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SUMMARY

This paper considers the parameter estimation and stabilization of a one-dimensional wave equation with
instability suffered at one end and uncertainty of harmonic disturbance at the controlled end. The back-
stepping method for infinite-dimensional system is adopted in the design of the adaptive regulator. It is
shown that the resulting closed-loop system is asymptotically stable. Meanwhile, the estimated parameter is
shown to be convergent to the unknown parameter as time goes to infinity. Copyright © 2011 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

In the last two decades, much effort has been made for the generalization of traditional adaptive
control algorithms to infinite-dimensional systems. The early results can be found in [1, 2]. The
attempts on high-gain adaptive stabilization of infinite-dimensional systems are available in [1,3,4].
The non-identified high-gain adaptive stabilization of a general collocated first-order system with
unbounded input and output is discussed in [5]. An exponential stabilization of high-gain adaptive
direct strain feedback control for an Euler–Bernoulli beam is proved in [6]. For a nice survey on
the topic, we refer to [7]. Some other efforts for the design of adaptive controllers for partial dif-
ferential equation control systems (PDEs), particularly for parabolic PDEs with boundary control
and unknown parameters that may cause instability of the system and affect the interior of domain
are presented in [8–11]. The high gain adaptive regulator for undamped second-order hyperbolic
systems with output disturbances and collocated control is designed in [12]. Moreover, the prob-
lems for nonlinear infinite-dimensional systems have also attracted attentions in recent years; for
instance, a Burger’s equation with various parametric uncertainties is discussed in [13, 14], and an
adaptive exponential stabilizing controller for a Kirchhoff-type nonlinear beam is developed in [6].
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In this paper, we are concerned with a one-dimensional wave equation of the following:8̂̂<̂
:̂
yt t .x, t /� yxx.x, t /D 0, x 2 .0, 1/, t > 0,
yx.0, t /D�qy.0, t /, t > 0,
yx.1, t /D u.t/C N�1 sin t C N�2 cos t , t > 0,
y.x, 0/D y0.x/, yt .x, 0/D y1.x/, 06 x 6 1,

(1.1)

where and henceforth y0 or yx denotes the derivative of y with respect to x and Py or yt the
derivative with respect to t , u.t/ is the input, N�1 and N�2 are unknown amplitudes of harmonic dis-
turbance vectors, q is a positive constant, .y0,y1/ is the initial value. Obviously, the harmonic
disturbance vector function .sin t , cos t /> is the solution to the homogeneous equation with initial
value .!10,!20/D .0, 1/: 8<: d

dt
.!1.t/,!2.t//

> D B.!1.t/,!2.t//
>,

.!1.0/,!2.0//> D .!10,!20/>,
(1.2)

where

B D

�
0 1

�1 0

�
.

For q D 0, (1.1) models a string, which is free at the end x D 0. For q ¤ 0, the free end of
the string is subject to a force proportional to the displacement, which physically may be the result
of various phenomena with instability. We refer to [15] for the modeling and possible physical
explanations in details. A recent progress is made in [15] where a more complicated backstepping
controller, and a more complicated backstepping observer are employed to stabilize the string vibra-
tion, which is destabilized at x D 0 because of the Robin boundary condition wx.0, t /D�qw.0, t /.
However, when the system is subjected to some harmonic disturbances with unknown amplitudes,
there is no report, to our best knowledge, on the design of adaptive regulator to achieve its stability
and disturbance rejection simultaneously.

The objective of this paper is to construct an adaptive scheme to achieve both parameter estimation
and stabilization under the state feedback.

