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STABILITY OF ELASTIC BENDING AND TORSION OF UNIFORM CANTILEVER 

ROTOR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABLADES I N  HOVER WITH VARIABLE STRUCTURAL COUPLING 

Dewey H. Hodges" and Robert A. Ormiston* 

Ames Research Center  
and 

Ames D i r e c t o r a t e  
U.S. Army A i r  Mob i l i t y  R&D Laboratory  

SUMMARY 

The s t a b i l i t y  o f  e las t i c  f l a p  bending, l ead - lag  bending, and t o r s i o n  of 
uniform, un tw is ted ,  c a n t i l e v e r  r o t o r  b lades  wi thout  chordwise o f f s e t s  between 
t h e  e las t i c ,  m a s s ,  t e n s i o n ,  and aerodynamic c e n t e r  axes i s  i n v e s t i g a t e d  f o r  
t h e  hover ing f l i g h t  cond i t i on .  The equa t ions  of motion are ob ta ined  by s impl i -
f l y i n g  t h e  g e n e r a l ,  n o n l i n e a r ,  p a r t i a l  d i f f e r e n t i a l  equa t ions  of  motion of an 
e las t i c  r o t a t i n g  c a n t i l e v e r  b lade .  The equa t ions  are adapted f o r  a l i n e a r i z e d  
s t a b i l i t y  a n a l y s i s  i n  t h e  hover ing f l i g h t  c o n d i t i o n  by p r e s c r i b i n g  aerodynamic 
f o r c e s ,  app ly ing  G a l e r k i n ' s  method, and l i n e a r i z i n g  t h e  r e s u l t i n g  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s  about  t h e  e q u i l i b r i u m  o p e r a t i n g  c o n d i t i o n .  The aero-
dynamic f o r c e s  are ob ta ined  from s t r i p  theo ry  based on a quasi -s teady approxi-
mation of  two-dimensional unsteady a i r f o i l  t heo ry .  S i x  coupled mode shapes,  
c a l c u l a t e d  from f r e e  v i b r a t i o n  about  t h e  e q u i l i b r i u m  o p e r a t i n g  c o n d i t i o n ,  are 
used i n  t h e  l i n e a r i z e d  s t a b i l i t y  a n a l y s i s .  The s tudy  emphasizes t h e  e f f e c t s  
of two t y p e s  of s t r u c t u r a l  coupl ing t h a t  s t r o n g l y  i n f l u e n c e  t h e  s t a b i l i t y  of 
h i n g e l e s s  r o t o r  b lades .  The f i r s t  s t r u c t u r a l  coupl ing i s  t h e  l i n e a r  coupl ing 
between f l a p  and lead- lag bending of t h e  r o t o r  b lade.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s t r u c t u r a l  coupl ing 
parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA63 i s  i n t roduced  t o  s i m u l a t e  v a r i a t i o n s  i n  f l ap - lag  s t r u c t u r a l  
coupl ing t h a t  ar ise f o r  b l a d e s  having nonuniform s t i f f n e s s  d i s t r i b u t i o n s .  The 
second s t r u c t u r a l  coupl ing i s  a n o n l i n e a r  coupl ing between f l a p  bending, lead-
l a g  bending, and t o r s i o n  d e f l e c t i o n s .  R e s u l t s  are ob ta ined  f o r  a wide v a r i e t y  
of h i n g e l e s s  r o t o r  c o n f i g u r a t i o n s  and o p e r a t i n g  c o n d i t i o n s  i n  o r d e r  t o  prov ide 
a reasonably  complete p i c t u r e  of h i n g e l e s s  r o t o r  b lade  s t a b i l i t y  c h a r a c t e r i s -
t i cs .  The s t a b i l i t y  of t o r s i o n a l l y  f l e x i b l e  b l a d e s  i s  s t r o n g l y  i n f l uenced  by 
t h e  e f f e c t s  of t h e  bending- tors ion s t r u c t u r a l  coupl ing.  Without precone,  
t y p i c a l  c o n f i g u r a t i o n s  are u s u a l l y  s t a b l e  except  f o r  low v a l u e s  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdi o r  low 
t o r s i o n  f requenc ies .  Addi t ion of  precone i s  s t r o n g l y  d e s t a b i l i z i n g  f o r  a wide 
range of c o n f i g u r a t i o n s .  Except f o r  ve ry  low t o r s i o n  f r e q u e n c i e s ,  t h e  r e s u l t s  
a l s o  i n d i c a t e  t h a t  t h e  s t r u c t u r a l  t e r m s  i n  t h e  t o r s i o n  equa t ion  dominate t h e  
t o r s i o n  i n e r t i a  and damping t e r m s  which pe rm i t s  t h e  use  of an approximate,  
bu t  s i m p l i f i e d ,  system o f  equa t ions  w i t h  fewer deg rees  of freedom. F i n a l l y ,  
t h e  accuracy of t h e  r e s u l t s  i s  s e n s i t i v e  t o  t h e  number and t ype  of mode shapes 
used i n  t h e  a n a l y s i s .  

"Ames D i r e c t o r a t e ,  U . S .  Army A i r  Mob i l i t y  R&D Laboratory 
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INTRODUCTION 

The g e n e r a l  problem of  h e l i c o p t e r  a e r o e l a s t i c  s t a b i l i t y  i nvo l ves  coup l i ng  
between t h e  motion o f  t h e  i n d i v i d u a l  b l a d e s  and coup l i ng  between t h e  r o t o r  and 
t h e  body of t h e  h e l i c o p t e r ;  c o n t r o l  system dynamics may a l s o  be  involved.  The 
complexi ty o f  t h e  g e n e r a l  problem poses a c o n s i d e r a b l e  cha l l enge  t o  t h e  ana-
l y s t ,  bo th  i n  develop ing an a n a l y t i c a l  model o f  t h e  system and i n  understand-
i n g  i ts  p h y s i c a l  behavior .  An impor tant  p a r t  o f  t h e  g e n e r a l  rotor-body dynamic 
system i s  t h e  s i n g l e  b l a d e  r o t a t i n g  about  a n  axis f i x e d  i n  space.  For many 
problems of  p r a c t i c a l  i n t e r e s t ,  b lade-to-blade and rotor-body coup l i ngs  are 
no t  s i g n i f i c a n t  and t h e  a n a l y s i s  o f  a s i n g l e  r o t o r  b l a d e  c o n s t i t u t e s  an impor-
t a n t  problem by i t s e l f .  Even when coup l i ng  w i t h  o t h e r  b l a d e s  and t h e  body i s  
s i g n i f i c a n t ,  t h e  s i n g l e  b lade  behavior  u s u a l l y  remains recogn izab le  and can b e  
h e l p f u l  i n  understanding t h e  behav io r  of t h e  more complete system. For t h i s  
reason,  t h e  dynamics of  a s i n g l e  b l a d e  forms an impor tant  fundamental b u i l d i n g  
b lock i n  t h e  s tudy  of h e l i c o p t e r  dynamics. 

H e l i c o p t e r  r o t o r s  w i t h  c a n t i l e v e r  b l a d e s  are commonly termed h i n g e l e s s  
r o t o r s .  I n  c o n t r a s t  w i t h  t h e  more conven t iona l  a r t i c u l a t e d  r o t o r ,  t h e  c a n t i -
l e v e r  b l a d e s  of t h e  h i n g e l e s s  r o t o r  are a t t a c h e d  d i r e c t l y  t o  t h e  hub w i thou t  
f l a p  o r  l ead - lag  h inges .  This  c o n f i g u r a t i o n  reduces mechanical  complexi ty and 
improves h e l i c o p t e r  f l y i n g  q u a l i t i e s  by i n c r e a s i n g  r o t o r  c o n t r o l  power and 
angu la r  ra te damping. The l a c k  of  h inge a r t i c u l a t i o n  a l s o  a l te rs  t h e  s t r u c -
t u r a l  c h a r a c t e r i s t i c s  of t h e  r o t o r  b lade  and can s i g n i f i c a n t l y  i n f l u e n c e  aero-
e l a s t i c  st a b  ili t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

A e r o e l a s t i c  s t a b i l i t y  of t h e  a r t i c u l a t e d  r o t o r  b l a d e  i s  p r i m a r i l y  d e t e r -
mined by t h e  re la t i ve  chordwise p o s i t i o n  of  t h e  aerodynamic c e n t e r ,  c e n t e r  o f  
m a s s ,  and e l a s t i c  axes. When t h e s e  are un favo rab le ,  an i n s t a b i l i t y  may occur  
t h a t  i s  u s u a l l y  c h a r a c t e r i z e d  by coupled f l a p  bending and t o r s i o n  d e f l e c t i o n s  
w i th  a f requency n e a r  t h e  t o r s i o n  n a t u r a l  f requency.  

I n  t h e  case of t h e  h i n g e l e s s  r o t o r  b l a d e ,  a n o t h e r  t ype  of i n s t a b i l i t y  i s  
p o s s i b l e  because of t h e  s t r u c t u r a l  coup l i ng  between bending and t o r s i o n  de f l ec -
t i o n s  of  c a n t i l e v e r  b lades .  This  t ype  of i n s t a b i l i t y  i s  u s u a l l y  c h a r a c t e r i z e d  
by coupled f l a p  bending, lead- lag bending, and t o r s i o n  d e f l e c t i o n s  of t h e  
b lade  w i th  a f requency n e a r  t h e  lead- lag bending n a t u r a l  f requency. The s t r u c -
t u r a l  coupl ing of c a n t i l e v e r  b lades  i s  s i g n i f i c a n t l y  dependent on t h e  s p e c i f i c  
c o n f i g u r a t i o n  parameters of  t h e  r o t o r  b lade .  The magnitude and v a r i a b i l i t y  of 
t h i s  coupl ing make t h e  a n a l y s i s  of c a n t i l e v e r  r o t o r  b l a d e s  a complex and impor-
t a n t  s u b j e c t .  Moreover, t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of  h i n g e l e s s  r o t o r  
b l a d e s  are s t i l l  n o t  w e l l  understood,  even though c o n s i d e r a b l e  work has  been 
devoted t o  t h i s  problem r e c e n t l y .  The p r e s e n t  i n v e s t i g a t i o n  i s  i n tended  t o  
prov ide an improved understanding of t h e  b a s i c  s t r u c t u r a l  a s p e c t s  of t h e s e  
problems; t h e r e f o r e ,  t h e  e f f e c t s  of chordwise o f f s e t s  between t h e  e las t i c ,  
m a s s ,  t e n s i o n ,  and aerodynamic c e n t e r  axes are n o t  i nc luded  i n  t h i s  r e p o r t .  

The genera l  equa t ions  of motion f o r  a t o r s i o n a l l y  f l e x i b l e  c a n t i l e v e r  
r o t o r  b l a d e  c o n t a i n  impor tant  n o n l i n e a r  i n e r t i a l  and s t r u c t u r a l  t e r m s .  These 
n o n l i n e a r i t i e s  may be  expected t o  cause n o n l i n e a r  b lade  motion behav io r ,  such 
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as l i m i t  c y c l e s  o r  n o n l i n e a r  i n s t a b i l i t i e s .  For t h e  p r e s e n t  r e p o r t ,  t h i s  type 
of  behavior  i s  n o t  cons ide red ,  and o n l y  t h e  l i n e a r  s t a b i l i t y  c h a r a c t e r i s t i c s  
are t r e a t e d .  Th is  does n o t  mean, however, t h a t  n o n l i n e a r  terms i n  t h e  equa-
t i o n s  are ignored.  In t h e  p r e s e n t  a n a l y s i s ,  p e r t u r b a t i o n  equa t ions  are 
ob ta ined  by l i n e a r i z i n g  t h e  n o n l i n e a r  equa t ions  about  a s u i t a b l e  e q u i l i b r i u m  
cond i t i on .  The i n f l u e n c e  of  t h e  n o n l i n e a r  terms is t hen  man i fes t  i n  t h e  
c o e f f i c i e n t s  of  t h e  l i n e a r  p e r t u r b a t i o n  equat ions.  

I f  i t  is necessa ry  t o  t reat  t h e  complete n o n l i n e a r  e q u a t i o n s ,  more e lab-
o r a t e  a n a l y s e s  must be  used such as numer ica l  i n t e g r a t i o n  of  t h e  equa t ions  o r  
asymptot ic  expansion techniques.  However, t h e s e  methods are more d i f f i c u l t  t o  
apply  than  t h e  s tandard  e igenva lue  methods used f o r  l i n e a r  equa t ions  and they  
are n o t  as w e l l  s u i t e d  t o  i n v e s t i g a t i o n s  where e x t e n s i v e  numerical  r e s u l t s  are 
d e s i r e d  f o r  a broad range of system parameters.  Furthermore, an a n a l y s i s  of 
t h e  n o n l i n e a r i t i e s  cannot be  j u s t i f i e d  l o g i c a l l y  u n t i l  t h e  l i n e a r  behavior  o f  
t h e  system i s  s u f f i c i e n t l y  w e l l  understood. For t h e s e  reasons  t h e  scope of  
t h e  p r e s e n t  r e p o r t  i s  r e s t r i c t e d  t o  a l i n e a r  s t a b i l i t y  a n a l y s i s  based on 
l i n e a r i z a t i o n  of t h e  g e n e r a l  n o n l i n e a r  equa t ions  of motion found i n  r e f e r e n c e  1. 
Before b r i e f l y  d e s c r i b i n g  t h e  procedure used i n  t h i s  r e p o r t ,  i t  w i l l  b e  u s e f u l  
t o  review p rev ious  r e l a t e d  research .  

Discuss ion of Prev ious Research 

Recent i n v e s t i g a t i o n s  of f l ap - lag - to rs ion  s t a b i l i t y  of e l a s t i c  c a n t i -
lever r o t o r  b l a d e s  w e r e  preceded by s imp le r  a n a l y s e s  of  f l a p - l a g  s t a b i l i t y  
o f  t o r s i o n a l l y  r i g i d  b lades .  These f l a p - l a g  i n v e s t i g a t i o n s  revea led  some 
of t h e  comp lex i t i es  of  n o n l i n e a r  aerodynamic and i n e r t i a l  f l ap - lag  coupl ing 
t e r m s  of  c a n t i l e v e r  r o t o r  b l a d e s .  The e a r l y  f l a p - l a g  a n a l y s e s  u s u a l l y  
r e l i e d  on a n  approximate r e p r e s e n t a t i o n  c o n s i s t i n g  of a r i g i d  b lade  w i t h  
s p r i n g  r e s t r a i n e d  h inges  a t  t h e  hub t o  s imu la te  bending f l e x i b i l i t y .  A t  
t h a t  t i m e ,  t h e  most comprehensive equa t ions  a p p l i c a b l e  t o  r o t a t i n g  e l a s t i c  
beams w e r e  t h e  l i n e a r  e q u a t i o n s  developed by Houbolt and Brooks i n  r e f e r -
ence 2.  

I n  t h e  e a r l y  f l ap - lag  a n a l y s i s  of r e f e r e n c e  3,  Young i n v e s t i g a t e d  t h e  
p o s s i b i l i t y  t h a t  n o n l i n e a r  aerodynamic and i n e r t i a l  coupl ing t e r m s  could be 
d e s t a b i l i z i n g  f o r  h i n g e l e s s  r o t o r s .  Subsequent ly,  Hohenemser and Heaton 
( r e f .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 )  showed t h a t  l i n e a r i z e d  e q u a t i o n s  of motion f o r  t h e  s p r i n g  r e s t r a i n e d ,  
h inged,  r i g i d  b l a d e  approximat ion could be  used t o  i n v e s t i g a t e  f l ap - lag  i n s t a -
b i l i t y  i n  hover and forward f l i g h t .  Fu r the r  i n v e s t i g a t i o n s  i n  hover by 
Ormiston and Hodges ( r e f .  5 ) ,  a g a i n  us ing  t h e  r i g i d  b lade  approximat ion,  
showed t h a t  t h e  d i s t r i b u t i o n  of f l e x i b i l i t y  inboard and outboard of t h e  p i t c h  
b e a r i n g  ( t h e  degree of f l a p - l a g  s t r u c t u r a l ,  o r  e las t ic ,  coupl ing)  w a s  an 
impor tant  f a c t o r  i n f l u e n c i n g  s t a b i l i t y .  Flap- lag s t a b i l i t y  of e l a s t i c  c a n t i -
lever b lades  w i t h  uni form p r o p e r t i e s  w a s  s t u d i e d  by Hodges and Ormiston 
( r e f s .  5 and 6 ) ,  based on a d e r i v a t i o n  of n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa-
t i o n s  s u i t a b l e  f o r  e las t i c  h i n g e l e s s  r o t o r  b lades .  The r e s u l t s  confirmed t h a t  
t h e  approximate r i g i d  b l a d e  model could a c c u r a t e l y  p r e d i c t  l ead - lag  damping 
prov ided t h a t  t h e  f l a p - l a g  s t r u c t u r a l  coupl ing w a s  p r o p e r l y  rep resen ted .  
S i m i l a r  equa t ions  w e r e  s t u d i e d  by Friedmann and Tong ( r e f s .  7 and S ) ,  except  
t h a t  f l a p - l a g  s t r u c t u r a l  coupl ing w a s  n o t  inc luded.  The s t a b i l i t y  



c h a r a c t e r i s t i c s  w e r e  determined by u s i n g  an asymptot ic  expansion procedure 
w i t h  m u l t i p l e  t i m e  scales. The r e s u l t s  i n d i c a t e d  t h a t  c e r t a i n  c o n f i g u r a t i o n s  
shown t o  be  u n s t a b l e  from a s imple l i n e a r i z e d  s t a b i l i t y  a n a l y s i s  would e x h i b i t  
l a r g e  ampl i tude l i m i t - c y c l e  behav io r  w i t h  t h e  more e l a b o r a t e  a n a l y s i s .  

Concurrent ly  w i t h  t h e  r e s t r i c t e d  f l a p - l a g  s t a b i l i t y  a n a l y s e s ,  e f f o r t s  
w e r e  a l s o  made t o  i n v e s t i g a t e  t h e  complete problem i n c l u d i n g  t o r s i o n a l  b lade  
d e f l e c t i o n s .  To rs ion  d e f l e c t i o n s  of h i n g e l e s s  r o t o r  b l a d e s  are s t r o n g l y  i n f l u -
enced by n o n l i n e a r  s t r u c t u r a l  moments caused by f l a p  and lead - lag  bending. 
Th is  bending- tors ion s t r u c t u r a l  coup l i ng ,  d i s c u s s e d  by M i l '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa l .  ( r e f .  9 )  is 
p r o p o r t i o n a l  t o  t h e  product  o f  t h e  f l a p  and lead - lag  bending c u r v a t u r e s  and 
t h e  d i f f e r e n c e  between t h e  two bending f l e x i b i l i t i e s .  Other i n v e s t i g a t o r s  
have a l s o  noted t h e  importance of  bending- tors ion s t r u c t u r a l  coupl ing 
( r e f s .  10-13) and i t  h a s  been approximated i n  some s t a b i l i t y  a n a l y s e s  u s i n g  
t h e  r i g i d ,  h inged b l a d e  approximat ion ( r e f s .  14-16). The l a t t e r  a n a l y s e s  a l s o  
i n c l u d e  f u s e l a g e  degrees  of  freedom as w e l l  as r o t o r  b l a d e  d e f l e c t i o n s .  

One of  t h e  f irst e f f o r t s  toward t h e  n o n l i n e a r  f l a p - l a g - t o r s i o n  problem 
f o r  a f u l l y  e las t ic  b l a d e  w a s  a d e r i v a t i o n  of  n o n l i n e a r  e q u a t i o n s  of motion 
f o r  e las t i c  f l a p  bending, l ead - lag  bending, and t o r s i o n  of r o t a t i n g  beams by 
Arcidiacono ( r e f .  1 7 ) .  The e q u a t i o n s  w e r e  der i ved  i n  a reasonably  d e t a i l e d  
and complete manner; however, some s m a l l  n o n l i n e a r  i n e r t i a l  terms w e r e  no t  
inc luded.  

Friedmann and Tong ( r e f .  7 )  and Friedmann ( r e f .  18) a l s o  developed f l a p -
l a g - t o r s i o n  equa t ions .  E las t i c  f l a p  and lead - lag  bending of  a uniform b lade  
w e r e  cons idered,  b u t  t h e  t o r s i o n a l  d e f l e c t i o n s  w e r e  approximated by r i g i d  body 
p i t c h i n g  motion ( r o o t  t o r s i o n ) .  The r e s u l t s  of r e f e r e n c e  7 i n d i c a t e d  t h a t  
t o r s i o n  motion w a s  impor tant  and t h a t  t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  w e r e  sen-
s i t i v e  t o  t h e  number and t ype  of assumed bending mode shapes used. Flap- lag 
s t r u c t u r a l  coupl ing w a s  n o t  i nc luded  i n  t h e s e  r e p o r t s ,  however, and o n l y  a few 
numer ica l  r e s u l t s  w e r e  presen ted .  

