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Abstract

High density clusters can be characterized by the connected components of a level set L(A) =
{x: p(x) > A} of the underlying probability density function p generating the data, at some ap-
propriate level A > 0. The complete hierarchical clustering can be characterized by a cluster tree
T = U, L()). In this paper, we study the behavior of a density level set estimate L(A) and cluster

tree estimate 7 based on a kernel density estimator with kernel bandwidth 4. We define two no-

tions of instability to measure the variability of Z()\) and 7 as a function of 4, and investigate the
theoretical properties of these instability measures.

Keywords: clustering, density estimation, level sets, stability, model selection

1. Introduction

A common approach to identifying high density clusters is based on using level sets of the density
function (see, for instance, Hartigan, 1975; Rigollet and Vert, 2009). Let X;,...,X, be a random
sample from a distribution P on R? with density p. For A > 0 define the level set L(A) = {x:

p(x) > A}. Assume that L(A) can be decomposed into disjoint, connected sets L(A) = U]JY:OI) C;.
Following Hartigan (1975), we refer to G = {C1,...,Cyn\} as the density clusters at level A. We
call the collection of clusters

T = U Q\

A>0

the cluster tree of the density p. Note that 7 does indeed have a tree structure: if A,B € 7 then
either, A C B, or BC A or ANB = 0. The cluster tree summarizes the cluster structure of the
distribution; see Stuetzle and Nugent (2009).

*. Also in the Machine Learning Department.

(©2012 Alessandro Rinaldo, Aarti Singh, Rebecca Nugent and Larry Wasserman.



RINALDO, SINGH, NUGENT AND WASSERMAN

It is also possible to index the level sets by probability content. For 0 < a < 1, define the level
set M(a) = L(Aq), where

Aa =sup{A: P(L(A)) >a}.

If the density does not contain any jumps or flat parts, then there is a one-to-one correspondence
between the level sets indexed by the density level and the probability content. The cluster tree
obtained from the clusters of M(a) for 0 < a < 1 is equivalent to 7. Relabeling the tree in terms
of 0 may be convenient because O is more interpretable than A, but the tree is the same. Figure 1
shows the cluster tree for a density estimate of a mixture of three normals (using a reference rule
bandwidth). The cluster tree’s two splits and subsequent three leaves correspond to the density
estimate’s modes. The tree is also indexed by A, the density estimate’s height, on the left and q,
the probability content, on the right. For example, the second split corresponds to A = 0.086 and
o = 0.257. We note here that determining the true clusters for even this seemingly simple univariate
distribution is not trivial for all A; in particular, values of A near 0.04 and 0.09 will give ambiguous
results.
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Figure 1: The cluster tree for a Gaussian kernel density estimate (normal reference rule bandwidth)
of a sample from the mixture (4/7)N(0,1)+ (2/7)N(3.5,1) + (1/7)N(7,1); the tree is
indexed by both A (left) and a (right). The dashed curve indicates the true underlying
density. The gray lines indicate L(0.04), L(0.09).

In this paper we study some properties of clusters defined by density level sets and cluster trees.
In particular, we consider their estimators based on a kernel density estimate and show how the
bandwidth /4 of the kernel affects the risk of these estimators. Then we investigate the notion of
stability for density-based clustering. Specifically, we propose two measures of instability. The
first, denoted by =, ,(h), measures the instability of a given level set. The second, denoted by
I,(h), is a more global measure of instability.
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Investigation of the stability properties of density clusters is the main focus of the paper. Stabil-
ity has become an increasingly popular tool for choosing tuning parameters in clustering; see von
Luxburg (2009), Lange et al. (2004), Ben-David et al. (2006), Ben-Hur et al. (2002), Carlsson and
Memoli (2010), Meinshausen and Biihlmann (2010), Fischer and Buhmann (2003), and Rinaldo
and Wasserman (2010). The basic idea is this: clustering procedures inevitably depend on one or
more tuning parameters. If we choose a good value of the tuning parameter, then we expect that
the clusters from different subsets of the data should be similar. While this idea sounds simple, the
reality is rather complex. Figure 2 shows a plot of =, and I',, for our example. We see that =) ,(h)
is a complicated function of 4 while I',(k) is much simpler. Our results will explain this behavior.
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Figure 2: Plots of the fixed-A instability (top) = ,,(%) for A = 0.09 and of the total variation instabil-

ity I',(h) (bottom) for the mixture distribution in Figure 1 as functions of the bandwidth
h.

Below we briefly describe our contributions.

e We consider plug-in estimates of the level sets L(A) corresponding to fixed density levels A
and also to the level sets L(Ay) corresponding to fixed probability contents o using kernel
density estimators. We analyze the statistical properties of these plug-in estimates and for-
mulate conditions on the density of the data generating distribution and on the kernel that
guarantee accurate recovery of the level sets as n becomes large.
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e We formulate a notion of cluster stability of the level sets based on a splitting of the the data
that quantifies the variability of the level set estimators we consider. We construct an esti-
mator of the cluster instability and analyze its performance as n become large, and argue that
stability can provide a guidance on the optimal choice of the bandwidth parameter. As a result
of our analysis, we are able to provide a rigorous characterization of the levels sets for which
the the uncertainty is larger and, therefore, for which the cluster tree can be estimated with
a smaller degree of accuracy. Our results suggest that the sample complexity for successful
reconstruction of the cluster tree may vary significantly depending on whether we estimating
a portion of the tree that is far removed from a branching region or not, and for those portion
of the tree we provide some rates.

e We formulate and analyze a stronger notion of cluster stability that is based on the total
variation distance between kernel density estimates computed over different data subsamples.
This second kind of stability is more global and has natural and interesting connections with
the problem of optimally estimating a density in L; norm.

After the writing of the first draft of this paper we learned of the interesting and relevant contri-
butions by Chaudhuri and Dasgupta (2010), Kpotufe and von Luxburg (2011) and Steinwart (2011)
who all consider the problem of estimating the cluster tree. Our results provide a different per-
spective on this issue as we concern ourselves with quantifying, based on stability criteria, the
uncertainty of the cluster tree estimate. Furthermore, these papers only characterize the optimal
scaling of parameters to guarantee cluster tree recovery and do not provide a data-driven way to
choose these parameters. In this paper, we investigate stability as a means for data-adaptive choice
of parameters such as the kernel bandwidth.

The paper is organized as follows. In Section 2 we describe the assumptions on the density
and recall some facts aboutA kernel density estimation. In Section 3 we construct plug-in estimates
L(\) of the level set L(A), T of the cluster tree 7', and M (a) of the level set indexed by probability
content M(at). In Section 4 we define and study a notion of the stability of L(A) and extend it to T,
We also consider an alternative version of our results when the level sets are indexed by probability
content. We then describe another notion of stability of cluster trees based on total variation that
leads to a constructive procedure for selecting the kernel bandwidth. In Section 5 we consider some
numerical examples. Section 6 contains a discussion of the results and the proofs are in Section
A. Throughout, we use symbols like c,c;,c2,...,C,C1,Cs, ..., to denote various positive constants
whose value can change in different expressions.

2. Preliminaries

In this section we introduce some notation, state the assumptions on the density we will be using
throughout and review some useful facts about kernel density estimation.

2.1 Notation

For x € RY, let ||x|| denote its Euclidean norm. Let B(x,€) = {y: |[x —y|| < &} C R? denote a ball
centered at x with radius €. For two sets A and B in R, their Hausdorff distance is

dw(A,B) =inf{€: A C (B®E€) and BC (ADE)},
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where A @ € = (J,c4 B(x,€), and
ADB = (ANB°) J(A°NB)

denotes the symmetric set difference. Finally, we let vy = r(%ﬁ) be the volume of the d-dimensional
Euclidean unit ball.

For sequences of real numbers {a,} and {b,}, we write a, = O(b,,) if there exists a C > 0 such
that |a,| < C|b,| for all n large enough, and we will write a, = w(b,) if there exists a constant
C > 0 such that |a,| > C|b,| for all n large enough. When {a,} and {b, } are sequences of random
variables described by a probability measure P, we will write a, = Op(b,,) if, for any € > 0, there
exists a constant C > 0 such that |a,| < C|b,| with P-probability at least 1 — € for all n large enough.

We will be considering samples of n independent and identically distributed random vectors
from an unknown probability measure P on RY with Lebesgue density p. If X and Y are such
samples, we will denote with Py y the probability measures associated to them and with Ey y the
corresponding expectation operator. Thus, if 4 is an event depending on X and Y, we will write
Px.y () for its probability. Finally, for a sample X = (X;,...,X,), we will denote with Py the
empirical measure associated with it; explicitly, for any measurable set A C R¢,

~ 12
Pe(a) = Y (X € 4).
=

2.2 Assumptions

We will use the following assumptions on the density p and its local behavior around a given density
level A.

(AO) Compact Support - The support S of p is compact.

(A1) Lipschitz Density - Assume that

peEZ(A)= {p: Ip(x) —p(y)| <Allx—yl||, forallx,ye S}

for some A > 0.

(A2) Local density regularity at A- For a given density level of interest A, there exist constants
0 < K; <Ky <o and 0 < gy such that, for all € < &,

Kig < P({x: |p(x) — A| < €}) < Ko,

It is possible to formulate condition (A2) more generally in terms of powers of €, that is €.
However, as argued in Rinaldo and Wasserman (2010), the above statement typically holds with
a =1 for almost all A.

Assumptions (A1) and (A2) impose some mild regularity conditions on the density: (Al) im-
plies that the density cannot change drastically anywhere, while (A2) implies that the density cannot
be too flat or steep locally around the level set. In particular, (A2) is necessary to ensure that small
error in estimating the density level does not translate into a huge error in localizing the level set.
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We remark that this assumption is an extension of the Tsybakov noise-margin condition for classifi-
cation (see Mammen and Tsybakov, 1999; Tsybakov, 2004) to the density level set context and has
been used in other work on density level-set estimation, such as Polonik (1995), Tsybakov (1997),
Cuevas et al. (2006), Rigollet and Vert (2009), Singh et al. (2009) and Rinaldo and Wasserman
(2010). Finally notice that (AO) and (A1) together imply that the density p is bounded by some
positive constant pn,x < . These assumptions are stronger than necessary, but they simplify the
proofs. Notice in particular, that assumptions (A1) and (A2) each rule out the case of sharp clusters,
in which § is the disjoint union of a finite number of compact sets over which p is bounded from
below by a positive constant. Finally, we remark that some of our results will only require a subset
of these assumptions.

