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We consider a nonautonomous functional differential equation of the third order with multiple deviating arguments. Using the
Lyapunov-Krasovskil functional approach, we give certain sufficient conditions to guarantee the asymptotic stability and uniform

boundedness of the solutions.

1. Introduction

Differential equations of third order are valuable tools in the
modeling of many phenomena in various fields of science and
engineering (Chlouverakis and Sprott [1], Cronin-Scanlon
[2], Eichhorn et al. [3], Friedrichs [4], Linz [5], and Rauch
[6]). In reality, the stability and boundedness of solutions
of certain nonlinear differential equations of the third order
have been received intensive attentions by authors (Ademola
et al. [7], Afuwape and Castellanos [8], Chukwu [9], Ezeilo
([10, 11]), Hara [12], Mehri and Shadman [13], Ogundare
and Okecha [14], Omeike [15], Reissig et al. [16], Swick [17],
Tejumola ([18, 19]), Tung [20-33], and Yoshizawa [34]).

In 2009, Omeike [15] considered the nonlinear differen-
tial equation of the third order with the constant delay r(> 0):

E+a®)x+bt)gX)+c®h(x(t-r)=p), @)

and he discussed the stability and boundedness of solutions
of this equation.

In this paper, instead of the above equation, we consider
the nonautonomous differential equation of the third order
with multiple deviating arguments:

k
X+a(t)Z+nb(t)gX) +c®) Y h(x(t-r))=p®),
i=1
)

where r; are certain positive constants, and a(t), b(t), c(t),
g(x), h(x) and p(t) are real valued and continuous functions
in their respective arguments with g(0) = h(0) = 0,k = n.
The existence and uniqueness of the solutions of (2) are also
assumed.

The motivation for this paper is a result of the researches
mentioned regarding ordinary differential equations of the
third order. It follows that the equation discussed in [15]
is a special case of (2). Our aim is to improve the results
established in [15] from one deviating argument to the
multiple deviating arguments for the asymptotic stability and
uniform boundedness of solutions. This work contributes to
and complements previously known results on the topic in
the literature, and it may be useful for researchers working
on the qualitative behaviors of solutions. It should be noted
that in recent years scores of papers have been published on
the qualitative behaviors of solutions (stability of solutions,
boundedness of the solutions, existence of the periodic
solutions, etc.) of the functional differential equations of the
second order with multiple deviating arguments. However,
very little attention was given to stability and boundedness
of functional differential equations of the third order with
multiple deviating arguments ([32]). Therefore, it is worth
investigating the qualitative behaviors of solutions in multi-
delay functional differential equations of the third order. This
case is the novelty of the present paper. It should also be noted



that the results to be established here are different from those
in Tung [20-33] and the literature.

2. Main Results
Let p(t) = 0.

Theorem 1. One assumes that there exist positive constants
a,b,c, p, a, Y;,6,,0,,05,85, and L such that the following
conditions hold:

(i) h(0) = g(0)
h;(x) <p» gW/y=b>0, y+0 (i=1,2,...,k),

=0, h(x)/x >, x+0,

(i) 0 < 8, <c(t) <b(t), -L<b(t)<c(t)<0, 0<a<
a(t).
If
b 1
—>a> -,
Pi a

—a "(t) <8, <8, (nb chp,) (3)

i=1

{ 205 86 }
Zr < min
Le(a+2) Lea

then every solution x = x(t) of (2) is uniform bounded and
satisfies
x(t)—0, x(t)—0, x({t)—0 ast— 0o0. (4)
Remark 2. Tt should be noted that it follows from (ii) that b(t)
and c(t) are nonincreasing functions on [0, co). Therefore,
since these functions are continuous on this interval and
bounded below by §, > 0, they are bounded on [0, co) and
the limit of each existsast — ©o0. Since L in (ii) is an arbitrary
selected bound, we can also assume the following estimates:

0<é,sct)<sb(t)<L,

A= AgbO=h )
01 <g<bh <L,

Proof. We write (2) in the system form as follows:

k
= —a)z-nb®g(y)-c®O Y ()  (©)

i=1

-
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t
re(t) L H () y () ds,
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Define a Lyapunov-Krasovskii functional ([35]) V(-) =
V(t, x> yp 2¢) by

k
V()= c(t)H(x)+nab(t)G(y) +ac(t) yy h; (x)

i=1

1 1
+58 t) y* + Eocz2 + yz (7)

Y jo r ¥ (0)dods,

i=1 =t; Jt+s

where H(x) = _[Ox Zle h;(s)ds,G(y) = foy g(&)d&, and A, are
certain positive constants, which will be determined later in
the proof.

This functional can be arranged as follows:

t

1w, (°
D) = ZV. )
VO =Vt 2+;A,LL

Yy (0)dods,  (8)

+s

where

Vi=c(t) [H(x) +nocb—G(y +ocyZh (x)]
9

Vy=al(t) y2 +az’ + 2yz.

