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Stability of the Convex Pompeiu Sets (*).

FAUusTO SEGALA

1. — Introduction.

We will say that a bounded set £ in the plane is a Pompeiu set if the function f=0 is
the only continuous function on the plane for which

jﬂx)dx:O,
o(2)

V rigid motion ¢ of the plane.

In 1929, D. PomPEIU [9] posed the problem (afterwards called Pompeiu problem
(P.P.)) to find all the bounded sets of the plane which are Pompeiu sets. From now on,
open bounded simply connected subsets of the plane will be called domains. In 1944
CHARALOV [3] discovered that the disks are not Pompeiu sets, and in[4] it was
conjectured that (modulo sets of measure zero) the disks are the only domains which
are not Pompeiu sets. The depth of P.P. was finally clarified in 1976 by WiLLIAMS [10].
A connected bounded set Q of the plane is called a Schiffer set if

Au=—-iu in Q, 1>0,
(1.1) ou

— =0, |z =constant,
v |ae
implies # = 0.

WiLLIAMS proved the equivalence between Pompeiu sets and Schiffer sets. In 1877,
Lorp RAYLEIGH [8] conjectured that if there exists a non-trivial solution to (1.1), then
2 is a disk. Many progress about P.P. were done since 1972. In that year, ZALCMAN [12]
published a seminal work in which, first, he made use of the Fourier transform to
attack P.P. Using ideas closely related to those presented in [12], BROWN, SCHREIBER
and TAYLOR [2] gave the deepest contribution to the problem in 1973. They proved that
2 is a Pompeiu set if and only if ¥ ; does not vanish identically on every circle of C2,

(*) Entrata in Redazione il 22 maggio 1997 e, in versione riveduta, il 14 luglio 1997.
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where yo is the characteristic function of £ and %, denotes its Fourier
transform.

The use of the technique of Riemann method of steepest descent, to analyze the
asymptotic behaviour of ¥ o, and the theorem of Brown, Schreiber and Taylor, enabled
the author and GAROFALO to give the contributions[4]-{7] to P.P. (for complete
references about P.P. see the survey of ZALCMAN [13]).

In this paper, we will prove that Pompeiu convex domains are stable, i.e. if 2 is a
convex Pompeiu domain, then every convex domain sufficiently close of 2 (in the sense
of small deformation, see Section 2) is a Pompeiu set. In this way we give a positive
answer to a question posed by BERENSTEIN in 1980 [1], in the case of eonvex domains.
We hope that our contribution will be a useful step toward the solution of the Pompeiu
problem.

2. - Main theorem.

In 1981, WiLLIAMS [11] proved that if @ is not a disk and its boundary is Lipschitz
but not analytic, then 2 is a Pompeiu set. Therefore we can limit the study of P.P. to the
class of analytic domains.

In this paper we prove the following theorem about stability of Pompeiu sets.

From now on, «convex» will mean «strictly convex».

Let £, be a convex set with 0 € Q. For small real 4, we put 2;=(1+1)8,.

We fix a family F of convex domains £ such that

iIFlf(min kg) >0 , Supl|x9”c5 < 4,
F

where kg is the curvature of 982, s+—>xo(s) describes 82 and |-|lcs denotes the
C®-norm.

THEOREM 2.1. — Let Qe F be a convex Pompeiu domain. There exists € >0 such
that every convex domain QeF, with

Q_.cQcL,,

is a Pompeiu set.
Obviously, ¢ is invariant under rigid motions of the set 2.

3. — A description of the zeros of ¥ 5,({) for large |{|.

Let Q2 be a domain. Then by Brown, Schreiber and Taylor theorem[2], 2 is a
Pompeiu set if and only if the Fourier-Laplace transform

Xa0(8) = fﬁ e "% O(dax, + idw,)
a0

does not vanish identically on every circle £2 + % = a?in C?, with (x, §) =, &1 + 22 &,
&1, L2eC. We can assume o > 0, by Berenstein result [1].
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Let £ be a convex domain (with real analytic boundary). We put
E(@, a) =% s0(acos?, asind),

where a > 0 and 0 < ¢ < 2x. The function E(#, a) is analytic in the variables ¥, a. If we
put
M, = {(acosd. asin®) | [0, 2x]}

Q is a Pompeiu set if and and only if E(&, a) does not vanish identiclly on every
M,. ’
Let s be the arc length. Then 92 is described by (x;(s), 22(s)). We have

E(ﬁ, a) — Je —ia(x1(s) cos? + xz(s) sind) (wll (S) + ,szr (S)) ds .

