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Abstract

In this work, we consider impulsive dynamical systems evolving on an infinite-
dimensional space and subjected to external perturbations. We look for stability
conditions that guarantee the input-to-state stability for such systems. Our new dwell-
time conditions allow the situation, where both continuous and discrete dynamics
can be unstable simultaneously. Lyapunov like methods are developed for this pur-
pose. Ilustrative finite and infinite dimensional examples are provided to demonstrate
the application of the main results. These examples cannot be treated by any other
published approach and demonstrate the effectiveness of our results.
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1 Introduction

Impulsive dynamical systems provide a mathematical modeling framework for prac-
tical processes where a combination of continuous and discrete dynamics takes place.
Such a hybrid dynamics appears in many applications, for example, in case of mechan-
ical collisions or in control systems involving a combination of analog and digital
controllers. As well in pandemic systems, a mass vaccination can be modeled as an
impulsive action meaning a (nearly instantaneous) transition of a large amount of
susceptible individuals to become immune.
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A combination of discrete and continuous dynamics leads to a higher complexity in
the behavior of solutions compared with a purely discrete or purely continuous system.
Such unexpected effects as instability [27] or chaos [14] can arise. In particular, such
properties as stability and robustness are more difficult to investigate, especially in
case of nonlinear systems.

Stability in the sense of Lyapunov of nonlinear impulsive systems has a long history
of investigations, see [17,23]. Later, more general stability notions were developed for
hybrid systems, which include impulsive ones as a particular case, see [12,28]. These
notions use the generalized (hybrid) time concept, which allows to develop rather
general results for a wide class of hybrid systems, including impulsive, switched and
sampled data systems.

In case of systems having input signals, the notion of input-to-state stability (ISS)
was introduced in [26] and was found very fruitful in many applications [16]. This
framework was also successfully used for studying robust stability of impulsive sys-
tems, see [4,6,13,18,22]. In particular, [6] derives dwell-time conditions to establish
the ISS property for nonlinear impulsive systems on infinite dimensional state spaces.
This result is based on certain stability assumptions imposed either on the continuous
or on the discrete dynamics. The ISS is assured by the stability property of either of both
dynamics using a suitable dwell-time condition. Stability of interconnected impulsive
systems is then studied in the case, when the ISS-Lyapunov functions are known for
the subsystems, which leads to a combination of the dwell-time and small-gain con-
ditions. The ISS property of impulsive systems where impulsive actions depend on
time was studied in [4], where new and rather general dwell-time conditions were
developed.

A small-gain theorem for n > 2 interconnected hybrid systems was established
in [22] for the case where not all subsystems are assumed to be ISS, which extends
the results of [6]. Similar results for nonlinear interconnected impulsive systems were
developed in [8] for the case of absent external perturbations. This work derives suf-
ficient stability conditions for interconnected systems by means of vector Lyapunov
functions, which leads to conditions similar to the small-gain ones.

In most of works (e.g., in those mentioned above) studying stability of impulsive
systems by means of Lyapunov methods, it is assumed that the discrete and continuous
dynamics share acommon Lyapunov function V which decays either on jumps or along
the continuous flow. A dwell-time condition allows to compensate the destabilizing
effect of one type of dynamics by the stabilizing property of the other one. Certainly,
if V increases in both cases, then the system is unstable. However, in general, it can
happen that the whole system is asymptotically stable even in the case when both
discrete and continuous dynamics are unstable. Identification of such systems needs
a more refined consideration of the interaction between both dynamics types. It is
expected that stability conditions become more involved in this case. It should be
noted that there are not many stability results in the literature that cover the case of
simultaneous instability of discrete and continuous dynamics: [1,9-11,19,24], see also
[3] and [2] for the linear case. However, these results cannot be extended directly to
the case of nonlinear infinite-dimensional systems with inputs, also we note that only
local stability was studied in the first group of these papers.
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Vector Lyapunov functions were used in [19] to establish stability results, where
second-order derivatives of Lyapunov functions along solutions enter to the stability
conditions. These results were generalized in [9,10], where higher-order derivatives
of Lyapunov functions are employed. This approach cannot be used in case of systems
with inputs as one would need to require infinitely smooth disturbances, which is very
restrictive in real applications.

Averaged dwell-time conditions were considered in [1,24] to establish stability
of a linear impulsive system on a Banach space. Based on the identities from the
commutator calculus new comparison theorems, constructions of Lyapunov functions
and conditions for the local asymptotic stability were developed there. In this work,
we are interested in global stability properties for nonlinear systems with inputs.

With an exception of [22], in the most of works devoted to investigations of the ISS-
like properties of hybrid systems, it is assumed that either the continuous or discrete
dynamics satisfies the ISS property. Hence, it is interesting to further develop the direct
Lyapunov method for the case, when both types of dynamics fail to be ISS. Our paper
contributes into this direction, providing a new approach and new stability conditions.

In this work, we improve the results of [9,10] and extend them to the case of ISS for
nonlinear impulsive systems. We derive stability conditions by means of a series of
Lyapunov-like functions. Instead of higher-order derivatives of Lyapunov functions
employed in [9,10], we use an infinite sequence of auxiliary functions to provide
estimates of the dwell-time in order to guarantee the ISS property. The obtained results
are then applied to the studying of the global asymptotic stability of linear impulsive
systems with continuous dynamics governed by a parabolic PDE. The ISS property
is also studied for this type of systems. Moreover, we derive conditions for the ISS
property of nonlinear locally homogeneous finite-dimensional impulsive systems.

The paper consists of six sections. Section 2 introduces the notation and several
auxiliary inequalities used in the paper. The problem statement is described in Sect. 3.
Section 4 contains the main results with their proofs. Application of the results to
the investigation of GAS and ISS properties of linear impulsive systems in infinite-
dimensional spaces and of nonlinear finite-dimensional systems is provided in Sect. 5.
A brief discussion and conclusions are collected in Sect. 6. Proofs of several technical
results are placed in Appendix.

2 Notation and preliminaries

We use the following classes of comparison functions:

K ={y : Ry - Ry : continuous, strictly increasing and y (0) = 0},
Keo={y Rt >Ry :yek, y(s)—> oo for s — oo},

L={y : Ry — R, : continuous, strictly decreasing and lim;_, o ¥ (t) = 0},
KL={B : Ry xRy — Ry : continuous B(-, 1) € K, B(s,-) € L}.

By CJ[0,I] we denote the space of continuous functions, defined on [0, /]
with values in R with norm |[flicjo,; = maxyefo,qlf ), Ck[0,1] denotes
of k-times continuously differentiable functions with the norm | fllcko; =
¥ maxyefo.r | f P (x)|. H°[0,1] = L?[0,1] is the Hilbert space of mea-

.....

max ,—o
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I
surable square integrable functions with scalar product (f, g);210.1 = [ f(2)g(2) dz.
0

Let £(L2 [0, IT) be the Banach algebra of linear bounded operators defined on L2[0,1].

For M C R and a Banach space X by L*°(M, X), we denote the space of
mappings f : M — X with the norm | fllz = esssup,,cy | f(m)|lx. For
M = Z,:=NU{0}, we write L®(Z4, X) = [*°(X). By B,(xp), we denote the
open ball of radius » > 0 in X centered at xp.

C'(U,R"),U cC Risthe set of continuously differentiable mappings f : U — R”.
C!(R™) is the space of continuously differentiable functions f : R* — R”, and for
f € C'(R™) by 9, f(x), we denote the corresponding Jacobi matrix.

For a linear bounded operator A acting on a Banach space, 0 (A) denotes the spec-
trum of A and r, (A) denotes its spectral radius.

R™™ is the space of n x m-matrices, for m = n the set R"*" is then a Banach
algebra. We use the norm on R"*”" induced by the Euclidean norm in R": ||A| =
sup =1 1Ax ] = Afax (AT A).

