34), and the velocities of the collocation
points are obtained through interpolation.

B. Mapping Aerodynamic Forces to the Structural Model

Secondly, it is necessary to transform the inviscid aerodynamic loads computed in Eqs. (7-8) to forces and
moments acting upon the beam nodes – any estimation of the viscous drag will be included in the inputs to
the system. For that purpose, it is assumed that they can be approximated by isolated aerodynamic loads
applied in the center of the leading segment of each vortex-ring.

The aerodynamics forces act on the plane defined by the instantaneous inertial velocity of the vortex
ring (computed at the collocation point), and the normal vector of the vortex ring (expressed in the inertial
frame, G). The pressure differential acts along the normal vector, but due to the inability of the UVLM to
account for the leading edge suction, only the component normal to the inertial velocity is considered. In
turn, the induced drag acts along the vector defined by local instantaneous velocity. As a result, the inviscid
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aerodynamic forces at vortex ring k, expressed in the three axis defined by the inertial (ground) frame of
reference, G, are given by

(Fnaero)k = CGA


D

0

L


n

k

, (35)

where Ln andDn are the lift and the induced drag of the panel, as given by Eqs. (7-8); CGA = CGA
(
pna , ζ

n, Ẋ
n

b

)
is the coordinate transformation matrix between the ground frame and the local aerodynamic frame linked
to the wing airfoils (determined by the local instantaneous inertial velocity and the normal vector the wing).

These forces are then lumped into the nodes of the deformed beam, splitting them between adjacent
nodes as illustrated in Figure 4(b) – note that this mapping will give rise to moments acting upon the
corresponding nodes. Once the resulting nodal forces and moments have been computed, (FG,MG), they
are transformed to the body-fixed a frame, in order to be consistent with the flexible-beam equations, Eqs.
(28) and (31). These operations can be summarized as{

F a

Ma

}n
= C̄aG

{
FG

MG

}n
= C̄aGχvr→noF

n
aero, (36)

where C̄aG is a block diagonal matrix, being each block given by the corresponding coordinate transforma-
tion matrix from the inertial to the body-fixed frame, CaG = CaG (ζn); χvr→no = χvr→no (Rn

a ,Ψ
n,Xn

b )
is a very sparse matrix that lumps the forces acting on the aerodynamic lattice vortex rings, F naero =

F aero

(
pna , ζ

n,Γnb ,Γ
n
w,X

n
b ,X

n
w, Ẋ

n

b

)
, into forces and moments applied on the beam nodes expressed in the

inertial frame, (F nG,M
n
G).

The aerodynamic loads will also affect the rigid-body motions of the aircraft. The forces and moments
acting at the origin of the body-fixed frame of reference, (fa,ma), are obtained by integrating the nodal
values and can be expressed as{

fa

ma

}n
= χno→bf

{
F a

Ma

}n
= χno→bf C̄

aGχvr→noF
n
aero, (37)

where χno→bf = χno→bf (Rn
a ,Ψ)

n
is the matrix that computes the resultant forces and moments integrating

contributions of all nodes of the discretization. Hence, the generalized aerodynamic forces can be written as

Qnaero =

{
QSaero
QRaero

}n
, (38)

with

QSaero =

{
F a

Ma

}
and QRaero = χno→bf

{
F a

Ma

}
. (39)

These generalized aerodynamic forces will be part of the generalized external forces presented in Eq.
(31), which will also encompass any other applied loads, such that

Qnext = Qaero

(
pna , ζ

n,ηn,Γnb ,Γ
n
w,X

n
b ,X

n
w, Ẋ

n

b

)
+Qapp (un) . (40)

C. Solution Methods

Through the above mapping procedures, the coupling of aerodynamic and structural models for a full aeroe-
lastic and flight dynamics characterization of the flexible vehicle can be tackled. The flexible body dynamics
equations, Eqs. (28) and (31) are integrated with the unsteady aerodynamics, Eqs. (2-8). Other external
forces, in particular, gravity forces, can also be introduced into the equations of motion. Different solution
approaches have been defined: static aeroelastic, trim, stability analysis and dynamic aeroelastic, includ-
ing linearized and geometrically-nonlinear solutions, when appropriate. In particular, for fully nonlinear
time-domain simulations, the second order continuous-time flexible-body equations are discretized using the
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Newmark-β method, and a loosely coupled approach solves them together with the discrete-time UVLM
formulation.