Hodges ( r e f .  1 9 )  developed a system of n o n l i n e a r  f l ap - lag - to rs ion  equa-
t i o n s  f o r  an e las t i c  t o r s i o n a l l y  f l e x i b l e  c a n t i l e v e r  b l a d e  and a p p l i e d  them t o  
a c a n t i l e v e r  b lade  s t a b i l i t y  a n a l y s i s .  The equa t ions  conta ined some s m a l l  
erroneous s t r u c t u r a l  t e r m s  l a t e r  shown t o  be due t o  i n c o r r e c t  s h e a r  s t r a i n -
displacement r e l a t i o n s .  Numerical r e s u l t s  i l l u s t r a t e d  t h e  importance of elas-
t i c  t o r s i o n a l  f l e x i b i l i t y  and t h e  p o s s i b i l i t y  of o m i t t i n g ,  f o r  some conf igura-
t i o n s ,  t o r s i o n a l  dynamics from t h e  equa t ions  of motion and r e t a i n i n g  only  t h e  
s t r u c t u r a l  (k inemat ic)  e f f e c t s  o f  t o r s i o n .  

Hodges and Dowel1 ( r e f .  1) c o r r e c t e d  and extended Hodges' d e r i v a t i o n  of  
t h e  n o n l i n e a r  f l ap - lag - to rs ion  equa t ions  u s i n g  bo th  Hamil ton's p r i n c i p l e  and 
t h e  Newtonian method. P r i o r  t o  formal p u b l i c a t i o n  of r e f e r e n c e  1, Hodges and 
Ormiston ( r e f .  20)  a p p l i e d  t h e s e  equa t ions  t o  a uniform r o t o r  b lade  of  s o l i d  
c r o s s  s e c t i o n .  Without b lade  precone, most h i n g e l e s s  r o t o r  c o n f i g u r a t i o n s  
w i th  uni form b lade  p r o p e r t i e s  and t y p i c a l  bending and t o r s i o n  f r e q u e n c i e s  w e r e  
found t o  be  s t a b l e .  P o s i t i v e  precone w a s  found t o  be  d e s t a b i l i z i n g  i n  t h e  
range of t y p i c a l  l ead - lag  and t o r s i o n  f requenc ies .  The main d e s t a b i l i z i n g  
f a c t o r s  were shown t o  be  t h e  bending- tors ion s t r u c t u r a l  coupl ing and, f o r  
c o n f i g u r a t i o n s  of  low t o r s i o n a l  s t i f f n e s s ,  t o r s i o n a l  dynamics. 
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Additional numerical results were presented by Friedmann in refer-  
ences 21-23. In references 21 and 22, flap-lag structural coupling was  
omitted and an error in the equations led to incorrect conclusions regarding  
the importance of blade droop (as mentioned in the discussion of ref. 22). In  
reference 23, flap-lag structural coupling was included and thus the problem  
treated was similar to that of reference 20, except for the representation of  
torsion motion.  

With the possible exception of reference 20, the work cited above does  
not furnish extensive numerical results for the stability characteristics of  
elastic cantilever rotor blades. This report is intended to provide results  
for a broad range of system parameters and to illustrate the general stability  
characteristics of hingeless rotors. It is an extension of reference 20 and  
incorporates the following changes: (1) the assumption of a blade model with  
a solid cross section is discarded, thereby permitting the stiffness and  
inertial parameters of the blade to be specified independently; (2) a suffi-  
ciently large number of assumed mode shapes is used to ensure convergence;  
( 3 )  along with some notational changes, the blade configurations are defined 
in terms of rotating natural frequencies rather than nonrotating frequencies; 
and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 )  blade configurations with various degrees of flap-lag structural 
coupling are represented by introducing a structural coupling parameter 67. 

Procedure  

The derivation of the general nonlinear equations of motion for an elastic  
rotating cantilever beam (ref. 1) is summarized in this report and specialized  
to a basic cantilever blade configuration without twist, nonuniformities in  
mass and stiffness, or chordwise offsets. A detailed derivation of the aero-  
dynamic forces is given based on strip theory and on a quasi-steady approxima-  
tion of unsteady aerodynamic theory for a two-dimensional airfoil. The non-  
linear partial differential equations are transformed into a system of ordinary  
differential equations by Galerkin’s method. These nonlinear equations of the  
generalized coordinates are linearized for small perturbation motions about  
the equilibrium operating condition. An iterative solution of the nonlinear  
algebraic equilibrium equations enables the coefficients of the perturbation  
differential equations to be determined. Finally, the eigenvalues of the per-  
turbation equations that determine the dynamic stability of blade motions  
about the equilibrium are obtained. Coupled mode shapes, determined from free  
vibrations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(in vacuo) of the blade about the equilibrium operating condition,  
are used.  

The equations are solved for a variety of practical hingeless rotor con-  
figurations with emphasis on the variation of torsion frequency, lead-lag fre-  
quency, precone, the structural coupling parameter, and the collective pitch.  
Results are presented in the form of plots of equilibrium tip deflection,  
locus of roots, lead-lag damping, and stability boundaries.  
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GENERAL HINGELESS ROTOR CONFIGURATION PARAMETERS 

A comprehensive s tudy  of h i n g e l e s s  r o t o r  s t a b i l i t y  is a formidable t a s k  
because t h e r e  i s  a l a r g e  number o f  impor tant  c o n f i g u r a t i o n  parameters.  The 
purpose of  t h e  p r e s e n t  r e p o r t  is t o  i n v e s t i g a t e  t h e  pr imary parameters of  a 
somewhat s i m p l i f i e d  c o n f i g u r a t i o n  i n  a s y s t e m a t i c  manner; t h e  remaining param-
eters are n o t  considered.  I n  o r d e r  t o  p l a c e  t h e  p r e s e n t  s i m p l i f i e d  conf igura-
t i o n  i n  p roper  p e r s p e c t i v e  i t  i s  a p p r o p r i a t e  t o  d e s c r i b e  t h e  p h y s i c a l  charac-
te r is t i cs  and d e f i n e  t h e  parameters o f  a 

Inboard 
segment 

\ 

Figure 1.- Primary e lements of 
h i n g e l e s s  r o t o r  b lade  (not 
e lements are considered i n  
p r e s e n t  a n a l y s i s ) .  

Rotor 
hub 

a t y p i c a l  
a l l  t h e s e  
t h e  

t y p i c a l  h i n g e l e s s  r o t o r  b lade .  

The g e n e r a l  c a n t i l e v e r  b l a d e  
s t r u c t u r e ,  shown i n  f i g u r e  1, i s  
composed of  two f l e x i b l e  beam seg-
ments j o i n e d  by t h e  p i t c h  change 
bear ing .  The inboard hub segment i s  
f i x e d  t o  t h e  hub a t  t h e  r o o t  end of 
t h e  b l a d e ,  wh i l e  t h e  outboard seg-
ment can be  r o t a t e d  about t h e  p i t c h  
change b e a r i n g  by ver t i ca l  movement 
of  t h e  p i t c h  l i n k  from t h e  swash-
p l a t e  c o n t r o l s .  P i t c h  l i n k  f l e x i -
b i l i t y ,  r e p r e s e n t e d  by a s p r i n g  ele-
ment, w i l l  permi t  r i g i d  body p i t c h i n g  
motion of t h e  outboard b lade  segment 
( i . e . ,  r o o t  t o r s i o n ) .  I n  g e n e r a l ,  
bo th  t h e  inboard and outboard seg-
ments o f  t h e  r o t o r  b l a d e  w i l l  have 
l a r g e  nonun i fo rm i t i es  of  m a s s ,  bend-

i n g  s t i f f n e s s ,  and t o r s i o n a l  r i g i d i t y ,  and bo th  segments w i l l  bend and t w i s t .  
These nonun i fo rm i t i es  c o n t r i b u t e  t o  t h e  impor tant  and complex s t r u c t u r a l  
coupl ing between t h e  f l a p  bending, lead- lag bending, and t o r s i o n  of h i n g e l e s s  
r o t o r  b lades .  Some a d d i t i o n a l  c o n f i g u r a t i o n  parameters of importance are pre-
cone, droop, t o rque  o f f s e t ,  and sweep, a l l  o f  which are i l l u s t r a t e d  i n  
f i g u r e  2.  These geometr ic  parameters a r e  u s u a l l y  t a i l o r e d  t o  minimize t h e  
s t e a d y  s t a t e  r o t o r  b lade  stresses o r  t o  improve r o t o r c r a f t  f l y i n g  q u a l i t i e s ,  
b u t  t hey  can a l s o  have an impor tant  i n f l u e n c e  on r o t o r  b lade  s t a b i l i t y .  

The above f e a t u r e s  may d i f f e r  f o r  c e r t a i n  s p e c i a l  h i n g e l e s s  r o t o r  con-
f i g u r a t i o n s .  For example, i t  is  n o t  uncommon f o r  t h e  inboard beam segment t o  
be e l i m i n a t e d  e n t i r e l y  by p l a c i n g  t h e  p i t c h  change b e a r i n g  i n  t h e  hub i t s e l f ,  
t h u s  l e a v i n g  o n l y  a s i n g l e  outboard b l a d e  segment. O r  t h e  p i t c h  b e a r i n g  may 
be  e l i m i n a t e d  by making t h e  inboard segment v e r y  f l e x i b l e  i n  t o r s i o n  s o  t h a t  
p i t c h  change of t h e  outboard segment is accommodated by t w i s t i n g  t h e  inboard 
segment. 

The b lade  s t r u c t u r e  i t s e l f  may a l s o  i n f l u e n c e  t h e  s t a b i l i t y  c h a r a c t e r i s -
t i cs .  A r o t o r  b l a d e  may c o n s i s t  of several s p a r ,  s k i n ,  s t i f f e n e r ,  and balance 
weight components, o r  i t  may be molded from many l a y e r s  of  composite m a t e r i a l s  
bonded t o g e t h e r .  These materials must a l l  be  t a i l o r e d  t o  p rov ide  a c c e p t a b l e  
aerodynamic, s t r e n g t h ,  and s t i f f n e s s  p r o p e r t i e s .  Add i t i ona l  parameters 
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i n f l uenced  by t h e s e  c o n s t r u c t i o n  
d e t a i l s  are t h e  p o s i t i o n s  of t h e  m a s s  
c e n t e r ,  t e n s i o n  c e n t e r ,  e las t i c  a x i s  
( s h e a r  c e n t e r ) ,  and t h e  aerodynamic 
c e n t e r .  I f  t h e s e  are n o t  c o i n c i d e n t ,  
a d d i t i o n a l  s t r u c t u r a l ,  i n e r t i a l ,  and 
aerodynamic coupl ing between bending 
and t o r s i o n  d e f l e c t i o n s  w i l l  b e  i n t r o -
duced and may s t r o n g l y  i n f l u e n c e  r o t o r  
b l a d e  s t a b i l i t y ,  as i n  t h e  case of an 
a r t i c u l a t e d  b lade.  The r o t o r  b lade  
may a l s o  be  s p e c i a l l y  designed t o  
produce d e s i r a b l e  s t r u c t u r a l  coupl ing 
e f f e c t s ;  t h e s e  e f f e c t s  may i n c l u d e  
e q u i v a l e n t  p i t c h - f l a p  and p i t ch - lag  
coupl ing,  bo th  of which can improve 
bo th  r o t o r  b lade  s t a b i l i t y  and r o t o r -
c r a f t  f l y i n g  q u a l i t i e s .  S i m i l a r  
coup l i ng  e f f e c t s  may r e s u l t  from t h e  
k inemat i cs  of t h e  p i t c h - l i n k  connec-
t i o n  between t h e  outboard b lade  seg-
ment and t h e  swashplate c o n t r o l  system 
I f  t h e  inboard b l a d e  segment i s  espe-
c i a l l y  l ong  o r  f l e x i b l e ,  t h i s  kine-
m a t i c  coupl ing may be  p a r t i c u l a r l y  
s i g n i f i c a n t  because t h e  motion of 
t h e  p i t c h  bear ing  due t o  b lade  bend-
i n g  i s  i nc reased .  

TOD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAview 

Droop 
A

\- I 
. 

Precone  

S ide  view 

F igu re  2.- Conf igurat ion parameters 
of a h i n g e l e s s  r o t o r  b lade  (of 
t h e s e  parameters on ly  precone i s  
considered i n  t h e  p r e s e n t  a n a l y s i s ) .  

A s  noted above, n o t  a l l  t h e  r o t o r  b lade  d e t a i l s  desc r ibed  h e r e  are con-
s i d e r e d  i n  t h i s  r e p o r t .  The p r e s e n t  a n a l y s i s  t rea ts  t h e  e las t i c  f l a p ,  lead-
l a g ,  and t o r s i o n  d e f l e c t i o n s  of a s imple untwis ted uni form b lade  w i th  precone,  
but  exc ludes p i t c h  l i n k  f l e x i b i l i t y ,  droop, sweep, o r  t o rque  o f f s e t .  Fur ther-
more, m a s s ,  t e n s i o n  a x i s ,  and aerodynamic c e n t e r  o f f s e t s  from t h e  e l a s t i c  a x i s  
are a l l  zero.  The e q u a t i o n s  of  motion a r e  w r i t t e n  f o r  a s i n g l e  outboard b lade  
segment wi thout  a f l e x i b l e  hub segment inboard of t h e  p i t c h  bear ing.  However, 
t h e  e f f e c t s  of v a r i a b l e  s t r u c t u r a l  coupl ing due t o  t h e  inboard and outboard 
segments are s imu la ted  by i n t r o d u c i n g  t h e  s t r u c t u r a l  coupl ing parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6? 
t o  a r b i t r a r i l y  va ry  t h e  s t r u c t u r a l  coupl ing i n  t h e  uni form b lade  equa t ions .  

EQUATIONS OF MOTION 

The equa t ions  of motion are taken from r e f e r e n c e  1 and s p e c i a l i z e d  f o r  
t h e  p r e s e n t  s i m p l i f i e d  b l a d e  c o n f i g u r a t i o n  hav ing uni form m a s s  and s t i f f n e s s ,  
no t w i s t ,  and no chordwise o f f s e t s  of t h e  e las t ic  a x i s ,  t e n s i o n  a x i s ,  o r  
c e n t e r  of m a s s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA b r i e f  o u t l i n e  of t h e  d e r i v a t i o n  i s  given f o r  completeness, 
and one m o d i f i c a t i o n  t o  t h e  e q u a t i o n s  i s  made t o  accommodate an approximate 
s t r u c t u r a l  coupl ing parameter  f o r  expanding t h e  scope of  t h e  numer ica l  r e s u l t s .  
The e x p r e s s i o n s  f o r  aerodynamic f o r c e s  are n o t  i nc luded  i n  r e f e r e n c e  1; t hey  
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are der i ved  i n  d e t a i l  below on t h e  b a s i s  of  two-dimensional unsteady aerody-
namic theo ry .  

Coord inate Systems 

Consider t h e  undeformed beam i n  f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 w i t h  i ts  elast ic axis c o i n c i d e n t  
w i t h  t h e  x axis of t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx, y,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz coord ina te  system r o t a t i n g  w i t h  a c o n s t a n t  
a n g u l a r  v e l o c i t y  about a f i x e d  p o i n t  a t  t h e  o r i g i n .  The y a x i s  l i es  i n  t h e  

Axis of 
rotation 

F igu re  3.- Rotor b l a d e  coo rd ina te  sys-
t e m s  and d e f l e c t i o n s .  

= Y  

F igu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4.- Rotor b l a d e  c r o s s  s e c t i o n  
b e f o r e  and a f t e r  d e f l e c t i o n s ;  n o t e  
t h a t  y '  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz '  are p r o j e c t i o n s  on 
t h e  y ,  z plane.  

p lane  of  r o t a t i o n  and t h e  x axis 
i s  r o t a t e d  through a s m a l l  a n g l e  

BPc from t h e  p lane  of  r o t a t i o n .  
Bending d e f l e c t i o n s  of t h e  beam are 
d e f i n e d  by t h e  d isp lacements u ,  v, 
and w of t h e  e las t ic  a x i s  p a r a l l e l  
t o  t h e  x, y ,  z c o o r d i n a t e s ,  
r e s p e c t i v e l y .  A second c o o r d i n a t e  
system, x ' ,  y ' ,  and z ' ,  f i x e d  t o  t h e  
b lade  w i t h  y ' ,  z' axes p a r a l l e l  t o  
t h e  beam c r o s s  s e c t i o n  p r i n c i p a l  
axes, moves w i t h  t h e  b l a d e  as i t  
undergoes bending d i sp lacemen ts ,  
t o r s i o n a l  d isp lacements,  and p i t c h  
a n g l e  r o t a t i o n ,  8 .  The p r o j e c t i o n  
of  t h e  beam c r o s s  s e c t i o n  i n  t h e  y ,  
z p lane  i s  shown b e f o r e  and a f t e r  
deformat ion i n  f i g u r e  4 .  Before 
deformat ion,  t h e  b l a d e  p r i n c i p a l  axes  
are r o t a t e d  w i t h  r e s p e c t  t o  t h e  
undeformed c o o r d i n a t e s  by t h e  p i t c h  
angle.  A f t e r  deformat ion,  t h e  elas-
t i c  a x i s  is d i s p l a c e d  by u ,  v, w 
and t h e  b l a d e  t w i s t e d  through t h e  
a n g l e  $. Although t h e  deformed 
y ' ,  z '  axes  do n o t  l i e  e x a c t l y  i n  
t h e  y ,  z p l a n e ,  t h e i r  p r o j e c t i o n  
i n  t h a t  p l a n e  i s  shown i n  f i g u r e  4 .  
A s m a l l  apparen t  t w i s t ,  d i scussed  i n  
r e f e r e n c e  2 4 ,  i s  neg lec ted  by ignor-
i n g  t h e  d i f f e r e n c e  between t h e  a c t u a l  
and t h e  p r o j e c t e d  t w i s t  a n g l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI$, 
bu t  t h i s  must be  accounted f o r  i n  
d e r i v i n g  t h e  b l a d e  aerodynamic 
f o r c e s .  

8 



S t r u c t u r a l  and I n e r t i a l  T e r m s  

The equa t ions  of motion are d e r i v e d  u s i n g  Hami l ton 's  p r i n c i p l e  

st2(6U -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6T - 6W)dt = 0 
-t, 

where t h e  s t r a i n  energy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU, t h e  k i n e t i c  energy T, and t h e  v i r t u a l  work of 
e x t e r n a l  f o r c e s  6 W  are given by 

u = -1 
2 1  

0 A 

PR 
6 W  = ]

n 

(Lu6u + Lv6v + Lw6w + M+6+)dx Iu 

For t h e  s t r a i n  energy,  t h e  stresses are p r o p o r t i o n a l  t o  t h e  straiqs: 
oXx = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoxo = GE~,,, and ax5 = G E ~ ? .  I n  t h e  k i n e t i c  energy,  V i s  t h e  
v e l o c i t y  v e c t o r  of a n  a r b i t r a r y  p o i n t  i n  t h e  b lade.  The l o a d s  L,, Lv,  L,, 
and M+ are of  aerodynamic o r i g i n  and are t r e a t e d  below. The s t r a i n  d i s p l a c e -
ment r e l a t i o n s  as d e r i v e d  i n  r e f e r e n c e  1 are: 

- v"[q cos (e  + +) - g s i n ( @+ + ) I  

- w"[q s i n ( @+ +) + g c o s ( e  + + ) ]  
( 3 )  

where A is t h e  warp f u n c t i o n  f o r  t h e  c r o s s  s e c t i o n .  The f u n c t i o n  X ( q ,  g )  

may be  determined by s o l v i n g  Lap lace ' s  e q u a t i o n  f o r  t h e  s p e c i f i c  c r o s s  s e c t i o n .  

The remaining d e t a i l s  o f  t h e  d e r i v a t i o n  of t h e  equa t ions  of motion are 
given i n  r e f e r e n c e  1. A n  e s s e n t i a l  f e a t u r e  of  t h e  d e r i v a t i o n  i s  t h e  in t roduc-
t i o n  of  an o r d e r i n g  scheme i n  which E ,  a s m a l l  parameter of t h e  o r d e r  of mag-
n i t u d e  of  t h e  bending s l o p e s ,  i s  in t roduced.  The assumed o r d e r  of magnitude 
of a l l  q u a n t i t i e s  used i n  t h e  e q u a t i o n s  appears  i n  t a b l e  1. Within any equa-
t i o n ,  t e r m s  of O ( E ~ )are o r d i n a r i l y  dropped u n l e s s ,  f o r  example, t hey  
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contribute to damping. The resulting dimensional equations are as follows,  
where the radial aerodynamic force component Lu is neglected as a higher  
order term.  