We propose the following adaptive regulator for system (1.1):8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

u.t/D�kyt .1, t /� .c0C q/y.1, t /

�.c0C q/

Z 1

0

eq.1��/Œqy.� , t /C kyt .� , t /�d� � �1.t/ sin t � �2.t/ cos t ,

P�1.t/D r1

�
yt .1, t /C .c0C q/

Z 1

0

eq.1��/yt .� , t /d�

�
sin t , t > 0,

P�2.t/D r2

�
yt .1, t /C .c0C q/

Z 1

0

eq.1��/yt .� , t /d�

�
cos t , t > 0,

�1.0/D �10, �2.0/D �20,

(1.3)

where k, r1, r2 and c0 are positive constants. The recommended choice of the control gain is c0 being
relatively large [15]. Under the feedback controller (1.3), the closed-loop of system (1.1) becomes8̂̂̂̂

ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

yt t .x, t /� yxx.x, t /D 0, x 2 .0, 1/, t > 0,
yx.0, t /D�qy.0, t /, t > 0,
yx.1, t /D�kyt .1, t /� .c0C q/y.1, t /

�.c0C q/

Z 1

0

eq.1��/Œqy.� , t /C kyt .� , t /�d� Ce�1.t/ sin t Ce�2.t/ cos t , t > 0,

Pe�1.t/D�r1 �yt .1, t /C .c0C q/
Z 1

0

eq.1��/yt .� , t /d�

�
sin t , t > 0,

Pe�2.t/D�r2 hyt .1, t /C .c0C q/
R 1
0 e

q.1��/yt .� , t /d�
i

cos t , t > 0,e�1.0/De�10 D N�1 � �10, e�2.0/De�20 D N�2 � �20,
y.x, 0/D y0.x/, yt .x, 0/D y1.x/, 06 x 6 1,

(1.4)
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wheree�1.t/D N�1��1.t/,e�2.t/D N�2��2.t/ are the parameter estimation errors. Make the invertible
change of variable

w.x, t /D Œ.I C P /y�.x, t /D y.x, t /C .c0C q/
Z x

0

eq.x��/y.� , t /d� , (1.5)

where P is a Volterra transformation [15]. The inverse .I C P /�1 is given by

y.x, t /D Œ.I C P /�1w�.x, t /D w.x, t /� .c0C q/
Z x

0

e�c0.x��/w.� , t /d� . (1.6)

It can be shown that (1.5) converts system (1.4) into8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

wt t .x, t /�wxx.x, t /D 0, x 2 .0, 1/, t > 0,
wx.0, t /D c0w.0, t /, t > 0,
wx.1, t /D�kwt .1, t /Ce�1.t/ sin t Ce�2.t/ cos t , t > 0,
Pe�1.t/D�r1wt .1, t / sin t , t > 0,
Pe�2.t/D�r2wt .1, t / cos t , t > 0,e�1.0/De�10, e�2.0/De�20,
w.x, 0/D w0.x/, wt .x, 0/D w1.x/, 06 x 6 1,

(1.7)

where

w0.x/D y0.x/C .c0C q/

Z x

0

eq.x��/y0.�/d� ,

w1.x/D y1.x/C .c0C q/

Z x

0

eq.x��/y1.�/d� .
(1.8)

We proceed as follows. In the next section, Section 2, the existence and uniqueness of classical
solution to transformed system is given. The stability of transformed system and parameter esti-
mation are discussed in Section 3. Section 4 is devoted to the well-posedness and stability of the
closed-loop system. Finally, in Section 5, some numerical simulations are demonstrated to illustrate
the theoretical results.

2. EXISTENCE AND UNIQUENESS OF CLASSICAL SOLUTION TO
TRANSFORMED SYSTEM

Let L2.0, 1/ be the usual Hilbert space with the inner product h�, �i and inner product induced norm
k �k. We consider systems (1.7) and (1.2) in the energy state space HDH 1.0, 1/�L2.0, 1/�R4 D
V �R2 with the inner product

h.f1,g1, �1, �1,!1,'1/, .f2,g2, �2, �2,!2,'2/iH

D

Z 1

0

f 01.x/f
0
2.x/dxC

Z 1

0

g1.x/g2.x/dxC c0f1.0/f2.0/C
�1�2

r1

C
�1�2

r2
C!1!2C '1'2, 8 .fi ,gi , ki , �i , �i ,!i ,'i / 2H, i D 1, 2,

where V DH 1.0, 1/�L2.0, 1/�R2. Define the operator A WD.A/.�H/!H as follows:8<: A.u, v, � , �,!,'/D .v,u00,�r1v.1/!,�r2v.1/',',�!/,
D.A/D ¹.u, v, � , �,!,'/ 2 .H 2.0, 1/\H 1.0, 1//�H 1.0, 1/�R4j
u0.0/D c0u.0/ u