We will use the following well-known inequalities. For any a,b € Ry and o € K
holds

o(a+b) = 0(2a) +0(2b); ey

for p1, pa € (1, o0) with % + L

o = 1, the Young’s inequality is

xPlyP
xy<—+—, x>0, y>0. 2
P1 P2

3 Problem statement and related stability notions
We consider dynamical systems with inputs defined similarly to [5,21,26] as follows

Definition 1 Let X be the state space with the norm || - ||x andU; C {f : R — Uj}
be the space of input signals normed by || - [lz4, with values in a nonempty subset U;
of some linear normed space and invariant under the time shifts, that is, if d; € U and
T € R, then S;d; € Uy, where S; : U; — U}, s € R is the linear operator defined by
Ssu(t) = u(t +s).

The triple X'. = (X, Ui, ¢.) is called dynamical system with inputs if the mapping
¢c 1 (L, 10, x,d1) = ¢c(t, 10, x, dy) defined for all (¢, to, x, d1) € [to, to + €19,x,d;) X
R x X x U for some positive €, 4, and satisfies the following axioms

(XeDfortg e R,x € X, dy € Uy, t € [to, 1o+ €4,x,4,)> the value of ¢ (, 1o, x, dy)
is well-defined and the mapping ¢ — ¢, (¢, to, x, d1) is continuous on (to, fo + €, x,4;)
with lim;_, o4 @c (¢, to, x, d1) = x;

(Xe2) pe(t, t,x,dy) = x forany (x,d;) € X x Uy, t € R; ~

(Xc3) forany 19 € R, (7, x,d1) € [10, t0 + €1,x,a;) X X x Uy and d; € Uy with
di(s) = di(s) for s € [t9, t], and it holds that ¢.(t, 19, x, d1) = P.(t, to, x, d});
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(Xc4) for any (x,dj) € X xUj andt > © > 1ty with T € [to, To + €1,x.41)>
t € [T, T+ €r,¢.(t.10,x.d1).d;) N [0, T0 + €,x,4;) 1t holds that

¢C(l7 t()’ X, dl) = ¢C(t9 Tv ¢C(Ts t09 .x, dl)s dl)a
(X:5) forany (x,d) € X x Uy and ¢ € [to, to + €4y.x,4;, ), it holds that

E[0+T,X,d1 = El(),x,Sle ’
¢C(l + T, tO + T,X, dl) = ¢C(tv T, X, Sfdl)

Note that (X.5) implies that forall # € [z, T 4+ €7 x5,4,), T <t
¢C(tﬂ T,x,dl) :¢C(t_rv O,X,S-rdl). (3)

Systems with impulsive actions are defined as follows:
Definition 2 Let & = {t}2). 7« € R be astrictly increasing time sequence of impul-
sive actions with klim 7w = oo. Letly C {f : Z+ — U} be the space of input

signals normed by || -ociluz and taking values in a nonempty subset U of some linear

normed space. Let g : X x U — X be a mapping defining impulsive actions and

the mapping ¢ be defined for all (¢, 7y, x,d1,dy) e R xR x X x U] x Up, t > 1y.
The following data ¥ = (X, X, U>, g, ¢, £) defines an impulsive system if
(X)) for all (k, x,d;) € Z4+ x X x U the system X, satisfies

Tp(t) — 10 < €q.x.dys Tk = Tht1 — Tk < €g.x.d,

where we denote p(tp) := minfk € Z4 : © € &,} with &, = [fp, 00) N E; and
(X») the mapping ¢ satisfies

o(t, to, x,dy,dr) = pc(t, 19, x,dy), forall t e [ty, Tpyl
o, 10, x,d1, dr) = ¢c(t, T, g(@ (ks 10, X, d1, d2), d2(k)), dy)
forall 1€ (tx, 1], k € Z4, k = p(to).

We will denote for short
Pty 10, x,d1, do) = g( (i, o, x, d1, da), da(k)), k> p(to), ™ > 1o
The conditions (X.1) and (X3) imply

lim @(t, 10, x,d1, dr) = (1 . to, x, d1, o),

=T+

lim ¢(t, 1, x,dy, d2) = ¢ (., to, X, d1, da);

1—>Tr—
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and (X.4), (X.5), (X¥,) imply that for t > 7 > 1, (x,d1,dr) € X x Uy x U, the
following holds:

ot 10, x,d1,d2) = @(t, 7,9 (1, 10, d1,da), d1, d2). 4)

The system X, describes the continuous dynamics of the impulsive system X'. One
can also consider its discrete dynamics separately as a system X, defined next

Definition 3 A discrete dynamical system with input X; = (X, g, ¢a, U) is given
by a normed state space (X, || - ||x); a space of input signals Uy C {f : Z+ — Uz}
with norm || - ||z, and values in a nonempty subset U; of a linear normed space; a
mapping g : X x Uy — X; and a mapping ¢4 : (k,l, x,dr) — ¢q(k,l, x,d>), for
(k,l,x,dy) € Z4 x Zy x X x Ua, k > [ such that

(Zal) palk, k,x,d>) = x, pak + 1,1, x,d>) = g(pa(k,l, x,dr),dr(k)) for all
k>1

Assumption For any t > 0, there exist &, & € K and x;, x € Koo such that for all
(x,dy,dr) € X x Uy x Uy, it holds that

¢ (@, 0, x,dD)|| < &(llxI) + xc(ldilly) forall 7 €0, 7] )

and

llg(x, d)ll = &dlxID) + x (ld2llw,)- 6)

This assumption is not restrictive; for example, if g is continuous, then (6) is satisfied.

We are interested in the stability properties of the system X' and its robustness with
respect to the input signals di and d5. To this end, we use the notion of input-to-state
stability (ISS). It was originally introduced in [25] for time invariant finite-dimensional
systems. In our case, we adapt it as follows for X

Definition 4 For a fixed time sequence £ of impulsive actions, the system X is called
ISS if there exist By, € KL, vy, € Koo, such that for any initial state x € X, any t > g
and any (d1, d») € Uy x Ua, it holds that

o, 10, x,dr, d)Il < By (Ixll, 1) + v (d),  d:=lldilly, + ld2lles,. (D)
Next, we introduce a class of functions that we will use as Lyapunov functions to study

the ISS property.

Definition 5 A function V : [fg, 00) x X — R is said to be of class V(7y), where
To := [to, 00) \ &, if it satisfies the following properties:

(1) V iscontinuous at any point (z, x) € 7o x X, left continuous in ¢ for ¢ € &, that is
limy,_so_ V(t + h,x) = V(t,x) for all (t,x) € £ x X and such that there exists
limp 04 V(t+h,x):=V(t+0,x)forall (r,x) € £ x X;
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(2) The Lie derivative V(t, x, ¢) exists forall (¢, x, ¢) € 79 x X x Uy which is defined
by

V(t,x,[) = hgr(r)1+ %(V(t +h, ¢ (t+h,t,x,8))— V(t, x)), (8)

(3) For (t,x,¢) € € x X x Uj the limits V(¢ £ 0, x,¢) = limj_oy V(t £ h, x, )
existand V(t — 0,x,¢) = V(¢,x,¢)

4 Main results

In this section, we provide sufficient conditions to guarantee the ISS property for
Y. Complementary stability conditions are given in Theorems 1 and 2, respectively.
Application of these results are illustrated in Sect. 5.