2.3 Estimating the Density

To estimate the density p based on the i.i.d. sample X = (Xi,...,X,), we use the kernel density

estimator
121 u—X;
Pnx(u 227 ( ), ueRY,

where the kernel K is a symmetric, non-negative function with compact support such that
Jre K(z)dz =1 and h > 0 is the bandwidth. In some results we will consider specifically the spher-

ical kernel K (u) = %, u € R, where I )(+) denotes the indicator function of the Euclidean
ball B(0, 1).

For h > 0, let py(u) = Ex|[pnx(u)]. Note that p; is the Lebesgue density of the probability
measure

Ph :P*Kh,

where * denotes convolution of probability measures and K, denotes the probability measure of a
random variable with density Kj,(z) = h~?K(z/h), z € R%.

We note that the compactness of K and assumption (AO) on p imply that the support of Pj is
compact, while assumption (A1) on p further yields that p;, € Z(A), both statements holding for all
h > 0 (for a formal proof of the second claim, see the end of the proof of Lemma 5). Below, we will
be concerned with given values of the density level A and of the probability parameter a € (0,1)
and will impose the following assumptions.

(B2) Local density regularity at A- For a given density level A, there exist positive constants K| <
K’2, € and H bounded away from 0 and oo, such that, for all 0 < £ < g,

e< inf P({x: () —A <€)< sup P({x: [pn(X)—A| <€}) < Kbe.
0<h<H 0<h<H

(B3) Local density regularity at a- For a given probability value a, there exist positive constants
K3, No and H bounded away from 0 and oo, such that, for all 0 < n < |no|,

sup de(Mp(Q), My(0+n)) <Ks[n|,
0<h<H

where Mj,(0) = {u: pp(u) > Aa}.
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Conditions (B2) and (B3) are used only for some specific results from Section 4.1 and Section
3.2, respectively. This will be explicitly mentioned in the statement of such results. In particular,
condition (B2) is needed in order to explicitly state the behavior of the instability measure we define
below. We conjecture that (B2) follows from condition (A2) on the true density p and using kernels
with compact support. This assumption holds for all density levels that are not too close to a local
maxima or minima of the density. Assumption (B3) characterizes the regularity of the level sets of
pn and essentially states that the boundary of these level sets is well-behaved and not space-filling
(see Tsybakov, 1997; Singh et al., 2009, for analogous conditions). Both assumptions (B2) and (B3)
could be stated more generally by assuming some uniformity over A and a respectively, but for the
sake of readability we state them as point-wise conditions.

Our analysis depends crucially on the quantity ||pnx — phlle = sup,cpa |Phx () — pa(u)|, for
which we use a probabilistic upper established by Giné and Guillou (2002), to which the reader is
referred for details. To this end, we will make the following assumption on the kernel K:

(VC) The class of functions
F = {K (xh > xERY > O}

satisfies, for some positive numbers V and v,

V 1%
supN (. La(P) el Pl < (7 )

where N(T';d;€) denotes the €-covering number of the metric space (T,d), F is the envelope
function of F and the supremum is taken over the set of all probability measures P on R,
The quantities V and v are called the VC characteristics of F.

Assumption (VC) holds for a large class of kernels, including, any compactly supported polynomial
kernel and the Gaussian kernel. The lemma below follows from Giné and Guillou (2002) (see also
Rinaldo and Wasserman, 2010).

Lemma 1 Assume that the kernel satisfies the VC property, and that

supsup | K (t —x)dP(x) < B < .
teRd h>0 JR?

There exist positive constants K|, K, and C, which depends on B and the VC characteristic of K
such that the following hold:

1. Forevery € > 0 and h > 0, there exists n(€,h) such that, for all n > n(€, h)
D _Kone2hd
Px (|prx — pille > €) < Kje K, 0

2. Let h, — 0 as n — o in such a way that

nh4
" o0, 2)
logn
Then, there exist a constant K3 and a number no = no(d, K3) such that, setting €, = K‘*nl;dg”,
~ 1
Px (thn,X —Ph,,Hoo > En) < Ea 3)

foralln>ny(d,K3).
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The numbers n(€,h) and ny depend also on the VC characteristic of K and on B. Furthermore,
n(€,h) is decreasing in both € and h.

This result requires virtually no assumptions on p and only minimal assumptions on the kernel,
which are satisfied by the most commonly used kernels.

The constraint in Equation (2), which in general cannot be dispensed with, has a subtle but
important implication for our later results on instability. In fact, it implies that the bandwidth pa-

rameter A, is only allowed to vanish at a slower rate than (k’f”

d
. As a result, our measures
of instability defined in Sections 4.1 and 3.2 can be reliably estimated for values of the bandwidth

logn 1/d logn 1/d . .
h> ( ) . Indeed, the threshold value ( f ) is of the same order of magnitude of the

n
maximal spacing among the points in a sample of size n from P (see, for instance, Penrose, 2003).

3. Estimating the Level Set and Cluster Tree

For a given density level A and kernel bandwidth #, the estimated level set is Zh,x A) ={x: prx(x)>
A}. The clusters (connected components) of Zh,X()\) are denoted by (3, and the estimated cluster
tree is

T = Gin-
A>0
3.1 Fixed A

We measure the quality of Zh,X (A) as an estimator of L(A) using the loss function
LxXN= [ pludu,
L(A)ALy x ()

where we recall that A denotes the symmetric set difference. The performance of plug-in estimators
of density level sets has been studied earlier, but we state the results here in a form that provides
insights into the performance of instability measures proposed in the next section.

Theorem 2 Assume that the density p satisfies conditions (AO) and (Al) and let D = [ ||z||K(z)dz
(which is finite by compactness of K). For any sequence h, = &((logn/n)"/?), let

e _ Kslogn
" nhd

i, e,h =P ({u: |p(u) —N| < ADh, +¢€,}).
Then, for all n > n(ng,\,A,D,d),

and

If assumption (A2) holds for the density level N, then for all n > n(ng,\,A,D,€y,d),

1
Py <L(hn,X,)\) < K>(ADh, +s,,)) S
n
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The following corollary characterizes the optimal scaling of the bandwidth parameter A, that
balances the approximation and estimation errors.

Corollary 3 The value of h that minimizes the bound on L is

1
—2
hy=c ( ) :
logn

where ¢ > 0 is an appropriate constant.

3.2 Fixed a

Often it is more natural to index the density clusters by the probability mass contained in the cor-
responding high-density regions, instead of the associated density levels. The level set estimator
indexed by the probability content a € (0, 1) is given as

Myx(a) =Lyx(Mnax),
where

/Xh,a,X = sup{)\ : ﬁx({u s Phx(u) >A}) > 0(} )

and pj, x is the kernel density estimate computed using the data X with bandwidth /. This estimator
was studied by Cadre et al. (2009), though using different techniques and in different settings than
ours.

Leta € (0,1) be fixed and define

Ana =sup{A: P(ps(X) >A) >a}.

We first show that the deviation |\, o —Aq| is of order &, uniformly over a, under the very general
assumption that the true density p is Lipschitz.

Lemma 4 Assume the true density p satisfies the conditions (AO) and (Al). Then, for any h > 0,

sup |Apo —Aa| <ADR,
ae(0,1)

where D = [ga ||z||K(2)dz.

Remark: More generally, if p is assumed to be Holder continuous with parameter 3 then, under
additional mild integrability conditions on K, it can be shown that |\ g — Aq| = O(hP), uniformly
in Q. -

The following lemma bounds the deviation of |Ajq x — Anal-
Lemma 5 Assume that the true density satisfies (A0)-(Al) and the density level sets of py corre-

sponding to probability content O satisfy (B3). Then, for any 0 < h < H, any € <no— 1/n, and all
n > n(g,h),

% (‘/Xh,a,x —Mnal > €(AK3 +1) —I—AK3/n> < Ky Konh'e® | gpone?/32 (5)

where A is the Lipschitz constant and K3 is the constant in (B3).
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Using Lemma 4 and Lemma 5, we immediately obtain the following bound on the deviation of
the estimated level A;, o x from the true density level Aq corresponding to probability content O.

Corollary 6 Under the same conditions of Lemma 5,
Py (yi,w,x ~Na| > ADh + €(AKs + 1) + AKs /n> < Ko Konh'E | gpe—ne’/32,

We now study the performance of the level set estimator indexed by probability content using
the following loss function

L7 (h.X,a) = P(M(0)AMx () = /M o P

Theorem 7 Assume that the density p satisfies conditions (AO) and (Al) and the level set of py
indexed by probability content O satisfies (B3). For any sequence h, = o)((logn/n)'/4), let

e _ Kslogn
" nhd

C])n = ADh, +¢€,, CQJ, = ADh, + (AK3 + 1)8,, +AK3/I’l

and set

and
Thyena =P ({u: [p(u) —=Aa| <Crp+Cont).

Then, for h, = ((logn/n)'/?) and h, < H, we have for all n > n(ng, "o, K3,d),

2
PX(L*<hn7X,G) S rhmgma) 2 1 —_—
n

In particular, if assumption (A2) also holds for density level Ny, then, for all n > n(ny,No, K3),

2
]P)X (L*(th?a) < KZ(CIJI +C2,n)) > 1— Z

Corollary 8 The value of h that minimizes the upper bound on L is

1

n \ @2
Wg=c|——
e C<10gn>

where ¢ > 0 is a constant.