We apply the stationary phase method. Consider the critical points of the phase
x;(8) cos? + x5(s) sind. They are given by

3.1) (x(s), E®) =0

where 7(s) is the tangent vector and &() = (cos®, sind}).

Since 2 is convex, there are two points X;(#) and X,(¢#) on 992 for which the
tangent to 92 is normal to &(¥) (see figure 1).

By an application of stationary phase method, we obtain

E 1 7
3.2) E, a)= \/—-—‘L'*(ﬂ) exp i(—— —aX (0)) +
a Ve ®) l ¢ }

NS

+ aXz(ﬂ))] + LR, )
a

1 .
VE(9) exp[ Z( Va

X,(9)

9
X»(9) /
Fig. 1.
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where 7*(¢#) is the tangent vector to 32 in X; () (represented by a complex number),
k1 (9) and k,(#) are the curvatures of 992 at the points X; (), X, (#) and R(¢, a) = 0(1)
for a—> + o, uniformly in 8.

Here we assume £ is convex, in order to give (8.2) a meaning for every
%el0, 2x].

If we set H(#) = k(D) [k:(9), we can write (3.2) in the form

3.3) E@, a) =F(@, a){exp| —i| ad(?) — z — H@®) + ——I—R(ﬁ, a)}.
2 Va

Here F(, a) # 0 for # [0, 2x], a > 0, 8(F) is the diameter of £ in the direction ¢ and
the new R(#, a) =0(1) for a— + o, uniformly in .
The zeros of ¥ 5, are therefore given by

T 1
. —ilad(?) — — |[=H(P) — —R(}, a).
(3.4) eXp[ 'A(a() 2)] H() Ve (¥, a)

Equation (3.4) is solved by taking

=1’

1
3.5 H() - —R(9,
3.5) | 0) = —=F, o

(3.6) o ;JogH®) —R®, o) V) _ 2hntmf2
(%) 8(9)

We observe that if we have H(¢) =1 for some ¢, then the equation (3.5) has no
solutions for large o. Then we consider the case H($#) =1. In this case (3.5)
becomes

1
3.7 1- —RW, a)| =1.
37 | @
Therefore
R, a) i
log |1~ = o,
Og( va ) va (¢, o)

for some real G. We can rewrite (3.6) in the form

G, a) 2k+1/2

3.8
®8) T e | o@)

From (3.8) it follows that for large a the zeros of ¥ ;o are desecribed by the set of («, ¥)’s
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=
&S

Fig. 2.
such that
4k +1
3.9 = ——m+0(1),
3.9 a 25(9) 7w+ o(1)
(3.10) H®=1.

In conclusion, for large a, the zeros of ¥ 5o are close to dilations of the curve

1
—_— see figure 2),
50 ( gure 2)

ExamMpLE 3.1. — In the case of a disk of radius R, (3.9) becomes
1
3.11) a=(R+ Z)n+o(1).

We know that the Fourier transform of the characteristic function of a circle of radius
R is given by ‘
¥ ao(acos®, asind) = 2aRe™ J,(aR)

and then % 50 =0 for

3.12 o= —
( ) z
where x;, is the k-th positive zero of J;.

It is well known that (3.12) is in accordance with (3.11).

EXAMPLE 8.2. - In the case of the ellipse 2 = {(2, @) |2 Ja® + xf /b2< 1}, we
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have 8(9) = 2p(8) with p(9) = Va? cos?? + b2 sin® and then (3.9) becomes

1 T
3.13 = ) NG 1).
(3.13) (R+4)p(ﬁ)+o()

On the other hand, a simple calculation gives

2abe

¥ ao(acos?, asind) = ) J1 (ap(P))

and then ¥ 30 =0 for

Ly
3.14) =
( “T o)

where «;, is as above. Also in this case (3.14) is in accordance with (3.11).