The stability studies are carried out about a geometrically-nonlinear deformed configuration (typically,
a trimmed aircraft condition). The procedure is similar to that of Hall,23 with a discrete-time linearized
state-space formulation of the unsteady aerodynamics, tightly coupled with the linearized structural and
rigid-body dynamics equations, Eq. (32), defining a single aeroelastic system matrix. The linearization of
the aerodynamic equations, Eq. (2-8), is carried out under the following assumptions:

• The deformations around the deformed aircraft are small, and as a consequence, the non-penetration
boundary condition can be enforced at the statically-deformed reference geometry.

• The aerodynamic forces will always by applied at the equilibrium configuration. This simplification
effectively converts them into dead loads that only depend on velocities, but not on positions – note
that the dependency with angle of attack is actually retained in the matrix Wb, Eq. (3).

• Wake rollup (and hence stretching) around the reference can be neglected since the effect is small unless
the lift coefficient is large, but can be accounted for to accurately trim the aircraft. This assumption
reduces the UVLM to a prescribed-wake method, and under this approximation it is not necessary to
keep track of the wake shape after trim. The aerodynamic states that fully define the UVLM are only
circulation strength distributions and the derivative of the bound circulation. Note that even though
the wake is prescribed in this case, it does not need to be flat, and it will be shed from the deformed
lifting surface.

Freezing the geometry around the reference configuration leads to a linearized discrete-time state-space
system of equations of the form xn+1 = Axn, and the stability of the system is determined by the eigenvalues
of the system matrix A. As the wake shape is not retained, the states of the coupled problem are

x = [xA xS xR]
T

=
[
Γb Γw Γ̇b Ra Ψ Ṙa Ψ̇ va ωa pa ζ

]T
. (41)

V. Results

The methodology described in the previous sections have been implemented in a new simulation frame-
work, codenamed SHARP (Simulation of High Aspect-Ratio Planes). SHARP is built on a modular architec-
ture in Matlab, but with low-level libraries in Fortran, that allows running independently the flexible-body
dynamics and aerodynamics, as well as performing different studies on the coupled system, as described in
Section IV.C. As it was also remarked above, the flexible-beam equations are geometrically exact, and there-
fore capture the nonlinearities that arise due to large deformations, updating the relevant inertia, gyroscopic
and stiffness terms. Even though the vortex lattice method used for the unsteady aerodynamics is based on
potential flow theory, the boundary conditions are enforced at the current deformed shape, thus accounting
for the motion of the lifting surfaces. Aerodynamic control surfaces are directly modeled by prescribed mo-
tions of trailing edge panels and the true shape of the wake can be obtained as part of the solution procedure
– however, a prescribed-wake model is often a good approximation and it has also been implemented. In a
previous paper,7 we have presented static and dynamic validation of the structural dynamics solution under
given loads, as well as unsteady aerodynamics with prescribed kinematics, and this will not be repeated here.

A. Flexible multibody dynamics solution

The finite element analysis package SAMCEF is used first to verify the flexible-body dynamics implemen-
tation in SHARP. The SAMCEF module Mecano is a nonlinear dynamic analysis tool capable of solving
flexible multibody problems. The implemented formulation in Mecano is based on the displacement-based
description presented by Géradin and Cardona,18 which makes it a powerful tool for the verification and
modeling of flexible-body dynamics problems. The beam elements in Mecano cannot handle composite
materials, and the results in this section are restricted to Aluminum beams.

Figure 5 shows the geometry and material properties of the multibeam configuration for the analyzed
problem. The chosen properties result in a flexible frame with concentrated dead loads applied at the tips
to generate a resultant moment around the center of gravity of the structure. The frame is unconstrained
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Table 1. Simulation properties for the multibeam problem presented in Figure 5.