0.1/D�kv.1/C �! C �'º.
(2.1)

Then the systems (1.2) and (1.7) can be written as a nonlinear evolution equation

d

dt
´.�, t /DA´.�, t /, ´.�, 0/D ´0.�/ 2H, (2.2)
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where ²
´.x, t /D .w.x, t /,wt .x, t /,e�1.t/,e�2.t/,!1.t/,!2.t//,
´0.x/D .w0.x/,w1.x/,e�10,e�20,!10,!20/.

Obviously, (2.2) is a nonautonomous revolution system. However, it seems hard to use nonlinear
semigroup to prove its well-posedness because of lack of dissipativity of A defined by (2.1) or
AC!I for any constant ! 2R. In fact, let Z1,Z2 2D.A/, where

Z1 D .f1,g1, �1, �1,!1,'1/,Z2 D .f2,g2, �2, �2,!2,'2/.

Then,

hAZ1 �AZ2,Z1 �Z2iH

D

Z 1

0

.g01.x/� g
0
2.x//.f

0
1.x/� f

0
2.x//dxC

Z 1

0

.g1.x/� g2.x//.f
00
1 .x/� f

00
2 .x//dx

C c0.g1.0/� g2.0//.f1.0/� f2.0//� .�1 � �2/Œg1.1/!1 � g2.1/!2�

C .�1 � �2/Œg2.1/'2 � g1.1/'1�C .!1 �!2/.'1 � '2/C .!2 �!1/.'1 � '2/

D� kŒg1.1/� g2.1/�
2C Œg1.1/� g2.1/�.�1!1C �1'1 � �2!2 � �2'2/

� .�1 � �2/Œg1.1/!1 � g2.1/!2�� .�1 � �2/Œg1.1/'1 � g2.1/'2�,

from which it is not easy to get the dissipativity.
Instead of using nonlinear semigroup theory, we prove the existence and uniqueness of clas-

sical solution to system (1.7) by constructing a Galerkin scheme. Define operator A in L2.0, 1/
as follows:

A� D��00, 8 � 2D.A/D
®
� 2 L2.0, 1/,�0.0/D c0�.0/,�

0.1/D 0
¯

. (2.3)

Then A is an unbounded self-adjoint positive definite operator in L2.0, 1/ with compact resolvent.
A simple computation shows that the eigenpairs ¹.�n,�n/º1nD1 are8<:�n D !

2
n, !n D n� CO.n�1/,

�n.x/D
c0

!n
sin!nxC cos!nx D cosn�xCO.n�1/, (2.4)

x where !n satisfies

tan!n D
c0

!n
.

Because ¹�nº1nD1 defined by (2.4) is approximately normalized (i.e., 0 < c1 < k�nkL2.0,1/ < c2 for
some constants c1, c2 independent of n), it forms an orthogonal basis for L2.0, 1/.

Let V DH 3.0, 1/\D.A/.

Theorem 2.1
Suppose that .w0,w1,e�10,e�20/ 2 V � V �R2 satisfies the following compatible condition:

� kw1.1/Ce�20 D 0 (2.5)

and

� kw000.1/C
e�10 � r2w1.1/D 0. (2.6)
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518 W. GUO AND B.-Z. GUO

Then system (1.7) admits a unique (smoother) classical solution w in the sense that for any time
T > 0, 8̂̂̂̂

ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

w 2 L1.0,T IH 3.0, 1//, wt 2 L1.0,T IH 2.0, 1//, wt t 2 L1.0,T IH 1.0, 1//,e�1 2 C 1Œ0,T �,e�2 2 C 1Œ0,T �,
wt t .x, t /�wxx.x, t /D 0 in L1.0,T IL2.0, 1//,
wx.0, t /D c0w.0, t /, t > 0,
wx.1, t /D�kwt .1, t /Ce�1.t/ sin t Ce�2.t/ cos t , t > 0,
Pe�1.t/D�r1wt .1, t / sin t , t > 0,
Pe�2.t/D�r2wt .1, t / cos t , t > 0,e�1.0/De�10,e�2.0/De�20,
w.x, 0/D w0.x/, wt .x, 0/D w1.x/.

By the Sobolev embedding theorem, it follows that w 2 C.Œ0, 1�� Œ0,T �/.

Proof
The uniqueness of the classical solution is straightforward. Actually, suppose that there are two
solutions .w,wt ,e�1,e�2/ and .bw,bwt ,b��1 ,b��2/. Set p.x, t /D w.x, t /�bw.x, t /. Then p satisfies

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

pt t .x, t /� pxx.x, t /D 0,
px.0, t /D c0p.0, t /,
px.1, t /D�kpt .1, t /C .e�1.t/�b��1.t// sin t C .e�2.t/�b��2.t// cos t ,
p.x, 0/D 0, pt .x, 0/D 0,
Pe�1.t/D�r1wt .1, t / sin t ,
Pb��1.t/D�r1 Owt .1, t / sin t ,
Pe�2.t/D�r2wt .1, t / cos t ,
Pb��2.t/D�r2 Owt .1, t / cos t ,e�1.0/De�10,e�2.0/De�20,b��1.0/De�10,b��2.0/De�20.

(2.7)

Define the Lyapunov-like functional following:

Vp.t/D

Z 1

0

p2t .x, t /dxC
Z 1

0

p2x.x, t /dxC
1

r1
Œe�1.t/�b��1.t/�2C 1

r2
Œe�2.t/�b��2.t/�2. (2.8)

A direct computation shows that the time derivative of Vp.t/ along the solution of (2.7) satisfies

PVp.t/D 2pt .1, t /px.1, t /� 2Œe�1.t/�b��1.t/�pt .1, t / sin t � 2Œe�2.t/�b��2.t/�pt .1, t / cos t
D�2Œpt .1, t /�2 6 0.

(2.9)

Hence, Vp.t/6 Vp.0/D 0 or .w,wt ,e�1,e�2/� .bw,bwt ,b��1 ,b��2/.
We mainly show the existence of solution. Transform (1.7) into an equivalent problem with zero

initial value by the following transformation:

v.x, t /D w.x, t /� u.x, t /, (2.10)

u.x, t /D w0.x/C tw1.x/. (2.11)

Then v satisfies

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control 2013; 23:514–533
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8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

vt t .x, t /� vxx.x, t /� uxx.x, t /D 0, x 2 .0, 1/, t > 0,
vx.0, t /D c0v.0, t /, t > 0,
vx.1, t /D�kŒvt .1, t /Cw1.1/�Ce�1.t/ sin t Ce�2.t/ cos t , t > 0,
Pe�1.t/D�r1Œvt .1, t /Cw1.1/� sin t , t > 0,
Pe�2.t/D�r2Œvt .1, t /Cw1.1/� cos t , t > 0,e�1.0/De�10,e�2.0/De�20,
v.x, 0/D 0, vt .x, 0/D 0, 06 x 6 1.