4. Stability

The loss L is a useful theoretical measure of clustering accuracy. Balancing the terms in the upper
bound on the loss gives an indication of the optimal scaling behavior of 4. But estimating the loss
is difficult and the value of the constant ¢ in the expression for % is unknown. Thus, in practice,
we need an alternative rnethAod to determine 4. Instead of minimizing the loss, we consider using
the stability of Zh,X (A) and ‘7, to choose h. As we discussed in the introduction, stability ideas have
been used for clustering before. But the behavior of stability measures can be quite complicated. For
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example, in the context of k-means clustering and related methods, Ben-David et al. (2006) showed
that minimizing instability leads to poor clustering. On the other hand, Rinaldo and Wasserman
(2010) showed that, for density-based clustering, stability-based methods can sometimes lead to
good results. This motivates us to take a deeper look at stability for density clustering. In this
section, we investigate two measures of cluster stability.

The first measure of cluster stability we analyze is the level set stability, which we denote, for a
fixed density level A and a varying bandwidth value /, with =) ,(%). Assuming for convenience that
the sample size is 3n, we randomly split the data into three pieces (X,Y,Z) each of size n. Let pj, x
be the density estimator constructed from X and pj, y be the density estimator constructed from Y.
The sample instability statistic is

Spn(h) = Pz(Lnx(NALyy (M), (6)

where P denote the empirical measure induced by Z. The measure =) (/) is the stability of a fixed
level set, as a function of h. We will see that =, has surprisingly complex behavior. See Figure
2. First of all, =,(0) = 0. This is an artifact and is due to the fact that the level sets get small as
h — 0. As hincreases, =) ,(h) first increases and then gets smaller. Once it gets small enough, the
level sets have become stable and we have reached a good value of 4. However, after this point,
=) n(h) continues to rise and fall. The reason is that, as & gets larger, p;(x) decreases. Every time
we reach a value of & such that a mode of p;, has height A, =, ,,(h) will increase. =) ,(h) is thus
a non-monotonic function whose mean and variance become large at particular values of 4. This
behavior will be described explicitly in the theory and simulations that follow. As a practical matter,
since =) ,(h) vanishes for very small values of /, we recommend to exclude all values of / before
the first local maximum of =, , (k). Then, a reasonable choice of / is the smallest value #* for
which =, , () remains less than some maximal pre-specified probability value B for the empirical
instability, such as 5% or 10%, for all h > h*. The parameter 3 is an entirely subjective quantity to
be chosen by the practitioner, akin to the type-I-error parameter in standard hypothesis testing, and
quantifies the maximal amount of empirical instability that one is willing to accept.

The second measure of cluster stability we consider is the tofal variation stability, denoted, for a
varying value of the bandwidth &, as I, (/). Assuming again for simplicity that the sample is of size
2n, we randomly split the data into two parts (X,Y) of equal sizes n. Then, for a given bandwidth
h, we compute separately on each of the two samples X and Y the kernel density estimates pj, x and
Dhy. respectively. The total variation stability is defined to be the quantity

I (h) = sup

L[ ~
=5 ] 1Phax(u) = Py (w) d ™
BeB

/Bﬁh,x(u)du—/Bﬁh’y(u)du

where the supremum is over all Borel sets B. Note that the total variation stability is a function of A.
Unlike the level set stability, the total variation stability is a global measure of cluster stability in the
sense that it takes into account the difference between pj, x and ﬁh7y overall all measurable sets, not
just over the level sets. Thus, total variation stability is a much stronger notion of cluster stability.
In fact, when I, (k) is small, the whole cluster tree is stable. It turns out that the behavior of I, (k)
is much simpler. It is monotonically decreasing as a function of 4. In this case we recommend
choosing 4 to be the smallest bandwidth value A* for which the instability is no larger than a pre-
specified probability values 3 € (0,1), thatis ', (h*) <.

The motivation for choosing the bandwidth parameter % in the way described above is as follows.
We cannot estimate loss exactly. But we can use the instability to estimate variability. Our choice of
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h corresponds to making the bias as small as possible while maintaining control over the variability.
This is very much in the spirit of the Neyman-Pearson approach to hypothesis testing where one tries
to make the power of a test as large as possible while controlling the probability of false positives.
Put another way, P, = P x K}, has a blurred version of the shape information in P. We are choosing
the smallest h such that the shape information in P, can be reliably recovered.

Before getting into the details, which turn out to be somewhat technical, here is a very loose
description of the results. For large i, [, (h) ~ 1/v/nh?. On the other hand, =).»(h) tends to oscillate
up and down corresponding to the presence of modes of the density. In regions where it is small, it
also behaves like 1/v/nh.

4.1 Level Set Stability

For the analysis of the level set stability we focus on a single level set indexed by some density level
value A > 0. Consider two independent samples X = (Xi,...,X,) and Y = (Y1,...,Y,) and set

6,00 = Exy (P (LoxWaliy ) ).

The quantity & , (/) measures the expected disagreement between level sets based on two samples
as a function of the bandwidth 4.

The definition of ) , depends on P which, of course, we do not know. To estimate &y ,(h) we
use the sample instability statistic defined above in Equation (6), where it was assumed for simplicity
that the sample size is 3n and the data were randomly split into three pieces (X,Y,Z) each of size n.
It is immediate to see that the expectation of the sample instability statistic is precisely &, , (%), that
is

Exn(h) = Exyz[Zxn(h)]-

Note that since we are using the empirical distribution Py, the sample instability can be rewritten
as

n

San(h) = lzuz,-e(Zh,x(A)AZh,Y(A)))

- % ._i’ (sign(Phx (i) —N) # sign(Piy (Zi) = N))-

The above equation show that, for a fixed A, =) ,(h) is obtained as the fraction of the observations
in Z where pj, x (Zi) <A < pny(Z;) or ppx(Z;) > N > pry(Z;). This representation is closely tied to
the use of the sample level sets to construct the cluster tree (Stuetzle and Nugent, 2009) where each
level set is represented only by the observations associated with its connected components rather
than the feature space. Using the empirical distribution Py also removes the need to determine the
exact shape of the level sets of the density estimate. The top graph of Figure 2 shows the sample
instability as a function of & for A = 0.09 for our example distribution depicted in Figure 1. Note
that the instability initially drops and then oscillates before dropping to zero at 2 = 7.08, indicating
the multi-modality seen in Figure 1. More discussion of this example is in Section 5.

logn 1/d
n

As mentioned at the end of section 2.3, for values of & < ( , the kernel density estimate
D is no longer a reliable estimate of pj,. The following simple but important boundary properties of
=, and & describes the behavior of the empirical and expected instability when % is either too small

or too large.
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Lemma 9 For fixed n and \ > 0,

lim &) n(h) = lim E.)\n(h) = lim =, n(h) = lim E)\n(h> =0,
=0 7 h—o0 7 h—0 7 ’

h h—o0

where the last two limits occurs almost surely. In particular; €y ,(h) = O(h), as h — 0.

We now study the behavior of the mean function & ,(h). Let u € R?, h > 0 and € > 0, and
define

T, (u) =Px(prx(u) >A) and  Upe={u: |pp(u) —A| <€}. ®)
Theorem 10 Leru € R?, h > 0 and € > 0.

1. The following identity holds:
() =2 [0 (1= T,(1))dP(u).

2. Also, for all n > n(g, h),
T'he Ah#? < E)\,rz (h) < The Xh,s + 2K1€7K2nhd52’

where rpg = P(Upg),
Ape = sup 215, (u)(1 — T4,(u))

ucUp¢

and
Ape= inf 27, (u)(1 — 15 (u)).

uclp¢

Part 2 of the previous theorem implies that the behavior of § is essentially captured by the
behavior of the probability content ry, ¢. This quantity is, in general, a complicated function of both
h and €. While it is easy to see that, for fixed & and a sufficiently well-behaved density p, rj, ¢ — 0 as
€ — 0, for fixed €, rj, ¢ can instead be a non-monotonic function of 4. See, for example, the bottom
right plot in Figure 3, which displays the values ry,¢ as a function of / € [0,4.5] and for € equal
to 0.02, 0.05 and 0.1 for the mixture density of Figure 1. In particular, the fluctuations of r;, ¢ as
a function of & are related to the values of 4 for which the critical points of p; are in the interval
[A —€,A +¢€]. The main point to notice is that r, ¢ is a complicated, non-monotonic function of 4.
This explains why =, (%) is non-monotonic in .

We now provide an upper and lower bound on the values of A; ¢ and A, ne-> respectively, under the
simplifying assumption that K is the spherical kernel. Notice that, while Aj, ¢ remains bounded away
from oo for any sequence €, — 0 and /4, = w(n~ /), the same is not true for A}, ¢, Which remains
bounded away from O as long as €, = O(ﬁg) and h, = w(n~'/4).

Lemma 11 Assume that K is the spherical kernel and let 0 < € <\ /2. For a given d € (0, 1), let

h(d,€) = sup{h: sup P(B(u,h)) < 1—6}.

MEUh,E
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Figure 3: Top plots and left bottom plot: two densities p,, corresponding to the mixture distribution
of Figure 1 for h = 0, the true density (in black) and # = 4.5 (in red); the horizontal lines
indicate the level set value of A = 0.09, A + € and A — €, for € equal to 0.02, 0.05 and 0.1.
Right bottom plot: probability content values r; ¢ as a function of € [0,4.5] for the three
values of €.

Then, for all h < h(d,¢),

— 2v,4 C(dN)\?
< — — de” ¢ ’
Ah,s_2<1 (D< Vnh 83)\>+ — ,

and

2va\  C(B )2
> _ de— 4} _
22 (10 (Vi) - CONY

where ® denote the cumulative distribution function of a standard normal random variable and

33 /2
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The dips in Figure 2 correspond to values for which p;, does not have a mode at height A. In this
case, (B2) holds and we have r,¢ = ©(g). Now choosing € ~ +/logn/(nh?) for the upper bound
and € ~ /1/(nh?) for the lower bound, we have that A ¢ and A, ; are bounded, and the theorem

yields
C1 Czlogn
— < h) < .
V nh < 8alh) < V. nhd

Next we investigate the extent to which =) ,(k) is concentrated around its mean &, ,(h) =
[E[=) »(h)]. We first point out that, for any fixed A, the variance of the instability can be bounded by

E)\n(h)(l/z - E)\,n(h))‘

Lemma 12 For any h > 0,

Var(Z 0] ) ("0 = ) = Eah) (3~ alh) ).