Geometry: L1 = 20m and L2 = 5m

with C-S = 0.1m ×0.05m solid

Material: Aluminum

Elements: 24 beam elements

Load: F0 = 1000 N (non-follower)

Simulation: t0=10 s and dt = 0.01 s

L
2

F

a

0 0.5 1
0

0.5

1

1.5

t / t
F

(t
) 

/ 
F

0

L1

F

a
x

y

z

1.5 2 2.5 3

t / t
0

Figure 5. Geometry of multibeam configuration used for validation of SHARP flexible-body dynamics module.
Simulation properties are presented in Table 1.

with no gravitational or aerodynamic forces acting on the structure. The global body-fixed reference frame
a is used to describe the rigid-body motion of the frame. Both simulations were run with a fixed time step
size of dt = 0.01 s using 24 linear elements in SAMCEF and SHARP.

The response of the structure over time is shown in Figure 6. To visualize the rigid-body motion and
deformation of the frame, the deformed shape at 15 consecutive steps is shown in Figure 6 (a). It can be
seen that the frame is undergoing large deformations which are perfectly captured in both simulations, as
shown in Figure 6 (b-d). All the variables in the figure are given in their components in an inertial frame.

B. Flutter of the Goland wing using the state-space UVLM formulation

The method for evaluation of dynamic stability outlined in section IV.C will be first exercised on the es-
timation of the flutter onset point of the Goland wing.24 This is a stiff cantilever wing for which Table 2
summarizes the relevant properties.

Table 2. Goland wing properties

Chord, c 1.8288 m Mass per unit length 35.71 kg/m

Semi-span, B 6.096 m Moment of inertia (around e.a.) 8.64 kg· m

Elastic axis (from l.e.) 33% chord Torsional stiffness 0.99×106 N· m2

Center of gravity (from l.e.) 43% chord Bending stiffness 9.77×106 N· m2

Figure 7 presents the linear stability plot for the Goland wing. In this case, the flutter speed is computed
around the undeformed configuration. For that purpose, a very small angle of attack of α = 0.01 deg has
been prescribed. Air density is assumed the be ρ∞ = 1.020 kg/m3, which corresponds to an altitude of 1500
m. The stability diagram indicates that the first torsion mode becomes unstable at a velocity Vf = 166
m/s. The flutter speed of the Goland wing was also previously computed using SHARP both in time- and
frequency-domain.9 Table 3 reproduces those results, those found in the literature, as well as those obtained
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Figure 6. Response of the multibeam problem presented in Figure 5 subject to ramp dead loads applied at the
tips. Time history of (a) the deformed shape at 15 consecutive steps from t = 0 s (gray) to t = 30 s (black), (b)
vertical position z of the left tip, (c) vertical linear velocity va,z and (d) angular velocity ωa,y of the body-fixed
reference frame a expressed in the inertial frame G.

with the present state-space stability analysis. The small discrepancies that can be observed are within the
expected range.

It should be noted that very low free stream velocities were not included in Figure 7. This is because
the analysis must resolve in the small time steps required to capture the dominant structural modes of the
wing. A study at those low velocities would lead to a prohibitively large number of wake circulation states
that would need to be retained. Note also that for flexible HALE vehicles the dominant structural modes
will have far smaller frequencies, allowing for larger time steps and less wake states.

C. Stability Studies on a Full Vehicle

In this section, flutter results are presented on a full vehicle. For a given velocity, the trimmed configuration
of the free-flying vehicle is computed using the static aeroelastic solver. Then, a linear stability analysis is
carried out. This is performed around the deformed configuration, unless otherwise stated. The equilibrium
may correspond to a highly deformed vehicle and this matched solution has been dubbed nonlinear flutter
solution in the literature.3

