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We introduce the notion of h-stability for fractional differential systems. Then we investigate the boundedness and h-stability of
solutions of Caputo fractional differential systems by using fractional comparison principle and fractional Lyapunov direct method.

Furthermore, we give examples to illustrate our results.

1. Introductions and Preliminaries

Lakshmikantham et al. [1-5] investigated the basic theory
of initial value problems for fractional differential equations
involving Riemann-Liouville differential operators of order
0 < g < 1. They followed the classical approach of the theory
of differential equations of integer order in order to compare
and contrast the differences as well as the intricacies that
might result in development [6, Vol. I]. Li et al. [7] obtained
some results about stability of solutions for fractional-order
dynamic systems using fractional Lyapunov direct method
and fractional comparison principle. Choi and Koo [8]
improved on the monotone property of Lemma 1.7.3 in [5]
for the case g(t,u) = Au with a nonnegative real number
A. Choi et al. [9] also investigated Mittag-Leffler stability
of solutions of fractional differential equations by using the
fractional comparison principle.

In this paper we introduce the notion of h-stability for
fractional differential equations. Then, we investigate the
boundedness and /-stability of solutions of Caputo fractional
differential systems by using fractional comparison principle
and fractional Lyapunov direct method. Furthermore, we
give some examples to illustrate our results.

For the basic notions and theorems about fractional
calculus, we mainly refer to some books [5, 10, 11].

We recall the notions of Mittag-Leffler functions which
were originally introduced by Mittag-Leffler in 1903 [12].
Similar to the exponential function frequently used in the
solutions of integer-order systems, a function frequently used

in the solutions of fractional order systems is the Mittag-
Leffler function, defined as
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where « > 0 and I' is the Gamma function [11]. The Mittag-
Leffler function with two parameters has the following form:
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where « > 0 and 3 > 0. For 8 = 1, we have E (z) = E_(2).
Also, E; | (z) = €.

Note that the exponential function e possesses the
semigroup property (i.e., e** = "¢ for all t,s > 0),
but the Mittag-Leffler function E_(at®) does not satisfy the
semigroup property unless & = 1 or a = 0 [13].

We recall briefly the notions and basic properties about
fractional integral operators and fractional derivatives of
functions [5,10]. Let ] = [t,,00) ¢ R = [0, c0).

Definition 1 (see [5]). The Riemann-Liouville fractional inte-
gral of order o > 0 of a function f € L,(J, R) is defined as

1

LLf® = @
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where t;, € R (provided that the integral exists in the
Lebesgue sense).



Definition 2 (see [5]). The Riemann-Liouville fractional
derivative of order o > 0 of a continuous function f: ] — R
is given by

o _ 1 d_n ! _ a1
SCE AUy (dt” LO =9 ﬂs)ds)’

n-l<a<nneN,
provided that the right side is pointwise defined on J.

If 0 < a < 1, then the Riemann-Liouville fractional
derivative of order « of a function f reduces to

N 1
DOt dtj (t-9"f()ds. ()

Note that the Riemann-Liouville fractional derivatives
have singularity at t, and the fractional equations in the
Riemann-Liouville sense require initial conditions at some
point different from ¢,. To overcome this issue, Caputo [14]
defined the fractional derivative in the following way.

Definition 3 (see [10]). Let « be a positive real number such
thatn—1 < a« < nforn € N. The Caputo fractional derivative
of order « of a function f is defined by

Cpra _ 1 ¢ a1 g(n)
DOt e LO (t—s " P (s5)ds,  (6)
where f(")(s) =d"[ds" £ (s).

When 0 < « < 1, then the Caputo fractional derivative of
order « of f reduces to

L (P fe
-a) L, (t-s)* ds. @
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When 0 < « < 1, we have

D f (1) =D} [f () - f (to)]
®)
=Dy f () - r{1(t—02x) (t—t,) "

In particular, if f(t,) = 0, then we have

D f (t) = D f (t). )

Hence, we can see that the Caputo derivative is defined for
functions for which the Riemann-Liouville derivative exists.
Also, we note that the Mittag-Leffler functions E,(z) and
E, ,(2) satisty the more general differential relations

Dy E, (At —to)") = AE, (At - 1,)"),

D;x Ea,tx (/\(t - tO)a) = AE%(X (’X(t - tO)“) >

respectively, for A € R.
We can obtain the following asymptotic property for
E,(At") and E, ., (At") from the result [10, page 51].