6u equation:  

6v equation:  

J 

6w equation:  

-(Tw')' + [EIyt + (E12r - EIyI)sin2 e]wtttt + (E121 - EIyl) Vtttt  

6 $  equation: 

) +  cos 28 = M+ - ma2(% -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGl) sin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA20+ m G $  + - I+,
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

TABLE 1.- ASSUMED ORDERS OF MAGNITUDE FOR PHYSICAL QUANTITIES 

wc - -v _ --
R R ' R  

vi --
a RR  

d d __ , R - - =  
Rdt dx 

0 (E-2)  

EIy I EI, I  

mR'$ ' mR'R' ' mR'R
GJ 4 = O ( 1 )  

8 (aerodynamic = O ( E )  
forces only) 
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where the tension is given by  

T=EAu '+ -CC)  ( ";' 2 

and  

kA2 
I
Yl 

+ 1,l 

A  

dn dg  

These cross-sectional integrals in equation (6) define the structural and mass 
properties of the rotor blade cross section. The subscripts s or m refer 
to integration over the portion of the cross section which contributes struc-
tural or mass characteristics, respectively. These properties are the radial 
stiffness EA, the flapwise and chordwise bending stiffness E1 1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE I z l ,  
the polar radius of gyration zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAkA, the torsional rigidity G J ,  tge mass per 
unit length m, the flapwise and chordwise principal mass moments of inertia 

mk& 
1 2 

m G .and m% , and the torsional mass moment of inertia 

The present nonlinear equations may be compared directly with the well-  
known linear equations of Houbolt and Brooks (ref. 2). When specialized to 
untwisted beams with uniform mass and stiffness and with no chordwise offsets, 
the equations of Houbolt and Brooks are identical to the present equations 
with the exception that the underlined terms in equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 )  are not present. 
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The under l i ned  n o n l i n e a r  t e r m s  arise from b o t h  i n e r t i a l  and s t r u c t u r a l  e f f e c t s  
and they  are impor tant  f o r  dynamic a n a l y s e s  of c a n t i l e v e r  r o t o r  b l a d e s .  (The 
under l i ned  t e r m s  due t o  precone Bpc are l i n e a r ,  b u t  precone w a s  n o t  consid-
e r e d  by Houbolt and Brooks.) 

The v a r i o u s  t e r m s  i n  t h e  p r e s e n t  e q u a t i o n s  w i l l  now b e  b r i e f l y  desc r ibed .  
W e  f i r s t  d i s c u s s  t h e  i n e r t i a l  t e r m s ,  and i n  p a r t i c u l a r  t h e  n o n l i n e a r  f l a p - l a g  
i n e r t i a l  coup l i ng  t e r m s .  I n  t h e  6u equa t ion ,  t h e  te rm -2mR; r e p r e s e n t s  
t h e  c e n t r i f u g a l  f o r c e  o f  lead- lag d e f l e c t i o n  v e l o c i t y .  Th is  dependence of  
t e n s i o n  on lead- lag d e f l e c t i o n  produces n o n l i n e a r  p r o d u c t s  when T i s  s u b s t i -
t u t e d  i n t o  t h e  (Tv ' ) '  and (Tw')' t e r m s  i n  t h e  l ead - lag  and f l a p  bending equa-
t i o n s .  A s i m i l a r  n o n l i n e a r  exp ress ion  f o r  t h e  2&; C o r i o l i s  term i n  t h e  
lead- lag equa t ion  may be  ob ta ined  by s o l v i n g  f o r  u i n  t e r m s  of  v, w,  and T 
i n  t h e  n o n l i n e a r  s t r a i n  r e l a t i o n ,  equa t ion  (5) .  A s  d i s c u s s e d  i n  r e f e r e n c e  6 ,  
t h e s e  terms must be  i nc luded  t o  p roper l y  r e p r e s e n t  t h e  C o r i o l i s  and c e n t r i f u g a l  
coupl ing between t h e  f l a p  and lead- lag equa t ions .  I n  t h e  t o r s i o n  e q u a t i o n ,  t h e  
tens ion - to rs ion  coupl ing t e r m  -kA2(T$') zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' , has  a s m a l l  c o e f f i c i e n t  and on ly  t h e  
l i n e a r  c o n t r i b u t i o n  - k ~ ~ ( m s 2 ~ / 2 )[ (R2 - x 2 ) $ ' ]  ' i s  r e t a i n e d .  I n e r t i a  t e r m s  i n  
t h e  t o r s i o n  equa t ion  i n c l u d e  t h e  t o r s i o n a l  i n e r t i a  mkm2$ and t h e  t e n n i s  
r a c k e t  e f f e c t ;  t h e  t e n n i s  r a c k e t  e f f e c t  i s  p r o p o r t i o n a l  t o  t h e  d i f f e r e n c e  
between t h e  p r i n c i p a l  m a s s  moments of  i n e r t i a .  W e  n e x t  d i s c u s s  t h e  s t r u c t u r a l  
terms. 

I n  a d d i t i o n  t o  t h e  f a m i l i a r  t o r s i o n a l  r i g i d i t y  t e r m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-GJ$", t h e r e  are t h e  
n o n l i n e a r  bending- tors ion s t r u c t u r a l  coupl ing t e r m s  under l i ned  i n  t h e  t o r s i o n  
equa t ion ,  (eq. (4d ) ) .  These terms are probably  t h e  most impor tant  ones f o r  
h i n g e l e s s  r o t o r  s t a b i l i t y  because they  are l a r g e  and s e n s i t i v e  t o  many conf ig-
u r a t i o n  parameters.  They are a c t u a l l y  moments p r o p o r t i o n a l  t o  t h e  d i f f e r e n c e  
between lead - lag  and f l a p  bending s t i f f n e s s  E I , ?  - E I y i ,  and p roduc ts  of  t h e  
f l a p  and lead- lag cu rva tu res .  These terms are d i s c u s s e d  by M i l '  ( r e f .  9) as 
noted i n  t h e  i n t r o d u c t i o n ;  t h e  p r e s e n t  e q u a t i o n s  a l s o  i n c l u d e  t h e  correspond-
i n g  n o n l i n e a r  bending- tors ion t e r m s  i n  t h e  f l a p  and lead - lag  bending e q u a t i o n s  
(eqs. (4b ) ,  ( 4 c ) ) .  The f l ap - lag  s t r u c t u r a l  coup l i ng  terms i n  e q u a t i o n s  (4b) 
and ( 4 c ) ,  w i th  c o e f f i c i e n t s  p r o p o r t i o n a l  t o  E I , ?  - E I y '  are l i n e a r  and are 
inc luded i n  t h e  e q u a t i o n s  of Houbolt and Brooks. These t e r m s  couple f l a p  bend-
i n g  and lead - lag  bending e l a s t i c a l l y  when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf 0 and,  l i k e  t h e  bending- tors ion 
coupl ing t e r m s ,  t hey  are p r o p o r t i o n a l  t o  t h e  d i f f e r e n c e  between t h e  l ead - lag  
and f l a p  bending s t i f f n e s s e s .  I n  some a n a l y s e s ,  such as t h o s e  of r e f e r e n c e s  7 ,  
18, 21, and 22 ,  t h e s e  t e r m s  have been d i s c a r d e d ,  a l t hough  they  s t r o n g l y  i n f l u -
ence t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of some h i n g e l e s s  r o t o r  b l a d e  c o n f i g u r a t i o n s .  

I n  g e n e r a l ,  t h e  f l a p - l a g  s t r u c t u r a l  coupl ing terms are a l s o  dependent on 
b lade  t w i s t  and on bending s t i f f n e s s  d i s t r i b u t i o n s  i n  t h e  case of nonuniform 
b lade  c o n f i g u r a t i o n s .  I n  p a r t i c u l a r ,  t h e  f l a p - l a g  s t r u c t u r a l  coupl ing i s  
dependent on t h e  relat ive s t i f f n e s s  of t h e  b l a d e  segments inboard and outboard 
of t h e  p i t c h  bear ing .  This  i s  because t h e  p r i n c i p a l  e las t i c  axes  of  t h e  out-
board b lade  segment r o t a t e  through an a n g l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 as t h e  b lade  p i t c h  varies 
whi le  t h e  inboard segment p r i n c i p a l  axes do n o t .  The r e s u l t a n t  e f f e c t i v e  
o r i e n t a t i o n  of  p r i n c i p a l  axes depends on t h e  b lade  geometry and d i s t r i b u t i o n  
of bending s t i f f n e s s  inboard and outboard of t h e  p i t c h  bear ing .  Although t h e  
v a r i a t i o n s  i n  t h e s e  coupl ing e f f e c t s  s i g n i f i c a n t l y  i n f l u e n c e  s t a b i l i t y ,  t hey  
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are n o t  p r e s e n t  i n  t h e  case of  a s imp le  s i n g l e  segment uni form beam; t h e y  are 
d i f f i c u l t  t o  i n c l u d e  e x a c t l y  w i thou t  r e s o r t i n g  t o  a more g e n e r a l  b l a d e  con-
f i g u r a t i o n  and a more s o p h i s t i c a t e d  a n a l y s i s .  However, a n  approximate rep re -
s e n t a t i o n  of  t h e s e  e f f e c t s  may b e  i n t roduced  i n  t h e  p r e s e n t  e q u a t i o n s  w i th  no 
i n c r e a s e  i n  complexi ty.  Th i s  i s  accomplished by a r b i t r a r i l y  assuming t h a t  t h e  
average i n c l i n a t i q n  of  t h e  p r i n c i p a l  e las t ic  axes  of a nonuniform b l a d e  i s  
e q u a l  t o  some f r a c t i o n  of  t h e  i n c l i n a t i o n  of  t h e  p r i n c i p a l  axes  of  a uniform 
s i n g l e  segment b lade.  This  e n t a i l s  r e p l a c i n g  8 by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA638 i n  t h e  s t r u c t u r a l  
t e r m s  i n  t h e  e q u a t i o n s  w h i l e  t h e  m a s s  and i n e r t i a l  t e r m s  are unchanged. The 
f a c t o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdi i s  c a l l e d  t h e  s t r u c t u r a l  coupl ing parameter .  When di. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1, t h e  
o r i g i n a l  e q u a t i o n s  are r e t a i n e d ,  b u t  as di i s  reduced t o  ze ro ,  t h e  f l a p - l a g  
s t r u c t u r a l  coup l i ng  t e r m s  d im in i sh  and e v e n t u a l l y  vanish.  The s t r u c t u r a l  cou-
p l i n g  parameter di a l s o  i n f l u e n c e s  t h e  bending- tors ion s t r u c t u r a l  coupl ing 
t e r m s ,  b u t  t o  a lesser degree.  

A s  de f ined  h e r e ,  t h e  s t r u c t u r a l  coupl ing parameter  63 i s  n e a r l y  equiva-
l e n t  ( f o r  small p i t c h  a n g l e s )  t o  a n  analogous parameter R used i n  r e f e r -
ence 5 t o  c h a r a c t e r i z e  t h e  v a r i a b l e  f l ap - lag  s t r u c t u r a l  coup l i ng  of  t h e  
approximate r i g i d ,  h inged b l a d e  r e p r e s e n t a t i o n  of a n  e las t i c  b lade .  Add i t i ona l  
d i s c u s s i o n  of f l a p - l a g  s t r u c t u r a l  coupl ing i s  given i n  r e f e r e n c e  5. 

I n  t h e i r  p r e s e n t  form, i n c l u d i n g  t h e  n o n l i n e a r  s t r a i n  r e l a t i o n ,  t h e r e  are 
f i v e  n o n l i n e a r  e q u a t i o n s  i n  u, v, w ,  +, and T. These equa t ions  can be s i m -
p l i f i e d  by s u b s t i t u t i o n  t o  e l i m i n a t e  u and T as dependent v a r i a b l e s ,  fo l low-
i n g  t h e  procedure g iven i n  r e f e r e n c e s  1, 6 ,  19,  and 20. F i r s t ,  t h e  6u equa-
t i o n  i s  i n t e g r a t e d  t o  o b t a i n  t h e  t e n s i o n :  

This  equa t ion  is s u b s t i t u t e d  i n t o  t h e  6v, 6w, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 4  e q u a t i o n s  t o  e l i m i n a t e  

T.  When equa t ion  ( 7 )  i s  s u b s t i t u t e d  i n t o  t h e  6 +  e q u a t i o n ,  t h e  2mR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASRzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc dx 
X 

t e r m  i s  d isca rded  because i t  i s  O ( s 3 ) .  The 2mRc t e r m  i n  t h e  6v equa t ion  
i s  rep laced  as f o l l o w s ,  s o l v i n g  f i r s t  f o r  u1 from equa t ion  (5) and s u b s t i t u t -
i n g  equa t ion  ( 7 )  f o r  T.  

u I  = mR2R2-(1 - ;'/R2) + 2mR2R2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjR dx , I2  ,I2 

EA EA RR2 2 2 
X 

This  i s  i n t e g r a t e d  w i t h  r e s p e c t  t o  x and d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  t 
y i e l d i n g  

While n o t  e s s e n t i a l ,  i t  i s  convenient  t o  d i s c a r d  t h e  f i r s t  t e r m  of equa t ion  (9)  
s i n c e  mR2R2/EA = 0(c2) where E is o f  t h e  o r d e r  o f  magnitude of  t h e  bending 

13 



- -  

s l o p e s .  Th is  i s  e q u i v a l e n t  t o  p o s t u l a t i n g  t h a t  t h e  r o t o r  b l a d e  i s  inexten-
s i o n a l  f o r  p e r t u r b a t i o n  bending d e f l e c t i o n s ;  t h a t  is ,  r a d i a l  s h o r t e n i n g  of t h e  
beam i s  a p u r e l y  geometr ic  consequence of t h e  t r a n s v e r s e  bending d e f l e c t i o n s  
of t h e  b lade.  T h i s  assumption is sometimes made on t h e  b a s i s  of i n t u i t i v e  
reasoning;  however, i t  i s  s t r i c t l y  v a l i d  o n l y  f o r  s u f f i c i e n t l y  l a r g e  v a l u e s  of  
t h e  d imensionless r a d i a l  s t i f f n e s s ,  EA/mR2R2. 

A f t e r  s u b s t i t u t i n g  equa t ion  (9) i n t o  t h e  6v equa t ion  (4b ) ,  t h r e e  equa-
t i o n s  f o r  v, w, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 remain. I n  t h e  s t r u c t u r a l  terms, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 h a s  been rep laced  
by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbie accord ing  t o  t h e  d i s c u s s i o n  above. 

6v equa t ion :  

m a  
2 

[v' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( R ~- x 2 ) ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI - 2mR [ dx)' + [EI , I  - (EIZ i  -
EIY 

t )s in2(b ie) ]vr r "  

X 

- 2mRB fi - 2 mR ( V I + '  + w'$')dx + m(G - R2v) = Lv ( l o a )
P C  

0 

6w equa t ion :  

+ sin(26iB) (+w">"] + 2mR2Bpc; + mw.. = Lw - mR2Bpcx ( l ob )  

6+ equa t ion :  

These equa t ions  are n o n l i n e a r ,  i n t e g r o - p a r t i a l  d i f f e r e n t i a l  equa t ions  w i th  
v a r i a b l e  c o e f f i c i e n t s  i n  x. I n  t h e  next  s e c t i o n ,  exp ress ions  f o r  L,, &, 
and M+, t h e  aerodynamic l oad ing  terms, w i l l  be de r i ved .  
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Aerodynamic Loading  

The aerodynamic lift and pitching moment acting on the blade in hover are  
based on Greenberg's extension of Theodorsen's theory (ref. 25) for a two-  
dimensional airfoil undergoing sinusoidal motion in pulsating incompressible  
flow. The rotor blade aerodynamic forces are formulated from strip theory in  
which only the velocity component perpendicular to the blade spanwise axis  
(the x'-axis in the deformed blade coordinate system x', y', zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz' in fig. 5) 
influences the aerodynamic forces. A quasi-steady approximation of the 
unsteady theory for low reduced frequency k is employed in which the 
Theodorsen function C(k) is taken to be unity. The steady induced inflow for 
the rotor is calculated from classical blade element-momentum theory. These 
simplifying assumptions are judged to be adequate for low frequency (mainly 
determined by the blade bending frequencies) stability analyses zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof a hovering 
rotor. 

In Theodorsen's theory (ref. 26) , 
a two-dimensional airfoil is assumed 
to be pivoted about an axis which may 
be distinct, in general, from the 
aerodynamic center axis. The airfoil 
is pitched at an angle E(t) to the 
free stream flowing at constant 
velocity V. The airfoil is veFti-
cally displaced with velocity h(t) 
positive downward as shown in fig-
ure 5. Greenberg has extended 
Theodorsen's theory for pulsating 
free-stream velocity V(t). The 
relations for lift and pitching 
moment per unit length may be 
expressed in terms of the circulatory Figure 5.- Rotor blade airfoil section 
and noncirculatory components in general unsteady mot ion.  

L = L  + L
C NC 

M = M  +c MNC 

With the airfoil pivot axis (analogous to the rotor blade elastic axis) at the  
airfoil quarter chord (the airfoil aerodynamic center) these components are  

=- -
PwaC 

(h
.. + VE + + E  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ c  

LNC zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 4 4 

2 

P -Mc 2 
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The Theodorsen f u n c t i o n  C(k) h a s  been set e q u a l  t o  u n i t y  i n  t h e  c i r c u l a t o r y  
l i f t .  It should be  no ted  t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE i s  t h e  a n g u l a r  p o s i t i o n  of t h e  a i r f o i l  w i t h  
r e s p e c t  t o  space ;  E and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE are t h e  a n g u l a r  v e l o c i t y  and a n g u l a r  a c c e l e r a t i o n  
of t h e  a i r f o i l .  The i n s t a n t a n e o u s  a n g l e  of a t t a c k  of  t h e  a i r f o i l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a = tan-'(Up/UT) i s  t h e  a n g l e  between t h e  a i r f o i l  chord l i n e  and t h e  r e s u l t a n t  
f l u i d  v e l o c i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU of t h e  a i r f o i l .  The a i r f o i l  v e l o c i t y  components i n  t h e  
p r i n c i p a l  a x i s  system y ' ,  z '  are UT and Up shown i n  f i g u r e  5. It is 
d e s i r a b l e  t o  exp ress  t h e  aerodynamic f o r c e s  and moments i n  t e r m s  of  Up and UT. 
Assuming t h a t  t h e  a n g l e s  E and a are s m a l l  y i e l d s  

S u b s t i t u t i o n  of e q u a t i o n s  (13) i n t o  e q u a t i o n s  ( 1 2 )  y i e l d s  

C .
LNC = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA27 (-up + 4 

Lc = -
2 

Next w e  cons ide r  t h e  t o t a l  aerodynamic f o r c e s  i n  d i r e c t i o n s  pa ra l l e l  and 
pe rpend icu la r  t o  t h e  a i r f o i l  chord l i n e .  The n o n c i r c u l a t o r y  l i f t  i s  t aken  t o  
a c t  normal t o  t h e  c h o r d l i n e ,  and t h e  c i r c u l a t o r y  l i f t  i s  taken t o  act  normal 
t o  t h e  r e s u l t a n t  b l a d e  v e l o c i t y  U. An aerodynamic p r o f i l e  d rag  f o r c e  p e r  
u n i t  l e n g t h ,  a c t i n g  p a r a l l e l  t o  t h e  r e s u l t a n t  b l a d e  v e l o c i t y ,  i s  i nc luded  
based on a c o n s t a n t  p r o f i l e  d rag  c o e f f i c i e n t  Cd,-

The f o r c e  components and d i r e c t i o n s  are shown i n  f i g u r e  6. The f o r c e  compo-
n e n t s  T ,  normal t o  t h e  a i r f o i l  chord l i n e ,  and s, p a r a l l e l  t o  t h e  a i r f o i l  
chord l i n e ,  are t h e r e f o r e  

T = LC cos a + LNc + D s i n  a 

S = -Lc s i n  a - D cos a 

From f i g u r e  5 ,  
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t  

U  

Figure 6.- Orientation of components of aerodynamic loading.  