(2.12)

v is a solution of (2.12) if and only if w D vCu is a solution of (1.7). For sufficiently large N 2Z,
let VN D Span¹�1,�2, � � � ,�N º. Find the Galerkin approximation solution to (2.12):

vN .x, t /D
NX
nD1

gnN .t/�n.x/, (2.13)

which satisfies

8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

hvNtt .�, t /,�i C hv
N
x .�, t /,�xi � huxx.�, t /,�i

D
h
�kŒvNt .1, t /Cw1.1/�Ce�N1 .t/ sin t Ce�N2 .t/ cos t

i
�.1/� c0v

N .0, t /�.0/, 8� 2 VN ,
Pe�N1 .t/D�r1ŒvNt .1, t /Cw1.1/� sin t , t > 0,

Pe�N2 .t/D�r2ŒvNt .1, t /Cw1.1/� cos t , t > 0,e�N1 .0/De�10,e�N2 .0/De�20,

vN .x, 0/D 0, vNt .x, 0/D 0, 06 x 6 1.
(2.14)

The existence and uniqueness of the solution to (2.14) in some interval Œ0, tN /, tN > 0 are ensured
by the local Lipschitz condition. The lemma 2.1 next shows that tN D T . The proof for the existence
of solution will be split into several lemmas.

Lemma 2.1

supN Œk Pv
N .�, t /kC kvNx .�, t /kC c0Œv

N .0, t /�2C je�N1 .t/j C je�N2 .t/j� <1 for t 2 Œ0,T � a.e..
(2.15)

Proof
Integrate the first equation of (2.14) with � D vNt .�, t /, to obtain

1

2

d

dt

²
k PvN .�, t /k2CkvNx .�, t /k

2C c0Œv
N .0, t /�2C

1

r1
Œe�N1 .t/�2C 1

r2
Œe�N2 .t/�2³

D vNt .1, t /
h
�kŒvNt .1, t /Cw1.1/�Ce�N1 .t/ sin t Ce�N2 .t/ cos t

i
C
1

r1
e�N1 .t/ Pe�N1 .t/C 1

r2
Œe�N2 .t/� Pe�N2 .t/C huxx.�, t /, vNt .�, t /i

D� kŒvNt .1, t /Cw1.1/�
2 � kŒw1.1/�

2C kw1.1/v
N
t .1, t /

�w1.1/Œe�N1 .t/ sin t Ce�N2 .t/ cos t �C huxx.�, t /, v
N
t .�, t /i

6 kw1.1/v
N
t .1, t /�w1.1/Œe�N1 .t/ sin t Ce�N2 .t/ cos t �C huxx.�, t /, v

N
t .�, t /i.

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control 2013; 23:514–533
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Hence,

k PvN .�, t /k2CkvNx .�, t /k
2C

1

r1
Œe�N1 .t/�2C 1

r2
Œe�N2 .t/�2C c0ŒvN .0, t /�2

6 2kw1.1/
Z t

0

vNt .1, s/ds � 2w1.1/
Z t

0

Œe�N1 .s/ sin sCe�N2 .s/ cos s�ds

C 2

Z t

0

huxx.�, s/, v
N
t .�, s/idsC

e�210
r1
C
e�220
r2

6 2kw1.1/vN .1, t /C jw1.1/j
Z t

0

1

r1
Œe�N1 .s/�2dsC jw1.1/j Z t

0

Œr1 sin2 sC r2 cos2 s�ds

C jw1.1/j

Z t

0

1

r2
Œe�N2 .s/�2dsC Z t

0

kuxx.�, s/k
2dsC

Z t

0

k PvN .�, s/k2dsC
e�210
r1
C
e�220
r2

6 4ı1k2w21.1/C
4

ı1

�
ŒvN .0, t /�2CkvNx .�, t /k

2
�
C jw1.1/j

Z t

0

1

r1
Œe�N1 .s/�2ds

C jw1.1/j

Z t

0

Œr1 sin2 sC r2 cos2 s�dsC jw1.1/j
Z t

0

1

r2
Œe�N2 .s/�2ds

C

Z t

0

kuxx.�, s/k
2dsC

Z t

0

k PvN .�, s/k2dsC
e�210
r1
C
e�220
r2

.

(2.16)

Taking ı1 > max
°
4, 4
c0

±
and applying Gronwall’s inequality to 2.16 to obtain inequality (2.15).