(10)
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Lemma 4 (see [10]). When o > 0, then Ea’ﬁ(z) has different
asymptotic behavior at infinity for 0 < & < 2 and o > 2.

(1) If0 < & < 2 and p is a real number such that
% < p < min {m, nat}, 11)

then, for p € N\ {1}, the following asymptotic
expansions are valid:

1 -B)/a exp (zl/(x)

p
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with |z| — oo, |arg(z)| < p; and

zx B (Z)
(12)
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with |z| — oo, p < |arg(z)| < 7.

(2) When o > 2, then, for p € N\ {1}, the following
asymptotic estimate holds:

Eoc,ﬁ (Z)
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with |z| — o0, |arg(z)| < an/2, and where the first
sum is taken over all integer n such that

|arg (z) + 27n| < %. (15)

Lemma 5. Let 0 < o < 1 and A < 0. Then, E, ,(At*) and
E o1 (At%) tend monotonically to zero ast — co.

Proof. Ifweset f = aand z = At” in Lemma 4, then it follows
from Lemma 4 that for p = 2 we have

2
N 1 1 1
E{X,Oc (/\t ) = _kZ:;F (o — ak) Ak pka +0 <A3t3“>
11
I (—x) A2t2 (16)
1
+O<W) — 0, ast— 00,

u<larg)| <.
Thus, we have
E, . (M%) — 0,

as t — 00, arg (A)| > ?. 17)
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For 8 = a + 1, we also have

Eygi1 (At%) — 0, ast — oo, larg (V)| > %, (18)

by the above similar argument. This completes the proof. [

Corollary 6. Let 0 < o < 1 and |arg(A)| > ma/2. Then, one

has
o N 1 1
F B (M) = A T(1-a) A%
(19)

1
+O<W> ast — ©00.

2. Main Results

Let0 < g < land p = 1 - q. Denote by C,([t,, T], R™) the
function space

Cyp ([t T]L R")
={xeC((ts TLRY) | x@®) (t-10)"  (20)

€ C([tp, T],R") } .

Let O ¢ R" be a domain and f € C([ty,t, + a] x Q,R").
We consider the Caputo fractional differential system with
the initial value

CD?ﬂx = f(tx), x (ty) = %o (21)

where f(£,0) = 0.1f x € C,([ty,t, + al, R") satisfies (21), it
also satisfies the Volterra fractional integral equation

x(t) = x, + L J: (t - )T f (s5,x(s)) ds,

I (q) 22)

to<t<t,+a,
and vice versa.
In the sequential we assume that the solution x(¢) of (21)
exists globally on ] = [t,, 00). See [5, Theorem 2.10.1] for the
existence and uniqueness result.

Next, we consider the nonhomogeneous linear fractional
differential equation with Caputo fractional derivative

CthUx =Ax+h(t), x (ty) = %o (23)

where h € C,(J,R) is Holder continuous with exponent g.
Then, we get the unique solution of (23) as

x(£) = xE, (Mt - £,)7)
t . (24)
+ Jt (t =) E (Mt =) h(s)ds
foreacht € J.

Lemma 7 (see [9, Lemma 3.2]). If one sets h(t) = d in (23)
with a constant d, then the solution of (24) reduces to

x(t) = xoE, ()L(t - to)q) +d(t—t,)!
(25)
xEg 0 (AMt-1,)7), te].

Remark 8. If h(t) = 0, then it follows from Lemma 7 that
x(t) = xoE, (Mt —1,)"), tel. (26)

We can obtain the following Caputo fractional differential
inequality of Gronwall type by Lemma 7.

Lemma 9. Suppose that m € C,(R", R) satisfies
“Dim@t)<Am()+d, m(ty) =m, t=t,20, (27)
where A,d € R. Then one has
m (t) < m (ty) E, (A(t - t5)7)

+d(t—to) E 0 (At -1,)7), t=t,20.

(28)

Proof. There exists a nonnegative function n(t) satisfying
“Dimt)-Amt)-d+n(t)=0, t2t,20. (29)
It follows from Lemma 7 that
m (t) = m(t) E, (A(t - t,)?)
+d(t—tg) E, 401 (A(t - £,)7) (30)
—n(t) = t7E, (Mt -1,)"), t=t,

where * denotes the convolution operator of nonnega-
tive functions n(t) and tq_lEq)q(A(t - t,)%). Since n(t) =
i_lEq)q()L(t — to)?) is nonnegative for each t > t,, then we
ave

m (t) < m (to) E, (A(t - £,)7)
+d(t = t0) E gy (M- 19)7),
This completes the proof. O

Remark 10. If we set g = 1 and d = 0 in Lemma 9, then we
have

m(t) <m(ty) Epy (A(t—ty)) =m(t)) ™, t>t,>0.
(32)

We can obtain the following result about fractional inte-
gral inequality. It is adapted from the comparison principle
regarding nonstrict inequalities in [2, 5].