Substitution of equations (14), (15),  and (17) into equations (16), with 
Cd /a neglected with respect to unity, yields

n 
p,ac

T = ___ [-UpUT 
L 

+ -C U
T 

C 'U + 
\ 4 J  J4 p2 L L 4 

The expressions for aerodynamic pitching moment components may be written from  
equations (12) and (13) as  

where U has been approximated by UT in MC. The total pitching moment is 
then given by 

In appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA, Up,  UT, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE are expressed in terms of v, w, and (9 to 
the appropriate order of magnitude. From equations (A3) and (A9)  we have 
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where v i  i s  t h e  induced in f l ow  v e l o c i t y .  The under l i ned  t e r m s  i n  Up pro-
duce second o r d e r  t e r m s  i n  t h e  ang le  of  a t t a c k ;  t hey  are d iscussed  i n  d e t a i l  i n  
r e f e r e n c e  24. These terms have been shown t o  i n f l u e n c e  s i g n i f i c a n t l y  t h e  f l a p -
l a g - t o r s i o n  s t a b i l i t y  o f  c a n t i l e v e r  r o t o r  b l a d e s  ( r e f .  20).  The t rans fo rma t ion  
[TI  may a l s o  b e  used t o  r e s o l v e  t h e  b lade  f o r c e s  S and T i n t o  Lv and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL, 
p a r a l l e l  t o  t h e  y and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz axes of  t h e  undeformed b l a d e  coo rd ina te  system. 
Re ta in ing  t e r m s  t o  t h e  a p p r o p r i a t e  o r d e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo f  magnitude y i e l d s  

Lv = S - T(0 + $) 

L, = T + s(e + $1 

S u b s t i t u t i o n  of equa t ions  (21) i n t o  equa t ion  (20) and e q u a t i o n s  (18) and (21) 
i n t o  equa t ions  (22) y i e l d s  t h e  fo l lowing exp ress ions  f o r  L,, L,, and M: 

C 

vi2 - n2x2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa - nmi(O + $1 -

+ [2vi - nx(e + 

xc+ n2 2 (Bpc + w') + [2nx(0 + $) - Vi]+ -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQG 

'+ -3c nx$ - - - w
4 4 -1 

Nonl inear ra te product  t e r m s  G ,  c2, and G2 are neg lec ted  s i n c e  they  do n o t  
c o n t r i b u t e  i n  a l i n e a r i z e d  s t a b i l i t y  a n a l y s i s .  A lso,  a l l  O ( E ~ )  t e r m s ,  except  
those  t h a t  c o n t r i b u t e  t o  l ead - lag  o r  t o r s i o n  damping (double u n d e r l i n e d ) ,  are ..
neg lec ted  ( i n c l u d i n g  E terms) .  The s i n g l e  under l i ned  t e r m s  are t h e  second 
o r d e r  ang le  of a t t a c k  t e r m s  noted above. The induced in f l ow  v i  i s  t aken  t o  
be s t e a d y  and uni form a long t h e  b l a d e  r a d i u s  e q u a l  t o  t h e  v a l u e  of nonuniform 
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i n f l ow  g iven by b l a d e  element momentum theo ry  a t  t h e  r a d i a l  s t a t i o n  x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.75R 
( r e f .  27). The b l a d e  a n g l e  a t  x = 0.75R i s  set  e q u a l  t o  t h e  b l a d e  c o l l e c -
t i ve  p i t c h  p l u s  t h e  e q u i l i b r i u m  e las t i c  t w i s t  $Io a t  x = 0.75R. Thus 

v i  = sgn[0 + 8 + $10(0.75R) 

where G i s  t h e  b l a d e  s o l i d i t y  bc/.rrR. 

S o l u t i o n  of  t h e  Equat ions of  Motion 

I n  t h i s  s e c t i o n  w e  d e s c r i b e  t h e  s o l u t i o n  of t h e  f i n a l  f l ap - lag - to rs ion  
equa t ions  of  motion ob ta ined  by combining equa t ions  (10) and (23 ) .  These non-
l i n e a r ,  v a r i a b l e  c o e f f i c i e n t ,  i n t e g r o - p a r t i a l  d i f f e r e n t i a l  equa t ions  are 
so lved  by Ga le rk in ' s  method us ing  s i x  coupled, r o t a t i n g  mode shapes t o  evalu-
ate t h e  s t a b i l i t y  of s m a l l  p e r t u r b a t i o n  motions about t h e  e q u i l i b r i u m  o p e r a t i n g  
cond i t i on .  These coupled, r o t a t i n g  mode shapes are determined by f i r s t  ca lcu-
l a t i n g  t h e  e q u i l i b r i u m  p o s i t i o n  and fo rmu la t i ng  t h e  s t a b i l i t y  a n a l y s i s  i n  
t e r m s  o f  s t a n d a r d ,  uncoupled, n o n r o t a t i n g  c a n t i l e v e r  beam mode shapes.  The 
coupled mode shapes are t hen  determined from an approximate f r e e  v i b r a t i o n  
a n a l y s i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(in vacuo) of t h e  r o t a t i n g  beam about t h e  deformed shape of t h e  equi-
l i b r i u m  o p e r a t i n g  cond i t i on .  

W e  begin by f i r s t  reducing t h e  equa t ions  of motion t o  o rd ina ry  d i f f e r e n -
t i a l  equa t ions  by G a l e r k i n ' s  method. The d imensionless bending zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(V = v/R,
W = w/R) and t o r s i o n  d e f l e c t i o n s  are f i r s t  expressed i n  t e r m s  of a series of 
genera l i zed  c o o r d i n a t e s  and mode shape f u n c t i o n s :  

where $ = R t  and X = x/R. This  o p e r a t i o n  y i e l d s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3N modal equa t ions  i n  
t e r m s  of modal g e n e r a l i z e d  c o o r d i n a t e s  V j ,  W j ,  and O j  (appendix B c o n t a i n s  
t h e  r e s u l t s  of t h i s  o p e r a t i o n ) .  The assumed mode shapes f o r  t h e  bending and 
t o r s i o n  d e f l e c t i o n s  are t h e  s t a n d a r d  n o n r o t a t i n g ,  uncoupled mode shapes f o r  a 
uniform c a n t i l e v e r  beam: 
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The constants zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBActj and B j  are tabulated in reference 28 and y j  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= ~ ( j  1/2) .-
Nonrotating mode shapes are used because of computational ease. Since they  
depend only on the fixed constants c t j  and B j ,  and not on EIy' and EIZ', the 
modal integrals that result when Galerkin's method is applied need to be cal-
culated only once (see refs. 6 and 19, for example). Furthermore, many of the 
modal integrals have closed form solutions in terms of c t j  and 6.j (ref. 29). 

The 3N nonlinear, nonhomogeneous, constant-coefficient ordinary dif-  
ferential equations are then linearized for small perturbation motions about  
the equilibrium operating condition by expressing the time-dependent general-  
ized coordinates in terms of steady equilibrium quantities and small unsteady  
perturbation quantities.  

Two sets of equations are obtained from this operation. First, substituting 
only the steady equilibrium quantities into the nonlinear modal equations 
yields 3N nonlinear algebraic equations in V o j ,  W o j ,  and @ o j  (given in 
appendix B) which define the equilibrium deflections. These equilibrium equa-
tions are solved by the Newton-Raphson method. The second set of 3N 
equations is obtained by substituting equations (27) into the modal equations, 
subtracting the equilibrium equations, and discarding all nonlinear products 
of perturbation quantities. The coefficients of these linearized perturbation 
equations are functions of the equilibrium solution. The perturbation equa-
tions define the unsteady blade motion near the equilibrium operating condition 
and the stability of this motion is determined using standard techniques. The 
perturbation equations are linear, homogeneous, constant-coefficient ordinary 
differential equations of the form 

[M]{X} + [ C ] { k >  + [K]{X> = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

where [MI is symmetric, and where [ C ]  and [K] are asymmetric and depend on 
V o j , W o j ,  and @ o j .  Each matrix is 3N x 3N (these matrices are given in appen-
dix B) and the vector { X I  is of length 3N and is given by 

The stability of motion about the equilibrium operating condition is deter-
mined by the eigenvalues of the 6N x 6N matrix [PI where 
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Since we are primarily concerned with lower frequency instabilities (first 
lead-lag, first flap, and first torsion frequencies), there is a value of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN 
for which any increase in N will not appreciably change the eigenvalues 
associated with these lower frequencies. It is at this value of N that the 
eigenvalues are considered to be converged. For practical hingeless rotor 
configurations, N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 5 gives suitably converged eigenvalues; the matrix [PI 
is thus 30 x 30. By a change of modal coordinates, the size of the matrix [PI 
may be greatly reduced without significantly changing the eigenvalues of 
interest. Such a transformation may be found by first considering free vibra-
tions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(in vacuo) of the blade about the equilibrium deflected state. The 
equation of motion, analogous to equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 8 ) ,  is 

[M]{X} + [G]{i() + [q]{X> = 0 (31) 

where the subscript v implies the vacuum case. Both [MI and [Kv] are 
symmetric; [G] is equal to [K] with all aerodynamic terms set equal to 
zero, and [GI is antisymmetric and equal to [C] with all aerodynamic terms 
set equal to zero. The presence of the matrix [GI causes the eigenvectors 
of the free vibration to be complex. This may be avoided for computational 
efficiency by approximating equation (31) as 

[M]{X} + [KV]CX} = 0 ( 3 2 )  

The matrix of eigenvectors [U] for equation (32) is orthogonal with respect 
to [ M I .  Thus, 

[UITIMI [UI = [I1 (33) 

According to Meirovitch (ref. 30) a so-called principal coordinate transforma-
tion for equation (28) may be determined by replacing {XI by [U]{X>. We 
may then pre-multiply equation (28) by [UIT to take advantage of the form of 
equation (33) yielding 

Hence,  

(35) 

The matrices [PI and [P*] have the same eigenvalues. However, because of 
the nature of this modal coordinate transformation from [PI to [P*], the rows 
and columns corresponding to high frequency modes of both [UTKU] and [UTCUI 
may be removed without affecting the eigenvalues of the low frequency modes of 
interest. These 3N x 3N matrices are thus reduced to M x M matrices whose 
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rows and columns correspond t o  t h e  M low f requency modes t h a t  are r e t a i n e d .  
The rows and columns t h a t  are r e t a i n e d  i n  [UTKU] and [UTCUI may be  chosen i n  
two ways: (1) t h e  M rows and columns t h a t  correspond t o  t h e  M lowest  f r e -
quency modes of  t h e  b l a d e  may be r e t a i n e d ,  o r  (2 )  t h e  M rows and columns t h a t  
correspond t o  M modes s e l e c t e d  a r b i t r a r i l y  from t h e  lowest  l ead - lag ,  t h e  
lowest  f l a p ,  and t h e  lowest  t o r s i o n  f requency modes are r e t a i n e d .  For t h e  
second c a s e ,  under c e r t a i n  c o n d i t i o n s ,  M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 ,  o r  5 w i l l  r e s u l t  i n  converged 
e igenva lues .  I n  e i t h e r  case, s u i t a b l y  converged r e s u l t s  do n o t  r e q u i r e  M > 6. 

The reduced matr ices a r e  analogous t o  s t i f f n e s s  and damping matrices 
generated from M coupled, r o t a t i n g  modes. S ince  t h e  a n a l y s i s  is formulated 
i n  t e r m s  of s t a n d a r d  c a n t i l e v e r  mode shapes,  however, repea ted  numer ica l  
i n t e g r a t i o n  of  modal i n t e g r a l s  i s  n o t  necessa ry  f o r  d i f f e r e n t  v a l u e s  of beam 
s t i f f n e s s e s .  I n s t e a d ,  t h e  m a t r i x  o p e r a t i o n s  desc r ibed  above l e a d  t o  a 
n e t  sav ings  i n  CPU t i m e .  For a l l  r e s u l t s  g iven i n  t h i s  r e p o r t ,  M = 6 u n l e s s  
o the rw ise  noted.  Thus [PA] i s  reduced from 6N x 6N (30 x 30) t o  2 M  x 2 M  
( 1 2  x 1 2 ) .  Eigenvalues may be  c a l c u l a t e d  from a 12 x 12 m a t r i x  i n  l ess  t han  
10 p e r c e n t  of t h e  t i m e  r e q u i r e d  f o r  a 30 x 30. The t o t a l  sav ings  i n  CPU t i m e  
is  about 60 p e r c e n t  f o r  each case i n c l u d i n g  t h e  e q u i l i b r i u m  s o l u t i o n ,  t h e  
above modal a n a l y s i s ,  and t h e  e igenva lues  f o r  t h e  p e r t u r b a t i o n  equa t ions .  

Approximate Equat ions of Motion 

The f l ap - lag - to rs ion  equa t ions  may be  considered as an ex tens ion  of t h e  
ear l ier  f l a p - l a g  e q u a t i o n s  of  r e f e r e n c e  6. They permi t  t h e  a n a l y s i s  of t o r -
s i o n a l l y  f l e x i b l e  r o t o r  b l a d e s ,  bu t  a l s o  i n t r o d u c e  a d d i t i o n a l  e q u a t i o n s  and 
degrees of freedom f o r  t h e  t o r s i o n  g e n e r a l i z e d  c o o r d i n a t e s .  It is  p o s s i b l e  t o  
reduce t h e  f l ap - lag - to rs ion  equa t ions  t o  an approximate set  of modif ied 
f l a p - l a g  equa t ions  and s t i l l  r e t a i n  t h e  most impor tant  e f f e c t s  of t o r s i o n a l  
f l e x i b i l i t y .  Th is  i s  p o s s i b l e  because t h e  s t r u c t u r a l  t e r m s  i n  t h e  t o r s i o n  
equa t ion  a r e  u s u a l l y  l a r g e  compared t o  t h e  i n e r t i a l  and aerodynamic damping.. 
terms. Based on o r d e r  o f  magnitude c o n s i d e r a t i o n s ,  t h e  @ jand @ j  terms a r e  
smal l  i n  comparison t o  t h e  @j t e r m s  when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~4 i s  s u f f i c i e n t l y  l a r g e .  The 
approximat ion s imply c o n s i s t s  of d i s c a r d i n g  t h e  8j and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbj t e r m s  i n  t h e  
t o r s i o n  modal equa t ions  l e a v i n g  ( i n  a d d i t i o n  t o  t h e  t e n s i o n - t o r s i o n  and t e n n i s  
r a c k e t  t e r m s )  t h e  t o r s i o n  r i g i d i t y  t e r m  p r o p o r t i o n a l  t o  @ j  and t h e  bending-
t o r s i o n  s t r u c t u r a l  t e r m s  p r o p o r t i o n a l  t o  p roduc ts  of  t h e  bending genera l i zed  
c o o r d i n a t e s  Vj and Wj. This  pe rm i t s  @j t o  be  expressed i n  t e r m s  of Vj and 
Wj and pe rm i t s  @j t o  be s u b s t i t u t e d  i n t o  t h e  f l a p  and lead- lag modal equa-
t i o n s .  This  reduces t h e  number of equa t ions  and e l i m i n a t e s  t h e  t o r s i o n  gener-
a l i z e d  c o o r d i n a t e s  @j as independent degrees of  freedom. The accuracy and 
l i m i t s  of v a l i d i t y  of t h e  r e s u l t i n g  modif ied f l ap - lag  equa t ions  w i l l  be 
examined below. 

SELECTION OF CONFIGURATION PARAMETERS 

A few b r i e f  comments are i n  o r d e r  t o  e x p l a i n  c l e a r l y  t h e  choice o f  t h e  
b lade c o n f i g u r a t i o n  parameters.  These c o n s i s t  of t h e  s t r u c t u r a l  and i n e r t i a  
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parameters EIyl /d2R4, EI, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 /m!d2R4, GJ/d2R4, kA/&, b / R ,  kml/km2, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR ,  and 
the geometric and aerodynamic parameters c/R, Bpc, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ,  and the Lock number 
y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 3pooacR/m. The pitch angle 8 is considered to be the control parameter 
defining the rotor operating condition; that is, the rotor thrust. 

Beginning with the geometric and aerodynamic parameters, typical values 
are chosen as follows: the Lock number y = 5.0 and the solidity 0 = 0.10. 
Since LS = bc/nR, the choice of a four blade rotor (b = 4 )  yields the dimen-
sionless chord ratio c/R = n /40 .  The geometric blade precone angle BPc has 
an important influence on stability, and thus a range of values will be 
investigated. 

The structural and inertial parameters mainly determine the natural fre-  
quencies of the blade which in turn serve as rotor blade configuration param-  
eters. In general, explicit expressions do not exist for the structural and  
inertial parameters in terms of the blade natural frequencies, and it is  
necessary to solve for these parameters iteratively if the natural frequencies  
are specified. In this report, the following procedure is used. For  
an untwisted cantilever beam with uniform mass and stiffness, the structural  
and inertial parameters are first expressed explicitly in terms of the uncou-  
pled natural frequencies for the nonrotating condition. These relationships  
are  

n 2 
EI, I %NR 

EIYzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI wW
NR- = -

mQ2R4 

where the subscript NR refers to 
frequencies of the nonrotating beam. 
The nonrotating frequencies are then 
used as an intermediate step in deter-
mining the uncoupled (at 8 = 0), 
rotating natural frequencies. For an 
untwisted uniform cantilever beam, the 
rotating bending frequencies may be 
accurately expressed in terms of the 
nonrotating frequencies using the 
approximate analytical relations 
developed in reference 31. These 
relationships are shown in figures 7 
and 8. An analogous relationship for 
the rotating and nonrotating torsion 
frequencies, also derived in refer-
ence 31,  depends on the intensity of 
tension-torsion coupling that is 

inertia ratio 
kA2/k2, and theproportional to

bl/b2.This result w 

is shown in figure 9 based on a 
choice of kA2/k2 = 1.5 and 
kml/km2 = 0.0. The remaining torsion 
inertia parameter, the mass radius of 

(36)  

2 2  

2 0  

, 4  

10 

.4 

1 1 I I 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 1 1 I ..-
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"" : NR 

Figure 7.- Rotating lead-lag fre-
quency versus nonrotating lead-lag 
frequency: 8 = 0.0. 
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F igu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8.- Rota t i ng  f l a p  f requency 
v e r s u s  n o n r o t a t i n g  f l a p  f requency: 
e = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0. 

,I.I 1 1, I I 
c I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 3 4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 

w 

F igu re  9.- Rota t i ng  t o r s i o n  

I 1 I 
8 9 

f requency 
v e r s u s  n o n r o t a t i n g  t o r s i o n  f requency; 
8 = 0.0,  km,/km2 = 0.0, and 
kA2/km2 = 1.5. 

g y r a t i o n  km/R, i s  taken t o  be  0.025. 
There fo re ,  any cho ice  of t h e  t h r e e  
fundamental  r o t a t i n g  f r e q u e n c i e s ,  
t o  e t h e r  w i t h  t h e  v a l u e s  f o r  
kA5zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/b2, and b / R  given 
h e r e  and t h e  f requency v a r i a t i o n s  of  
f i g u r e s  7-9, w i l l  y i e l d  t h e  appro-
p r i a t e  v a l u e s  of EI I / ~ . Q ~ R ~  
EI ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 /mR2R4, G.J/mQ2R4y kA2/kmi ,
b,/h2,and &/R f o r  t h e  equa t ions  
of motion. 

Values f o r  t h e  b lade  n a t u r a l  
f r e q u e n c i e s  w i l l  be  chosen as f o l -
lows. The d imensionless f l a p  n a t u r a l  
f requency t y p i c a l l y  l i es  between 1.1 
and 1 .2 ;  f o r  t h e  p r e s e n t  r e s u l t s  

i s  taken t o  be  1.15. The dimen-
s i o n l e s s  l ead - lag  n a t u r a l  f requency 
wv t y p i c a l l y  f a l l s  i n t o  one of  two 
ranges:  0 .5 t o  0.75 f o r  s o f t  i n p l a n e  
(wv < 1.0) c o n f i g u r a t i o n s  and 1.2 t o  
1 . 7  f o r  s t i f f  i n p l a n e  (wv > 1.0) con-
f i g u r a t i o n s .  Two t y p i c a l  v a l u e s ,  
wv = 0.7  and 1 .5 ,  are chosen he re .  
S ince  E I y l / E I z r  = O ( 1 )  w a s  assumed 
from t h e  o u t s e t  i n  d e r i v i n g  t h e  
e q u a t i o n s ,  t h e  v a l i d i t y  of t h e  equa--
t i o n s  i s  l i m i t e d  t o  wv 5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ( i . e . ,  
t h e  p r a c t i c a l  range) .  To ana lyze  
c o n f i g u r a t i o n s  w i t h  l a r g e r  wv, one 
should r e f e r  t o  r e f e r e n c e  1 and 
r e d e r i v e  t h e  equa t ions  based on a 
d i f f e r e n t  o r d e r i n  H scheme, such as 
E I z r  /mR2R4 = O(E- ) . This  w i l l  
i n t r o d u c e  a d d i t i o n a l  terms and t h e  
equa t ions  w i l l  t hen  be  v a l i d  f o r  
l a r g e r  v a l u e s  of  wv. The dimension-
less t o r s i o n  n a t u r a l  f requency w$ 
u s u a l l y  ranges from 2.5 t o  8.0. W e  
w i l l  use  5.0 as a t y p i c a l  v a l u e  and 
i n c l u d e  r e s u l t s  f o r  o t h e r  v a l u e s  as 
w e l l .  

The s t r u c t u r a l  coupl ing parameter bi w i l l  a r b i t r a r i l y  be  given v a r i o u s  
va lues  between 0.0 and 1.0. It i s  n o t  p o s s i b l e  t o  re la te t h i s  parameter  i n  a 
s imple way t o  t h e  s t i f f n e s s  d i s t r i b u t i o n  c h a r a c t e r i s t i c s  of a c t u a l  r o t o r  
b l a d e s  and t h e  r e s u l t s  can only  i n d i c a t e  t h e  range of  behavior  t h a t  may be  
encountered.  

I n  s o l v i n g  t h e  equa t ions  u s i n g  assumed mode shapes ,  t h e  modal parameters 
are impor tant .  Unless o the rw ise  s p e c i f i e d ,  s i x  coupled r o t a t i n g  mode shapes 
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(M = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw i l l  b e  used, t h u s  producing s i x  degrees  of  freedom. These are based 
on t h e  f r e e  v i b r a t i o n  a n a l y s i s  u s i n g  15 (3N) uncoupled n o n r o t a t i n g  mode shapes. 
The s i x  coupled r o t a t i n g  mode shapes r e t a i n e d  are t h e  s i x  lowest  f requency 
modes. The v a r i o u s  parameter  v a l u e s  d i scussed  above are summarized i n  t a b l e  2. 