Theorem 1 Assume that for X there are functions V; € V(7y), i € Z4 with

(1) for some ay, ay € Koo, it holds that
ar(llxl) < Vo, x) < ax(llxI), forall (z,x) € [ty, 00) X X; )

(2) there is a sequence 1, € Koo, p € Zy such that for all (t,x,¢) € Typ x X x Uj
holds

Vo(t, x,¢) < Vit,x) +no(lI¢ ),
—Vp(t,x,8) < Vo1 (6, x) +0p(Ill0y), peN; (10)

(3) therearen € Koo and Wy, : X — R, k € Z4 so thatV (k,x,¢) € Zy x X x Uy

Vo(te +0, g(x,8)) — Vo(ti, x) < Wi(x) +n(I¢ lvy): (11)

holds;
(4) there exists § € Koo such that for all (k, x) € Zy x X, it holds that

(tkt1 — )P

p = =5(lxIh; (2

o
Gry1(x) i= Wi 1 () + Y Vp(tit1, %)
p=1

(5) forany p > Oexistsq, € [0, 1) suchthatlimp_, % = g, uniformly for

s € [0, pl and for any k € Z, there is wi € Koo such that |V, (s, x)| < wr(|lx|])
forall (p,s) € Z4 X (T, Tkt1]-

Then, X satisfies the ISS property.

Remark 1 The inequality (12) in condition (4) of the theorem restricts the time
intervals between jumps, which is a dwell-time condition. If both continuous and
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discrete dynamics are stable, the existence of Wy and V), so that Wi41(x) and
Z;ozl Vp (Thg1, X) M are negative is guaranteed, so that (12) implies no restric-
tions on £. However ifp one of the dynamics is unstable, the dwell-time is restricted.
For example, if the discrete dynamics is stable but the continuous one is not, we have
Wi+1(x) < 0O, but the second summand in (12) can be positive, and hence it needs to
be small enough in order to satisfy (12). This implies that the time distances tx4+1 — Tk
need to be small enough. Moreover, (12) allows the situation, where both dynamics
types are not stable. This will be illustrated in our examples.

Let us fix any (9, xg) € R x X as the initial data and assume without loss of generality
that #p < t9. For any disturbances (dy, d2) € U; x Ua, the corresponding solution to
X will be denoted by x (1) = ¢ (¢, to, x0, d1, d2).

Lemma 1 Under the conditions of Theorem I for any k € Z4, n > 2 the following
inequality holds true:

n—1

(tk1 — )P
Vo(tk + 0, x(tx +0)) > Vo(ter1, x(tx41)) — Z Vp (Tht 1, X(Tk+1))+T
p=1 '
Tk+1 Th+1 Tk+1
— / / / Vi(sp—1,x(sp—1))dsg ...ds,_1 (13)
Tk S1 Sp—2

B Z np—1(lldilles )67

=1 p!

The proof can be found in Appendix.

Corollary 1 Under the conditions of Theorem 1, the following estimate is true:

Vo(tis1, X (k1)) — Vo(tk + 0, x (7 +0))

o0 o0
(1 = Syt (dile)0? (14
=3 V(g xS 5 T Q)P ()
p=1 p: p=1 p:

Proof The estimate follows after taking the limit for n — oo in the inequality (13),
which is possible under the conditions of Theorem 1. O

Proof (of Theorem 1) The combination of (11) and (14) implies that

Vo(tk+1 + 0, x(tge41 + 0)) — Vo(t + 0, x (7 + 0))
o0 o0
(tk+1 — )P np—1(ldillz)0"
< Wig1 (x(te1)) + E Vp(Tk+1,x(Tk+1))+—,+ E p—,l
p! p!
p=1 p=1
+n(ld2lzs)-
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~ _ P ~
Let 7(s) 1= 350 Z2=52% 4 1(s), then 7 € Koo. Recall that d = [1di e, + 2 s,

then for all k € Z,, we have
Vo(Tig1 + 0, x(Txy1 +0)) — Vo(tk + 0, x (1 + 0)) < Grg1 (x(tht1)) + 7(d).

From this inequality together with condition (4) of Theorem 1, it follows that for all
k e Z+

Vo (T4t + 0, x(teg1 + 0)) — Vot + 0, x (1 + 0)) < —=8(|lx(mxg-0 D) + 7(d). (15)

Lete € (0,1),r = s! (?(Tde)). Let us show by contradiction that for some k* € Z, it
holds that x (tx+) € B,(0). Assume that this is not true, that is for all k € Z,., we have
llx(zx)|| > r, then from (15) follows:

Vo(tks1 + 0, x (11 + 0)) — Vo(tr + 0, x (7 + 0))

—~ n(d —~
< —=8(r)+7n(d) = —% +n(d) < 0.

This means that the bounded from below sequence {Vo(tx + 0, x(tx + 0)}rez, is
decreasing, hence there exists the limit m := limy_ o, Vo(tx + 0, x(tx + 0)). From

(15) follows then lim supy_, o, 8 (||x(tx+1)]l) < 77(d). This implies that

nd) . 7
1 c— 8(r) < hmksup Slx (01D = n(d),

which leads to a contradiction. Hence, for some k*, it holds that ||x (zx)|| < r. Let
R = max{(oz]_1 o) (E(r) + x(d)), r}. We show that for k > k*, the inequality
lx(tx + 0)|| < R is true. Indeed, if for some m > k*

Ix(@)ll <r, x@ut)ll = forall i=1,...,j(m),

where 1 < j(m) < oo, then from (15) follows that

Vo(Tmti + 0, x(Tigi +0) — Vo(tmai—1 +0, x(Tugi—1 +0))
< =8(lx(Tm+) ) +1(d) < 0;

hence, by condition (1) of Theorem 1, we obtain
% (@i + 0N < oy 0 02)([lx (T +O)).
Taking (6) into account, we obtain ||x (7, + 0)|| < &(||x(zm) ) + x(d). Hence,
1X(Tm4i + 0| < (o7 ' 0 02)(E(r) + x(d)) < R.
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LetS, :={keZ : VI, 0<I<k|x(z)| >r}and

max S, for S, #0,
0 for S, =90

N =

We need to consider the case N > 1. Let k € N be such that 1 < k < N, then
7(d) < (1 —e)8(|lx(zx)|) and from (15), it follows that

Vo(tk + 0, x(tx + 0)) — Vo(tk—1 + 0, x(tx—1 + 0))

—~ (16)
< =8(lx (@)D +n(d) < —ed(|lx(T))-

The inequality (6) implies that

lx(z + Ol < Ellx (D) + x (@)
<&@ + x @ (A = O8(x @) = (x(T)).

It is easily seen that ¢ € K, hence || x(zz)| > (p_1(||x(rk + 0)|]) and from (16)
follows

Vo(tk + 0, x(tk + 0)) — Vo(tk—1 + 0, x(tk—1 + 0))
—e(B o H(llx(tk +0)) (17)
< —e@og oy )(Vo(m +0, x(rk +0))).

IA

We denote §; :=8o0¢ ! o a;l € Koo, vk := Vo(tx + 0, x(tx + 0)), and conclude
that for all k, 1 < k < N, the inequality (17) can be written as

Vg — Vg—1 < —€d1(vp). (18)
Let us define the sequence Uy for k € N by Uy := v for I < k < N and so that for
k > N + 1 the vy satisfies the difference equation vy — Dj—1 = —€81(Vp).
Hence for all k € N, the sequence {U} Jxen satisfies the inequality
Vg — V-1 < —€81 (). (19)
Together with the inequality (19), we consider the comparison equation

Wy — wi—1 = —€81(wg), wo = Vp. (20)

First, let us show that for all k € Z,, the inequality Uy < wy is true. Indeed, if for
some k; € NU,_1 < wg,—1 and Vg, > wg,, then fromid +€8; € Koo, it follows that

0 < Tk, — wyy < (id +€81) ' @Dpy—1) — (id +€81) " (wg,—1) <0,
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which is a contradiction. From (20) follows w; = (id +€8;) ' (wr_1), k € N. By the
properties of comparison functions, there exists 6y € Ko such that (id +€8 Dl =
id —§>, hence (20) can be written as

wr — wi—1 = =8 (wr—1), wo = . (21)
Let gz(s) := min{s, §2(s)}, then

W — wk—1 < =82 (wi—1),  wo = Dp. (22)

v
We define Ay, (s) := f 3?(%)’ then Ay, (s) — +oo for s — 0+4. By the mean value
\)

theorem for some s* € (wy, wg—1) from (22), we obtain

Wk—1

ds w1 — w _ 82 (wr_1)
Bw) = Ao = [ = ML B
P 82(s) 82(s*) 82(s*)
k

Hence, Ay, (wr) > Ay, (vo) + k = k, which implies the estimate
V(e +0,x( +0) < Ay (k) forall k€ Zy.