Using the assumptions of Theorem1, it follows that
aa(t) > aa > 1 sincew > a”* and aa(t) — 1 > 0.
Thus, there exist constants §, > 0 and §; > 0 such that

V, = a(t)y2 +oczz+2yz

[4aa (t) - 1] 2°

=al(t) [y+ 2az(t)]2+

4a (t)

1 1 (10)
> 20 ¥+ E<s3z2,

Vv, =6, [H(x)+ mxby +(xyZh x):|

i=1

since b(t)/c(t) = 1, ¢c(t) = & > O,and g(y)/y =
b > 0 imply that G(y) = (1/2)by2. Further, using the
assumptions of Theorem 1 and k = n, it follows that
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k
H (x) + %nocby2 + ocyZh,- (x)

i=1

k
= % [ZH (x) + nocby2 + 20‘)’Zhi (x)]

i=1
E

+ 4 (by + h, (x))’]

IR

[(by + hy () + (by + by ()

N | —

k
2H@) -3 )1 (x)}
i=1

Ay h @) + by 4y ()

N | —

(1)
+o 4 (by + by, ()7}

k cx !
+ZJ (1— “h;?(s)>h,-(s)ds

so that
x5, (12)

where

54:2(1—%)% (13)

1

In view of the previous discussion, we can get

8164> 2 63 2 83 2
V()Z( 5 x+4y+4z
C (14)
. AiJ j 2 0) d6 ds.
Saf [ o

i=1 —r; Jt

Using a basic calculation, the time derivative of V(-) along
solutions of (6) results in

%V ()=c (t)H (x) +c(t)H (x) + nab' (t)G ()

+nab (t)G' (y)

k k
+ac (f) y Z h; (x) + ac (t) y' Z h;
i=1 i=1

k
+ ac (t) yx' Z hl{ (x)

i=1

+ %a/ () y2 +al(t) yy' +oazz + y'z + yz'
k 0

+ZA1'J’ [yz(t)—yz(t+s)]ds
i=1 i

k
=c O H ) +c(t)y ) h;(x)+nab (1) G(y)

i=1

+nab () zg (y)

k k
+ac (t)y Z hi(x)+ac(t)z Z h; (x)
i=1 i=1

k
+ ac (t) yZZh; (x)
i=1
L, 2
+ 74 By +alt)yz+az

k
x [ —a(t)z-nb(t) g(y)—c(t) Z h; (x (1))

i=1

k
+ c(t)ZJ h (x(s)) y (s) ds]
i=1

t
t-r;

+Z2+y[—a(t)z—nb(t)g()’)

M=

—c(t) ) by (x (1))

1

I
—

k
+e(t)) I h (x (s)) y (s) ds
i=1

t
t—r;

+ Z )Liriyz - Z A J:_r yz (s)ds



k
=c () H(x) +ac' () y ) h; (x) + nab' (1) G (y)

i1
1, P

+—d (t
5@ )y

—[nyb(t)g(y) ac(t) y° Zh (x)- ZA ]

i=1

k ot
—[aa (t)-1] 2* +aze (t) Z I h, (x (s)) y (s) ds
i=1 Jt7i

+ ye (t) ZJ K (x(5)) y (s) ds

i=1

k

- Z/\i r y* (s)ds.
i=1

—r;

(15)

Using h;(x) < p;» c(t) < L, and the estimate 2|ef| < e+
f2, we have

oczc(t)ZJ (x(s) y(s)ds

cly(s)|ds

<occ(t)|z|ZJ

—T1;

k koot
1 2 1 2
< E(XC t) z ;ripi + Eocc (t) ;J Py (s)ds

k k ot
1 1
< ~Lacz’ Z r; + =Loac Z J y* (s)ds,
2 i=1 2 i=1 YT
(16)

k ot
@Y | W)y ds
i=1 Jtti

k ot
<c®yl ). L pily ()] ds
i=1 YT

Py’ (s)ds

1 5 k 1 k-t
< Ec(t)y Zr,-pi + Ec(t)ZJ
i=1 i=1

t—r;
1 k 1 k t
< ELcy2 Z r;+ ELC Z J y* (s)ds,
i=1 i=1 Jt-

where

¢ = max p;. 17)
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Noting the previous discussion, it follows that

iV()<c (t) H (x) + nab’ (£) G () + ac’ (t)yZh (x)
i=1

1, 2
—a (t
+2a()y

k
_ [nyb ) g(y)—ac(t) yZZhl{ (x)

i=1

k
_Zliriyz]
i=1
1 k L1, k
-5 Z(aa(t)—l)—L(xc;r,- z +§Lcy ;ri

+ ,Zklz [%Lc (a+1) - /\i] J.tt—r,- y? (s)ds.