TABLE 2.- VALUES OF CONFIGURATION AND OPERATING CONDITION PARAMETERS 
USED FOR NUMERICAL RESULTS 

Base l i ne  v a l u e s   

0.7,  1.5  

1.15  

2.5, 5.0, 8.0 

1.5 

0.0 

0.0, 0.05, 0.1 

0.0, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 . 4 ,  1.0 

0.025 

0.0 

5 

0.10 

~ 1 4 0  

4 

0.01/2T 

6 

RESULTS 

Steady S t a t e  D e f l e c t i o n s  

The s t e a d y  s ta te  e q u i l i b r i u m  d e f l e c t i o n s  of t h e  
mined because they  c o n t r i b u t e  t o  t h e  c o e f f i c i e n t s  of 

Add i t i ona l  v a l u e s  

V a r i a b l e  

V a r i a b l e  

V a r i a b l e  0.0 

Var iab le  

V a r i a b l e  0.0 

2-5 

- 0.5 

- 1.0 

r o t o r  b lade  must b e  d e t e r -
t h e  l i n e a r i z e d  pe r tu rba -

t i o n  equa t ions .  The e q u i l i b r i u m  d e f l e c t i o n s  are r e q u i r e d  a l s o  t o  d e f i n e  pre-
c i s e l y  t h e  o p e r a t i n g  c o n d i t i o n  of t h e  r o t o r .  Th i s  is because t h e  t o t a l  b l a d e  
a n g l e ,  which determines t h e  r o t o r  t h r u s t  i n  hover ,  is equa l  t o  t h e  b lade  p i t c h  
a n g l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 p l u s  t h e  e q u i l i b r i u m  e las t i c  t o r s i o n a l  d e f l e c t i o n  of t h e  b l a d e  +o .  
A few r e s u l t s  are given t o  i n d i c a t e  t h e  g e n e r a l  behav io r  of t h e  e q u i l i b r i u m  
d e f l e c t i o n s  and t h e  i n f l u e n c e  of several c o n f i g u r a t i o n  parameters.  The r e s u l t s  
are given i n  t e r m s  o f  t h e  d imensionless t i p  d e f l e c t i o n s  t h a t  are r e l a t e d  t o  
t h e  e q u i l i b r i u m  g e n e r a l i z e d  c o o r d i n a t e s  by t h e  fo l l ow ing  r e l a t i o n s :  
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N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc voj (-1) j+l 

t i p  j= l  

N 
= 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc woj ( - l )  

j+l 
(37 )

t i p  j= l  

The b lade  p i t c h  ang le  0 is va r ied  throughout t h e  nominal range of t h r u s t  
i nc lud ing  very h igh t h r u s t  cond i t i ons  ( 0  > 0.3 i m p l i e s  t h a t  CT/O > 0.17) .  

The r e s u l t s  g iven i n  f i g u r e s  10 and 11 show t h e  equ i l i b r i um d e f l e c t i o n s  
of a s o f t  and a s t i f f  i np lane  r o t o r  b lade  as a f u n c t i o n  of  t h e  p i t c h  ang le  
f o r  several va lues  of  t h e  s t r u c t u r a l  coup l ing  parameter  63. I nc reas ing  0 

i n c r e a s e s  t h e  aerodynamic f o r c e s  a c t i n g  on t h e  b lade  and genera l l y  i n c r e a s e s  
t h e  magnitude of t h e  equ i l i b r i um d e f l e c t i o n s .  The s t r u c t u r a l  coup l ing  param-
eter 61 has l i t t l e  d i r e c t  e f f e c t  on t h e  equ i l i b r i um f l a p  d e f l e c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW

0 I t i p '  
a l though t h e  v a r i a t i o n  of 

'0 I t i p  
does change t h e  b lade  ang le  and thus  

i n d i r e c t l y  i n f l u e n c e s  i3
0 1 t i p  

. The l e a d  l a g  d e f l e c t i o n  i s  d i r e c t l y  in f luenced 

by 61 as a r e s u l t  of t h e  f l ap - lag  s t r u c t u r a l  coupl ing.  When 61f 0 and 
EIZt > E I y l ,  t h e  b lade  tends  t o  bend i n  a d i r e c t i o n  normal t o  t h e  a i r f o i l-
chord so t h a t  n e g a t i v e  vol t ip d e f l e c t i o n s  are produced by p o s i t i v e  -wo I t i p  
d e f l e c t i o n s  when 0 > 0. This  i s  ev iden t  i n  f i g u r e s  10 and 11 by t h e  i nc reas -
i n g l y  nega t i ve  v a l u e s  of 

'0 I t i p  
as 61 varies from 0 t o  1.0.  

The equ i l i b r i um t o r s i o n  d e f l e c t i o n  +O/t ip  depends on a combination of  

i n e r t i a l  and s t r u c t u r a l  moments. F i r s t  t h e  i n e r t i a l  term, o r  t e n n i s  r a c k e t  
e f f e c t ,  t h a t  i s  independent of 63 dominates t h e  t o r s i o n  moments a t  s m a l l  p i t c h  
ang les .  This  term produces a nega t i ve  equ i l i b r i um t o r s i o n  d e f l e c t i o n  propor-
t i o n a l  t o  8 a t  s m a l l  p i t c h  ang les  t h a t  i s  c l e a r l y  ev iden t  i n  f i g u r e s  10 
and 11. Second, t h e  s t r u c t u r a l  t o r s i o n  moments s t r o n g l y  i n f l u e n c e  t h e  equi-
l i b r i u m  t o r s i o n  d e f l e c t i o n ,  bu t  i n  a complex manner. In t h e  t o r s i o n  equa t ion ,  
t h e  bending- tors ion s t r u c t u r a l  coupl ing t e r m s  are n o n l i n e a r  p roduc ts  o f  t h e  
bendin d e f l e c t i o n s .  Thus, parameters t h a t  i n f l u e n c e  t h e  equ i l i b r i um v a l u e s  
of V

0
7

t i p  
and E I tip s i m i l a r l y  i n f l uence  t h e  equ i l i b r i um t o r s i o n  
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F igu re  10.- The e f f e c t  of p i t c h  a n g l e  F i g u r e  11.- The e f f e c t  of p i t c h  a n g l e  
and di on t h e  e q u i l i b r i u m  de f lec - and di on t h e  e q u i l i b r i u m  d e f l e c -
t i o n s  of a s o f t  i n p l a n e  r o t o r  b lade :  t i o n s  of a s t i f f  i n p l a n e  r o t o r  
w = 0 . 7 ,  w 

4 
= 5.0, BPc = 0.0 r a d .  b lade :  w = 1.5, w 

@ 
= 5.0, 

V = O.Ovrad. 
BPC 
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d e f l e c t i o n .  To h e l p  e x p l a i n  t h e  s t r u c t u r a l  coup l i ng  terms t h a t  i n f l u e n c e  t h e  
e q u i l i b r i u m  t o r s i o n a l  d e f l e c t i o n ,  t h e  s t r u c t u r a l  terms of  e q u a t i o n  (10) are 
w r i t t e n  below. 

Consider f i r s t  t h e  case where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 and t h e  f l a p - l a g  s t r u c t u r a l  coupl ing 
t e r m s  vanish.  I n  t h e  t o r s i o n  equa t ion ,  t h e  bending- tors ion s t r u c t u r a l  moment 
( s i n g l y  under l i ned  i n  eq. (38)) i s  p r o p o r t i o n a l  t o  t h e  product  o f  t h e  f l a p  and 
lead - lag  bending c u r v a t u r e s .  This  i s  a p o s i t i v e  t o r s i o n  moment t h a t  counter-
acts  t h e  e q u i l i b r i u m  t o r s i o n  d e f l e c t i o n  due t o  t h e  i n e r t i a l  t e n n i s  r a c k e t  
e f f e c t  shown i n  f i g u r e s  10 and 11. Furthermore, s i n c e  t h e  bending- tors ion 
s t r u c t u r a l  coupl ing is p r o p o r t i o n a l  t o  EI,r - EIyv  t h i s  e f f e c t  i s  l a r g e r  f o r  
t h e  s t i f f - i n p l a n e  t h a n  f o r  t h e  s o f t - i n p l a n e  c o n f i g u r a t i o n .  I n  f a c t ,  f o r  su f -
f i c i e n t l y  l a r g e  8 o r  wv, t h e  s t r u c t u r a l  t o r s i o n  moments can produce a s t a t i c  
divergence f o r  low v a l u e s  o f  bi. For t h e  case when bi # 0,  t h e r e  i s  a n o t h e r  
t o r s i o n a l  moment (doubly under l i ned  i n  eq. (38)) t h a t  is p r o p o r t i o n a l  t o  
squares  of t h e  bending c u r v a t u r e s .  Th is  moment g e n e r a l l y  acts  t o  reduce t h e  
e f f e c t  of i t s  companion term; t h i s  i s  e v i d e n t  i n  f i g u r e s  10 and 11 as bi 
varies from 0 t o  1. 

The two t e r m s  t o g e t h e r  are e q u i v a l e n t  t o  a s i n g l e  product  t e r m  
(EI, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - E I y l  ) v ~ " w ~ "where vp and wp are b l a d e  bending d e f l e c t i o n s  i n  t h e  
d i r e c t i o n  of  t e l a d e  p r i n c i p a l  axes. Th is  a x i s  system is ob ta ined  simply by 
r o t a t i n g  t h e  y , z  a x i s  system through a n  a n g l e  die. A l t e r n a t i v e l y ,  t h e  non-
l i n e a r  s t r u c t u r a l  t o r s i o n  moment can a l s o  be  shown t o  be  p r o p o r t i o n a l  t o  t h e  
ang le  between t h e  r e s u l t a n t  d i r e c t i o n  of t h e  b l a d e  bending d e f l e c t i o n  and t h e  
p r i n c i p a l  elast ic a x i s  a n g l e  bi8.  A s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbi i n c r e a s e s ,  t h i s  a n g l e ,  t h e  p o s i t i v e  
s t r u c t u r a l  t o r s i o n  moment, and $ 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI tip are a l l  reduced. 

The e f f e c t s  of  precone on t h e  e q u i l i b r i u m  d e f l e c t i o n s  f o r  a s o f t  i n p l a n e  
and a s t i f f  i n p l a n e  r o t o r  b lade  are shown i n  f i g u r e s  12 and 13, r e s p e c t i v e l y .  
P o s i t i v e  precone reduces t h e  e l a s t i c  f l a p  d e f l e c t i o n  of t h e  b l a d e  because of 
c e n t r i f u g a l  f o r c e .  For t h i s  example, 62 = 1.0 and f l a p - l a g  s t r u c t u r a l  coupl ing 
w i th  p o s i t i v e  precone g e n e r a t e s  a p o s i t i v e  l ead - lag  d e f l e c t i o n  increment due 
t o  t h e  n e g a t i v e  increment of e las t ic  f l a p  d e f l e c t i o n .  S i m i l a r l y ,  t h e  
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F igu re  12.- The e f f e c t  of p i t c h  a n g l e  F igu re  13 . - The e f f e c t  of p i t c h  a n g l e  
and precone on t h e  equ i l i b r i um and precone on t h e  e q u i l i b r i u m  
d e f l e c t i o n s  of a s o f t  i n p l a n e  r o t o r  d e f l e c t i o n s  of  a s t i f f  i n p l a n e  
b lade :  w = 0.7 ,  w 

0 
= 5 . 0 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA = 1.0. r o t o r  b lade :  w 

V 
= 1.5, w 

0 
= 5 . 0 ,

V A = 1.0. 

29 

L  



s t r u c t u r a l  t o r s i o n  moments, and hence t h e  equ i l i b r i um t o r s i o n  d e f l e c t i o n s ,  is 
i n f luenced by precone. 

A s  noted above, t h e  n o n l i n e a r  equ i l i b r i um equa t ions  w e r e  solved by t h e  
Newton-Raphson method. I n  some cases, m u l t i p l e  e q u i l i b r i u m  s o l u t i o n s  w e r e  
found, bu t  i n  a l l  cases  on ly  t h e  p h y s i c a l l y  r e l e v a n t  s o l u t i o n  w a s  s t a t i c a l l y  
s t a b l e .  A t  h igh  p i t c h  ang les ,  care w a s  requ i red  t o  i n s u r e  t h a t  t h e  numer ica l  
scheme converged t o  t h e  proper  s o l u t i o n .  Th is  w a s  done by us ing  a prev ious  
s o l u t i o n  a t  a lower p i t c h  ang le  as t h e  i n i t i a l  cond i t i on  f o r  a s o l u t i o n  a t  a 
s l i g h t l y  h ighe r  p i t c h  ang le .  

Mechanism of Bending-Torsion S t r u c t u r a l  Coupling 

The equ i l i b r i um r e s u l t s  showed t h a t  t h e  t o r s i o n  d e f l e c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI tip i s  

dependent on i i 0 l t i p  and Eo1
t i p  

because of non l i nea r  s t r u c t u r a l  bending-

t o r s i o n  coupl ing.  Th is  coup l ing  a l s o  i n f l u e n c e s  t h e  l i n e a r i z e d  p e r t u r b a t i o n  
equa t ions ,  producing p e r t u r b a t i o n  t o r s i o n  d e f l e c t i o n s  p r o p o r t i o n a l  t o  pe r tu r -
b a t i o n  f l a p  and lead- lag  bending d e f l e c t i o n s .  Th is  t ype  of coup l ing  i s  known 
( r e f .  5) t o  have a s t r o n g  i n f l u e n c e  on h i n g e l e s s  r o t o r  b lade  s t a b i l i t y  and, 
t h e r e f o r e ,  a b r i e f  d i s c u s s i o n  of t h e  equ iva len t  k inemat ic  p i t c h - f l a p  and p i t ch -
l a g  coupl ings generated by t h e  s t r u c t u r a l  coup l ing  i s  i nc luded here .  

For s i m p l i c i t y ,  w e  cons ide r  t h e  p e r t u r b a t i o n  t o r s i o n  equat ion  f o r  one 
f l a p ,  one lead- lag ,  and one t o r s i o n  mode (N = l ) ,  n e g l e c t i n g  t o r s i o n a l  i n e r t i a  
and damping: 

[ (WO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 AW, 

- VOlAV1)sin(26?8) + (VolAWl 

where 

- k: 
kA2 G J T ~  

W $ 2  = 
2 1 + -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA%2 N i l  + 4mR2km2R2 
km2 

and t h e  modal i n t e g r a l s  de f ined i n  appendix B are 

K l l l  =  f 01Y';'2 dF 5.03911 
0 

N11 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6' (' -2 F2)O i2  dW 1.07247 
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Taking t h e  r a t i o s  of t o r s i o n  d e f l e c t i o n  t o  f l a p  and lead - lag  bending de f l ec -
t i o n s  y i e l d s ,  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk, = 0,

1 

O B = - - =  
1 

aaal -Kll1(EIz1 - EIy1) 

[VO 1 cos(2638) + W o l  sin(26U)I  
- 1+ cosfi aawl f i ~ n k , ~ Q ~ R ~ ( w , + ~  20) 

(40) 

0 =--= . . 
1 

a A O l  -Kll1(EIz1 - EIy1) 
[-Val sin(263e) + W o l  cos(2Re)l' fi aAvl fimk,2Q2R2(w,+2- 1+ cos 20) 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 6  and are d e f i n e d  as t h e  equ iva len t  k inemat i c  p i t c h - l a g  and p i t c h -
f l a p  coupl ings due t o  t h e  s t r u c t u r a l  p r o p e r t i e s  of t h e  b lade .  They depend on 
t h e  e q u i l i b r i u m  bending d e f l e c t i o n s  of t h e  b lade ,  t h e  d i f f e r e n c e  i n  lead- lag 
and f l a p  and bending s t i f f n e s s  E I Z t  - E I y 1 ,  t h e  t o r s i o n  f requency w,+, and 
t h e  s t r u c t u r a l  coup l i ng  parameter  63. For matched s t i f f n e s s  (EIz f  = E I y f )  
c o n f i g u r a t i o n s ,  t h e s e  coup l i ngs  vanish.  For s o f t - and s t i f f - i n p l a n e  r o t o r  
b l a d e  c o n f i g u r a t i o n s ,  t h e y  are s m a l l  and l a r g e ,  r e s p e c t i v e l y .  Both t o r s i o n  
f requency and precone i n f l u e n c e  t h e s e  coupl ing terms. For ve ry  h igh  t o r s i o n  
f r e q u e n c i e s  (w > 20) t h e  coup l i ngs  are normal ly s m a l l  and unimpor tant ,  bu t  
f o r  t y p i c a l  va!Iu e s  of  t o r s i o n  f requency (5 5 u,+ 5 10) they  are impor tant .  
Precone a f f e c t s  t h e  coup l i ngs  via t h e  e q u i l i b r i u m  bending d e f l e c t i o n s  of t h e  
b l a d e s  as d iscussed  p rev ious l y .  A t  l o w  p i t c h  a n g l e s ,  p o s i t i v e  precone can 
make zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW

0 
I 
t i p  

n e g a t i v e  and change t h e  s i g n  of t h e  p i t c h - l a g  coupl ing.  For 

many r o t o r  b lade  c o n f i g u r a t i o n s  t h i s  w i l l  produce i n s t a b i l i t y .  F igu re  14 shows 

I I 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
05 IO 15 

P p c ,  rad 

F igu re  14.- The e f f e c t  of t o r s i o n  f requency and precone on t h e  equ iva len t  
p i t ch - lag  coupl ing f o r  z e r o  p i t c h  ang le :  wv = 0 .7 ,  63 = 0 .0 ,  0 = 0.0 rad .  
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t y p i c a l  changes i n  t h e  s i g n  of a t  8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 and i t s  l i n e a r  dependence on 
precone. F i n a l l y ,  t h e  s t r u c t u r a l  coup l ing  parameter  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdz a f f e c t s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO B  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 c  
by a l t e r i n g  t h e  o r i e n t a t i o n  of t h e  p r i n c i p a l  elast ic axes  of  t h e  b lade.  Varia-
t i o n  of  dz from 0 t o  1.0 can change t h e  s i g n  of  8 6 .  The q u a n t i t a t i v e  varia-
t i o n  of t h e  equ iva len t  k inemat ic  p i t c h - f l a p  and p i t ch - lag  coup l ing  i s  shown i n  
f i g u r e s  15-18. 
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Figure  15.- Equiva lent  p i t c h - f l a p  and F igure  16.- Equiva lent  p i t c h - f l a p  and 
p i t ch - lag  coup l ing  f o r  a s o f t  p i t ch - lag  coup l ing  f o r  a s o f t  
i np lane  r o t o r  b lade:  wv = 0.7 ,  i np lane  r o t o r  b lade:  wv = 0 . 7 ,  
bi = 0.0, Bpc = 0.0 rad.  bi = 1.0, Bpc = 0.0 rad .  
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17.- Equiva lent  p i t c h - f l a p  and F igure 18.- Equiva lent  p i t c h - f l a p  and 
p i t c h - l a g  coupl ing f o r  a s t i f f  p i t c h - l a g  coupl ing f o r  a s o f t  
i n p l a n e  r o t o r  b lade :  wv = 1.5,  i n p l a n e  r o t o r  b lade :  wv = 0 . 7 ,  
62 = 0.0,  BPc = 0.0 rad.  w+ = 5 . 0 ,  62 = 0 .0 .  

General  S t a b i l i t y  C h a r a c t e r i s t i c s ,  Locus of Roots 

A g e n e r a l  overview of h i n g e l e s s  r o t o r  b lade  f l ap - lag - to rs ion  s t a b i l i t y  
c h a r a c t e r i s t i c s  i s  nex t  provided by a series of f i g u r e s  showing t h e  l o c u s  of  
r o o t s  of each fundamental mode as t h e  b lade  p i t c h  a n g l e  8 i s  i nc reased  from 
ze ro  t o  0.5 rad .  The main c o n f i g u r a t i o n  v a r i a b l e s  of  i n t e r e s t  are t h e  t o r s i o n  
f requency,  t h e  lead- lag f requency,  and t h e  s t r u c t u r a l  coupl ing parameter 62. 
Before p r e s e n t i n g  t h e s e  r e s u l t s ,  i t  w i l l  be  u s e f u l  t o  review t h e  f l ap - lag  
s t a b i l i t y  c h a r a c t e r i s t i c s  of  a t o r s i o n a l l y  r i g i d  b l a d e ,  based on t h e  r e s u l t s  of 
r e f e r e n c e  6 extended h e r e  t o  i n c l u d e  v a r i a t i o n s  i n  62 ( i n  r e f .  6 ,  62 = 1 only)  
and t h e  second o r d e r  ang le  of a t t a c k  t e r m s .  The l o c u s  of r o o t s  f o r  t y p i c a l  
s o f t  and s t i f f  i n p l a n e  c o n f i g u r a t i o n s  are shown i n  f i g u r e  19. 