The previous results highlight the interesting feature that the empirical instability will be less
variable around the values of 4 for which the expected instability is very small (close to 0) or very
large (close to 1/2).

Lemma 13 Suppose that h >0, € >0, n € (0,1) and t > 0 are such that
((1-1) > rye+2Kpe ©)
where ry g = P(Upg). Then, for all n > n(g, h),

IP)X,Y,Z (’E)\n(h) — E)\,n(h)’ > l) S efntCn +2K1€7nK2hd82

3-2n 3.1
C":g(l_n)<3(1—n)_ 3(1—n>>'

4.2 Stability of Level Sets Indexed by Probability Content

where

As in the fixed-A case, we assume for simplicity that the sample has size 3n and split it equally in
three parts: X, Y and Z. We now define the fixed-O instability as

Zan(h) = Pz (Myx (0)AM), y (@),

where R
My x(0) = {x: prx(x) > Max},

with /Xh,c(,X estimated as in (4) using the points in X; we similarly estimate 1\7Ih7y(0( ). As before, ﬁz
denote the empirical measure arising from Z. Again, we use the observations to represent ]\71;,’;(,
Mh’y as done for =) ,(h) for a fixed A. Examples of =4 ,(h) as a function of 4,0 can be seen in
Section 5.
The expected instability is
&an(h) =Exyz[Zan(h)].

We begin by studying the behavior of the expected instability.

919



RINALDO, SINGH, NUGENT AND WASSERMAN

Theorem 14 Letu € R4, h > 0 and € > 0, and set
Tha(u) =Px(prx(u) >Mpax) and Uppeq = {u: |pn(u) —Aap| < 2€}.

1. The expected instability can be expressed as
€on(h) = Exyz[Zan(h)] =2 /R T () (1= Tha () )dP(u).

2. Let€ <nNo—1/nand € = €(AK3 + 1) + AKs /n. Then, for all n > n(g,h),
P(Upsza)Anea < &nn(h) < P(Upze.0)Anea 4K e R 6ne e /32,

where B
Apga = sup 2Tq(u)(1—Tha(u))

u€U) 75 o
and
Apea= inf 2T (u)(1 —Tha(u)).

uely sz q

W

3. Assume in addition that K is the spherical kernel and that € < inf}, i Foragivend e (0,1),

let

h(d,€,0) = sup{h: sup P(B(u,h)) < 1—6}.

uc Uh?g,a

Then, for all h < h(d,€,0),

= 2 C(d,A 2
Ah,s,o( <2 (1 -0 (3\/I’WS vd ) + ( ’ h,u) +4K16—K2nhd82 + 16ne—n82/32> :

3N Vnhd
and
2 5.\ 2
Apea >2 (1 —® (3\/nhd£ b ) _COMa) g it 16ne”£2/32) :
= O Vnhd

where ® denote the cumulative distribution function of a standard normal random variable

and
33 2
O,A = '
C(®Ma) 4\ dghpa

As for the fluctuations of =¢ ,(h) around its mean, we can easily obtain a result similar to the
one we obtain in Lemma 13.

Lemma 15 Leth > 0,€>0,n € (0,1) and t be such that
t(1—=n) > rpea+ 4K, e~ Konh'e® | 16ne_”£2/327
where rpgq = P({u: |pn(u) — Apo| < 2€}), with € = €(AK3 + 1) + AKs/n. Then, for all n > n(g, h),
Py (|Zan(h) — Ean(h)] > 1) < e 4 4K e Km'E | 1678 /32,

3-2n 3.1
C”:9“‘”)<3<1—n>‘ 3(1—n)>'

The proof is basically the same as the proof of Lemma 13, except that we have to restrict our
analysis to the event described in Equation (29). We omit the details.

where
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4.3 Stability for Density Cluster Trees

The stability properties of the cluster tree can be easily derived from the results we have established
so far. To this end, for a fixed & > 0, define the level set of p,

Li(N) = {u: pa(u) > A}
and recall its estimator based on the kernel density estimator pj, x:
Lix(N) = {u: pux(u) > A}.

Let Nj (M), ﬁmx (A) be the number of connected components of the sets L,(A) and E,,,X(A), respec-

tively. Notice that Zh,x (A) is a random set. Also, denote with Cy,...,Cy, ) and Cy,...,Cy

Ny (r) the

connected components of L,(A) and me (A), respectively.

When building cluster trees, the value of the bandwidth 4 is kept fixed and the values of the
level A vary instead. It has been observed empirically (see, for instance Stuetzle and Nugent, 2009)
that the uncertainty of cluster tree estimators depend on the particular value of A at which the tree
is observed. In order to characterize the behavior of the cluster tree, we propose the following
definition, which formalize the case in which the clusters Ci,...,Cy, ) persist for each N in a
neighborhood of A.

Definition 16 A level set value N is (h,€)-stable, with € > 0 and h > 0, if
Ny(N) =N, (N), VN e(A—gA+eg)
and, for any A —€ < A\; <Ay < A+§
Ci(A2) CCi(N), Vi=1,...,Ny(N).

If the level A is (h,€)-stable, then the cluster tree estimate at level A is an accurate estimate of the
true cluster tree, in a sense made precise by the following result, whose proof follows easily from
the proofs of our previous results and Lemma 2 in Rinaldo and Wasserman (2010).

Lemma 17 If A is (h,€)-stable, then, for all large n > n(€,\), with probability at least 1 — %,
1. Ny(A) = Niux(N);

2. there exists a permutation G on {1,...,Ny(N)} such that, for every connected component C;
of Ly(A — €) there exists one Cqj) for which

C; € Coy);

3. P(Lyx(NAL,(N)) < P({u: |pp(u) —A| < €}).
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Remarks.

1. If py is smooth (which is the case if, for instance, the kernel or p are smooth), the values of
A which are not (/,€)-stable are values for which the set Uy, ¢ contains critical points of py,
that is

inf ||Opu(u)]|=0 forsomeN € (A—¢gA+¢),
uEU)\/?h‘S
where Opj, denotes the gradient of p. For those values, the probability of Nj(A) # ]thx (A)
can be quite large, since the set Zh,XALh (A) may have a relatively large P-mass.

2. Conversely, if p;, is smooth (which is the case if, for instance, the kernel or p are smooth) and
infycvy , . [I0pn(u)|| > 8, then A is (1, €)-stable for a small enough €.

The above result has a somewhat limited practical value, because the notion of a (A, €)-stable A
depends on the unknown density p;,. In order to get a better sense of which A’s are (h,€)-stable or
not, we once again resort to evaluate the instability of the clustering solution via data splitting. In
fact, essentially all of our previous results about instability from section 4.1 carry over to these new
settings by treating & fixed and letting A vary. To express this changes explicitly, we will adopt a
slightly different notation for quantities we have already considered. In particular, we let

Ure = {u:|pn(u)—A[<e},
e = P(U)\,s)7
m(u) = Px(phx(u)>A),

Axe = sup,cy, 2T (u) (11— (u))
and

Aye = inf 2m (u)(1— 15 (u)).
’ ucly ¢

We divide the sample size into three distinct groups, X, Y and Z, of equal sizes n. For a fixed
bandwidth £, we define the instability of the density cluster tree as the random function 7}, ,, : R>o +—
[0, 1] given by R R

A— PZ(Lh,X (}\)ALhy()\))

and denote its expectation by
Thn(N) = Ex v z[Tin(N)]-

For any fixed 4, the behavior of 7}, ,(A) and T;,,(A) is essentially governed by r) ¢. The following
result describes some of the properties of the density tree instability. We omit its proof, because it
relies essentially on the same arguments from the proofs of the results described in section 4.1.

Corollary 18

1. For any A > 0, the expected cluster tree instability can be expressed as
Tun(A) =2 / () (1 — T (1) )P ().

2. Forany€>0and A\ > 0,
A)\,ar)\,s < Th7n(7\) < A)\,Erke +2K16*K2nhd827

for all n large enough.
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3. Assume that K is the spherical kernel. For any A > 0, let 0 < € < % and let

0= 1—supP(B(u,h)).

Then,

— 2vy4 C(5,N) 2
— _ de "¢ )
A;\’5§2<1 CD( Vnh 83)\>+ —3 )

and

g\ C(BAN)\?
_ de” "% ) _
A“22<1 q’("”“&) Vit )

where ® denote the cumulative distribution function of a standard normal random variable

and
33 /| 2
C(B,A) —_— Z m.

4. Foranyh>0,&>0,n € (0,1) let t by such that
t(l — r]) > g +2K1€_K2n£2hd,
Then, for all n > n(g,h),

PX,Y,Z (|Th,n0\) _Th,n()\)| > t) < e MG + ZKle_"KZhdez.

3-2n 3-n
C”_Q(l_”)<3(1—n)_ 3(1—n)>'

Collectively, the results above results show that the cluster tree of pj can be estimated more
accurately for values of A for which the quantity r) ¢ remain small, with € a term vanishing in n. In
particular, the level sets A with larger instability are then the ones that are close to a critical level
of py, or for which the gradient of pj, is not defined, vanishes of has infinite norm for some points
in {x: pp(x) = A}. This suggests that the sample complexity for accurately reconstructing of the
cluster tree may vary significantly depending on the particular level of the tree, with levels closer to
a branching point exhibiting a higher degree of uncertainty and, therefore, requiring larger sample
sizes.

with

4.4 Total Variation Stability

In the previous section, we established stability of the cluster tree for a fixed & and all levels A
that are (h,€)-stable. A more complete measure of stability would be to establish stability of the
entire cluster tree. However, it appears that this is not feasible. Here we investigate an interesting
alternative: we compare the entire distribution pj, x to the entire distribution pjy. The idea is that
if these two distributions are stable over all measurable sets, then this implies it is stable over any
class of subsets, including all clusters.