(18)

If y = 0, then

nyb (£) g (y) - ac () y° Zh(x) ZAry =0. (19

i=1

If y #0, then it follows that

nyb (1) g () - ac (1) y* Zh(x) ZAry

i=1

[b(t)g(y cxc(t)Zh( )—Z/\ ]

i=1

k k
> [nb (t)b — ac (t) Z o — Z /\irij| y* (20)
i1

=c(t)[ (t)nb (pr,]y Z}Lry

i=1

k k
>4, |:nb—ochi -8," Z)L,-r,-] y
i=1 i=1
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Since 0 < &,
«a > 1, then

%a' ) yz

- [ﬂyb ) g(y)-

k k
ac (t) y2 Z h: (x) — Z/\iriyz]

i=1 i=1

k k
< [82 -6 (nb - chp,-) + Z/Xiri] yz
i=1 i=1
k
_ (85 — Z /\iri> yz,
i=1

k k
[Z(aa(t) -1) —Lochri] 2> (86 —Lochri>z2
i=1

i=1
(21)

where 85 = §,(nb—« Zle p;)—6, > 0and &g = 2(wa—1) > 0.
Thus, we get

k
%V ()< c () H (x) +nab’ (1) G (y) +ac’ (1) y ; h; (x)
k 1 k
- {85 - Z)Lir,-]» ¥ - 3 (66 —Lochri>z2
i=1 i=1
1. L&
+ ELcy ;ri
k t 5
—L 1 ds.
+l;[ cla+1)- ]L_riy (s)ds
(22)
Let A; = (1/2)Lce(x + 1). Hence,
d
EV(')

k
< c' () H (x) + nab’ ()G (y) +ac’ (t) y Y by (x)

i=1

{8 ——Lc(a+2)2r}

i=1

k
1
-3 (66 —Locc;r,)z2

(23)

< c(t) < b(t), 1 < b(t)/c(t), and aa(t) =

If '(t) = 0, then /' ()H(x) + nocb'(t)G(y) + occ'(t)y
Zf;l h(x) = n(xb'(t)G(y) < 0 since b'(t) < 0 and G(y) = 0.
For those #s such that ¢/ () < 0, we have

k
¢ (O H (x) +nab’ ()G (y) +ac’ (t) y Y by (x)

i=1

=c @) [H(x)+nocb G(y) +ocyZh(x)]

3
<c () [H(x) +naG(y) +0¢}’Zhi (x)]

i=1

<c (t)8,H (x) < 0.

(24)
Thus,
d 1 k 5
EV(-) < - {85 - 5Lc(¢x+2);ri]> y
(25)
1 . 5
-5 (86 —Lochr,-)z .
Therefore, if
Soemal 2 B] oo
Le(a+2) Lac

then we have
iv(.) <-B (yz + zz) for some f8 > 0. (27)
dt

The proof for Theorem 1 is complete. O

Let p(t) #0.

Theorem 3. One assumes that all the assumptions of
Theorem 1 and the assumption

L lp(s)| ds < 00 (28)

hold. If

1
—>a> -,

Pi a

—a "(t) <8, <8, (nb ochl> (29)

i=1

{ 26, 66 }
Z r; < min
Le(a+2) Lea

then all solutions of (2) are bounded.



Proof. Equation (2) is equivalent to the system

X =y,

y=z

M=

z=—a(t)z-nb(t)g(y)—c(t) ) h;(x(t)) (30)

I
—_

k
+c(t)ZJ h (x(s) y(s)ds + p(t).
=1

t
t=r;
Along any solution (x(t), y(t), z(t)) of (6), we have
Vin ()= Vi () + (y +az) p ). (3D
Since V(z)(') < 0, then it follows that

Vi () < (y+az) p(t) < (|y] +alzl) |p ()]
<8 (ly| +1zl) [p®)],

where 8y = max{1, a}. Noting that || < 1 + m?, we get
: 2,2 2
Vi () <85 (2+ 5" +2°) [p ()] = 265 |p ()] + &5 IXI [ p ()]

I
<28, [p ()] + (5—8>V(-) 1o ®)|
7

(33)
recalling that &, X[* < V().
Let 77 = max(28g, 8/8,), then
Viy O <nlp@]+1V () |p @) (34)
or
Viy O =V ) [p 0] < nlp@)]. (35)

Multiplying each side of this estimate by the integrating
factor exp(—7 JZ [p(s)lds), we get

Vi Oexp (= [ 1p )l ds)
0 |P(t)|eXp<—r1 [1e (s)|ds) (36)

<7 |p ()| exp <—11 L lp ()] ds) .

Integrating each side of this estimate from 0 to t, we obtain
t
V (-) exp <—11 L Ip (s)| ds) -V (0)

t
<1-exp <—11 L lp ()] ds)
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or
t t
V (-) <V (0) exp <;7 JO lp (s)| ds>+exp <11 L lp (s)| ds)—l,
(38)
where (0, x(0), ¥(0),z(0)) = 0.
Since _[Ot |p(s)lds < A for all t, this implies
V() <V (0)e™+ (e"A - 1) for t > 0. (39)

Since the right-hand side of the last estimate is a constant
and V(-) > oo when x*+ y2 +z% 5 00, it follows that there
exists a positive constant D such that

ly(®)] < D,

From the system (30) this implies that

|x ()| < D, lz(t)]<D Vt=0. (40)

x(®)| <D, |x@®)|<D, |¥(#)|<D Vt>=0. (41
The proof for Theorem 3 is complete. O
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