This means that for all k, 0 < k < N, we can estimate ||x(tx +0)| < (ocl_1 o A;Ol)(k).
From (5), we have that for all k € Z, follows

Xl < &o(llx(zx +O0)) + xo(d) forall t e (tk, Tks1]
That is for all # € (7x, Tk+1], 0 < k < N — 1, the following inequality holds:
el < E ooy o ALHK) + xo(d). (23)
Let vy := (& o ozfl o A;OI )(k), and we define the function

- f— T
Bvo, 1) = -1+ #(ﬁk — V1) for te(ti—1,wl, keN
Tk — Th—1

It is easily seen that E € KL. From (23), we get for all ¢ € (tp, Tn], the inequality

lx(D)] < BV (r0 + 0, x(z0 + 0)), 1) + xa(d) < Blaz(llx(0 + 0)), 1) + xo(d).
(24)

Applying the estimates
lx(ro +O)I < &(llx(ro) ) + x(d) and [lx(To)ll < &zy—zo (IX0) + Xzg—1(d)
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and the inequality (1), we obtain that for some functions ETO_,O, Xro—to € Koo
1 (0 + ) | < &rysy (I1X011) + Frg—ro ()
Applying again (1), we derive
ax([lx (0 + 0))) < (o2 0 2&¢—1p) ([IX011) + (022 0 2%¥y—1) ().
From (24) using again (1), we get that for all ¢ € (79, Tx], the inequality

lx(D)] < BQ(az 0 2&ry—1) (Ix0]1)s 1) + B2 0 2% 19—10)(d), 1) + x0(d)

A . (25)
= B (lxoll, 1) + X1 (d)-

holds, where we have denoted

Buo(s. 1) i= B(2(e2 0 28—, (5). 1),
Xio(d) = B(2(e2 0 2)ry—1y)(d), 0 + 0) + X0 (d)
It easy to check by definition that E,O € KL, X, € Koo There exists a function

Bi, € KL such that B, (s, t) > B\m (s, 1) fort € (79, Ty] and By (s, 1) > Em,,o (s) for
t € [ty, 10]. Hence, from (25), it follows that for all ¢ € [tg, Tn]

lx @I < Bro Ulxoll, 1) + Xio (d) + Xrg—10(d)- (26)

Recall that for k > N, we have ||x(tx + 0)]| < R. Hence from the estimate ||x(7)] <
Eo(llx(te +0)ID) + xo(d), t € (tk, Tk41] it follows that

x@ < & (R) + xo(d) := X(d), t> 1N, 27)

where ¥ € K by definition. Combining the inequalities (26) and (27), we see that
for some y;, € Koo, the following estimate holds

IxI = Biy(Ixoll, 1) + vi(d), 1 = 1o,
which proves the theorem. O

Remark 2 Condition (5) of Theorem 1 assures the convergence of three last terms in
(14) forn — oo. However, if V, (¢, x) < Oforsomen > 1, then we canset V, (¢, x) =
0 for all p > n and this condition (5) can be dropped. Stability investigation in this
case is essentially easier because we deal with a finite number of auxiliary functions
instead of an infinite sequence. The class of systems, where this simplification is
possible becomes wider due to the next result (see the difference in the sign before
Vp in conditions (2) of the previous and the next theorem). Such simplification will
be used in some of our examples later.

Theorem 2 Assume that for the system X, there are V; € V(1) such that
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(1) for some a1, ay € Koo it holds that

ar(lxl) = Vo, x) = ax(llxID),  forall (1,x) € 19, +00) x X, (28)

(2) there is a sequence 0, € Koo, p € Zy such that¥ (t,x,¢) € Ty x X x Uj
Vp(t,x.0) < Vo1t 0) +0p (I lluy). p € Zy, (29)
(3) therearen € Koo and Wy : X — R, k € Zy sothatV (k,x,¢) € Z+ x X x Us
Vo(tk + 0, g(x, 8)) — Vo(tk, x) < Wi(x) + (IS llv,), (30)
(4) thereare Qrp : X — Randm, € Koo, (k, p) € Zy x N, (x,¢) € X x Uy with
Vp(tk +0,8(x, 8)) — Vp(tk, x) = Qip(x) + (I8 111 €1y

(5) thereis § € Koo such that for all (k, x) € Z4+ x X, the next inequality holds

(tkt1 — )P

Gi(x) == Wi(x) + Z(V (T, X) + Opp(x ))p— = =8(llxID. (32)

p=1

. : np(s)
(6) For any p > 0, there exists q, € [0, 1) such that lim,_, m < qp and

lim,_ % < q, exist uniformly for s € [0, pl, and for each k € Z

exists wy € Koo such that
[Vp(s, )| < or(llxID), 1Qrp(¥)| < wr(llx]l)

forall (p,s,x) € Zy X (tk, tk+1] X X. Then, system X' is ISS.

Lemma 2 Under the conditions of Theorem 2, we have for allk € Z.y, n > 2

Vo(tea1, X (tk1)) < Vo(tk + 0, x (7 + 0))

n—1
Tra1 — k)P
+Z V(T + 0, x (1 +0))M
p=1 P
Tk+1 S1 Sp—2
—i—// / Vi(sn—1,x(sp—1))dsg...ds,—1
T Tk Tk
n
_1(ld or
+Z np—1(ll 'Ilul) . (33)
p!
p=1
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Corollary 2 Under the conditions of Theorem 2, the following holds:

Vo (Trt1, X (Tk41)) < Vo(tx + 0, x (7 + 0))

> (tk1 — )P
+ ) Vplt + 0, x(tg + 0)—————

p=1 P (34)
> -1l llzg,)6P
+ Z ”_—1.

1
p=1 P!

Proof Condition (6) of Theorem 2 assures the possibility to take the limit for n — oo

in (33) which implies the assertion. O

Proof (of Theorem 2) From (30) and (34) follows

Vo(tkg1, X (th1)) < Vol(zk, x () + Wi(x (i)

- (Tk1 — T)”
+ DVt 40, x(zg + 0)—————

p=1 Pt (35)
° p
"> np-1(Idille )07

+ 1l o

p=1

Taking (31) into account, we obtain

Vo (T, X(Tky1)) < VO(Tk x(tx)) + Wi (x (k)

(tk1 — )P

+ Z(vpm xX(7)) + Qup (x(10)))

p=1

- d +n,—1(|ld or
+’7(||d2||u2)+z (7717(” 2”1/{2) Z{? 1l 1”1/{1)) .

p=l1

(36)

Let 77(s) := n(s) + Z - w Obviously 7 € Koo and from (32) and
(36) follows (recall thatd ldillzg, + lld2llzsy)

Vo (Tit1, X (Te41)) < Vo, x(tr)) — S(llx (@) ) + 7(d). (37)
Lete € (0,1),r = 8’1(7%)).First we show by contradiction that there exists k* € Z
such that ||x(7x+)|| < r. Indeed, otherwise, for all k € Zy |x(tx)|| > r and hence

from (37), it follows that

Vo(tkg1, X (tks1)) — Vo(tk, x(m)) < =8(r) +7(d) = _177(_) +7(d) < 0.