A numerical model of a flexible HALE vehicle has been defined (see Figure 8 and Table 4), loosely based
on the one proposed by Patil and co-workers.3 The vehicle consists of a large aspect-ratio flexible wing, a
rigid fuselage and and a rigid tail comprising a 25% chord elevator. The aircraft carries a payload of 50 kg,
located at 1 m from the elastic axis of the main wing, and is powered by two propellers, which are modeled
as point forces rigidly linked to the wing .The present results only consider gravity forces for the payload.
As observed in Table 4, the stiffness properties of the main wing will be used as a parameter for subsequent
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Figure 7. Stability plot for the Goland wing, computed around the undeformed configuration with velocity
increments of ∆V∞ = 1 m/s, starting at V∞ = 35 m/s. ρ∞ = 1.020 kg/m3 and α = 0.01 deg. Flutter occurs at 166
m/s.

Table 3. Flutter speed of the Goland wing

Author Model Vf , m/s ωf , rad/s

Goland24 Analytical 172.1 67.4

Wang et al4 ZAERO25 174.3 -

Wang et al4 Intrinsic beam + UVLM 163.8 -

SHARP time-domain9 Displacement beam + UVLM 165 69

SHARP RFA9 Displacement beam +UVLM 177 68

SHARP state-space stability Displacement beam + UVLM 166 72

results. In this case, it will be assumed that the aircraft flies at an altitude of 20 km, where the density is
ρ∞ = 0.0899 kg/m3.

The stability of this particular configuration has been studied for different stiffness properties of the main
wing, varying the parameter σ. The flutter speed has been computed for the undeformed aircraft (1) and
for the trimmed one, using both the linear (2) and nonlinear (3) solvers. In the first case (1), the aircraft is
not trimmed, and as in the Goland wing case, a small angle of attack of α = 0.01 deg is prescribed. Hence,
the flutter speed is obtained by linearizing with respect to the undeformed aircraft. In (2), the aircraft is
trimmed first linearizing with respect to the undeformed configuration, but the stability analysis is performed
around the deformed one. Finally, in (3) the equilibrium conditions are computed without linearizing, and
stability is investigated around this nonlinear deformed state.

The trimmed configuration of the full aircraft is computed for three inputs, namely angle of attack, AOA,
elevator deflection, δ, and thrust per propeller, T . For each free stream velocity, the vehicle is trimmed first
(if possible), and then, the system matrix is computed for this given deformed configuration. If the system
is stable, the velocity is increased and the new trim conditions are determined, analyzing stability for the
new equilibrium. Following this procedure, the matched flutter speed is obtained.

The inputs required to reach the trimmed steady level flight are presented first in Figure 9 for varying
stiffness properties of the main wing – note that increasing σ corresponds to a more flexible wing. The non-
dimensional tip deflection of the main wing at the trimmed configuration is also included, where B = 16 m
corresponds to the semi-span of the wing. As it can be seen, the results of the linear and nonlinear solutions
are very close up to wing tip deflection of around 15% of the wing semi-span. From that point they depart
but still follow similar trends. Near that point there is also a maximum in all inputs to the vehicle trim.
This point corresponds to a minimum in the flutter speed, as it can be seen in Figure 10. Radically different
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Figure 8. HALE model aircraft geometry. Large-aspect-ratio straight wing, rigid fuselage and T-tail, and
propellers (not to scale). Front and top views, showing typical wing deformation.

initial guesses have been tested to try to find other branches on the trim conditions, but only the depicted
solution has been identified. The actual reason for this local change of trend with increased flexibility is
still under investigation. The wing tip deflection, on the contrary, increases almost linearly with the wing
flexibility. This is because the total wing lift remains roughly constant across the different flight velocities
to balance the constant weight.