A t  ze ro  p i t c h  a n g l e  t h e  f l a p  and lead- lag modes are uncoupled. The f l a p  
mode i s  h i g h l y  damped due t o  t h e  l a r g e  aerodynamic damping produced by l i f t  
f o r c e s  a s s o c i a t e d  w i t h  f l a p p i n g  v e l o c i t y .  The lead- lag damping, however, is 
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70 

v e r y  s m a l l .  This is because t h e  aero-
dynamic d rag  f o r c e s  a s s o c i a t e d  w i th  
l ead - lag  v e l o c i t y  are ve ry  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsmall. I n  
t h e  p r e s e n t  a n a l y s i s ,  s t r u c t u r a l  lead-
l a g  damping is n o t  inc luded.  Accord-
i n g  t o  r e s u l t s  of r e f e r e n c e  5,  s t r u c -
t u r a l  damping acts l i k e  aerodynamic -p r o f i l e  d rag  damping, and f o r  weak 0.0 0.3zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArad 

f l a p - l a g  i n s t a b i l i t i e s ,  s t r u c t u r a l  
damping can e l i m i n a t e  t h e  i n s t a b i l i t y .  Lead- lag  mode 

A s  t h e  b l a d e  p i t c h  a n g l e  i n c r e a s e s  
from ze ro ,  t h e  f l a p  and lead - lag  modes 
become coupled and t h e  motion may be  
d e s t a b i l i z e d .  The f l a p  mode remains 
s t a b l e  f o r  bo th  t h e  s o f t  and s t i f f  
i n p l a n e  c o n f i g u r a t i o n s ;  t h e  l ead - lag  
mode i s  s t a b i l i z e d  f o r  t h e  s o f t  
i n p l a n e  c o n f i g u r a t i o n  o n l y ,  and 
i t  may become u n s t a b l e  f o r  t h e  s t i f f  
i n p l a n e  c o n f i g u r a t i o n  f o r  v a l u e s  of 
bi between 0 and 1. The e f f e c t s  of  
f l a p - l a g  s t r u c t u r a l  coupl ing are 
l a r g e r  f o r  t h e  s t i f f  i n p l a n e  than  t h e  
s o f t  i n p l a n e  c o n f i g u r a t i o n s  because 
t h i s  coupl ing i s  p r o p o r t i o n a l  t o  
EI , f  - E I y f .  

The f l ap - lag  s t a b i l i t y  charac-
ter ist ics w i l l  be  a l t e r e d  when to r -
s i o n a l  f l e x i b i l i t y  i s  in t roduced.  
The changes are expected t o  be  l a r g e  
when t h e  t o r s i o n  f requency i s  low. 
F igu re  20 shows t h e  l o c u s  of r o o t s  
f o r  t h e  s o f t  i n p l a n e  c o n f i g u r a t i o n  
f o r  t h r e e  va lues  of bi and f i g -
u r e  2 1  shows t h e  corresponding l o c u s  
of  r o o t s  f o r  t h e  s t i f f  i n p l a n e  conf ig-
u r a t i o n .  A s  expected,  t h e  e f f e c t s  of 
t o r s i o n a l  f l e x i b i l i t y  are l a r g e s t  
when q i s  low and t h e  s t i f f  i np lane  
c o n f i g u r a t i o n  shows l a r g e r  v a r i a t i o n s  
i n  f requency and damping than  t h e  
s o f t  i n p l a n e  c o n f i g u r a t i o n ,  aga in  due 
t o  t h e  d i f f e r e n c e  i n  E I Z f  - E I y f .  
The s o f t  i n p l a n e  lead- lag mode damping 
i s  g e n e r a l l y  i n c r e a s e d  by t o r s i o n a l  
f l e x i b i l i t y  wh i l e  t h e  f l a p  mode damp-
i n g  i s  reduced. There i s  l i t t l e  
i n f l u e n c e  of t o r s i o n  f requency on t h e  
t o r s i o n  mode damping. Furthermore, 
t h e  e f f e c t s  of t h e  s t r u c t u r a l  coupl ing 
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(a )  S o f t  i n p l a n e ,  uv = 0.7. 
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(b) S t i f f  i n p l a n e ,  wv = 1.5. 

Figure 19.- Locus of r o o t s  f o r  t o r -
s i o n a l l y  r i g i d  r o t o r  b lade :  
BPc = 0.0 rad.  
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parameter  62 are no t  l a r g e  f o r  t h e  s o f t  i np lane  con f igu ra t i on .  The i n c r e a s e  
i n  lead- lag  damping, as t o r s i o n a l  f l e x i b i l i t y  i n c r e a s e s ,  i s  due t o  t h e  equiva-
l e n t  k inemat ic  p i t ch - lag  coup l ing  produced by bending- tors ion s t r u c t u r a l  
coup 1i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

The s t a b i l i t y  of t h e  s t i f f  i np lane  c o n f i g u r a t i o n  i n  f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA21 i s  s t r o n g l y  
i n f l uenced  by t o r s i o n a l  f l e x i b i l i t y .  There is a l ead- lag  mode i n s t a b i l i t y  
t h a t  depends on both  w +  and 62 and a f l a p  mode d ivergence f o r  small va lues  of 
62 and w 4 .  Depending on t h e  p a r t i c u l a r  v a l u e s  of 62 and w + ,  e i t h e r  t h e  f l a p  
mode d ivergence o r  t h e  l ead - lag  mode i n s t a b i l i t y  w i l l  occur  a t  t h e  lowest  p i t c h  
ang le .  Again, t h e  e f f e c t s  of t o r s i o n a l  f l e x i b i l i t y  can be a t t r i b u t e d  mainly 
t o  t h e  bend ing- to rs ion  s t r u c t u r a l  coup l ing  and t h e  a s s o c i a t e d  k inemat ic  p i t ch -
l a g  coupl ing.  For example, accord ing  t o  
r e f e r e n c e  5, n e g a t i v e  d e s t a b i l i z e s  
ate va lues  of 63 and s t a b i l i z e s  i t  f o r  
becomes i n c r e a s i n g l y  n e g a t i v e  ( f i g .  17)  
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(a)  63 = 0.0. 

t h e  r i g i d  b lade  f l ap - lag  a n a l y s i s  of 
t h e  lead- lag  mode f o r  s m a l l  and moder-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
b ig  1. For t h e  p r e s e n t  r e s u l t s ,  85 

as t h e  t o r s i o n  f requency i s  decreased 
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(b) 62 = 0.5. 

Figure  20.- Locus o f  r o o t s  f o r  a s o f t  i n p l a n e  r o t o r  b lade :  wv = 0 .7 ,  
Bpc = 0.0 rad .  
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f 5  Torsion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmode 
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( c )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbi = 1.0.  

F igu re  20.- Concluded. 

and, analogous t o  t h e  r i g i d  b l a d e  f l ap - lag  r e s u l t s ,  t h e  l ead - lag  mode i s  
d e s t a b i l i z e d  when bi = 0 and s t a b i l i z e d  when di = 1.0. A t  ve ry  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlow t o r s i o n  
f r e q u e n c i e s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 2.5 ,  t h i s  ana log  i s  n o t  v a l i d  s i n c e  t o r s i o n a l  dynamics 
t e r m s  begin t o  dominate s t a b i l i t y .  

E f f e c t  of Lead-Lag Frequency, Tors ion Frequency, and Flap-Lag 
S t r u c t u r a l  Coupling on S t a b i l i t y  Boundaries 

I n  t h e  nex t  series of  r e s u l t s ,  s t a b i l i t y  boundar ies are presen ted  f o r  a 
wide range of parameter va lues  w i t h  b lade  p i t c h  a n g l e  0 t h e  dependent v a r i a -
b l e .  A t  low b l a d e  p i t c h  a n g l e s ,  t h e  motion is g e n e r a l l y  s t a b l e ,  b u t  as 0 i s  
i n c r e a s e d ,  t h e  b lade  motion may become less s t a b l e .  I f  t h i s  t r e n d  con t inues ,  
a s t a b i l i t y  boundary i s  c rossed  a t  t h e  c r i t i c a l  p i t c h  a n g l e  ecr and t h e  
motion becomes u n s t a b l e .  I n  a few cases, t h e  motion is  u n s t a b l e  a t  ze ro  p i t c h  
a n g l e  and may be s t a b i l i z e d  a t  h i g h e r  p i t c h  a n g l e s .  Arrows are provided i n  
t h e  f i g u r e s  t o  i n d i c a t e  t h e  s t a b l e  and u n s t a b l e  reg ions  de f i ned  by t h e  
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s t a b i l i t y  boundar ies and, i n  some cases, c rossha tch ing  i s  i nc luded  on t h e  
u n s t a b l e  s i d e  of t h e  boundary. I n  most cases, t h e  r e g i o n s  of  i n s t a b i l i t y  are 
clear and t h e  c r o s s h a t c h i n g  i s  omi t ted  t o  avoid obscur ing t h e  f i g u r e s .  I n  
g e n e r a l ,  a n  i n s t a b i l i t y  o f  t h e  lead- lag mode is encountered when a s t a b i l i t y  
boundary i s  c rossed .  I n  some cases, however, modes o t h e r  than  t h e  l ead - lag  
mode determine t h e  s t a b i l i t y  boundary. I n  such cases an (F) o r  (T),  f o r  f l a p  
mode o r  t o r s i o n  mode, r e s p e c t i v e l y ,  i s  placed nex t  t o  t h e  s t a b i l i t y  boundary. 
The n o t a t i o n  " D i v "  r e f e r s  t o  a f l a p  mode d ivergence.  

The f i r s t  r e s u l t  i n  f i g u r e  22 i s  f o r  t h e  f l a p - l a g  s t a b i l i t y  boundar ies of 
a t o r s i o n a l l y  r i g i d  b l a d e  as a f u n c t i o n  of  lead- lag f requency and f o r  several 
va lues  of t h e  s t r u c t u r a l  coup l i ng  parameter 61. The s o f t  i n p l a n e  conf igura-
t i o n s  are always s t a b l e ,  wh i l e  most of t h e  s t i f f  i n p l a n e  c o n f i g u r a t i o n s  
e x h i b i t  a l ead - lag  i n s t a b i l i t y  depending on t h e  v a l u e s  of wv and 61. These 
pu re  f l ap - lag  i n s t a b i l i t i e s  cannot occur  below a c e r t a i n  minimum p i t c h  ang le  
which, i n  t h i s  case, i s  approx imate ly  0 .21  rad.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  d iscussed  i n  r e f e r e n c e  5,  

Leod-log mode zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy+'8hi,:
t 

8,,, = O3502 

8 0 r  

-79 

-78 

z  

-5 0  I
1 

Torsion-4 9  

<' 

2 5 -

-2 4  

2 3 -
> 

-17 

-16 

1 5 -
> 

-10 

9 -

8 -

7 ­

> 

10 .  
- 1 0 1 2 -6 - 5  

(a )  61 = 0 .0 .  (b) I$? = 0.5. 

F igu re  21.- Locus o f  r o o t s   f o r  s t i f f  i n p l a n e  r o t o r  b l a d e :  wv = 1.5, 
BPc = 0.0 rad .  
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(c) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.0. 

Figure 21.- Concluded. 

-. I  
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I.o 1.5 2.0 2.5 3.0 3.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

W V  

Figure 22.- The effect of 6? on the stability boundaries, OCr versus lead-lag 
frequency, for a torsionally rigid blade: B,, = 0.0 rad. 
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t h e  v a l u e  of t h i s  minimum p i t c h  ang le  depends on t h e  b l a d e  p r o f i l e  d rag ,  r o t o r  
s o l i d i t y ,  and b lade  s t r u c t u r a l  damping (not  i nc luded  i n  t h e s e  r e s u l t s ) .  The 
main r e s u l t  t o  be  no ted  is t h a t  as t h e  lead- lag f requency i n c r e a s e s ,  t h e  v a l u e  
of 62 must a l s o  i n c r e a s e  t o  produce i n s t a b i l i t y  a t  a moderate p i t c h  ang le .  
For 62 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0.6, f l a p - l a g  i n s t a b i l i t y  is u n l i k e l y  f o r  p r a c t i c a l  lead- lag f r e -
quencies (wv zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2.0). 

Tors iona l  f l e x i b i l i t y  g r e a t l y  modi f ies t h e  f l a p - l a g  s t a b i l i t y  boundar ies 
as shown i n  f i g u r e s  23 t o  28. I n  each f i g u r e ,  f o r  a s i n g l e  v a l u e  of  62, 

IMatched sti f fness 
I 

1 I 1 I 
.5 I.o  1.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2.0 2.5 

w v  

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 3 . - The e f f e c t  o f  t o r s i o n  f requency on s t a b i l i t y  boundar ies,  O c r  ver-
s u s  l ead - lag  f requency: Bpc = 0.0 r a d ,  63 = 0.0. 

W Y  

Figure 24.- The e f f e c t  o f  t o r s i o n  f requency on s t a b i l i t y  boundar ies,  €Icr ver­
s u s  lead- lag  frequency:  BPc = 0.0 r a d ,  62 = 0.2.  
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F igu re  25.- The e f f e c t  of t o r s i o n  f requency on t h e  s t a b i l i t y  boundar ies,  OCr 
v e r s u s  l ead - lag  f requency: @,,= 0.0 r a d ,  bi = 0 .4 .  

F igu re  26.- The e f f e c t  of t o r s i o n  f requency on t h e  s t a b i l i t y  boundar ies,  ecr 
v e r s u s  l ead - lag  f requency: B,, = 0.0 r a d ,  6? = 0.6. 
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\ f Unstable 
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Figure 27.- The e f f e c t  of t o r s i o n  f requency on t h e  s t a b i l i t y  boundar ies ,  OCr 
v e r s u s  lead- lag f requency: BPc = 0.0 r a d ,  = 0.8. 
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Figure 28.- The e f f e c t  of t o r s i o n  f requency on t h e  s t a b i l i t y  boundar ies ,  Ocr  
v e r s u s  lead- lag f requency: BPC 

= 0.0 r a d ,  di = 1.0.  
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is v a r i e d  from 2.5 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 0 .  I n  g e n e r a l ,  s o f t  i n p l a n e  c o n f i g u r a t i o n s  are f r e e  of  
i n s t a b i l i t y  f o r  a l l  combinat ions of  di and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu$. A s p e c i a l  l i m i t i n g  case of t h e  
s o f t  i n p l a n e  c o n f i g u r a t i o n s  i s  t h e  matched s t i f f n e s s  c o n f i g u r a t i o n  where 
EI, '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= E I y ' ,  and a l l  f l a p - l a g  and bending- tors ion s t r u c t u r a l  coupl ing van ishes .  
For t h i s  c o n f i g u r a t i o n  t h e  t o r s i o n  modes are uncoupled from t h e  bending modes, 
and t h e  lead- lag damping may be  ob ta ined  approx imate ly ,  b u t  w i t h  good accuracy,  
from a f l a p - l a g  a n a l y s i s .  S i n c e  t o r s i o n a l l y  r i g i d  s o f t  i n p l a n e  c o n f i g u r a t i o n s  
are v i r t u a l l y  always s t a b l e ,  t a r s i o n a l l y  f l e x i b l e  matched s t i f f n e s s  conf igura-
t i o n s  may b e  expected t o  be  s t a b l e  f o r  a l l  v a l u e s  o f  di and q,. Th is  expecta-
t i o n  i s  confirmed by t h e  r e s u l t s .  F igu res  23 and 28 show t h a t  t h e  s t a b i l i t y  
boundar ies s h i f t  up and o u t  of t h e  p r a c t i c a l  p i t c h  a n g l e  range as t h e  lead- lag 
f requency dec reases  t o  t h e  matched s t i f f n e s s  f requency marked on t h e  f i g u r e s .  

I n  c o n t r a s t  t o  t h e  s o f t  i n p l a n e  c o n f i g u r a t i o n s ,  t h e  s t i f f  i n p l a n e  conf ig-
u r a t i o n s  a g a i n  e x h i b i t  a v a r i e t y  of u n s t a b l e  behavior .  For low v a l u e s  of  di,  
t h e  reg ion  of  i n s t a b i l i t y  occu rs  a t  i n c r e a s i n g l y  smaller p i t c h  a n g l e s  as t h e  
t o r s i o n  f requency i s  reduced. Th is  i s  d i r e c t l y  a t t r i b u t a b l e  t o  t h e  e q u i v a l e n t  
p i t ch - lag  coupl ing of t h e  bending- tors ion s t r u c t u r a l  coupl ing.  A s  di 
i n c r e a s e s ,  t h e  r e g i o n  of  i n s t a b i l i t y  s h i f t s  t o  l a r g e r  p i t c h  a n g l e s  and h i g h e r  
lead- lag f requenc ies .  When di = 1.0, t h e  motion i s  s t a b l e  f o r  a l l  p r a c t i c a l  
c o n f i g u r a t i o n s .  For v e r y  low t o r s i o n  f requency o r  h i g h  l ead - lag  f requency, 
however, a s m a l l  u n s t a b l e  reg ion  i s  p r e s e n t .  Th i s  i n s t a b i l i t y  appears t o  b e  
a s s o c i a t e d  w i th  a co inc idence  of  t h e  lead- lag and t o r s i o n  f requenc ies  u v g u  $ -

The r e s u l t s  o f  f i g u r e s  23-28 are c r o s s - p l o t t e d  f o r  w$ = 5 i n  f i g u r e  29 
t o  show more d i r e c t l y  t h e  e f f e c t  o f  t h e  s t r u c t u r a l  coup l i ng  parameter di. 
Compared t o  f i g u r e  22 f o r  a t o r s i o n a l l y  r i g i d  b l a d e ,  t h e  e f f e c t  of t o r s i o n a l  
f l e x i b i l i t y  i s  t o  reduce s i g n i f i c a n t l y  t h e  p i t c h  a n g l e  a t  which i n s t a b i l i t y  
occurs.  
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The e f f e c t  o f  di on t h e  s t a b i l i t y  boundar ies ,  e,, v e r s u s  lead-
l a g  f requency: u$ = 5.0, Bpc = 0.0. 



I n  summary, t h e s e  r e s u l t s  wi thout  precone i n d i c a t e  t h a t  t y p i c a l  h i n g e l e s s  
r o t o r  b lade  c o n f i g u r a t i o n s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(LO+ 5 5, wv zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2) o p e r a t i n g  a t  moderate p i t c h  a n g l e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(0 5 0.3 r a d )  are s t a b l e ,  except  when t h e  s t r u c t u r a l  coupl ing parameter di is 
r e l a t i v e l y  s m a l l .  

E f f e c t  of Precone on S t a b i l i t y  Boundar ies 

The i n f l u e n c e  of precone on t h e  s t a b i l i t y  of t o r s i o n a l l y  r i g i d  r o t o r  
b l a d e s  i s  r e i a t i v e l y  s m a l l  ( r e f s .  5 and 61, bu t  f o r  t o r s i o n a l l y  f l e x i b l e  
b l a d e s  i t s  i n f l u e n c e  can be ve ry  l a r g e .  This  i s  due p r i m a r i l y  t o  t h e  bending-
t o r s i o n  s t r u c t u r a l  coupl ing terms i n  t h e  t o r s i o n  equa t ion .  A s  noted above, 
t h e  e q u i v a l e n t  p i t c h - l a g  coupl ing produced by s t r u c t u r a l  coupl ing i s  a func-
t i o n  of t h e  e q u i l i b r i u m  f l a p  and lead- lag d e f l e c t i o n s  of t h e  b l a d e  t h a t  are i n  
t u r n  s t r o n g l y  dependent on precone. A s  c l e a r l y  shown i n  f i g u r e s  14 and 18, 
p o s i t i v e  precone produces a p o s i t i v e  e q u i v a l e n t  p i t c h - l a g  coupl ing,  a t  s m a l l  
p i t c h  a n g l e s ,  t h a t  can be  s t r o n g l y  d e s t a b i l i z i n g .  The s t a b i l i t y  boundar ies 
wi thout  precone,  given i n  f i g u r e s  23-28, are repea ted  f o r  t h r e e  v a l u e s  of di 
i n  f i g u r e s  30-32 w i th  0.05 r a d  precone. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA comparison between t h e  two series 
of f i g u r e s  c l e a r l y  r e v e a l s  t h e  d e s t a b i l i z i n g  e f f e c t s  of precone. For low and 
moderate t o r s i o n  f r e q u e n c i e s ,  a new reg ion  of i n s t a b i l i t y  appears which beg ins  
a t  o r  n e a r  ze ro  p i t c h  a n g l e  and te rm ina tes  a t  a s m a l l  p o s i t i v e  p i t c h  ang le .  
The range of p i t c h  a n g l e s  f o r  which t h e  b l a d e  i s  u n s t a b l e  i n c r e a s e s  as w+
dec reases  because t h e  p i t c h - l a g  coupl ing i n c r e a s e s  w i th  dec reas ing  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi+. For 
bi = 0.0 t h i s  precone i n s t a b i l i t y  i s  l i m i t e d  t o  s o f t  i n p l a n e  c o n f i g u r a t i o n s ;  
however, as di i n c r e a s e s ,  t h e  reg ion  of i n s t a b i l i t y  expands t o  i nc lude  s t i f f  
i np lane  c o n f i g u r a t i o n s  as w e l l .  A t  t h e  low wv range,  n e a r  t h e  matched s t i f f -
n e s s  c o n f i g u r a t i o n ,  t h e  u n s t a b l e  r e g i o n  c l o s e s  because t h e  s t r u c t u r a l  coupl ing 
(EIZt - E I y i )  a v a i l a b l e  t o  g e n e r a t e  d e s t a b i l i z i n g  p i t ch - lag  coupl ing dec reases  
and then van ishes  when E I Z i =  E I y i .  