Lemmall (see [8, Lemma 2.11]). Let0 < g < land g € C(J x
R,R"). Suppose that w,v € C(J,R") satisfy the fractional
integral inequality:

v() -Ing by ) <w(®) -Igtw®),  (33)

where Ifﬂg(t, v(t)) = 1/(T(q) Jj (t - s)q_lg(s, v(s))ds and
g(t,u) is monotonic nondecreasing in u for each t > t,. If
v(ty) < w(ty), then one has v(t) < w(t) on J.



Pinto [15] introduced h-stability which is an important
extension of the notions of exponential stability and uniform
Lipschitz stability for differential equations.

We will give the notion of h-stability for Caputo fractional
differential systems.

Definition 12. The zero solution x = 0 of (21) is said to be

(1) an h-system if there exist a constant ¢ > 1 and a
positive continuous function & : ] — R such that

lx ()] < clx(a)|h(t) h(a)_l, t>az>t, (34)

for |x(a)| < 8. Here h(a)™' = 1/h(a).
(2) h-stable if h is bounded.
We recall the stability in the sense of Mittag-Leftler 8, 16].

Definition 13. The zero solution x = 0 of (21) is said to be a
Mittag-Leffler system if

lx (B)] < {m (x (t5)) B, (At - to)q)}b, t>t, (35

where A € R,b > 0,m(0) = 0,m(x) > 0, and m(x) are locally
Lipschitz on x € B € R" with Lipschitz constant .

The zero solution x = 0 of (21) is called Mittag-Leffler
stable if the constant A in (35) is nonpositive.

Note that the Mittag-Leffler stability implies h-stability,
but the converse does not hold in general. See Remark 19 for
the example.

We can obtain the following result adapted from Theo-
rem 3.4 in [8].

Theorem 14. Suppose that the function f of (21) satisfies
|f (tx)| < gt 1xD), (36)

where g € C(J x R, R") is monotonic increasing in u for each
t € J with g(t,0) = 0. One considers the Caputo fractional
differential equation

CDfou(t) =gtiu), u(ty) =uy t=t,. (37)

If the zero solution u = 0 of (37) is an h-system, then the
zero solution x = 0 of (21) is also an h-system whenever
uy > |x(ty)l-

Proof. The equation (21) is equivalent to the following
Volterra fractional integral equation:

x()=x(to) +ILf (x (1), t=t (38)
Then, we obtain
e (0)] = |x ()| + |12 f (6, x ()]
< |x (to)] + I | f (& x (1)) (39)

< |x ()| + Igg(t, lx ()]), t=t,.
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Thus we have
lx () = I g (&, 1x (£)])
< |x(t)] < ug = u(®) (40)
—Lgtu(t), txt,

where u, = u(t,). By Lemma 11, we have x(¢) < u(t) for all
t > t,.Sinceu = 0 of (37) isan h-system, there exist a constant
¢, = 1 and a positive continuous function i : ] — R such
that

@) <c lu(@lh@®)h(ty), tzaxt, (4l
for |u(a)| < 8. Thus, we see that
o (£)] < u(t)
<o lu@lh@®) h@ (42)
=clx(@|h(t)h@)", t=ax>t,

where u(a) = |x(a)|d with d > 1 and ¢ = ¢;d. This completes
the proof. O

Corollary 15. Suppose that all conditions of Theorem 14 hold.
The asymptotic stability of (37) implies the corresponding
asymptotic stability of (21).

We can obtain an upper bound of solutions for Caputo
fractional differential equations via fractional Gronwall’s
inequality. The following result is adapted from Theorem 5.1
in [7] and Theorem 3.15 in [9].