Flutter speeds and frequencies are shown in Figure 10. As one should expect, linearizing around the
undeformed configuration leads to a significant overprediction of the flutter onset on a very flexible aircraft,
which may lead to catastrophic consequences. In fact, even for a relatively stiff wing, σ = 0.1, which
corresponds to a tip deflection of the order of 4% of the wing semi-span, the discrepancy is already noticeable.
As the stiffness decreases this difference increases dramatically (≈ 60% error at σ = 0.425), until a minimum
is found for the flutter curves of the deformed aircraft. As mentioned above, this minimum corresponds to the
maximum found in the trim variables. As expected, while the tip deflection remains below 15% of the wing
semi-span, both linear and nonlinear flutter results match. However, as the deformations increase, a small
change in the flutter speed becomes apparent, even though the frequency remains nearly the same. Obviously,
the departure coincides with the shift in trim conditions. In this case, as opposed to the linearization around
the undeformed configuration, the estimate of instability onset is slightly conservative. Finally, note that
results beyond these values of σ are not presented because trimming the aircraft becomes impossible, and
this in fact sets an upper boundary to the achievable flight velocities.

D. Open-Loop Response in Time Domain

This section presents some exploratory studies of the open-loop time-domain response of the generic HALE
vehicle of Figure 8. As in the stability analysis in section C, the stiffness property of the main wing will
be used as a parameter (σ, in Table 4) to understand the effect of flexibility on the flight dynamic response
of the aircraft. The trimmed aircraft is subject to a disturbance in the form of a commanded input on the
elevators.
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Table 4. HALE model aircraft properties

Main wing Tail

Chord, c 1 m 0.5 m

Semi-span, B 16 m 2.5 m

Elastic axis (from l.e.) 50% chord N/A

Center of gravity (from l.e.) 50% chord 50% chord

Mass per unit length 0.75 kg/m 0.08 kg/m

Moment of inertia (around e.a.) 0.1 kg·m 0.01 kg·m
Torsional stiffness 1

σ×104 N·m2 ∞
Bending stiffness 2

σ×104 N·m2 ∞

0

1

2

3

A
O

A
, d

eg

0

2

4

6

8

δ,
 d

eg

0 0.1 0.2 0.3 0.4 0.5
0

0.5

1

1.5

σ

T
, N

0 0.1 0.2 0.3 0.4 0.5
0

0.05

0.1

0.15

0.2

σ

z tip
/B

 

 

Nonlinear trim
Linear trim

Figure 9. Trim characteristics of the model HALE aircraft as a function of the stiffness of the main wing. Tip
deflection of the main wing, ztip is presented at trim conditions, together with the corresponding inputs in
angle of attack, AOA, elevator deflection, δ, and thrust per propeller, T .

Firstly, the aircraft is trimmed dynamically for a free stream velocity of 25 m/s and different values of
σ. The free stream velocity was chosen such that the aircraft is deforming moderately (within the linear
elastic regime) with the upper boundary being the flutter speed for the range of analyzed values of σ shown
in Figure 10. Three studies have been conducted to explore the capabilities of the linear dynamic solution
in SHARP: flexible model with (i) σ = 10−5, (ii) σ = 0.2 and (iii) σ = 0.5. In each case a static analysis
is conducted first to obtain the deformed shape of the aircraft under trimmed, steady flight conditions.
The aircraft is subsequently disturbed around dynamic equilibrium through a (1-cos) doublet elevator input
defined in Figure 11 (a) with the excitation amplitude of ∆δmax = 5 deg (equal elevator deflection on right
and left tail) and T = 1 s. For all cases the dynamic response is computed using the linearized form of the
coupled set of dynamic equations with a time step size of dt = 0.02 s.

The response of the aircraft is shown in Figures 11 (b-d) in terms of the translational and rotational
velocity components of the origin of the body-fixed reference system a expressed in the inertial frame G.
Comparing the solution of the linearized models for different values of σ, it can be seen that flexibility
has an effect on the flight dynamics of the vehicle resulting in an increased amplitude of oscillation for
larger values of σ during the doublet maneuver. The flexibility effect will have to be investigated further
for larger structural deformations using the fully-coupled nonlinear flexible model. Future studies will focus
on the contribution of geometrically-nonlinear deformations on the flight dynamics of very flexible aircraft
undergoing large rigid-body motion comparing a broader range of excitation amplitudes ∆δmax.
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VI. Conclusions