4. — A new proof of a result due to Berenstein.

In[1] BERENSTEIN proved that if ¥ o vanishes identically on infinitely many circles
then Q is a disk. Here we make use of (3.9) and (3.10) to give a different proof of this
result at least for convex domains. After some modification, our proof can be extended
to general domains.

For large a, the zeros of ¥, are close to the curve

@1 . 4k +1
20(%)

a

with the condition (3.10).
Clearly, (4.1) describes a circle if and only if

4.2) o(1}) = constant .
Now, (4.2) and (3.10) imply that Q is a disk.

5. — Proof of Theorem 2.1.

We begin this section by proving a lemma.
Let a, b >0 be fixed

LeMMA. — Let ¢eC?([—a,bl), keC*([—a, bl), with ¢(0)=¢'(0)=0 and

[mir}ﬂ ¢"=A>0. Then for every »>0, one has
ey

b .
J'eirqu(m)k(x) da — exp (7’7{/4) \/;5

“a Vi e (0) /2

where F is a continuous function of its arguments.

cs)

1
= F”k”CZF(A’ llo
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b
PROOF. — Put J(r) = [ " ® k(x)dx and ¢(s) = s> E(s).

We obtain ¢'(s) /s = 2E(s) + sE'(s), and by Cauchy theorem 2E(s) + sE'(s) = ¢"(2)

for some intermediate z. Therefore
6.1) 2FE(s)+sE'(s)=A.
We rhake the change of variable u = s\/E(s) and observe that

2E(s) + sE'(s)
E(s)

u'(s) =

From (5.1) it follows that s—u(s) is an invertible map. We call s =
map. We have

b
Jr) = [ e ™ k(s(u)) s’ (u) du

-—a

for some new a, b. Put k(u) = k(s(u))s'(u). We can write

A
62 Jor)=— [ e*h dv =
7Ll

s(u) the inverse

1 bVF ; bVr v
=— f e n(0) dv — —— I 2ive™ p( )dv ,
Ve | 2Vr ., Vi
with
(o) — (0
(o) < 1M HO)

By integrating by parts the last integral of (5.2) and by taking into account that
h(0) =k(0)s'(0) and s'(0) =1/u'(0) =1/VE(0)=1/V/¢"(0) /2, we get

(5.3) J(r) -

—exp iz | 2l
( )\/ "(0) /2 Vr

From now on, C will denote a constant which is independent on k, ¢.

Since

h(o) — (0) h'(0) 0 — k(o) + h(0)

plo)=—"—"", p'(0) = .
g g

’
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by Cauchy theorem we have

h”(w)
p(o)=h'(z), p'(o)= —

for some intermediate z, w. Then

(54) pllcr < Clitlcs -

We recall that a(u) = k(s(u))s'(u), which implies

(5.5) h'=k's"®+ks"

(5.6) h"=k"s®+8k's's" +ks" .
Since E(s) = ¢(s) /s* we have

s@'(s) —2q¢(s)

E'(s)= 3

S

and by Cauchy E'(s) = ¢"(z) /6 for an intermediate z. In general, it is a simple matter
to prove

(5.7) Bl < Cliglln+z -
Finally
. 2VE
2E + sk’
,  2E'(2E +sE')—4AEQBE' —sE")
(2E +sE ')
"= ...
and by using (5.1):
G(|E|°
(5.8 Is(”)lSLn”—)—, 1sn<3
A2 -1

for some continuous funection G.
Formulas (5.5), (5.6) and (5.8) imply

G(A, |lglc)

©9) s < bl =22

for a new continuous G.
Now, the Lemma follows from (5.3), (6.4), (5.6).
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For a given convex domain £, we put
M(£2) = max diam £2 = max 6(3),
m(22) = mindiam £ = min 6(F),
S(2) =max |[Ho($)—-1],

where Hqo (%) = kg () [koe(?) and the meaning of kg (9), kge(?) is clear (see the
definition of %,($) and ky(9) in the Section 3).
Consider a family & of convex domain with the following property

(5.10) : MEQ)-m(2)+S8(2)=2C>0 VQedF.