More precisely, we consider the stronger notion of instability corresponding to the total variation
stability as defined in (7). Recall that we assume that the data have sample size 2n and we randomly
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split them into two sets of size n, X and Y, with which we compute the he kernel density estimates
Dnx and pyy, for a given value of the bandwidth /. Then, the total variation stability is defined as

I, (h) = sup

L r. ~
=5 ] 1phax(u) = By ()] du
BeB

/ B (1)t — / By (u)du
B B

where where the supremum is over all Borel sets B and the second equality is a standard identity.
Requiring I, (4) to be small is a more demanding type of stability. In particular, B includes all
level sets for all A. Thus, when I,,(h) is small, the entire cluster tree is stable. Note that I, (k) is
easy to interpret: it is the maximum difference in probability between the two density estimators.
And of course 0 < I, (h) < 1. The bottom graph in Figure 2 shows the total variation instability for
our example distribution in Figure 1. Note that I, (%) first drops drastically as & increases and then
continues to smoothly decrease.

We now discuss the properties of I, (k). Note first that ', (1) ~ 1 for small 4 so the behavior as
h gets large is most relevant.

Theorem 19 Let H, be a finite set of bandwidths such that |H,| = Hn®, for some positive H and
a€(0,1). Fixade (0,1).

1. (Upper bound.) There exists a constant C such that, for all n > ng = no(8,H,a), and such
that 8> H /n,

where tj, = / C;Z%".

2. (Lower bound.) Suppose that K is the spherical kernel and that the probability distribution P
satisfies the conditions

Pxy (Fu(h) <1, forallh € H,) > 1-29,

arh®vg < inf P(B(u,h)) < sup P(B(u,h)) < h%vgay, Vh >0, (10)

ues ues

for some positive constants a; < ap, where S denotes the support of P. Let h, be such that
sup, P(B(u,h,)) < 1—90. There exists a t, depending on & but not on h, such that, for all
h < hy and for n > ny = no(a,ay,az,h,delta)

1
> — — 0.
Py y (rn(h) > 14/ nhd) >1-0

3. Th(0)=1andTl () =0.

Remarks.

1. Note that the upper bound is uniform in & while the lower bound is pointwise in #. Making
the lower bound uniform is an open problem. However, if we place a nonzero lower bound on
the bandwidths in #, then the bound could be made uniform. The latter approach was used
in Chaudhuri and Marron (2000).
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2. Conditions (10) are quite standard in support set estimation. In particular, when the lower
bound holds, the support S is said to be standard. See, for instance, Cuevas and Rodriguez-
Casal (2004).

In low dimensions, we can compute I, (%) by numerically evaluating the integral

L[ ~
> [ 170x(@) = By )] du

In high dimensions it may be easier to use importance sampling as follows. Let g(u) =
(1/2)(Phx (u) + phy(u)). Then,

ro(h) = ;/ \ﬁh7x(u;(—u§?h,y(u)\ (u)du ~ % 5 ;ﬁh,X(U,-) —IEW(U,-)y

=1 ﬁhX(Ui) + P Y(Ul)’ ’
where Uy, ...,Uy is a random sample from g. We can thus estimate I, (k) with the following algo-
rithm:
1. Draw Bernoulli(1/2) random variables Z, ..., Zy.

2. Draw Uy, ...,Uy as follows:
(a) If Z; = 1: draw X randomly from Xi,...,X,. Draw W ~ K. Set U; = X + hW.
(b) If Z; = 0: draw Y randomly from Y1,...,Y,. Draw W ~ K. Set U; =Y + hW.
3. Set

F.(h) = 1 % |Phx (Ui) = Phy (Un)|
! N & |Pnx (Ui) + pry (Ui

It is easy to see that U; has density g and that [, (h) — [,(k) = Op(1/+/N) which is negligible
for large N.

5. Examples

We present results for two examples where, although the dimensionality is low, estimating the con-
nected components of the true level sets is surprisingly difficult. For the first example, we begin
by illustrating how the instability changes for given values of A,a and then split each data set 200
times to find point-wise confidence bands for =) , (%) for fixed A,a and for I',,(h). We then present
selected results for a bivariate example.

5.1 Instability as Function of / for Fixed A

Returning to the example distribution in Section 1, 600 observations were sampled from the fol-
lowing mixture of normals: (4/7)N(0,1)+ (2/7)N(3.5,1)+ (1/7)N(7,1). The original sample is
randomly split into three samples of 200. All kernel density estimates use the Epanechnikov kernel
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Figure 4: Comparing /L\h7X(O.02) and Zh7y(0.02) with h = 0.15 (top left), A = 0.35 (top right),
h = 0.75 (bottom left) and 7 = 0.95 (bottom right) for data sampled from the mixture
distribution of Figure 1. The two kernel density estimates are obtained using the X sam-
ple (solid line) and the Y sample (dotted line). Points in the Z sample are showed as short
vertical lines on the x-axis, and are colored in red when they belong to Eh,X ()\)AZ;LY()\).

(Scott, 1992). We examine the stability at A = 0.02, a height at which the true density’s connected
components should be unambiguous, and A = 0.09, the height used in our earlier motivating graphs.

We start by illustrating the instability for selected values of & in Figures 4, 5. In each subfigure,
Dhx,Phy are graphed for the Z set of observations. Levels A = 0.02,0.09 are marked respectively
with a horizontal line. Those observations in Z that belong to Zh,X(A) and not to Z;Ly()\) (or vice
versa) are marked in red; the overall fraction of these observations is =) ,(4). In general, we can
see that as 4 increases, the number of the red Z observations decreases. For A = 0.02, note that the
location that most contributes to the instability is the valley around Z = 5. Once 4 is large enough to
smooth this valley to have height above A = 0.02, the instability is negligible. Turning to A = 0.09
(Figure 5), even for larger values of £, the differences between the two density estimates can be
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Figure 5: Comparing Zh7X(O.O9) and Zhy (0.09) for h = 0.5 (top left), h = 1.75 (top right), h = 3.75
(bottom left) and A = 6 (bottom right) for data sampled from the mixture distribution of
Figure 1. The two kernel density estimates are obtained using the X sample (solid line)
and the Y sample (dotted line). Points in the Z sample are showed as short vertical lines
on the x-axis, and are colored in red when they belong to me (MAL,y (N).

quite large. When £ is large enough such that both density estimates lie entirely below A = 0.09,
our instability drops to and remains at zero.

Figure 6 shows the overall behavior of =, , (/) as a function of 4. As expected, for A = 0.02,
=)»(h) jumps for the first non-zero 4 and then quickly drops to almost zero by & = 1 (Figure 6, left).
At A =0.09, a height with a wide range of possible level sets (depending on the density estimate
and the value of %), =, ,(h) first drops and then oscillates as previously described as / increases,
indicating multi-modality (Figure 6, right).
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Figure 6: Em(h) as a function of the bandwidth % for A = 0.02 (left) and 0.09 (right) for data
sampled from the mixture distribution of Figure 1.

5.2 Instability as Function / for Fixed a

In Section 4.2 we consider the sample instability =4 , (%) as a function of 4 and a. As done before,
we show =q ,(h) for selected values of & and o = 0.50 and 0.95 in Figure 7. In each subfigure,
Dh.x,Phy again are graphed for the Z set of observations. The probability content of the density
estimates are respectively indicated on the left and right axes. The values a = 0.50,0.95 are also
marked with solid and dashed horizontal lines for the two density estimates. Those observations in
Z that belong to M »x(0) and not to Mh,y (a) (or vice versa) are marked in red; the overall fraction
of these observations is =q ,(h). In general, we can see that as & increases (for both values of a),
the number of red Z observations decreases. This decrease happens more quickly for higher values
of a (as expected).

In Figure 8, we display =,(h,a) as a function of & for a = 0.50,0.95. For level sets that contain
at least 50% probability content, such as 1\/4\;,7;( (0.50), the instability quickly drops as h increases
and then oscillates as & approaches values that correspond to density estimates with uncertainty at
those levels. Again, this ambiguity occurs due to the presence of the second mode (we would see
similar behavior with respect to the smallest mode if a ~ 0.80). As & continues to increase, the
density estimates become smooth enough that there is very little difference between M), x (0.50),
M), y(0.50). This behavior also occurs when o = 0.95 albeit more quickly (Figure 8, top right)
since level sets that contain at least 95% probability content occur at lower heights and are more
stable.

Figure 8c is the corresponding heat map for a = 0,0.01,...,1.0 and 2 = 0,0.01,...,10. White
sections indicate =q ,(h) =~ 0; black sections indicate higher instability values. In this particular
example, the maximum instability of 0.425 is found at 2 = 0.03,0 = 0.46. Note that around s =
3, we have very low instability values for almost all values of O, and hence this value of kernel
bandwidth would be a good choice that yields stable clustering.
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Figure 7: Top: comparing ]\2;17;((0.50) and Mhy (0.50) for h = 2 (left) and h = 5 right). Bottom:
comparing 1\71;,7;((0.95) and 1\2;1,1/(0.95) for h = 0.4 (left) and h = 3.5 (right). The data
were sampled from the mixture distribution of Figure 1. The two kernel density estimates
are obtained using the X sample (solid line) and the ¥ sample (dotted line). Points in the
Z sample are showed as short vertical lines on the x-axis, and are colored in red when
they belong to Mj, x (0)AM, y (a1).

5.3 Instability Confidence Bands

The results in the previous subsections were for splitting the original sample one time into three
groups of 200 observations. Here we briefly include a snapshot of what the distribution of our
instability measures look like over repeated splits. For computational reasons, we used the binned
kernel density estimate, again with the Epanechnikov kernel, and discretize the feature space over
200 bins; see Wand (1994). Increasing the number of bins improves the approximation to the kernel
density estimate; the use of two hundred bins was found to give almost identical results to the
original kernel density estimate (results not shown). We split the original sample 200 times and
find 95% point-wise confidence intervals for =y ,(h), [',(h), and =4 ,(h) for a = 0.50,0.95 and as
a function of h. The results are depicted in Figure 9. The confidence bands are plotted in red, the
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Figure 8: Top: =,(h,a = 0.50) (left) and =,(h,0 = 0.95) (right) as a function of 4. Bottom: heat
map of = ,(h) as function of i, a for the example of Figure 1. The data were sampled
from the mixture distribution of Figure 1.

medians in black. The distribution of the instability measures for each value of % is also plotted
using density strips (see Jackson, 2008); on the grey-scale, darker colors indicate more common
instability values. The density strips allow us to see how the distribution changes (not just the 50,
95% percentiles). For example, for the plot on the top left in Figure 9, note that right before h = 2,
the upper half of the distribution of =) ,(%) is more concentrated. This shift corresponds to the
increase in instability in the presence of the additional modes.