Therefore, (2.14) admits a unique global classical solution in whole Œ0,T �. �

Lemma 2.2

sup
N

k RvN .�, 0/k<1. (2.17)

Proof
Let t D 0 in the first equation of (2.14). Then for any � 2 VN , we have

hvNtt .�, 0/,�i C hw
00
0.�/,�i D Œ�kw1.1/Ce�20��.1/. (2.18)

By (2.18) and the compatible condition (2.5), it follows that

hvNtt .�, 0/,�i D hw
00
0.�/,�i, 8� 2 VN . (2.19)

Now take �i , i D 1, 2, � � � ,N in (2.19) to produce

RgnN .0/D hw
00
0.�/,�ni, nD 1, 2, � � � ,N . (2.20)

And then multiply (2.20) by �n and sum for nD 1, 2, � � � ,N to obtain

vNtt .�, 0/D
NX
nD1

hw000.�/,�ni�n D w
N
xx.�, 0/. (2.21)

Thus, we have jjvNtt .�, 0/jj D kw
N
xx.�, 0/k D kAw

N .�, 0/k6 kw000k. �

Lemma 2.3

sup
N

�
k RvN .�, t /kC kPvNx .�, t /kC c0Œv

N
t .0, t /�2

�
<1 for t 2 Œ0,T � a.e.. (2.22)
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Proof
Differentiate the first equation of (2.14) with respect to t , to obtain

hvNttt .�, t /,�i C hv
N
xt .�, t /,�xi � hw

00
1.�/,�i D Œ�kv

N
tt .1, t /Ce�N1 .t/ cos t �e�N2 .t/ sin t ��.1/

�.r1 sin2 t C r2 cos2 t /ŒvNt .1, t /Cw1.1/��.1/� c0vNt .0, t /�.0/, 8� 2 VN .
(2.23)

Take � D vNtt .�, t / in (2.23), to yield

hvNttt .�, t /, v
N
tt .�, t /i C hv

N
xt .�, t /, v

N
ttx.�, t /i � hw

00
1.�/, v

N
tt .�, t /i

D �kŒvNtt .1, t /�2C vNtt .1, t /Œe�N1 .t/ cos t �e�N2 .t/ sin t �

� .r1 sin2 t C r2 cos2 t /ŒvNt .1, t /Cw1.1/�v
N
tt .1, t /� c0v

N
t .0, t /vNtt .0, t /.

(2.24)

Hence,

1

2

d

dt

®
k RvN .�, t /k2CkPvNx .�, t /k

2C c0Œv
N
t .0, t /�2

¯
D�kŒvNtt .1, t /�2C vNtt .1, t /Œe�N1 .t/ cos t �e�N2 .t/ sin t �

� .r1 sin2 t C r2 cos2 t /ŒvNt .1, t /Cw1.1/�v
N
tt .1, t /C hw001.�/, v

N
tt .�, t /i

6 �
�
1�

ı2

2
�
ı3

2

�
kŒvNtt .0, t /�2C

1

2ı2k
Œe�N1 .t/ cos t �e�N2 .t/ sin t �2

C
1

2ı3k
.r1C r2/

2ŒvNt .1, t /Cw1.1/�
2C hw001.�/, v

N
tt .�, t /i.

(2.25)

Integrate both sides of (2.25) over Œ0, t � in t and take ı2 > 0, ı3 > 0, ı2C ı3 < 2 to get

k RvN .�, t /k2CkPvNx .�, t /k
2C c0Œv

N
t .0, t /�2

6 1

ı2k

Z t

0

Œe�N1 .s/ cos s �e�N2 .s/ sin s�2ds

C
.r1C r2/

2

ı3k

Z t

0

ŒvNt .1, s/Cw1.1/�
2dsCkRvN .�, 0/k2C 2

Z t

0

hw001.�/, v
N
tt .�, s/ids

6 1

ı2k

Z t

0

Œe�N1 .s/ cos s �e�N2 .s/ sin s�2dsC
4.r1C r2/

2

ı3k

Z t

0

k PvNx .�, t /k
2

C
4.r1C r2/

2

ı3k

Z t

0

ŒvNt .0, s/�2dsC
2.r1C r2/

2

ı3k
w21.1/T

CkRvN .�, 0/k2C T kw001k
2C

Z t

0

k RvN .�, s/k2ds.