Condition (5.10) means that the domains which are in &, are far from a disk, since disks
are characterized by M(Q) =m(Q) and S(2) =0.

Let 2 be a domain in & Then we have from (5.10) that one of the following
conditions is true

(6.11) S(2)= g )

(5.12) M(Q) - m(2) = % : ¢

S(Q)< —.
() 2
From (3.3) we have
) 1
(5.13) ¥ se(acos?, asind) = Fo(d, a) {e @D 4 iH (8) + TRQ(I?, a)t.
a

Note the dependence of the right hand side from Q.
We observe that if Q=V=FN {2: 2_, cQcQ, } for a suitably small &, then
from the Lemma it follows that

R= sup |Ro(?, a)| < + oo,
QeV, de[0, 27, aeR*

Assume (5.11) holds. Then for QeVN&F

. 1
(5.14) sup |e e 4 iH () + —=Ro(P, a) | =
a

[0, 2x] Va

. 1 1 C 1
> sup |6 2@ 4 iHo(9)| — —R= sup |Ho(® -1| - —R> — — —R>
[o,zlz):]l o Va [0,2?:]' 2~ 1] Va 2 Va

N )

for a = 16R? /C™
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Now assume (5.12) holds. For 2eV N F we have

(5.15) sup |e e i (ﬁ)——Rg(ﬁ a)| = sup |e *0e® +ZHQ(19)I——'R>
Va Va

[0, 2] [0, 2x]
< ~iado(®) | ; 1 ciabgw) . O _ 1
< sup {|e "W +i| —~ |Ho(?) ~1|} - —=R= sup |e ™D +{| - - - —_R=
[0, 2] Va  10,2a] 2 Va
w4 C 1 .., C 1
= sup Je™+i|l-—-——R= sup le ®+i| - — - —R.
bem(Q), M()] 2 Vo o telam@), am@) 2 Va

We observe that by (5.12), a(M(Q) — m(2)) = a(C/2) = 2x if a =4x/C. Then the
interval [am(£2), aM(Q)], contains at least a point of the form ~n/2+2kn, and
therefore

sup le #+i| =2
te [am(®), aM(2)]

when a = 4x/C.
By (5.15) we deduce
(5.16) sup |e e 4 iH,(9) - ——1—R(19, a)| =2— g - ——1—R =1
[0, 2] \/a 2 \/&

for a =4R? /(2 C)* when QeVN &

In conclusion, by (5.13), (5.14) and (5.16) ¥ 5o does not vanish identically for every
QeVNFand a=a, with o, independent from Q.

Now, assume that Q, is a Pompeiu convex domain. Then, by (5.16) there exist £ > 0
and a,> 0 such that

(5.17) ¥ a0 does not vanish identically on every circle M, if Q _,cQcQ,,
azdy.

Since 2, is a Pompeiu set,

(5.18) Pla)=sup|¥q,| >0 VYa>0
M,
and hence
(5.19) P= inf P(a)>0.
[0, aol

Let 2 be a small deformation of Q,. We obtain for a < ay:

~ P -~ A P
(5.20) sup]xQ[>P— sup |¥o-— x90|25 if sup ]XQ—XQO[S—Z—.

|éf sag |E] =ao
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A simple calculation shows

(21) |70 —Xe,D)|=

J e " Oy — I e ~H= 8 dy

2-Q Qo- 2
Therefore
~ R P
(5.22) sup |Ze—Xe,| S 5
if
P
(5.23) u(2 —Q¢) +u(2,— 2) < 3

and (5.22) is surely satisfied if
(5.24) Q _,cQcQ,

for a sufficiently small 6.
In conclusion, for a < a,

| g

(5.25) sup |7 q | =
M,

when Q2 satisfies (5.24).
Finally, by (56.25) and (5.17) Theorem follows.

<Su(Q-Q9)+uQ,— Q).
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