5.4 Bivariate Moons

We also include a bivariate example with two equal-sized moons; this data set with seemingly simple
structure can be quite difficult to analyze. The scatterplot of the data on the left in Figure 10 show
two clusters, each shaped like a half moon. Each cluster contains 300 data points. The plot on the
right in Figure 10b shows a two-dimensional kernel density estimate using a Epanechnikov kernel
with i = 0.60 (for illustrative purposes) and 10,000 evaluation points. We can see that while levels
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Figure 9: 95% point-wise confidence bands for =, ,, (%) (top left), [, (k) (top right), =,(h, a = 0.50)
(bottom left) and =,,(h,a = 0.95) (bottom right) for data sampled from the mixture dis-
tribution of Figure 1.

around A = 0.012 show clear multi-modality, the connectedness of the level sets around A = 0.01 is
less clear.

To examine instability, we use a product Epanechnikov kernel density estimate with the same
bandwidth % for both dimensions. Figure 11 shows the sample instability =) ,(%) as a function of &
for A =0.10,0.20,0.30 as well as the total variation instability I',(h) as a function of 4. As expected,
the higher the A, the more quickly the sample instability drops. We also see the possible presence of
multi-modality for all three values of A in =), (). On the other hand, the total variation instability
drops smoothly as / increases.

Figure 12 contains the instability as a function of /& and probability content o for all values of
h, a (Figure 12d) and specifically for a = 0.50,0.075,0.95. Again, as expected, =,(h,a) drops
as h increases for smaller values of a. Note that for a = 0.95, the instability remains relatively
low regardless of the value of 7. When examining the heat map, we see that for small values of
h, level sets corresponding to probability content around 0.4-0.6 are very unstable. This behavior

931



RINALDO, SINGH, NUGENT AND WASSERMAN

1.0

X2

Figure 10: Bivariate moons (left) and contours of a Epanechnikov kernel density estimate (right)
for the example discussed in Section 5.4.

is not unexpected given that the moons are of equal sizes and difficult to separate due to sampling
variability. We would expect to have difficulty finding stable level sets “in the middle”.

6. Discussion

We have investigated the properties of the density level set and cluster tree estimator based on kernel
density estimates, and we have proposed and analyzed various measures of instability for these
quantities. We believe these measures of instability can be of guidance in choosing the bandwidth
parameter and also as exploratory tools to gain insights into the properties and shape of the data-
generating distribution.

Our analysis leaves some some open questions that we think deserve further attention. First,
we have focused on kernel density estimators but the same ideas can be used with other density
estimators or more, generally, with other clustering methods for which underlying tuning parameters
have to be chosen in a data-driven fashion. See, for instance, Meinshausen and Biihlmann (2010)
for a related stability-based approach to clustering.

We have assumed the existence of the Lebesgue density p but this assumption can be relaxed
using methods in Rinaldo and Wasserman (2010) to allow for distributions supported on lower-
dimensional, well-behaved subsets. This extension is potentially important because it would allows
us to include cases where the distribution has positive mass on lower dimensional structures such as
points and manifolds.

We have formulated our assumptions and results about stability of the level sets and of the cluster
tree in a point-wise manner, for given values of A and d. As suggested by a reviewer, it would be
desirable to extend them to hold uniformly across level sets. This can be achieved by requiring (A2),
(B2) and (B3) to hold uniformly over values of A and d. In fact, we believe that it is likely that,
for most densities, such uniform assumptions hold for a wide range of A’s but certainly they cannot
hold for all A’s. Indeed, our results indicate that these uniformity assumptions are reasonable only
for level sets A for which the function r; ¢(A) remains small and does not fluctuate too wildly.
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Figure 11: =) ,(h) as a function of & for A = 0.10 (top left) 0.20 (top right) and 0.30 (bottom left).

I,(h) as a function of & (bottom right) for the data depicted in Figure 10.

Finally, in computing the various measures of instability, we have considered just a single split
of the data into non-overlapping sub-samples. In fact, one can randomly repeat the splitting process
and combine over many splits, which is how we obtained the confidence bands of Figure 9. Though
the increase in the computational costs may be significant, repeated sub-sampling would yield a
reliable estimate of the uncertainty of the chosen instability measures and would therefore be highly
informative about the sample. We believe that the properties of =, can be established using the
theory of U-statistics.
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Appendix A. Proofs

Proof of Theorem 2: Let 4, ¢, denote the event that || py, x — pa, || < €,. Then, for all n > ng, by
Equation (3), Px(4,¢,) > 1 — % Also observe that Assumption (A1) implies that, for any 2 > 0,
the sup-norm density approximation error can be bounded as

[k (5 ) sy o)

1 x—y
< —K| —= |Allx—y||d
< s [k (57) Ale=slay

= ADh. 1D

|pn—plle = sup
X

The second step in the previous display follows since [K(z)dz = 1 and using the Lipschitz as-
sumption (A1) on the density, and the last step since [ ||z||K(z)dz = D. Putting the estimation and
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approximation error together, and using the triangle inequality, we obtain that, on the event 4, ¢, ,
”I/’\th—PHoo SADhn +8n7 (12)

for all n > ng. Using Equation (12), we have that, on 4, ¢, and for all n > ny(ng,A) so that ADh,, +
€, < A, the set

L)ALy, x (A) = {u: p(u) >\, P, x (u) <A U{uz p(u) <N, pi, x (1) > A}
is contained in
{u: p(u) >\, p(u) <AN+ADh, +¢&,} U{u: p(u) <A, p(u) >\—ADh, —€,},

which is equal to
{u: |p(u) —A| < ADh, +¢€,}.

Then, on 4, ¢, and for all n > n;(ng,\) large enough
L(hn, X, N) = P(LNALp, x(N)) < 7,0

so that, Px (L(h,,X,A) <rp) > Px (Ay,¢,) > 1— %, as claimed.
If (A2) is in force for the density level A, then for all n > ny(ng, A, A, D, &) so that ADh, + €, <
€0, we have 1y, ¢ \ < K2(ADh, +¢,), which proves the second claim.
Proof of Lemma 4: Using (A1) and the fact that [, K(z)dz = 1, Equation (11) states that for any
h>0
[pn = pllo < ADh.

Then, for any o € (0,1) and 2 > 0,
{u: p(u) > Mo +ADR}Y C {u: py(u) > Mg} C {u: p(u) > Ao —ADh}.
And as a result,
P({u: p(u) > Mo +ADR}) < P({u: pu(u) > Nna}) < P({u: p(u) > Mg —ADR}).
Since P({u: p(u) > Ao }) = & = P({u: pp(u) > Npq}), we have
P({u: p(u) > Apa +ADh}) < P({u: p(u) > Aa}) < P({u: p(u) > Ao —ADR}).

Consequently,
)\h:a +ADh Z }\a Z )\h7a —ADh

It follows that for any o € (0,1) and 2 > 0
|)\h7a - )\a‘ S ADh

Proof of Lemma 5: Let G, = {{u: ps(u) > A},A > 0} denote the class of level sets of p; and
define the events

Phe = { sup |Px (C) — P(C)| < 8} and  Aye = {|[Phx — pallo < €}
ceG
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Then, since the n-th shatter coefficients (see, for instance, Devroye et al., 1996) of (j, is n,
Px(Ef,) < 8ne "/ and Py(A,) < Kje K&, (13)

where the first inequality follows from the VC inequality (see, for instance, Devroye et al., 1996)
and the second inequality is just (1). Then, on 4, ¢, we obtain

{u: pn(u) >N+€} C{u: ppx(u) >N} C{u: pp(u) >A—e}, VA>0.
Thus, on 4,
Px({u: pu(u) > N+€}) < Pe({u: px(u) > A}) < Pe({uz pu(u) >N —¢}),

uniformly over all A > 0. In particular, the previous inequality hold also for th’ x (which is positive
with probability one) for any a € (0,1) and & > 0.
Recalling that, by definition,

1Py ({u: Phx () > Max}) —a| < 1/n,
we obtain, on the events P, ¢ and A, ¢,
~ 1 =~ 1
P({u: pp(u) > Npax+E€})— . —e<a<P{u: pp(u) >Nax—€})+ . +€. (14)

Since o = P({u: pn(u) > Apq}), the first inequality in (14) can be written as

1 ~
a++e=P({u: pa() > Nygy146}) = P({ut palu) > Anax +€})
and the second one as
1 ~
o~ —e=P({u: pulu) > Nyg_1_c}) < Pl pau) > Mnax —€}),

both holding on the events P, ¢ and A4, . Combining the last two expressions, we obtain, on the
same events, for any a € (0,1) and & > 0,

A —€ < Mpax S 1o +E. (15)

ho+1ye

We will now show that, for level sets of p;, indexed by  satisfying (B3), and for any n € (—no,No)
and0< h<H,
[Anat+n —Anal <AKs|N|. (16)

Recalling that €+ 1/n < no, Equations (15) and (16) will then imply

1 3 1
Aha —AK3 <5+ > —& < Max < Ao +AK; <€+ ) +E,

on the events P, ¢ and A, ¢, for level sets of p, indexed by a satisfying (B3) and with 0 < h < H.
Finally, using (13), the claim will follow.
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In order to show (16), for a set A C RY, let 0A denote its boundary. Then, notice that, be-
cause pj, is Lipschitz and hence continuous, for every x € OM;(a), pn(x) = Apq and, for every
y € OMy(a+n), pa(y) = Apasn. Furthermore, for any point x € OM;(), there exists a point
y = y(x) = infcqp, (o) [|X — 2| Thus, for [n| < no,

[lx =yl < deo(M (@), Mp(a +1)) < K3[n},

where the last inequality follows for level sets of p;, indexed by a that satisfy (B3) and 0 < h < H.
Therefore,

Anasn —Anal = [pn(y) — pr(x)| < Allx—y|| < Aks3|n],

where in the first inequality we used the fact that, by (A1), py is Lipschitz with constant A. Indeed,
for any x # y, using the Lipschitz assumption (A1) on p,

pu) = )| < [ 1Pl 2h) = ply-+ 2| K(2)dz < Alle =] [ K()dz=Allr—y].