F igu re  30.- The e f f e c t  of precone and t o r s i o n  f requency on t h e  s t a b i l i t y  
boundar ies,  OCr v e r s u s  l ead - lag  f requency: Bpc = 0.05 r a d ,  62 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 .0 .  
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F igu re  31.- The e f f e c t  o f  precone and t o r s i o n  f requency on t h e  s t a b i l i t y  
boundar ies,  e,, v e r s u s  lead- lag f requency: Bpc = 0.05 r a d ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdi = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.4. 
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F igu re  32.- The e f f e c t  of precone and t o r s i o n  f requency on t h e  s t a b i l i t y  
boundar ies,  ecr v e r s u s  lead- lag f requency: aPc = 0.05 r a d ,  6? = 1.0. 
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I  

I n  a d d i t i o n  t o  t h e  new r e g i o n  of i n s t a b i l i t y  a t  low p i t c h  a n g l e s ,  precone 
a l s o  i n f l u e n c e s  t h e  p rev ious  s t a b i l i t y  boundar ies a t  h igher  p i t c h  a n g l e s ,  bu t  
t h e  e f f e c t  is no t  ve ry  l a r g e .  Genera l l y ,  t h e s e  s t a b i l i t y  boundar ies are 
s h i f t e d  t o  h i g h e r  p i t c h  ang les .  The e f f e c t  o f  i n c r e a s i n g  precone t o  0.1 r a d  
f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbi = 1 i s  shown i n  f i g u r e  3 3 ;  i f  t h e  r e s u l t s  of f i g u r e s  33 and 32 are 
compared, it w i l l  be  no ted  t h a t  t h e  reg ions  of i n s t a b i l i t y  a t  low p i t c h  a n g l e s  
more than double i n  s i z e  when t h e  precone i s  doubled. 

Add i t i ona l  r e s u l t s  are g iven f o r  s o f t  and s t i f f  i np lane  c o n f i g u r a t i o n s  
where precone i s  t aken  t o  be t h e  independent v a r i a b l e .  For t h e  s o f t  i n p l a n e  
c o n f i g u r a t i o n  w i th  wv = 0.7 ( f i g .  3 4 )  t h e  motion i s  s t a b l e  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw+ 2 5.0,  and 
only  the r e s u l t  € o r  w+ = 2 . 5  i s  shown. The e f f e c t  of v a r i a t i o n s  i n  bz i s  
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Figure  33.- The e f f e c t  of precone  and t o r s i o n  f requency  on t h e  s t a b i l i t y  
boundar i e s ,  e,, v e r s u s  l e a d - l a g  f requency:  Pp, = 0 . 1  r a d ,  = 1.0.  
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Figure  34.- The e f f e c t  of 6c on t h e  s t a b i l i t y  boundar i e s ,  gcr v e r s u s  precone  
ang le :  w+ = 2.5 ,  wv = 0 . 7 .  
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seen t o  be q u i t e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsmall. For t h e  s t i f f  i np lane  con f igu ra t i on  i n  f i g u r e s  35-38, 
t h e  motion is u n s t a b l e  f o r  a wide range of precone,  t o r s i o n  f requency,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA63. 
For s i m p l i c i t y ,  on ly  va lues  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw@ = 2.5, 5 .0,  12.0 and 00 are shown. A t  
lower va lues  of w4, t h e  r e s u l t s  show l a r g e  v a r i a t i o n s  w i th  r e s p e c t  t o  
and bi, whi le  a t  h igh  wq,  t h e  v a r i a t i o n s  are s m a l l .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  noted  above, t h eBPC 

i n s t a b i l i t i e s  are p r i m a r i l y  genera ted  by t h e  equ iva len t  p i t ch - lag  coup l ing  
produced by bending- tors ion s t r u c t u r a l  coupl ing.  Th is  coup l ing  varies roughly  
i n  p ropor t ion  t o  precone and i n v e r s e l y  i n  p ropor t i on  t o  t o r s i o n  f requency. 

.5 r T
"t 

Figure  35.- The e f f e c t  of dE on t h e  s t a b i l i t y  boundar ies ,  €lcr v e r s u s  precone 
ang le :  w,+ = 2 . 5 ,  wv = 1.5. 
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Figure  36.- The e f f e c t  of 61 on t h e  s t a b i l i t y  boundar i e s ,  €lCr v e r s u s  precone 
a n g l e :  u4 = 5 .0 ,  wv = 1.5.  
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Figure  37.- The e f f e c t  of 61 on t h e  s t a b i l i t y  boundar ies ,  OCr v e r s u s  precone 
ang le :  w,+ = 12.0 ,  wv = 1.5. 
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F igu re  38.- The e f f e c t  of 61 on t h e  s t a b i l i t y  boundar ies ,  €Icr v e r s u s  precone  
a n g l e  f o r  a t o r s i o n a l l y  r i g i d  b l ade :  wv = 1.5. 
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There fo re ,  t h e  s t a b i l i t y  boundary v a r i a t i o n  w i t h  precone f o r  a l a r g e  t o r s i o n  
f requency should b e  r e f l e c t e d  i n  a s i m i l a r  s t a b i l i t y  boundary v a r i a t i o n  ove r  a 
smal ler  range o f  precone when t h e  t o r s i o n  f requency i s  small. This  expecta-
t i o n  i s  reasonably  w e l l  conf i rmed by t h e  r e s u l t s ,  p a r t i c u l a r l y  f o r  t h e  lower 
v a l u e s  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbi. Also t h e  s m a l l  e f f e c t  o f  precone f o r  l a r g e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw 4  is what would 
be  expected from t h e  e q u i v a l e n t  p i t c h - l a g  coupl ing e f f e c t .  

E f f e c t  o f  Tors ion Frequency 

The r e s u l t s  d i scussed  above have c l e a r l y  shown t h e  impor tant  i n f l u e n c e  of 
t o r s i o n  f l e x i b i l i t y .  We w i l l  now cons ide r  t h i s  i n f l u e n c e  more d i r e c t l y  by 
showing t h e  v a r i a t i o n  of  s t a b i l i t y  boundar ies as an e x p l i c i t  f u n c t i o n  o f  t h e  
independent v a r i a b l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. These r e s u l t s  are shown i n  f i g u r e s  39-41 f o r  t h r e e  
v a l u e s  of t h e  s t r u c t u r a“P coup l i ng  parameter  62 and several v a l u e s  of  l ead - lag  
f requency. For low w,+, an i n c r e a s e  i n  t o r s i o n  f requency i s  s t a b i l i z i n g  f o r  
a l l  v a l u e s  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd? and wv; a t  h i g h e r  t o r s i o n  f r e q u e n c i e s ,  t h i s  r e l a t i o n s h i p  i s  
reve rsed  f o r  some c o n f i g u r a t i o n s .  Th is  occurs ,  f o r  example, when 62 = 0.0 
n e a r  wv -N ww and a t  moderate 62 f o r  c e r t a i n  s t i f f  i n p l a n e  c o n f i g u r a t i o n s .  

The f l a p  d ivergence boundar ies f o r  low t o r s i o n  f r e q u e n c i e s  desc r ibed  ear l ie r  
are shown i n  d e t a i l  i n  t h e  expanded scale p o r t i o n  of f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA40.  I n  g e n e r a l ,  
i t  i s  d i f f i c u l t  t o  c l a s s i f y  t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of  t o r s i o n a l l y  f l e x i -
b l e  c a n t i l e v e r  b l a d e s  w i t h  r e s p e c t  t o  t h e  e f f e c t  of i n c r e a s e d  o r  decreased 
t o r s i o n a l  f l e x i b i l i t y .  A t  l a r g e  v a l u e s  of  w+ t h e  s t a b i l i t y  boundar ies 
a s y m p t o t i c a l l y  approach t h e  corresponding f l a p - l a g  s t a b i l i t y  boundar ies (pro-
v ided t h a t  a f l ap - lag  s t a b i l i t y  boundary e x i s t s ) .  It may be  noted i n  f i g -
u r e  4 1  t h a t  w i thou t  precone,  lead- lag i n s t a b i l i t i e s  are n o t  p r e s e n t  a t  t y p i c a l  
t o r s i o n  f requenc ies  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(o 5 5) .  Since  t h e r e  are no f l a p - l a g  i n s t a b i l i t i e s  f o r  
62 = 1 and Bpc = 0.0, 

,+
t h e  r e s u l t s  of f i g u r e  4 1  are c o n s i s t e n t  w i th  t h e  

r e s u l t s  d i scussed  above. 
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Figure 39.- The e f f e c t  o f  lead- lag f requency on t h e  s t a b i l i t y  boundar ies,  eCr 
v e r s u s  t o r s i o n  f requency: $,, = 0.0 r a d ,  63 = 0.0. 
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4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA40.- The e f f e c t  of l ead - lag  f requency on t h e  s t a b i l i t y  boundar ies ,  OCr 
v e r s u s  t o r s i o n  f requency: BPc = 0.0  r a d ,  6( = 0 . 4 .  

A few r e s u l t s  are a l s o  inc luded 
t o  show t h e  e f f e c t  of t o r s i o n a l  f l e x i -
b i l i t y  on lead- lag damping of c a n t i -

1F 1  lever r o t o r  b lades .  This  i s  of i n t e r -
est because t h e  l ead - lag  damping of 
c a n t i l e v e r  b l a d e s  i s  i n h e r e n t l y  low 

I T 1  
2 5  

and may l e a d  t o  problems, such as 
h igh  b lade  bending l o a d s  o r  coupled 
rotor-body i n s t a b i l i t i e s ,  even i f  t h e  
motion of an i s o l a t e d  b lade  i s  s t a b l e .  

7 5 .  i. F igu res  42-44 show s e v e r a l  examples 
where t h e  damping of s t a b l e  conf igura-:; < + I t  ' t i o n s  is  s i g n i f i c a n t l y  i nc reased  o r  
decreased by t o r s i o n  f l e x i b i l i t y .  
The damping i s  given by t h e  dimension-
less real  p a r t  of t h e  lead- lag mode 
e igenvalue a t  a p i t c h  a n g l e  of 0.3 r a d  

, p l o t t e d  as a f u n c t i o n  of wv f o r  
c 

3 4 
I 1 

5 several t o r s i o n  f requenc ies .  The 
w+ i n f l u e n c e  of t o r s i o n a l  f l e x i b i l i t y  i s  

e s p e c i a l l y  c l e a r  i n  t h e s e  r e s u l t s .  
F igu re  41.- The e f f e c t  of lead- lag A s  LO,+ i s  reduced,  t h e  i n f l u e n c e  of 

f requency on t h e  s t a b i l i t y  bound- t o r s i o n a l  f l e x i b i l i t y  i s  magnif ied 
ar ies,  €),,v e r s u s  t o r s i o n  frequency:  whether  t h e  lead- lag  damping i s  
Bpc = 0.0 r a d ,  6? = 1.0.  i n c r e a s e d  o r  decreased .  This  a g a i n  

is due t o  t h e  i n f l u e n c e  of bending-
t o r s i o n  s t r u c t u r a l  coupl ing .  It i s  a l s o  clear t h a t  t o r s i o n a l  f l e x i b i l i t y  
reverses i t s  i n f l u e n c e  when ov e q u a l s  t h e  matched s t i f f n e s s  v a l u e .  A t  t h i s  
p o i n t ,  t h e  e q u i v a l e n t  p i t c h - l a g  coupl ing  changes s i g n .  I n  g e n e r a l ,  f o r  
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F igu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA42.- The e f f e c t  of t o r s i o n  f requency on l ead - lag  modal damping v e r s u s  
l ead - lag  f requency: BPc = 0.0 r a d ,  9 = 0.3 r a d ,  61 = 0.0. 
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Figure 43.- The e f f e c t  of t o r s i o n  f r e - F igu re  44.- The e f f e c t  of t o r s i o n  
quency on lead- lag modal damping f requency on lead- lag modal damp-
ve rsus  l ead - lag  f requency: i n g  v e r s u s  lead- lag f requency: 
Bpc = 0.0 rad ,  0 = 0 . 3  r a d ,  61=0.4. B p c = O . O  r a d ,  8 = 0 . 3  r a d ,  @ = l . O .  
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t y p i c a l  s o f t  and s t i f f  i n p l a n e  c o n f i g u r a t i o n s  wi thout  precone, t o r s i o n a l  
f l e x i b i l i t y  i n c r e a s e s  lead- lag damping except  f o r  s t i f f  i n p l a n e  c o n f i g u r a t i o n s  
of low 61 va lues .  

E f f e c t  o f  Approximations i n  t h e  Ana lys i s  

The p reced ing  r e s u l t s  and d i s c u s s i o n  have demonstrated t h e  importance of  
t h e  s t r u c t u r a l  bending- tors ion terms i n  t h e  e q u a t i o n s  of  motion. It is 
n a t u r a l  t o  i n q u i r e ,  t h e r e f o r e ,  i f  t h e  e q u a t i o n s  of  motion could be  s i m p l i f i e d ,  
w i thou t  s i g n i f i c a n t  l o s s  of  accuracy,  by e l i m i n a t i n g  most o f  t h e  terms i n  t h e  
t o r s i o n  equa t ion  except  t h e  s t r u c t u r a l  terms. Th is  procedure w a s  desc r ibed  i n  
a prev ious  s e c t i o n  and r e s u l t s  i n  a system of modif ied f l ap - lag  e q u a t i o n s  
wi thout  independent t o r s i o n  degrees  of  freedom. 

The r e s u l t s  u s i n g  t h e  modi f ied f l a p - l a g  e q u a t i o n s  are compared t o  t h e  com-
p l e t e  f l ap - lag - to rs ion  r e s u l t s  i n  f i g u r e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA45-48. I n  g e n e r a l ,  t h e  complete 
f l a p - l a g  t o r s i o n  e q u a t i o n s  are r e q u i r e d  f o r  v e r y  low t o r s i o n  f requenc ies  when 
i n e r t i a l ,  aerodynamic, and s t r u c t u r a l  terms are a l l  impor tant  i n  t h e  t o r s i o n  
equa t ion .  A t  i n t e r m e d i a t e  t o r s i o n  f requenc ies ,  on l y  the s t r u c t u r a l  t o r s i o n  
t e r m s  are r e q u i r e d  and t h e  modif ied f l ap - lag  equa t ions  are a p p r o p r i a t e .  A t  
ve ry  h igh  t o r s i o n  f r e q u e n c i e s ,  t o r s i o n  d e f l e c t i o n s  become n e g l i g i b l e  and a pure  
f l a p - l a g  a n a l y s i s  i s  adequate.  

An i n d i c a t i o n  o f  t h e  range of t o r s i o n  f requency where t h e  t h r e e  levels of 
complexi ty are a p p r o p r i a t e  may be ob ta ined  from t y p i c a l  r e s u l t s  f o r  a conf ig-
u r a t i o n  w i thou t  precone o r  f l ap - lag  s t r u c t u r a l  coupl ing (61 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0) i n  f i g u r e  45.  
For 20,  t h e  f l a p - l a g  e q u a t i o n s  wi thout  t o r s i o n  are adequate;  f o r  
5 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu+ < 20, t h e  modif ied f l a p - l a g  equa t ions  i n c l u d i n g  s t r u c t u r a l  t o r s i o n  

- Flap-lag-torsion 
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F igu re  45.- The e f f e c t s  of  approximat ions i n  t h e  a n a l y s i s  on t h e  s t a b i l i t y  
boundar ies,  e,, v e r s u s  t o r s i o n  f requency: BPc = 0.0 r a d ,  61 = 0.0 .  
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F igu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA46.- The e f f e c t  o f  
i n  t h e  a n a l y s i s  on t h e  
boundar ies ,  OCr v e r s u s  
quency: Bpc = 0.0 rad ,  

terms are s u f f i c i e n t ,  and f o r  
w4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 5,  t h e  f u l l  f l ap - lag - to rs ion  
e q u a t i o n s  are r e q u i r e d ,  i n c l u d i n g  
t o r s i o n  dynamics. F i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA45 c l e a r l y  
shows, however, t h a t  t h i s  d i v i s i o n  
of  t h e  t o r s i o n  f requency range 
depends on o t h e r  parameters as w e l l .  
For example, w i t h  wv = 1.5,  t h e  
e f f e c t s  of t o r s i o n  d e f l e c t i o n s  due 

Flnn-Inn - torsion 
t o  bending- tors ion s t r u c t u r a l  cou-
p l i n g  are s i g n i f i c a n t  f o r  w 4  9 20. 

Typ ica l  r e s u l t s  f o r  a conf igura-
t i o n  hav ing f l a p - l a g  s t r u c t u r a l  cou-
p l i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(di = 1.0, f i g .  4 6 )  are gener-
a l l y  c o n s i s t e n t  w i t h  t h e  o b s e r v a t i o n s  
based on f i g u r e  4 5 .  That i s ,  f o r  

approximat ions low t o r s i o n  f r e q u e n c i e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu+ 5, t h e  

s t a b i l i t y  complete e q u a t i o n s  are necessa ry ,  and 

t o r s i o n  f re - f o r  h i g h e r  t o r s i o n  f r e q u e n c i e s  t h e  

di = 1.0. modif ied f l a p - l a g  e q u a t i o n s  are 
adequate.  

F igu re  47 shows t h e  v a r i a t i o n  i n  modal damping v e r s u s  f o r  a s t a b l e  
c o n f i g u r a t i o n  f o r  t h e  t h r e e  systems of equa t ions .  These r e s u"P ts are a g a i n  
c o n s i s t e n t  w i t h  t h e  range of  v a l i d i t y  o u t l i n e d  above f o r  t h e  approximate 
equa t ions .  
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F igu re  47.- The e f f e c t  of approximat ions i n  t h e  a n a l y s i s  on t h e  f l a p ,  lead-
l a g ,  and t o r s i o n  modal damping v e r s u s  t o r s i o n  f requency: wv = 0.7, 
Bpc = 0.0 r a d ,  6 = 0.3 r a d ,  di = 1.0. 
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F igu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA48.- The e f f e c t  of approximat ions i n  t h e  a n a l y s i s  on t h e  s t a b i l i t y  
boundar ies ,  OCr v e r s u s  t o r s i o n  f requency: BPc = 0.14 r a d ,  wv = 1 . 2 ,  
6? = 1.0. 

F i g u r e  48 i l l u s t r a t e s  a n  example w i t h  precone where t h e  modif ied f l a p - l a g  
equa t ions  are a c c u r a t e  t o  ve ry  low w4 

f o r  p r e d i c t i n g  t h e  low p i t c h  a n g l e  
precone i n s t a b i l i t y .  A h igh  p i t c h  a n g l e  i n s t a b i l i t y  a t  ve ry  l o w  w+ i s  n o t  
p r e d i c t e d  by t h e  approximate equa t ions ,  however, because of t h e  lack of t o r s i o n  
dynamics. 

E f f e c t  o f  t h e  Number and Type of Mode Shapes on Accuracy and Convergence 

The t ype  and number o f  mode shapes used i n  t h e  s o l u t i o n  of  t h e  e q u a t i o n s  
h a s  been desc r ibed  p rev ious l y .  It i s  of i n t e r e s t  t o  examine t h e  i n f l u e n c e  of 
t h e s e  f a c t o r s  on t h e  accuracy and e s p e c i a l l y  on t h e  rate of convergence of t h e  
r e s u l t s .  A prev ious  i n v e s t i g a t i o n ,  u s i n g  uncoupled mode shapes of a nonro ta t -
i n g  c a n t i l e v e r  beam f o r  f l a p - l a g  s t a b i l i t y  a n a l y s i s  ( r e f .  6 ) ,  i n d i c a t e d  t h a t  
r e s u l t s  would be a c c u r a t e  w i t h  as few as one o r  two modes. The p r e s e n t  
r e s u l t s  f o r  t h e  f l ap - lag - to rs ion  equa t ions  are n o t  as simple.  F igu res  49 
and 50 show s t a b i l i t y  boundar ies as a f u n c t i o n  of precone f o r  a s o f t  and s t i f f  
i n p l a n e  c o n f i g u r a t i o n ,  r e s p e c t i v e l y .  I n  each case, t h e  s t a b i l i t y  boundar ies  
are shown f o r  an i n c r e a s i n g  number of mode shapes f o r  two d i f f e r e n t  c a l c u l a -
t i o n s ,  t h e  f i r s t  u s i n g  uncoupled mode shapes of a n o n r o t a t i n g  beam, and t h e  
second u s i n g  coupled mode shapes from a f r e e  v i b r a t i o n  a n a l y s i s  o f  the r o t o r  
b l a d e  about i t s  e q u i l i b r i u m  o p e r a t i n g  c o n d i t i o n  ( see  d i s c u s s i o n  above i n  t h e  
s e c t i o n  on S o l u t i o n  of t h e  Equat ions of  Motion). 