This means that the sequence { Vo (tk, x (tk)) }rez, is strictly decreasing and is bounded
from below, hence it possesses a nonnegative limit m* = limy_, oo Vo (7%, x(7%)). From
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(37) follows

n(d) . 7
s < 8(r) <lim sup §(|lx(zp) ) < 7 (d),

k—o00

which leads to a contradiction.
We denote R := max{(oef] o) (& (E(r) + x(d)) + xo(d)), r}. Let us show that
for k > k* the inequality ||x(tx)|| < R is true. Indeed, if for some m > k*

lx(@)ll <7, lx@uy)ll = r foral i=1,...,j(m),
where 1 < j(m) < oo, then from (37), we have that fori > 2
Vo@ntis X (Tn+i)) = Vo(tmti=1, X(Tmti=1)) < =8(Ix(@mi-D) ) +7(d) <0,
and hence from (5) and by the condition (1) of Theorem 2, it follows that
@)1l < oy o ) (lx (@) ) < (@) 0 @2)Eo (lx (T + O)ID) + xo(d)).
Taking (6) into account, we obtain
X (@)l < (a7 ' 0 @2) G (E(r) + x () + Xo(d)) < R.
Similarly, for i = 1 we get

X (T DI < S (llx(Tm + O)D) + xo(d) = Eo(E(lx(Tm)I) + X (d)) + X0 (d)
<&@ +x(@) + xe(d) = R.

LetS,:={keZy : VI, 0<Il<k|x(r)] =r}and

max S,, for S, #{,

N =
0 for S, =0

It is enough to consider the case N > 1. Let k be such that 0 < k < N, then
7(d) < (1 —e)8(||x(zx) ), and from (37), the next inequality follows:

Vo (tha1, X (tk41)) < Voltk, x (k) — €8([lx(z) - (38)

By condition (1) of Theorem 2, we obtain ||x(t)| > a;l (Vo(tx, x(t))) and hence
(38) can be written as

Vo (tha1, X (k1)) < Vo(k, x (i) — €81 (Vo(tk, x (%)),
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where §; = 500:2_1 € Koo. Let us denote vy := Vo(tx, x(tx)), then forallk € Z, we
have the inequality vg; — vg < —e81(vg). Let §1(s) := min{s, §;(s)} € Ko, then

Vi1 — vk < —€81(vg).
We define the {D;}rez , sequence recurrently setting U :=v; for0 < k < N and
Vg1 — Uk = —€81(Vk)

for k > N. From this definition follows that for all k € Z

Vi1 — Dk < —€81 (D) (39)
and 0 < U < wy.
v
Let Ayy(s) := ’5%' By the mean value theorem 3s* € (Vg1, Ux) with
N
U ~
N N ds Vg — Uk 81 (k)
Ay (U —AvszA = — > €= >
(P t) = A (00 i) Bi1sM) T 81

Vk+1

Hence, Ay, (Ux) > ke for all k € Z,. From its definition, it follows that Ay, (s) is
strictly growing with respect to vg for a fixed s and strictly decreasing in s for a fixed
vo with A, (s) — oo for s — 0+. This implies that

Vit x(1)) < Ay (ke) forall k € Z.

The desired ISS estimate follows similarly as in the proof of Theorem 1, which proves
Theorem 2. o

Remark 3 1f for some n > 1 we have V,,(¢, x) < 0, then we can take V), (¢, x) = 0 for
all p > n, and in this case, condition (5) of Theorem 2 can be dropped.

5 Examples

5.1 Heat equation with variable coefficients

Let X be the normed linear vector space defined by

X={f : [0.1>R|feCO.D flozs € C*(0.28), flas € C*25.D)},

with/ > 0,0 <28 </ and the norm || - [|x := || - | L2[0.1;-
Consider the following linear system with impulsive actions

Uz, 1) = @Puz(z, 1) + b(Qu(z, 1), t¢&

40
u(z, t =u(z, 1) +cuz, 1), te& “0)
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with the following initial and boundary conditions

u,1) =u(,t) =0,

(41)
u(z,04+0)=9@@), ¢eX, ¢0) =90 =0,

where (z,1) € [0,1] x [0,00), u : [0,[] x [0, 00) — R. We assume that a > 0,
b :[0,1] — Ris piecewise continuous bounded function which can be discontinuous
onlyatz =28,and ¢ : [0,]] = R, ¢ € C?[0,1].

We are interested in the properties of classical solutions to (40)—(41) defined next.
Let us denote 77 = [0, T1 N7y, Er = [0, TN E for T > 0.

Definition 6 A function u : [0,[] x [0, T] — R is called classical solution to (40)-
40, if
ur(z, 1) = a’uzz(z,0) + b@u(z. 1), (z.1) € ((0,28) U (28, 1)) x Tr;

For z = 24, it holds that

u25+0,t) =u2§ —0,1), u,26+0,¢) =u;(26 —0,1), teRy;
u(z, tt) = u(z, 1) + c(@u(z, 1), (z,1) €10,1] x Er;

and u satisfies the initial and boundary conditions (41).

Since c € C 2[0, 1], it follows that the state space X is invariant under jumps, that is,
f € X implies (1 +c¢) f € X. Itis also clear that the jump operator is consistent with
the boundary conditions. Theorem 1 from [15] implies the existence and uniqueness
of solutions to (40)—(41) so that u(-,t) € X fort > 0.

We consider the question of asymptotic stability of solutions to (40)—(41) with
respect to the norm in L?[0, []. The next proposition verifies the estimates (5)—(6).

Proposition 1 Solutions of (40)—(41) satisfy the estimates (5)—(6) with the following
choice of functions

E(s) = e™tmxg E(s) = (1 + cmax)s, Xxc(s) =0 x(s) =0,

where bmax = SUP,¢[0,1] [b(2)], cmax = SUP,¢[0,1] lc(2)].

The proof can be found in Appendix.
To study stability properties, we introduce the following Lyapunov function:

l

Volu(- 1)) = / 2. 1) dz.

0
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for which we have

l l

Vo(u(~, 1) = 2/14(1, HDus(z,t)dz = Z/u(z, t)(azuzz(z, )+ b(u(z, 1)) dz

0 0
l l

= —24 / ul(z,0)dz + 2/b(z)u2(z, 1 dz == Viu(,1).
0 0

(42)

Let us calculate the full time derivative of Vq(u(-, ¢)) along solutions to (40)—(41):

I I
Vl(u(-,t)) = —4a2/uz(z,t)uzz(z,t)dz+4/b(z)u(z,t)ut(z, t)dz
0 0

l

= 402/Mzz(z,t)(azuzz(z, 1)+ b()u(z, 1)) dz
0
l

+4 / b(@ulz. 1)(@uz (2, 1) + b@u(z. 1) dz
0

1
= 4/(0214&(1, 1) +b(2)u(z,1))*dz > 0.
0

Hence, we can apply Theorem 1 taking V, = 0. From (40) for ¢ € £, we obtain

Vo((1 + c(@)u(-, 1)) — Vo(u(-, 1))
i
< /(ZC(Z) + @) u(z, 1) dz = W(u(-, 1)).

0

(43)

With help of Theorem 1, we arrive to the following conditions for the global asymptotic
stability

Gu(-,2) = Viu(, )T + Wu(, 1) < —eollul, t)||iz[0’1] (44)

for some g9 > 0, where Ty = 141 — 74 denotes the dwell-time between two impulsive
actions. By means of the Friedrich’s inequality, we arrive to the following condition
guaranteeing the GAS property of the system (40)—(41)

2.2 1
sup max (Ti(b(@) — "5-) + ¢@) + 3@ < 0. (45)

keZ, z€[0,1]
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For illustration, we apply this condition to the following particular case of (40)-(41):
a=1,l =m and

1—2¢,z €0,25],
b(z) =
14+¢e,z€ (268, 7],
e, z¢€[0,4],
c(z) = e(—18(3)° + 135(5)* = 390(%)* + 540($)* — 360 + 94), z € (8, 23],
—2e, ze€(26,m],

where ¢ > 0,8 < m/2,c € C?, —2¢ < c(z) < e . We will see that for some choice
of parameters ¢, 6 both continuous and discrete dynamics have unstable behavior.
In this case, the dwell-time condition (45) reduced to the following two inequalities:

1
—28Tk+8+§82<0, Tks—2£+2£2<0

or equivalently to the following explicit condition applied on the dwell-times

€(0.2/3), 0.5+0.25 < inf T < sup Ty <2 —2e.
€ 0279, 054020 <l Tes sp T<2-2 (46)

Let us consider continuous and discrete dynamics of (40)—(41) separately.
First, we consider the stability properties of the differential equation

ui(z, 1) = uz (2, 1) + b(Qu(z, 1), 47)

with the following boundary and initial conditions
u0,t) =u@r,t) =0, reRs, u(z,04+0) =¢k), ¢celX. (48)

The corresponding self-adjoint spectral problem is

V(@) +b@Y () =2 (), ¥(0) =y (r)=0. (49)

We can show that at least for & small enough there exists some critical §*, (6* ~
0.651331) such that for all § < &* the linear system (47)—(48) is not stable, and for
8 > 8%, this system is asymptotically stable.