Proof of Theorem 7: Let 4, ¢, be event defined in the proof of Theorem 2, and recall that for all
n > np, by Equation (3), Px (ﬂl;l'n 8n) < 1/n and that, Equation (12) states that

1 Phx — Pllo < Cin 17)

for h, =

on that event, for all n > ng. Also, let P}, ¢, be the event defined in Lemma 5 such that PX(Tﬁmsn) <

8ne~"/32, Then from the proof of Lemma 5, we have that on the event 4, ¢, NP,
w((logn/n)"/4) and h, < H,

ny€n>

|)\h,,,0(,X _>\a| < Cz,n (18)
for all n > n3(ng,No, K3). Also, since n is large enough, we have

8ne /32 < l
n

Therefore, for all such large n, both (17) and (18) hold with probability at least

2
]P)X (ﬂhnasn mfph,l,ﬁn) Z 1 - ;

Thus, on 7, ¢ NP,
the set

¢, for h, = w((logn/n)'/4) and h, < H, we have that, for all n > n3(ng, N9, K3),

ns

M(0)AM), x (a) = {u: p(it) > A Pix (1) < Mpax } ULz p(u) < A, Prx (1) > Mox }-
is contained in

{”3 P(”) > )\mp(”) < )\h,a,X +C1,n} U {”3 P(”) < )\aap(”) > )\h,mX _Cl,n}-
which, in turn, is a subset of

{M: p(”) >)\U7p(u) S )\0( +C],n+C2,n}U{”: P(”) S )\th(u) > )\cx _Cl,n_CZ,n}-
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The final set is just {u: [p(u) — Aa| < Ci, + Ca,}. Therefore, for for h, = w((logn/n)'/?) and
h, < H, we have, for all n > n3(no,No, K3),

. 2
]P)X (L (hﬂ?X?a) S rhmamu) Z ]P)X ('qhnaen rji)hm“:n) Z 1 - ;

Proof of Lemma 9: We only prove the second claim, since the proof of the limits is straightforward.
For simplicity, we will provide the proof for the case of a spherical kernel: K(x) = 1j<;, x € RY.
The extension to other compactly supported kernels is analogous.

Let & be strictly smaller than

min{minHX,- —Xj||, min||Y; —Y;||, min||X; —YjH} )

i#j i#] ' i,j

For many distributions, this occurs almost surely for 4 = O (1 / nd) (see, e.g., Penrose, 2003; De-

heuvels et al., 1988). By the compactness of the support of K, for any such #4, the sets
B(X1,h),...,B(Xy,h),B(Y1,h),...,B(Y,,h)

are disjoint. Therefore, pyx(u) = 1/(nh?) if and only if u € B(X;,h) for one i and, similarly,
Puy (1) = 1/(nh?) if and only if u € B(Y;,h) for one j. Furthermore,

Zh,XAZh,Y = (UB(Xi,h)> U (UB(Yj,h)> .
i J
As aresult, =, ,(h) is the fraction of Z;’s contained in (U;B(X;,h)) U (U;B(Y;,h)). Thus,
= 5T AT d
Exn(h) = Pz(LyxALyy|X,Y) = B/n,

where 4 denotes equality in distribution and B ~ Binomial(n, py), with 0 < py < 2n pmaxvdhd and
Pmax = || P||w- Therefore, Ez[=) ,(h)|X,Y] < 2pmaxvanh® and hence it follows that

E)\,n (h) = IEX,Y,Z[E)\JL (h)} < 2pmaxvdnhd = O(hd)v

ash— 0.
Proof of Theorem 10:

1. Since X, Y and Z are independent samples from the same distribution, pj, x (u) and ppy (u)
are independent and identically distributed, for any u € R? and & > 0. Also, notice that for
every measurable set A, Ez(Pz(A)) = P(A). Thus,

Eanlh) = Ex vz[Pz({u: Prx () > N}A{u: pry(u) > A})]
Ex y[P({u: pnx () >N, puy(u) <A}) +P({u: prx(u) <A, pry(u) >A})]
= 2Exy [P({u: Pox(u) > N, phy(u) <A})]

- 2/ Py (B (1) > N iy () < N)dP(w), (19)
]Rd
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where the last identity follows from Fubini theorem. The integrand in the last equation can
be written as

Pxy (Prx(u) >N pry(u) <A) = Px(prx(u) >A)Py (pry(u) <A)
= Px (pnx(u) >N)Px (prx(u) <N)
= T(u)(1—m(u)),
from which (8) follows.
. Let A4, ¢ denote the event
Pn = Phxlleo V|| Ph = Phylle < €. (20)

By (1), Pxy (45 ,) < 2K16_K2”hd52. Letting 14, denote the indicator function of the event
ﬂh,e»

Exn(h) < Exyz[Pz({u: Pux(u) > NA{u: puy (1) > A}, (X,Y)] +Pyy(F5,),

and, using the same reasoning that led to (19),

() <2 [ Py ({Bx(1) > NPy () A0 Aye) dP(u) + Py ()
Notice that, on A, ¢,
{u: Prx(u) >N pry(u) <A} C{u: A—€ < pp(u) SNt} =Upg,

and therefore, sign(pj x(u) —A) = sign(pn(u) —A) for all u € Upe. Thus, the previous ex-
pression for &, , (%) is upper bounded by

2 [ Py (rac(u) > A Py () < A0 Apg) dP() + 2616~
hE

which, using independence, is no larger than

2 [ mu)(1— T4 (u))dP(u) + 2K e e < P(Upe)Ane 4K e Ko’
Une

As for the lower bound, from (19) we obtain, trivially,

Enn(h) =2 ) 15 (1) (1 — T4, (u))dP(u) > P(Upe)Ane-

Proof of Lemma 11. If X is the spherical kernel, note that pj, x(u) =n~' S| B;(u), where

i (=X Iy (Xi)
Bi=hK =
< h ) (hiva)

with Ig(, ) (-) denoting the indicator function of the ball B(u,h). Let 6%(u,h) = Var(B;(u)) and
3(ush) = E|Bi(u) — a(u, ) where p(u,h) = E(B,(u)) = pu(). Finally, let p = P(B(u,h).

_ pu,h(l - pu,h)

2
0-(u,h) = (v 2 (21)
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and
_ _ 2 2
u (u ) — pu,h(l pu,h) (1 pu,h) +pu,h pu,h(l _pu,h)
34, (hdvd)3 — (hdvd)3

where the last inequality holds since (1 — pmh)2 + pi » <1, forall u and h. As aresult,

w3 (u,h)
03 (u,h)

< (Pup(1 = pun)) 2.

By assumption, & < h(d,€) and € < A/2. In order to avoid trivialities, we further assume that
P(Uyg) > 0. Then, uniformly over all u in Uy,

()\ — S)thd < pun < ()\ + S)thd

and
(l _pu,h) Z 0.

:u3(u7h) < 1 < 2
o3 (u,h) — \| dvghd(N—¢€) — \ hddv N\’

with the last inequality holding because of our assumption € <A /2. From (21), we then obtain

Thus,

O(A—¢) ) (A+¢€)
<o h) <
thd - (u’ ) - thd
Thus, 4 4
1 2
i < 0% (u,h) < "
where 5\ 3\
= — d = — 22
aj v, and ap 2, (22)

uniformly over u € Uj¢.
Writing 6% (u, h) = a(u,h)/h¢ and using the Berry-Esséen bound (Wasserman, 2004, p. 78), we
obtain

sup
t

VAR (P () = pa(w) B wmh) BN
P < a)((u,h) = t) — %) = 103(3u,h)\/71 N nhd ’

where @ is the cumulative distribution function of the standard Normal distribution.
Now,

10, (1) = Px (B x (1) > N) = Py (‘/’W@M(”) —pu(w)) _ Veh?(A —ph(u))> |

a(u,h) a(u,h)
Hence,
VAl = i)\ CBN) Vald(A = pu) | | CBN)
1—(13( () )— — §T[h(u)<l—¢< a(uh) )—i— i
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Using the fact that u € Uy, and taking advantage of the uniform bounds a; < a(u,h) < ay, the
previous inequalities imply

nhie C(3,M) nhde C(3,N)
1-® — <mu)<l—-d| — + .
( ai ) Vnhd < Thlu) < ( a ) Vnht
Using the inequalities
d
1¢< nh€>:cp< nh€>>¢< nhs)
ai
d
1_¢<_ nhs>_¢< nh£><¢< )
az

and

we obtain the bounds

nhie C(3,\) Vnhie C
o — - <mu)<1-® 23
( a > Vnhd - < ) Vnhd @3
and
nhie C(8,M) nhde
- - <o 24
( ap ) v nhd o ( > Vnhd’ )

respectively. Thus, uniformly over all € < A/2 and all & < h(9,€), Equations (23) and (24) yield

ane=2us€%1;€m(u>(l—m(u)) < 2(1—¢<_\/’f8>+c%)) 7

and

uclUy¢ al

2
Ah£—2 inf T[h( )( Tl'h(bt)) > 2<1_¢<Ws> _C(é,)\)) ,

respectively, where a; and a; are given in (22).

Proof of Lemma 12. Letting 1; =1 (ZicLy by} WE have

_ 1
San(h) = ; 1;.