Lemma 16. Suppose that D ¢ R" is a domain containing the
origin and q € (0,1). Let V: R" x D — R be a continuously
differentiable function and locally Lipschitz with respect to x

satisfying
oy |x|* <V (£ %) < a|x|%, (43)
DIV (t,x) < —ap|x|™ + Lot > t,, (44)

where L € R and «,,a,,a5,a,b are positive constants. Then
one has

O qab a3 q
|x (t)] < {“—1|x0| E, <_(x_2(t_t0) >

1/a
() By (<20 )}
t >ty
where x(t) = x(t, t, x,) is any solution of (21).
Proof. It follows from (43) and (44) that
CD‘ZOV(t, x) < —aglx[ + L
< By rL, txt, (40

2%}
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It follows from Lemma 9 that

V(t,x (1) <V (tg, x (£)) E, <—2‘73(t - to)q>
2

[0
+L(t = t0)"E g0 (—(x—3(t - to)q> .ttt
2

(47)
Substituting (47) into (43) yields
x (t)] < {Z‘f|x0|"b5q <—z—z(t— to)‘f)
L q % q e
+“—1(t ~1t9) Eg g1 <—(X—2(t— to) >} .t
(48)
This complete the proof. O

We can obtain the boundedness of solutions for Caputo
fractional differential equations via the fractional Lyapunov
direct method.

Theorem 17. Under the same assumptions of Lemma 16, all
solutions of (21) are eventually bounded on J.

Proof. Let x(t) = x(t,t,, x,) be any solution of (21). Then it
follows from Lemma 16 that

|x (1)] < {z—j|xo|“qu <—%§(t - to)q>
(49)

L q % q e
o) Eyg (20"

for each t > ¢;. In view of Lemma 5 and Corollary 6, we
note that Eq(—((x3 Jo,)(t — t4)?) tends monotonically zero as
t — ocoand (t - to)qEq,qH(—(%/ocz)(t - t5)7) is eventually
bounded on [¢,, 00). Hence, there exist a positive constant
M, = M(]x,|) and ¢, > t, such that

Ix(t)] < My, t>t. (50)

This completes the proof. O

We can obtain the following result [7, Theorem 5.1] about
Mittag-Leffler stability of (21) as a corollary of Lemma 16.

Corollary18. Ifonesets L = 0 in the assumption of Lemma 16,
then the zero solution x = 0 of (21) is Mittag-Leffler stable.

3. Examples

In this section we give tow examples which illustrate some
results in the previous section.

Example 1 (see [8]). To illustrate Theorem 14, we consider the
Caputo fractional differential equation

X

— t2>t, >0,
(1 +x?) 0 (5D)

Cpl/2 _
Dro x(t) =

where f(t,x) = x/tl + x°. Then the zero solution x = 0 of
(51) is h-stable.

Proof. The function f satisfies

t>0, (52)

1f (60| < gt x) = %

and the solution of the Caputo fractional differential equation

1
CDé/zu t) = ?u, u(ty) =ty (53)

is given by u(t) = ct /*¢”!*, t > 0. We have

u(t) = u, \/ﬂel/“ﬁ = ugh () h(t,) ", t=1,>0,
(54)

where h(t) = t /27", Thus, the zero solution u = 0 of (53)
is h-stable. Hence, the zero solution x = 0 of (51) is h-stable
by Theorem 14. ]

Remark 19. We note that the fractional differential equation
(53) given in the proof of Example 1is h-stable but not Mittag-
Leftler stable.

Proof. Let u(t) be any solution of (53). Then, it follows from
[8, Example 2.2] that u(t) is neither monotonic nondecreasing
in t nor monotonic nonincreasing in t. Furthermore, we easily
see that

li t)=0=1i t).
Jlim () =0= limu(® (55)

Suppose that (53) is Mittag-Lefller stable; that is, there exist
positive constants A and b satisfying

@) < {m () Bya (A1) ) £21050
(56)

where m(0) = 0,m(x) > 0, and m(x) is locally Lipschitz
in x. Since E;;,(-A(t - to)l/ %) is monotonic nonincreasing
in t [17], we see that the right-hand function of (56) also
is monotonic decreasing in ¢. This contradicts the fact that
u(t) has neither monotonic nondecreasing property nor
monotonic nonincreasing property.

Next, we will give an example to illustrate Theorem 17.

Example 2. Let 0 < g < 1. We consider the Caputo fractional
differential equation

Dlx ()| =~Ilx®+ft), t=0, (57)

where f € C(R",R) isbounded by a constant d. Let V (¢, x) =
|x|. Then it follows that

“DIV (t,x)="DI |x| = — |x| + f (t) 68)

<-V(t,x)+d, t=0.



Leta; = ay = a3 = a = b = 1. Applying them in Lemma 16
gives

lx ()] < [x (0)| E, (=) + dtTE .,y (—t7), t=0. (59)

Hence, all solutions of (57) are eventually bounded by
Theorem 17.
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