This follows immediately from the next proposition proved in Appendix:

Proposition 2 The largest eigenvalue Amax(€) of the spectral equation (49) can be
represented asymptotically as

2,3
A (8) = —(— sin(48) + = — 35)a 10, £—0+.
7 \4 2
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Indeed, the function f(§) = % sin(46) + % — 34 is decreasing on [0, /2], and we
have f(0) f(r/2) < 0, hence the equation f(§) = 0 has a unique solution in [0, 77 /2],
which we denote by §*. Then for § < §* for sufficiently small &, we have Apax(€) > 0,
and for § > 8%, we have Apax(g) < 0.

This mens that for sufficiently small &, the parameter § can be chosen so that the
partial differential equation (47)—(48), which describes the continuous dynamics of
the original impulsive system (40)—(41), is unstable.

We consider the difference equation in the state space X, that describes the dis-

crete dynamics of the original impulsive system (40)—(41), and demonstrate its
unstable behavior. Let Cyy = (1 + c(z))¥ for ¥ € X, then C € £(X) and
IC™1 = supyyy,, =1 1L+ @) VllL200y 2 SUPyy,,,  =tsupp weo.sr I+
e)" ¥l 210y = (1 + &)", which implies that r, (C) > 1 + ¢ > 1, showing the insta-
bility property.
Remark 4 Let us note that in case of an unstable scalar ODE of the first order subjected
to destabilizing impulsive actions, the overall dynamics of the whole impulsive system
is always unstable. In contrary to this, our example shows that for the considered
unstable PDE with destabilizing impulses the overall dynamics is stable under certain
condition on dwell times.

5.2 Nonlinear impulsive ODE

Consider the following nonlinear ODE system with impulsive actions

_ fE@) +di)
NIEN O

x(t+) =x() + M t = ko,

NIEN IO

where x € R”, f, g : R" — R" are homogeneous functions of the order m > 1 with
odd m, thatis, f (Ax) = A" f(x),g(Ax) = A" g(x) forall (A, x) € R"*!, f € C1(RM).
LetUj = U, =R, Uy = LRy, R"), Uy = L®°(Z4+, R") = [*(R").

Let there exist a positive definite matrix P such that for all x € R” such that the
function f, g satisfies the inequalities

x(1) £ k6,

(50)

gl < bollxl™, xT PO f(x)+ g(x)) < —collx ™,
X (Pf(x)+ 3 fT () P)T £(x) = vollx]|*™,

X |XI2(Pf(x) 4+ 8 fT (1) Px)T f(x) —mxT PfooxT f(x) = vy flx )P
(51)

for some positive constants by, cg, vg and v;. For short, we denote

ap = sup [|f)l, ar:= sup [[dxf(x)].
lxl=1 llxl=1
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Proposition 3 Solutions of the system (50) satisfy the estimates (5)—(6) with functions

E(s) = w1(D)s, xe(s) = wp(D)s™ T2 g(s) = (1 +bo)s, x(s) =s,

where w;, i = 1, 2 are certain positive functions (provided explicitly in the proof).

The proof can be found in Appendix.
Stability properties will be studied with help of the following Lyapunov function
Vo(x) = xT Px, P > 0. Its time derivative along solutions to (50) for ¢ # k@ is

2xT Pf(x) 4+ 2xT Pd;

V1 x]m

By means of the Young’s inequality (2), we have

Vo(x,dy) =

(52)

- .[m+1 + m.[—(m+l)/m "y
21" Pdy| < 21 Plllixllda]l < 211P] TS mad 1 i
m—+1 m—+1
for any 7 > 0. Hence from (52), we obtain

25T P (x) + 2| Pl oy [+ ~(mAD)/m

. el
Volr.dy) < X P2 M g,
VIT+ P m+ 1
(533)
We chose
2T Pf(x) + 2] Pl oy x|+ —(mt1)/m
Ve = s L o(s) =2 P s
V1 [lx]2m m+1
(54
On the jumps due to impulsive actions from the definition of Vj, we calculate
Ve (x L 80 +d ) ey = X Pe() N gT (x)Pg(x)
1 [l ]2m NAENTEIETI el By 55)

2xT Pd, 2¢T (x)Pd> + dj Pd,

+ +
V1+ [x)2m 1+ x| 2m

Again by the Young’s inequality (2), we obtain

.L.m+l mrf(erl)/m
2 TPd < 2 P - m+1 - d 1+1/m ,
|x* Pda| < 2| P (m—i—l”x” + o 2|l

218" (1) Pda| = 20 Pllbollxl" d2l < 1P Ibo (el + " ).
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From (51), it follows that |gT (x) Pg(x)| < ||P||b3[lx||*". Hence from (55), the fol-
lowing estimate follows:

d 2xT Pg(x) + 2| P|| = [lx||™ !
<x+ g(x)+z)_Vx)< 8 1P +1||

VI [x]2m B VI [x]2m

by 4 | Pllg I 2IPImT Dy T
0o+ T 0
14 [|x||2m (m 4+ D1+ ||x|)?2m
b()‘l.'_1 +1 5
bor” 41 o0y
T+ x)2m I Pl

= W) +n(ldz21D,

where
2xT Pg(x) + 2/ P|| oy [lx ! [l |2
W) = 1+ ||x||2m + (bo + T)”P”bOW,
m
n(s) = 2||P||m—Ht—<m+1>/ms1+1/m + (ot + D PIs>. (56)

Now, consider V1 (x,dy) fort # kO

QfT ()P +2xT Po, f(x) + 20" Pl ||x | xT) (f (x) 4 di)

1+ [lx]|2m
rm“ mat ) X2 2xT (F () + dh)
2m (x Pf&) + IP|———IIx| ) EN DL
_2Pf(x) + 0u fT (x)Px)Tf(x) _2mxT PP 2T f (x)
B 1+ fJx 2 (1 + [|x]|?m)?
20" Pl T f ) rm“ el X ()
14 [lx]|2m e N e
<2fT(x)P+2x Paxf(x>+2rm+1||P||||x||'" IxTd,
14 [lx]|2m

.L,m+1 I
—2m (x Pf) + Pl ———lIx ||’"+)

Vi(x,dy) =

L] ~2xT d
(I [lx]2m)2

By means of the Cauchy inequality and from (51), it follows that

IxT £ < aollx ™ 1T )P+ xT Py f(x)
+ " P ™ T < I1PIlCao + ar + T |||
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Hence,
: 2vp[lx |12 + 2vy [|x[|*"

Vilx,dy) = 5ex5
(1 + [lx[|2m)

21 Pllaor™ T x 12" 2mapr™ | P|lx|*"

1+ [l 2m (m + D)(1 + [|x|2m)2

m+1
20PlG@o +ar + T Y x (™ ldy || 2mlIPllGao + T 1P Nl |
1+ [Jx |2 (14 [Jx[|2m)2

Now, we apply the Young’s inequality with the parameter t > 0

-1
T T
™ lld ]l < Ellxllzm + T”dl 1%,

4/3

3¢/ T4
el + ==l

3m
di|l <
IxIP"lldill = )

and obtain

@vo — Tl Pllao + a1 + " +") = 2ag || Pl 1)[|x[1*"

Vix,d)) >
1= I+ [x[P7)?
m+1
L Gu- 3me* B Pll(ao + Ty — 2 g e Pl — T Pll(ag + a1 + 7)) x|+
(1 + [lx][>m)2
4 m+l
_ mt=*|P|l(ao + T57)
=t IPl(ao + a1 + T Hldy > — Sl

Denoting

91(t) = 2v9 — || Pl (ao + ar + ™) — 2ap| ||z,

.L.m+1
D2 (t) = 2v; — 1.5mt*3| Pl (a0 +
m—+1

202m + 1)
— T Lapr P — T Pllag + a1 + T,
m-+1
m+1
mt =Y Pl(ao + Z57)
S

na(s) = T Pl(ao +ar + " hs? + 5 :

we can write

@)X [12™ + D2 (x) ||x ||+
(1 + [lx2m)2

Vitx,dy) = —m(lldilD) == —=Va(x) — n2(lld1 D).