The r e s u l t s  u s i n g  uncoupled mode shapes of a n o n r o t a t i n g  beam are g iven  
i n  f i g u r e  49.  These mode shapes y i e l d  poor  convergence of  t h e  s t a b i l i t y  
boundar ies,  and f o r  a c c u r a t e  r e s u l t s  f i v e  (N) mode shapes are r e q u i r e d  f o r  

5 3  
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w+ = 2.5,  63 = 0.0. 
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(b)  S t i f f  i np lane  b lade:  wv = 1.5,  
w($ = 5.0, 63 = 1.0. 

Figure  49.- Convergence of s t a b i l i t y  boundar ies w i th  respect t o  number of 
mode shapes f o r  a n a l y s i s  us ing  uncoupled n o n r o t a t i n g  mode shapes;  t o t a l  
number of  mode shapes and degrees of freedom equa ls  3N.  

each bending and t o r s i o n  d e f l e c t i o n .  Th is  y i e l d s  a t o t a l  of 15 (3N)  degrees  
of freedom and is cumbersome computat ional ly .  

The r e s u l t s  u s i n g  coupled mode shapes ob ta ined from a f r e e  v i b r a t i o n  
a n a l y s i s  about t h e  equ i l i b r i um d e f l e c t i o n  cond i t i on  of t h e  r o t a t i n g  beam are 
shown i n  f i g u r e  50. Up t o  s i x  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(M) coupled mode shapes (6 degrees of freedom) 
w e r e  used,  and f o r  each va lue  of M, 15 (3N)  uncoupled nonro ta t i ng  mode shapes 
w e r e  used i n  t h e  f r e e  v i b r a t i o n  a n a l y s i s .  It should be noted t h a t  a minimum 
of 15 uncoupled n o n r o t a t i n g  mode shapes w a s  necessa ry  as a b a s i s  f o r  determin-
i n g  t h e  coupled r o t a t i n g  modes, t h i s  minimum number hav ing been e s t a b l i s h e d  by 
t h e  r e s u l t s  of f i g u r e  4 9 .  A s  exp la ined p rev ious l y ,  t h e  t r u n c a t i o n  of t h e  num-
b e r  of r o t a t i n g  modes from 15 t o  M w a s  accomplished i n  two d i f f e r e n t  ways. 
For M = 5 o r  6 ,  t h e  M lowest  f requency coupled modes w e r e  r e t a i n e d .  For 
M = 5 o r  6 ,  t h e s e  modes cons is ted  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 o r  4 f l a p  bending modes, 1 o r  2 l ead- lag  
bending modes, and 1 o r  2 t o r s i o n  modes, depending on t h e  p a r t i c u l a r  conf igura-
t i o n  parameters.  For M = 2,  3,  and 4 ,  t h e  modes r e t a i n e d  w e r e  chosen 
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a r b i t r a r i l y  as fo l lows.  For M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 ,  2 f l a p ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 l ead - lag ,  and 1 t o r s i o n  mode 
w e r e  r e t a i n e d ;  f o r  M = 3 ,  one of each mode w a s  r e t a i n e d ;  and f o r  M = 2 ,  t h e  
lowest  f requency f l a p  and lead- lag  modes w e r e  r e t a i n e d .  F igu re  50 shows 
c l e a r l y  t h a t  t h e  convergence us ing  coupled r o t a t i n g  mode shapes is q u i t e  good; 
i n  t h i s  case as few as t h r e e  coupled mode shapes prov ided ve ry  a c c u r a t e  r e s u l t s .  
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(a)  S o f t  i np lane  b lade :  wv = 0 . 7 ,  (b) S t i f f  i np lane  b lade :  wv = 1.5 ,  
w+ = 2.5, 63 = 0.0. w+ = 5.0 ,  63 = 1.0. 

F igure  50.- Convergence of s t a b i l i t y  boundar ies  w i t h  r e s p e c t  t o  number of mode 
shapes f o r  a n a l y s i s  us ing  coupled r o t a t i n g  mode shapes;  t o t a l  number of 
mode shapes and degrees  of freedom equa ls  M. For each v a l u e  of M ,  t h e  
coupled r o t a t i n g  mode shapes are der i ved  from 3 N  = 15 uncoupled nonro ta t -
i n g  mode shapes.  

The two widely  d i f f e r e n t  c o n f i g u r a t i o n s  used f o r  bo th  f i g u r e  49 and f i g -
u r e  50 showed s i m i l a r  convergence t r e n d s .  Th is  i n d i c a t e s  t h a t  t h e  relat ive 
e f f e c t  of us ing  uncoupled n o n r o t a t i n g  o r  coupled r o t a t i n g  mode shapes i s  n o t  
h igh l y  dependent on t h e  r o t o r  b l a d e  con f igu ra t i on .  

I n  a d d i t i o n  t o  t h e  two ways of va ry ing  t h e  number o f  mode shapes pre-
sen ted  i n  f i g u r e s  49 and 50, i t  i s  a l s o  p o s s i b l e  t o  use  a t r u n c a t e d  set of 
coupled r o t a t i n g  mode shapes and va ry  t h e  number of uncoupled n o n r o t a t i n g  mode 
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shapes used as a b a s i s  f o r  t h e  r o t a t i n g  modes. R e s u l t s  w e r e  ob ta ined  ho ld ing  
M cons tan t  a t  6 w i t h  N v a r i e d  from 2 t o  5. Although n o t  shown i n  t h e  f i g -
u r e s ,  t h e  rate of  convergence is v i r t u a l l y  i d e n t i c a l  w i t h  t h e  r e s u l t s  u s i n g  
uncoupled r o t a t i n g  modes i n  f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA49. Th is  i s  because,  f o r  N less t h a n  5,  
t h e  number of n o n r o t a t i n g  mode shapes used as a b a s i s  f o r  determin ing t h e  
r o t a t i n g  mode shapes  i s  i n s u f f i c i e n t  f o r  a c c u r a t e  r e s u l t s .  

CONCLUDING REMAFXS 

I n  t h i s  r e p o r t  t h e  s t a b i l i t y  of e las t ic  c a n t i l e v e r  r o t o r  b l a d e s  of uni form 
m a s s  and s t i f f n e s s  and wi thout  t w i s t  o r  chordwise o f f s e t s  of t h e  m a s s ,  e las t ic ,  
and aerodynamic c e n t e r  axes  w a s  i n v e s t i g a t e d  f o r  t h e  hover ing f l i g h t  cond i t i on .  
I n s t a b i l i t i e s  w e r e  found mainly f o r  t h e  lead- lag bending degree of freedom. 
These i n s t a b i l i t i e s  were s t r o n g l y  dependent on l ead - lag  f requency,  t o r s i o n  
f requency, precone,  and a s t r u c t u r a l  coupl ing parameter  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdi t h a t  w a s  used t o  
approximate t h e  e f f e c t s  of nonun i fo rm i t i es  i n  bending s t i f f n e s s .  The r e s u l t s  
of t h e  p r e s e n t  i n v e s t i g a t i o n  may be  summarized as f o l l ows .  

1. The s t a b i l i t y  c h a r a c t e r i s t i c s  of t o r s i o n a l l y  f l e x i b l e  b l a d e s  are 
mainly determined by t h e  n o n l i n e a r  s t r u c t u r a l  coupl ing between bending and 
t o r s i o n  d e f l e c t i o n s .  This  coupl ing produces e q u i v a l e n t  k inemat ic  p i t c h - l a g  
and p i t ch - - f l ap  coupl ings t h a t  are g e n e r a l l y  p r o p o r t i o n a l  t o  t h e  d i f f e r e n c e  
between lead- lag and f l a p  bending s t i f f n e s s  E I Z i  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- E 1Y I ,  precone,  and t o r -
s i o n a l  f l e x i b i l i t y .  

2. Rotor b l a d e  c o n f i g u r a t i o n s  wi thout  precone, and w i t h  t y p i c a l  v a l u e s  
f o r  t o r s i o n  and bending f requenc ies ,  are g e n e r a l l y  s t a b l e  f o r  a l l  p r a c t i c a l  
b l a d e  p i t c h  ang les .  Except ions occur  f o r  s t i f f  i n p l a n e  c o n f i g u r a t i o n s  w i t h  
low v a l u e s  of  t h e  s t r u c t u r a l  coupl ing parameter  di o r  w i t h  low t o r s i o n a l  f r e -
quenc ies ,  o r  both.  

3 .  Rotor b l a d e  c o n f i g u r a t i o n s  w i t h  precone e x h i b i t  lead- lag i n s t a b i l i t y  
f o r  a v a r i e t y  o f  c o n f i g u r a t i o n  parameters i n  p r a c t i c a l  ranges.  Th is  i n s t a b i l -
i t y  e x i s t s  a t  low p i t c h  a n g l e s  and i s  n o t  p r e s e n t  f o r  s t i f f  i np lane  conf igura-
t i o n s  when di i s  s m a l l .  

4 .  I n c r e a s i n g  t o r s i o n  f requency is u s u a l l y  s t a b i l i z i n g  a t  low v a l u e s  of  
u+,  b u t  t h e  o p p o s i t e  is t r u e  a t  h i g h e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu+ f o r  some c o n f i g u r a t i o n s .  I n  gen-
era l ,  i t  is d i f f i c u l t  t o  c h a r a c t e r i z e  t h e  e f f e c t s  of t o r s i o n a l  f l e x i b i l i t y  i n  
a s imple manner. 

5. The approximate modif ied f l ap - lag  equa t ions  t h a t  n e g l e c t  t o r s i o n a l  
dynamic e f f e c t s- are u s u a l l y  a c c u r a t e  f o r  t o r s i o n  f r e q u e n c i e s  g r e a t e r  t han  5.0. 
For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAio+ < 5.0, t o r s i o n a l  dynamics should n o t  b e  neg lec ted .  For t o r s i o n  f r e -
quencies above 20.0, t o r s i o n a l  f l e x i b i l i t y  i s  r a r e l y  impor tant  and f l ap - lag  
a n a l y s e s  are g e n e r a l l y  a c c u r a t e .  

6. The accuracy of t h e  r e s u l t s  i s  dependent on t h e  mode shapes used i n  
t h e  modal s o l u t i o n .  When us ing  coupled r o t a t i n g  mode shapes,  no more than  s i x  
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are requ i red .  Using less a c c u r a t e ,  uncoupled nonro ta t i ng  mode shapes,  a much 
l a r g e r  number i s  requ i red  f o r  t h e  s a m e  degree of accuracy.  

A l o g i c a l  ex tens ion  of  t h e  p r e s e n t  i n v e s t i g a t i o n  would be t o  i n c r e a s e  t h e  
scope t o  i nc lude  two segment r o t o r  b lades  w i th  nonun i fo rmi t ies  i n  m a s s  and 
s t i f f n e s s ,  t w i s t ,  and a r i g i d  body b lade  p i t c h  degree of freedom. Furthermore, 
t h e  e f f e c t s  of droop, sweep, and to rque o f f s e t ,  as w e l l  as chordwise o f f s e t s  
of t h e  e las t ic ,  m a s s ,  and aerodynamic c e n t e r  axes could be inc luded.  

Ames  Research Center  
Nat iona l  Aeronaut ics  and Space Admin is t ra t ion  

and 
Ames D i r e c t o r a t e ,  U.S. Army A i r  Mobi l i t y  R&D Laboratory  

Mof fe t t  F i e l d ,  C a l i f o r n i a  94035, December 30, 1975 
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APPENDIX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

DERIVATION OF BLADE VELOCITY COMPONENTS UT, Up, AND zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE FROM THE 

DEFORMED BLADE COORDINATE TRANSFORMATION  

In equations (18) and (20) blade aerodynamic loads are expressed in terms 
of UT, Up, and where UT and Up are components of blade velocity along 
the y' and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz '  axes, and E is the component of blade angular velocity along 
the x' axis. In order to use the expressions for blade aerodynamic loads in 
equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( l o ) ,  UT, Up, and must be expressed in terms of the blade bending 
and torsion deflections v, w, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+. The blade velocity is easily expressed 
in the x, y, z coordinate system. The deformed blade coordinate transforma-
tion [T] relating the x, y, z and x', y', z'  coordinate systems, derived 
in references 1 and 2 4 ,  is then applied to express the UT and Up velocity 
components in terms of v, w, and +. The angular velocity components of the 
blade may be obtained by taking advantage of certain mathematical properties 
of [TI. 

-f
The vector velocity U of the blade may be simply written in the x, y, 

z coordinate system from equation (45) of reference 1, and with the addition 
of uniform induced inflow vi becomes 

-f -% -f -t -% 
U (6 - Rv)i + (Rx + G) j + (vi -t- + RvBpc)k = URi' -t UTj' + Upz'  

The transformation [TI relates the I ,  f ,  z, and l ' ,zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ ' ,  z' unit vectors 
of the x, y, z and x', y ' ,  z '  coordinate systems, respectively. There-
fore, the blade velocity components in the deformed x', y ' ,  z '  coordinate 
system are 

UR 

UT 

UP 

where, valid to second order,  
,I2 wr2

I - - . - - -
2 2 

[TI  = 

I
-[v' cos(0 + 9)  + w' s i n ( 8  + 9 ) ]  c o s ( 0  + I$ + v ' w ' )  

[ V I  s in (8  + 6) - w 1  cOs(8  + $ ) ]  -(I - $)sin(@ + 4 + v'wI) 

and 
6 

X  

= $J - $ v"w' dx 
0 
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Thus, us ing  equat ions  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( A l )  and (A2) 

For 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO ( E )  we have s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 E 0 and cos 0 1. With a l l  terms o f  O ( E ~ )  
neg lec ted  w i th  r e s p e c t  t o  u n i t y ,  t h e  UT and Up v e l o c i t y  components are 

UT = nx + + 

The component of angu la r  v e l o c i t y  a long t h e  x '  a x i s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE ,  i s  now con-
s ide red .  F i r s t ,  an  i n f i n i t e s i m a l  r o t a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ a ]  d t  i s  def ined where 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAak -a 

(A4 1 

01  
i 

and where a i ,  a j  , and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAak are t h e  angu lar  v e l o c i t y  components about I '  , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt?,J 

and z'. Note t h a t  = a i .  By d e f i n i t i o n ,  t h e  ma t r i x  [TI s a t i s f i e s  t h e  
r e l a t i o n  

D i f f e r e n t i a t i n g  t h i s  equat ion  y i e l d s  

which i n  t u r n  can be w r i t t e n  i n  t e r m s  of [a] as 
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Thus, 

The t rans fo rma t ion  [TI w a s  o r i g i n a l l y  de r i ved  i n  r e f e r e n c e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA24 by s o l v i n g  t h e  
fo l low ing  d i f f e r e n t i a l  equa t ion ,  s i m i l a r  t o  equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( A 5 ) :  

where [w ]  i s  of t h e  s a m e  form as [a] and t h e  e lements w i ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw j ,  uk are 
rates of r o t a t i o n  w i t h  r e s p e c t  t o  t h e  b lade  a x i a l  d i s t a n c e  x ,  f unc t i ons  of 
v", w", and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 ' .  W e  now cons ide r  t h e  d e r i v a t i v e s  of t h e  t e n s o r  f u n c t i o n  
[T(v' ,w' ,$) 1 : 

(A7 

By comparing t h e  two equat ions  of (A7) and equa t ions  (A5) and (A6) i t  is 
ev ident  t h a t ,  when v", zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw", and 4 '  i n  t h e  exp ress ions  f o r  w i ,  w j  , and Wk are 
rep laced by +', 6' , and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, t h e  exac t  exp ress ions  f o r  a i ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaj, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAak are 
obta ined f o r  a n o n r o t a t i n g  b lade.  Making t h i s  replacement i n  t h e  exg ress ionz  
f o r  w i ,  w j ,  and wk i n  t h e  appendix of r e f e r e n c e  1 and adding t h e  i ' ,  f ' ,  k '  
components of t h e  b lade  angu la r  v e l o c i t y  R of a r o t a t i n g  b lade  y i e l d s  

The on ly  component of i n t e r e s t  h e r e  i s  ai = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE .  Thus, n e g l e c t i n g  h ighe r  o r d e r  
t e r m s  

E = i+ Q(Bpc + w') (A91 
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APPENDIX B  

MODAL EQUATIONS OF MOTION  

In this appendix the nonlinear, variable coefficient, -ntegro-partial 
differential equations (10) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(23 )  are written in nondimensional form and 
transformed into nonlinear ordinary differential equations. These modal equa-
tions are then linearized for small perturbation motions about the equilibrium 
operating condition. Nonlinear algebraic equations, governing the equilibrium 
operating condition, are written first, and the mass, damping, and stiffness 
matrices, equation (28), for the linearized perturbation equation are then 
expressed in terms of the equilibrium generalized coordinates. 

First, equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(10) and equations (23) for the aerodynamic loadings are 
combined and written in nondimensional form: 

6: equation: 

-
X 

+ (A2 - A,) [-sin(2628) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(+iY)" + cos(2RB) ( ~ I G " ) " ]  - 2Bpc& - 2 I (V'S' +G'$')df 
0 

6G equation: 
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- -  

€i+equa t ion :  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p2K [ ( I  - E2)$']' - K$I" + (A, - sin(26ie) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVi?' cos(26ie)12 

The d imensionless parameters are given by 

km 
1 E I y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

-
P ,  =y A,  = - w = -w 

mR2R4 
R 

S u b s t i t u t i o n  of  equa t ion  (25) i n t o  e q u a t i o n s  (Bl)  and a p p l i c a t i o n  of Ga le rk in ' s  
method y i e l d s  t h e  fo l lowing set of  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  equa t ions :  

6Vi equa t ions :  V j C D i j  + [A2 - (A2 - A, s i n 2  (Re) 1zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB 4 6  i j  - 6 i j l  
j = 1  

C 

+ (2ViSij - eEi j  
N 

i = l , 2 , .  . . , N  
k= 1 (B3a) 
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- - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+z 

N  
-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(,0E i j  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 akGijk - c ,  + E..i 3c I .  .;I)

k= 1 =J j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 =J j 

B= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-B  PCB .1 ' (  -? i i  + i = l , 2 , .  . . , N  (B3b) 

6 @ .  equa t ions :  
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H e r e  

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= $ Y .  dx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 
0 

1 J i j  

1 J k 
" dli

Bi= ( XYi dX K i j k  
= ( O.Y."Y 

0 

'i = 1'g2Yi dX L i j k  
= ( X Y . Y . Y  

1 J k 
' dli 

-1 
= ( q ) Y i ' Y j '  dZ - $ Z2Yi$x Y '(Zl)Yi'(SZl)dZl dx 

jDi 0 o j 

= f 2 Y . Y  d% = f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA20.0 d?
jE i j  1 j Mi 

0 1 j  

1 Y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' Y .  'Yk'" d2 0.'0 ' d? 
F i j k  1 J Ni 1 jj 

= ZY.Y ' dZ 
G i j k  

= j xyiyjOk dW 
O ij I j  

= /1 YiYjOk d2 = s1YiY j  dX = 0.0.  d2 
* i j k  0 6 i j  0 0 1 J  

= &1 XY.0 dX --
0 i Z j  

I i j  l j  1 i = j  

The e q u i l i b r i u m  and p e r t u r b a t i o n  equa t ions  are ob ta ined  by s u b s t i t u t i n g  
equa t ions  (27) i n t o  equa t ions  (B3) and performing t h e  o p e r a t i o n s  desc r ibed  i n  
t h e  t e x t .  The r e s u l t i n g  e q u i l i b r i u m  equa t ions  are: 

64  



, , .. _. . . .. .. - .
I 

6Woi equa t ions :  

N 
+ ( ~ , - A , ) ~ i n ~ ( ~ 8 ) 1 8 . ~ 6 . . }

J  1J  
+ ( A , - A , >  KjkiQOj[VOk cos(2628)

k= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

C2 L
i j k

V 
O J

.W
ok
))= -BpcBi + - ViBi + -

-
2 PcBi i=1, 2 ,  . . . ,N (B5b)

k= 1 

6BOi  equa t ions :  

= - (u22 - u12> sin(2e) i = 1, 2 ,  . . . , N (B5c)mi 

The p e r t u r b a t i o n  equa t ions ,  l i n e a r i z e d  i n  A-quant i t ies ,  y i e l d  a set of 
o r d i n a r y  d i f f e r e n t i a l  equa t ions  w i t h  cons tan t  c o e f f i c i e n t s  t h a t  can be  e a s i l y  
expressed i n  t h e  form of equa t ion  (28)  where 

[MI = 

I 
O I 0 
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1 I 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA:2 I ‘r) 

2 4 1  I  
eo I I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

24  
*r-l I I  

c;” I I  

0 

2 I  
L o I I  
N Id” , I 

’ 0  I 0 I o  

2 I I  

=.” I I  
2 4 1  I  
$“ I I  

I I ZWZI O 
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