This paper has presented a computational framework for the medium-fidelity modeling and simulation of
low-speed flexible aircraft dynamics. The main novelty is in the use of a unsteady vortex lattice aerodynamic
model with a free wake and in the use of the rotation vector as independent degree of freedom to describe large
structural rotations. This yields a representation which captures the effect of large geometry changes, both
in the structural and in the 3-D aerodynamics, but that also coincides with the conventional linear models
for small amplitude dynamics. A loosely-coupled time-marching integration scheme has been implemented
and exercised on some typical cases, as well as a monolithic state-space representation of the full-system
linearized dynamics. This state-space model gives a procedure to obtain the stability characteristics on the
original systems states without any need of projecting the structural dynamics on a modal space or pre-
computing aerodynamic forces at different frequencies. Note that the fidelity of the unsteady vortex-lattice
is comparable to that of the doublet lattice method.

The different solution approaches within this simulation tool have been verified against other methods. In
particular, the coupled flexible-body dynamics solver, the static aeroelastic solver, the trim module and the
flexible aircraft dynamics solver have been exercised. Results have shown the flexibility of the methodology
to analyze quite generic configurations with a minimal modeling effort and modest computational costs.
Although the procedure has been described in the paper, some effort is still required for the solution of
the nonlinear dynamic response to gusts and atmospheric turbulence. Those have been shown to be major
drivers in the design of very large lightweight vehicles and require further attention, in particular with respect
to the impact in wing-tail interference. The current model is expected to provide an appropriate framework
for the analysis of those situations.
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Appendix

This section shows detailed expressions for the evaluation of the different terms of the flexible body
dynamics equations of motion presented in Eq. (31). We first define the following variables to simplify the
notation,

f̂S =

{
fB

mB

}
, V̂ =

{
VB

ΩB

}
, F̂ =

{
FB

MB

}
, f̂R =

{
Fa
Ma

}
, v̂ =

{
va

ωa

}
. (42)

The structural and rigid-body components to the gyroscopic, elastic and external forces in Eq. (31) can be
identified as

Qgyr =

{
QSgyr
QRgyr

}
, Qstif =

{
QSstif

0

}
, Qext =

{
QSext
QRext

}
. (43)

The discretized generalized forces for the elastic displacements are given by

QSstif =

∫ l

0

(
NTΥTAK +NTΥ′

T
+N ′TΥTDT

S

)
F̂ ds,

QSext =

∫ l

0

NTΥTDT
S f̂

Sds, (44)

The gyroscopic forces can be written as

QSgyr =

∫ l

0

NTΥTDT
(
MV̂gyr +AΩΩMV̂

)
ds,

QRgyr =

∫ l

0

ARCMV̂gyr +AωRCMV̂ ds. (45)

with

AωRC =

[
CaBΩ̃B 0

R̃aC
aBΩ̃B +

(
˙̃Ra + ω̃aR̃a − R̃aω̃a

)
CaB CaBΩ̃B

]
,

V̂gyr =

{
CBaω̃aṘa + ṼBT Ψ̇(

Ṫ + Ω̃BT
)

Ψ̇

}
. (46)

The tangent mass matrices have been defined as a function of the deformed state, q, as

M =

[
MSS MSR

MRS MRR

]
, (47)
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with

MSS =

∫ l

0

NTΥTDTMDΥNds,

MSR =

∫ l

0

NTΥTDTM (ARC)
T
ds,

MRR =

∫ l

0

ARCM (ARC)
T
ds, (48)

with

ARC =

[
CaB 0

R̃aC
aB CaB

]
. (49)

Finally, the external generalized forces on the rigid-body equation are

QRext = DT
Rf̂

R. (50)

In the previous expressions, the following matrices were used

DS =

[
CBa 0

0 I

]
, DR =

[
CaG 0

0 I

]
, AΩΩ =

[
Ω̃B 0

ṼB Ω̃B

]
,

AK =

[
0 0

−(ẽ1 + γ̃) −K̃B

]
, Aωω =

[
ω̃a 0

0 ω̃a

]
, (51)

and

Υ =

[
I 0

0 T (Ψ)

]
, Υ′ =

[
0 0

0 T ′(Ψ)

]
. (52)
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