For sufficiently small = > 0, we have 91(t) > 0, ¥2(r) > 0. Since V2(x) < 0, we
have

~Vi(x,d1) < na(lldi ) (57)
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and we can set V3(x) = 0.
In order to apply Theorem 1 (see Remark 2), we need to estimate the function

G(x)=0Vi(x)+ W(x).

From the estimates (54) and (56), we obtain

.L.m+l ”x”m+]
Gx) < <—2€0 +2||P||(6 + 1) )

m+1) /14 |x|2m
+ 1P + bor)M (58)
14 [lx]|2m

x|t () — on(0) !
VT \ NIRRT

where 03(t) = 2¢o — 2| P||(6 + 1)

.[erl

T 04(1) = | Pll(b + bor).

Proposition 4 If

(m _ 1)(m—1)/2m

Jm

then for t > 0 small enough and for all s € R, the next inequality is true

04(0) < 03(0),

m—1

s
o3(t) — (74('1:)—2 >0
1+ s=m

The proof can be found in Appendix.
Proposition 5 Let system (50) satisfy the conditions of (51) as well as the inequality

) (m _ 1)(m—1)/2m

| Pllbg NG < 2cyp.
Then, system (50) is ISS.

Proof Number t > 0 can be chosen small enough, so that from the inequality

5 (m _ 1)(m—1)/2m

“P"bO \/m

< 26()

the following estimation G (x) < —8(||x|)) c8(s) = e15™ 1 //1 4 527 follows where
&1 > 01is small enough. Hence, system (50) satisfies all conditions of Theorem 1 (see
Remark 2) from which desired assertion follows. m|
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To illustrate this result, we take

_(—2.5x +0.1x1x, _ {0.5x7 — 0.1x7x,
fx) = ( 0.1x3x; +0.3x3 )° g0 = —0.1x3x; —x3 J°

P =1,0 =1, then b% = 1.003329653, cp = 0.5185185185, vo = 0.2511999583,
v; = 0.08780118723.

It is easy to see that conditions of the last proposition are satisfied. Hence, the
nonlinear impulsive system (50) is ISS. Note that in this case, both continuous and
discrete dynamics are unstable.

6 Discussion and conclusions

The main results of this paper are given by Theorems 1 and 2. They allow us to study the
ISS property of nonlinear impulsive systems with different assumptions imposed on
the discrete and continuous dynamics. These theorems can establish the ISS property
even for the case when neither discrete nor continuous dynamics are ISS. Our approach
enables usage of a wider class of ISS-Lyapunov functions to study the ISS property
of nonlinear impulsive systems. One advantage of our approach, demonstrated in
the examples, is that a rather simple (energetic) Lyapunov function equipped with a
sequence of auxiliary functions allows to derive desired stability condition to assure
the ISS or GAS property.

An interesting direction for future research would be to develop an approach of
stability investigation of nonlinear impulsive systems by means of a combination of
a Lyapunov and Chetaev functions, which was used for studying local stability of
finite-dimensional systems without inputs [11]. This can provide stability conditions
alternative to the ones developed in the current paper. First steps in this direction can
be found in [7].

Another interesting direction of research is to explore an extension possibility of
our results to the strong ISS notion in the context of time varying impulsive systems
(see [20]).
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7 Appendix
7.1 Proof of Lemma 1

The proof is by induction as follows. First, we check that the statements is true for
n = 2 from the obvious equality

Tk+1

Vo(zi + 0, x(tx + 0)) = Vo(Tiy1, X(Tx41) — / Vo(s, x(s), di (s)) ds.

T
and the first inequality of (10) for s € (¢, Tk+11:
Vo(s, x(s), di(5)) < Vi(s, x(s)) + no(lldi ()llv,)

it follows that

Tk+1
Vo(te + 0, x (7 +0)) = Vo (i1, X (Th+1)) — / Vo(s, x(s), di (5)) ds
T
Th+1
> Vo(tkg1, X (k1)) — | Vi(s, x(s))ds

%

Tk+1

- / no(lldi () llu,) ds.
%

From the next two obvious relations

Tk+1

Vi(s, x(5)) = Vi(tet1, x(Tes1)) — / Vi(s1, x(s1), d1(s1)) dsi,

Tk+1
/ no(lldi()llvy) ds < no(lld Il ) (Th+1 — )

Tk
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we obtain the desired inequality

Vo(te + 0, x(tx +0)) = Vo(Tks1, X (Th+1)) — Vi(Trt 15 X (Th1)) (T 1 — Tk)
Tk+1 Tk+1 Tk+1 Th+1
- / / Va(s1, x(s1))dsods) — / / mdi (sl )dso dsy
% S0 % S0
—no(ldillee) (tk1 — ) = Vol(trrr, x(tk+1))
— Vi, x (1)) (Thg 1 — )

A
= [ [ vatsioxtsinsuds, - UL iasig o.
Tk SO ’
Now, let the statement be true for n = g, that is
gk (Tk+1 — )P
Vo(tk + 0, x(tk + 0) = Vo(Ths1, x(Tes1)) — ) Vo (Tt X (o)) ==
p=1 '
Tk+1 Thk+1 Tk+1
- / f f Vy(sg—1,x(sg—1))dso ...dsq—1 59)
T S Sq—2

~ i np—1(ldi 2407
p=1 P

Similarly to the previous step, we write

Vy(sg—1, x(5g—1)) =V4(tkr1, X (Th11))
Tk+1

— | Vy(sq, x(sq), di(sg))dsg, sg—1 € (Tk, Teg1],

Sg—1
and from the inequalities (10), we obtain

Tk+1
Vi (sg—1,x(5g-1)) < Vg (Tiey1, X(Thy1)) + / Vig1(sq, x(s4)) dsq
Sqg—1
Tk+1
= Vq(Tk+1:x(Tk+l)) + Vq—l—l(sq’ X(Sq)) dsq
Sq—1

+ ngUldilleg) (Trpt — 54-1)-
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We substitute this estimate into (59) and obtain the desired inequality

Vot + 0, x (15 + 0)) = Vo(tirt, X (1) — D Vp(Tirt, X(tit1))

which proves the Lemma.

7.2 Proof of Lemma 2

_ S i Gl 07

qg—1
(tk1 — )P

!
p=1 p:
Thk+1 Tk+1 Tk+1
Vo (i1, X (tr1)) dso . . . dsg—1
T S1 Sq—2
Thk+1 Th+1 Tk+1
Vag+1(5q, x(s¢)) dso . . .dsg—1dsy
T S1 Sg—1
Tk+1 Th+1 Tk+1
coo | ngUlldilles) (Tht1 — Sg—1) dso . . . dsg—1

T S Sq—2

- X": np—1(ldi 2407

p=l1 P!

q
(tkr1 — )P

> Vot 1, Xt 1) = Y Vp (T, x(th41) -

p=1
Thk+1 Tk+1 Tk+1
Var1(sq, x(sq)) dso . . .dsg
T S1 Sg—1
q+1

=1 p!