M=

where, conditionally on X and Y, the 1;’s are independent and identically distributed Bernoulli
random variables with Ez[1;|X,Y] = P(Ly xALjyy). Thus

V [Eaa(h)] = ]Ex vz |22 ()] =& (h)
= LEw[Ez (31 i+ ¥ u 110X, Y]] — €(h)
— E“()—k”z’llE xy |P (LhXALhY)} —&(h)

EM( ) +"2n1EXY P(LhXALh Y)} —Ez( )

E}\;;f )+n2nlé L (h) — 22( )
E.)\,n( )(n;_nl E)\,n( ))

IN
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Proof of Lemma 13.
Let &(h,X,Y) =Ez[=) ,(h)|X,Y] and let A;, ¢ be the event given in (20), where €,/ > 0, so that
Pxy (A ) < 2Kjexp {—nthdsz} by (1). Then, we can write

PX7Y7Z (}E)\Jl(h) _E)\,n(h)| > t) = ]P)X,Y,Z (’E)\,n(h) _E(h7X7Y) +E(h7X7Y) _E-)\,n(h)’ > t) )

which is therefore upper bounded by

Py (|Zan(h) = E(hX,Y) +E(1X,Y) = En ()] > 13 3pe) +2K1 exp { ~nKoh'e?}

The first term in the previous expression is no larger than the sum of

Exy [Pz ([Ean(h) = &(X.1)| > m|X.Y): 3] 25)

and

Pxy (|E(h,X,Y) =&\ (k)| > 1(1=n); Ang), (26)

for any n € (0,1). We will first show that, if (9) is satisfied, the probability (26) is zero. Indeed, first
observe that
Ez[Zxn(h)|X, Y] = P(LyxDLyy)

and that, on 7 ¢,

LixALyy = {u: pux(u) >N, puy(u) <NYU{u: prx () <N, pry(u) > A}
{u: pp(u) >N—¢€,pp(u) <AN+€}

{u: |pn(u) —A| <€}

Ung,

N

Therefore, on 4, ¢,
E(h,X,Y):Ez[E)\n(h”X,Y] Sl’hgﬁf(l_n) (27)

By part 2 of Theorem 10, (9) further implies that #(1 —n) > &, ,(h). As a result, on
Ape |E(h, X, Y) = &y (k)| <1(1—n), which yields

Pyxy (‘E(ha)(?Y) _E)\,n(h)‘ > (11— n);ﬂh,e) =0,

as claimed.
We now proceed to bound from above (25). Since

— 1o
:)\,n(h) = Z ,‘Z{ 1{Z,-EZh,xAZh.Y}’

Bernstein’s inequality (see, for instance, Massart, 2006, Proposition 2.9) yields that, for any r > 0
and conditionally on X and Y,

Pz ([Znn(h) — &, X,Y)| > mlx,¥) < exp{—902(x,Y,h)g (%) } 28)
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where g(u) = 1+u—+/1+2u for all u > 0, and
0%(X,Y,h) = Varz[=) ,(h)|X,Y].

It is easy to see that
0°(X,Y,h) <Bz [Zp,(h)|X,Y] = n&(h,X,Y)

and, therefore, restricting to the event 4, ¢, 0%(X,Y,h) < nt(1—n), just like in (27).

Using the fact that e %8(5) is increasing in x for x > 0, we conclude that, on the event 4 ¢, the
right hand side of (28) is bounded from above by

exp{—9nt(1 -n)g (3(1n—ﬂ)> } ,

which is independent of X and Y. Thus, the previous expression is an upper bound for (25) and,
therefore, for Px vz (|= . (h) — &, (h)| > 1). The claim now follows from simple algebra.

Proof of Theorem 14.
1. The proof is almost the same as the proof of part 1 of Theorem 10 and is therefore omitted.

2. Let A ¢ denote the event

max {[1Bix = palles o = Mraxli 1Py = pillos Mo = Mol } <& @9)

where € = €(AK3 + 1) + AK3 /n. Then, using (1), (5) and the fact that € < €, the union bound
yields
Py y (<) < 4Kje K€ L 16067813 = C(h, €, n) (30)

Now, on A, z, {u: prx(u) >/thaﬁx,ﬁh7y(u) < /Xh7q7y} is a subset of

{u: pp(u) > Mpax — € pn(u) < Mgy +E€},

which is equal to
{u: |pn(u) = Mol <28} =Ujzq-

Therefore, sign(py x (u) _/)\\h,a,X) = sign(pp(u) — M) for all u & Uy, 5 o. Next, just like in
the proof of part 2 of theorem 10, using this fact and the result of the first part we have that
&an(h) is no larger than

Exy.z[Pz({u: Pux(u) > Mnax }0{u: Puy(u) > Moy })a, (X, Y)] 4+ Py y (4, 5).
The previous expression can be written as
2 [ P (i) > M, P () < My} Ay )dP (1) + Py ().
which is less than

2 Pxy ({Px () > Mo, iy () < Mooy } N A 5)dP () +C(h,E,n).

Up 2z
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This quantity is bounded from above by
2/1] Py y (Phx () > Mo x; Py () < Apay)dP(u)+C(h € n),
h2€,a
which is finally smaller than

2 o () (1 = Tha (u))dP(u) + C(h,€,n) < P(Uj, 26.0)Anea +C(h,€,n).

Upoga
As for the lower bound, from the result of first part we obtain, trivially,

an(h) = 2y, . Tha(u)(1—Ta(u))dP(u)
> P(Upota)Anea-

. To compute an upper bound for A, ¢ « and a lower bound for Aj ¢ o> We use the Berry-Esséen
bound and the stated assumptions. The proof is very similar to the proof of lemma 11, except
that the result holds only on the event 4,z. Therefore, we only provide a sketch of the
arguments. '

The assumptions that € < infj, )‘Z”’, implies that, for any u € U, 5 4,

ié)\u’h < 6(}\(1_’]1 —2§) (}\q,h +2§) < i3)\a7h
hd 2vg hdvd hdvd — hd 2vy '

<0*(u,h) <

Because of this and the fact that, on Az, |ps(u) —/X;W,X\ < 3¢ for all u € Uj, 55 4. the same
Berry-Esseen arguments used in the proof of lemma 11 yield

=/ nhd T/ nhd
o[V CBMa) ) <1— 3V | C@.Ma)
a Vnh? w a Vnhd

where T5, o &(u) = Px ({ BPix (i) > Apax )} N ﬂh’g) a1 = Na/(2va), a2 = 3\pa/(2v4), and

Tha() > Ty gg(u) > 1 - <3§W> _C®Mia)

ai A /nhd
and
c 3§V I’lhd C(é, )\h7a)
Tha(u) < T[h70(7§(”) —|—P(/‘Zlh,§) <1-0 <— . ) + Jond +C(h,&,n).

where C(h,€,n) is defined in (30). Therefore,

2
_ eVl \  C(8,Mna)
< - — I
Ah}&q ~ 2 (l q) ( a ) + \/’,W +C(h, 8,71) y

and

2
3§V nhd C(é, )\h q)
A >2(1-® — =~ —C(h,t, .
Qpea — ( < a ) \/]W ( I’l)
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Proof of Theorem 19. (1) Since the sample space is compact, u(S) < o, where S denotes the
support of P and u denotes the Lebesgue measure. Therefore, we obtain the inequality

u(S), - N u(S) . u(S)  ~
rt) < D purlle < “20px— pullo + 2 1y —
d -

= u(S)||Pnx — pnllw-
Next, let C = %ﬁaﬂ) so that for n > Kj

u(S)*log(n*'Ky)

t, > .

Kzl’lhd

Then,

—~ 1,
Pxy (Tn(h) > 1, forsomehe H,) < Py (|ph7x — Phlleo > " for some h € 5‘6,)

u(S)
< ZIP(H;? p|>th>
< X hX = Phlleo = 7§
&, ’ u(S)
< z Ky exp{—Kontih" [ (u(S)*)}
heH,
< 1 _H
= n nat+l ;
< 9,

where the third inequality stems from (1) and the assumption that n > ng is large enough, and the
last inequality follows from the assumed condition on .
(2) Consider any & < h,. Note that

() > Fos(0) = 3 [ ) = Py ()l

Let
D(u) = Vnhd (pj,x (u) — iy (1)).

The variance of D(u) is

Var (Vi (pix () = By (0))) = nh? (Var(Bix () + Var(Piy (1))

= 2nh“Var(ppx (1))
1 n
_ d L
= 2nh Var(nthdi;IHX, ullSh))
2n2hd
= WVMU(H&—MHSW)

_ Vgid”(B(”’h))“_P(B(”’h)))'
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Now, for u € S, by (10),
P(B(u,h))(1 —P(B(u,h))) < P(B(u,h)) < arh%vy

and
P(B(u,h))(1 —P(B(u,h))) > P(B(u,h))d > arh®vgd.

Hence,
2a1v40 < Var(D(u)) <2apvy, Yu €S,

which shows that the variance of D(u) is bounded above and below by positive functions that do not
depend on A. By a similar calculation, Cov(D(u),D(v)) is bounded above and below by functions
that do not depend on A, for all u,v € S.

Now, for any u,

D(u) = Dy (u) = D2(u) = Vnh (P, = P)(f,) = Vnhd(Qn — P)(fi)

where P, is the empirical measure based on Xi,...,X,, O, is the empirical measure based on
Y1,...,Y,, and f,(-) = hK(||u — -||/h). Note that D; and D, are independent, mean O stochas-
tic processes. We can regard {v/nh?(P, — P)(f): f € ¥} as an empirical process, where ¥ = {f,, :
u € S} and similarly for {v/nh?(Q, — P)(f) : f € F}. For fixed h, the collection ¥ is a Donsker
class. Hence, for every u € S, D;(u) and D;(u) converge to two independent mean 0 Gaussian pro-
cesses. By the continuous mapping theorem, for every u € S, D(u) converges to a mean 0 Gaussian
process G with some covariance kernel K. By the calculations above, there exist positive bounded
functions r(u,v) < s(u,v) such that r(u,v) < K(u,v) < s(u,v) and such that neither r nor s depend
on h. Hence

Pxy (rn(h) > f@) > Pxy (rms(h) > l‘\/ﬁ) =Pxy (\/nhidrms(h) > t)
— Pyy (; /S |D(u)|du2t>

- ]P(;/|G(u)|du2t> +o(l),

where the last probability is the law of the Gaussian process G. The o(1) term is less than &/2
when n > ny. Since G has strictly positive variance, P ([ |G| > 0) = 1. Clearly, P([ |G| > 2¢) is
decreasing in 7. Hence, for each , there is a positive ¢ such that P (3 [ |G| > 1) > 1—3/2.

(3) The proof of this part is straightforward and is omitted.
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