The proof is again by the mathematical induction. Let n = 2, then from (29), it follows

that
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Tk+1

Vo Tk 1, X (teg1)) = Vo(rk + 0, x(tp + 0)) + / Vo(s, x(s), di(s)) ds
T

Tk+1
< Vo(tx + 0, x(tx +0)) + / Vi(s, x(s)) ds
T

Tk+1

+ / no(lldi($)lluy) ds.

Tk

Applying (29) for s € (tx, Tx+1], we obtain

N

Vi(s, x(s)) = Vi(t + 0, x(zx +0)) + / Vi(s, x(s), di(s)) ds

T
s S

- v1<rk+0,x(rk+0>>+/vz(sl,x<s1>)ds1 +/n1(lld1(S1)||U1)d51
Tk Tk

which implies the desired inequality:

Tk+1

Vot x(zesn)) < Volze + 0, x(x +0)) + f Vi + 0, x(zi + 0)) ds

Tk

Tkal S0
+ / /vz(sl,xm))dsodsl
T Tk
Tk+1 S Tk+1
+ / /m(lldl(S1)||)dSodS1+ / no(ldi ) llo,) ds
T T T

< Vo(tk +0, x(tx +0)) + Vi(tx + 0, x (7 + 0))(Tpe1 — %)

Tk+1 50
d 62 d 6
n / /VZ(SI,X(SI))dSOdSI+m(|| 12|'|u1) +770(|| 11'||u1) ‘
Tk Tk ’ '
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Now, we assume that the Lemma 2 is true for n = ¢; then from (29), it follows for
Sq—1 € (Tk, Tk+1] that

Sg—1
Vg (sg—1,x(s5g—1)) = Vyg(tx + 0, x(t +0)) + / Vy(sq. x(sq), di(sq)) dsg
T
Sg—1
< Vy(te + 0, x(t +0)) + [ Var1(sq, x(sq)) dsg
172
Sg—1
+ [ mGdits, o) ds,.
T

using the induction assumption we obtain the desired inequality forn = g + 1:

qg—1

(1 — w)?
Vo Ty 1, X (k1)) < Vo(tx 40, x(tx +0) + Y Vp(zi +0, x(z + 0))+7‘
p=1 P
T %y (I 206"
Np—1 Hiu
+ f / f Vo (sg—1,x(5g—1))dso . . .dsg—1 +Z”—‘1
T Tk % p=1 P
) (Tk+1 — )P
< Vot + 0, x(tx +0) + ) Vp(ti + 0, x (1 + 0) ————
p=1 P
Tk+1 81 Sq—2
+ / Vot +0, x(tx +0))dso ... dsg—
T Tk T
Tk+1 81 Sq—1
+ / V1084, x(s¢))dso . .. dsg
T Tk T
Tk+1 81 Sq—1
+ / / / ngUldi s lluydso . . . dsg
T Tk T
q
np—1ldilluy )07
+y —
p=1
! (Te+1 — w)?
< Vo(t + 0, x(t +0) + ) Vp(z + 0, x (1 + 0) —————
p=1 P
Tk+1 81 Sq—1 g+1
np—1ldilluy)0"
+ / / / Vq+1(sq,x(sq))dso...dsq+Z/’T1_
Tk Tk Tk p=l )

The Lemma is proved.
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7.3 Proof of Proposition 1

I
Wetake V(u(-, t)) = f u?(z,t)dzasa Lyapunov function, and calculate its derivative
0

along the flow ¢, for ¢ € [0, t]:

!
Vu(,0) = 2/(a2uzz(z, 1)+ b@u(z, 1)u(z, 1)dz
0

1 l

~ 2 / P31 dz 42 f B2z, 1) = bV (u (-, 1),
0 0

whichimplies the first of the needed inequalities: [[u (-, )| 210 ;} < e™omax ||y (-, 0) || L2[0.]]
The second inequality becomes trivial.

7.4 Proof of Proposition 2

We consider the eigenvalue problem (49) where b depends on ¢ treated as a small
parameter. It is easy to see that A < max;e(o,r]1b(z) = 1 4 &. For ¢ = 0 we have
Amax (0) = 0, hence for the largest eigenvalue, we can write Amax(€) = A1 + 0 ().
The solution of (49) for ¢ > 0 small enough is given by

Cysin(wyz), z € [0,26),
C,sin(w,(r —z)), z € (28, 7]

)

¥(z) = {

where C; and C, are some real constants, w; := /1 —2¢ — A, w, == /1 4+ — A,

and must satisfy the continuity conditions
Y25 —0)=¢(25+0), ¥'(25—0)=y'(25+0).

These conditions are satisfied if w;ctg(2w;8) = —ow,ctg(w, (T — 25)).
We use the following two basic facts from analysis

A+0"2=1+12x+0x?, x—0,

ctg(x) = ctg(xo) — (x — x0)/ sin®(xp) + O((x — x0)?), x — xo,
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that enable us to write for ¢ — 0+ the next equalities.

(r —28)(1 — e
2sin%(28)

1 2
wretg(oy(r —28) = (1 + 5(1 — xe)(ctg(r —28) — )+ 0()

__ Ya_ap(- T2 2
= —tg(20) + (1 = k) - et220) = S5 Je + 0.

282+ A1)

1
wetgReyd) = (1 — 5(2 + A)e) (ctg(28) + 2 5in2(28)

g) + 0(e?)

1
= cig28) + 32 + )~ ete29) + e+ 0.

28 )
sinZ(26)

From which we finally conclude that

) = (=2 (cte2s) + ﬁ)

12(28) + T2 1 2etg(2s) — —2
= C _— C N
1= sn2(2s) | & sin2(25)

@) - et @) + o

b4
5 A
sin“(26)
From which we calculate 1| = %(% sin(46) + 7 — 38). This proves the statement.

7.5 Proof of Proposition 3

From the condition of Proposition 1, the following estimate follows:

23T £) +2xTdi () _ 2aolx]"*! + 20jx 1

VI+Hlx@Fm V1 llx@"

By the Young’s inequality (2)

%(xT "x(1) =

[l [+
m+1

n
lxllidill < T+ |ldy ()] D/m
m+ 1

we further obtain

d 1 H|m-! 2
T 0x@) <2 <a0 + ) d0l ()1 + ——— ld; (1) || D/,
di m+1) JT+ [x0)" m+1

mel _ (m_l)(mfl)/Zm 1 (m_l)(mfl)/Zm

Since supycg, 7 < 00, denoting o = (ao+—r7)

1+52m - m-+1 \/ﬁ ’

we arrive to the following differential inequality

— x> <2 t ||y (p)|| I D/m
dtIIX()II < 2uollx (@)l +m+1|| 1
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Hence by the comparison principle, we obtain

mn 1
RO < Mol + e (@ = Dl

for ¢ € [0, t]. The inequality (5) follows then immediately, if we take w;(t) = /0T,

(1) = \/ m(ezﬂ(ﬁ — 1). The estimate (6) for r = k@ can be obtained easier:

bollx|I™ lld2(K)|
Ix@ D) < (1 + ———=) IxO| + ——=
( 1+ IIX(I)IIZ’”) VI llx@m

= (L+bo)llx @)l + lld2lles, -

This finishes the proof.

7.6 Proof of Proposition 4

)(m—l)/Zm

From the condition of the proposition, we have that o4(t) (m—1 < 03(1), 18

satisfied for T = 0. By the continuity, the inequality is also true for some small enough
m—1 _ (m_l)(mfl)/2m

7 > 0. A simple calculation shows that maxgcg , \/‘H_ — = NG , so that from
s m
the last inequality, we conclude
m—1 (m _ 1)(m71)/2m

=g >0,

o3(7) — 04(T)ﬁ 2 03(0) —on ()

which proves the Proposition 4.
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