(2.26)

Once again, applying Grownwall’s inequality to (2.26) and taking (2.15) and (2.17) into account
produces (2.22). �

Lemma 2.4

sup
N

®
k RvNt .�, t /k

2CkRvNx .�, t /k
2C c0Œv

N
tt .0, t /�2 º<1 for t 2 Œ0,T � a.e.. (2.27)

Proof
Differentiating the first equation of (2.23) with respect to t leads to

hvNttt t .�, t /,�i C hv
N
xtt .�, t /,�xi D ¹�kv

N
ttt .1, t /� Œe�N1 .t/ sin t Ce�N2 .t/ cos t �

� .3r1 � 3r2/Œv
N
t .1, t /Cw1.1/� sin t cos t

� .r1 sin2 t C r2 cos2 t /vNtt .1, t /º�.1/� c0v
N
tt .0, t /�.0/.

(2.28)
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Again, substitution of � by RvNt .�, t / in (2.28) gives

1

2

d

dt
¹k RvNt .�, t /k

2CkRvNx .�, t /k
2C c0Œv

N
tt .0, t /�2º D �kŒvNttt .1, t /�2

� Œe�N1 .t/ sin t Ce�N2 .t/ cos t �vNttt .1, t /�
3r1 � 3r2

2
sin 2tŒvNt .1, t /Cw1.1/�v

N
ttt .1, t /

� .r1 sin2 t C r2 cos2 t /vNtt .1, t /vNttt .1, t /.

(2.29)

Integrate over Œ0, t � to give

k RvNt .�, t /k
2CkRvNx .�, t /k

2C c0Œv
N
tt .0, t /�2 D�2k

Z t

0

Œ RvNt .0, s/�2ds

� 2

Z t

0

Œe�N1 .s/ sin sCe�N2 .s/ cos s� RvNt .1, s/ds � .3r1 � 3r2/
Z t

0

sin 2sŒ PvN .1, s/Cw1.1/� Rv
N
t .1, s/ds

� 2

Z t

0

.r1 sin2 sC r2 cos2 s/ RvN .1, s/ RvNt .1, s/ds

CkRvNx .�, 0/k
2CkRvNt .�, 0/k

2C c0Œv
N
tt .0, 0/�2 D

7X
iD1

Ii .

(2.30)
Now, we estimate each term on the right-hand side of (2.30).

I2 D� 2

Z t

0

Œe�N1 .s/ sin sCe�N2 .s/ cos s� RvNt .1, s/ds

6 ı4k

Z t

0

Œ RvNt .0, s/�2dsC
1

ı4k

Z t

0

Œe�N1 .s/ sin sCe�N2 .s/ cos s�2ds.

I3 D�

Z t

0

.3r1 � 3r2/ sin 2sŒ PvN .1, s/Cw1.1/� Rv
N
t .1, s/ds

6 1

2
ı5k

Z t

0

Œ RvNt .1, s/�2dsC
1

2ı5k
.3r1 � 3r2/

2

Z t

0

Œ PvN .1, s/Cw1.1/�
2ds

C
1

2
ı5k

Z t

0

Œ RvNt .1, s/�2dsC
2

ı5k
.3r1 � 3r2/

2

Z t

0

k PvNx .�, t /k
2ds

C
2

ı5k
.3r1 � 3r2/

2

Z t

0

k PvN .0, s/k2dsC
1

ı5k
.3r1 � 3r2/

2w21.1/T .

I4 D� 2

Z t

0

.r1 sin2 sC r2 cos2 s/ RvN .1, s/ RvNt .1, s/ds

D�.r1 sin2 t C r2 cos2 t /Œ RvN .1, t /�2C r2Œ Rv
N .1, 0/�2C

Z t

0

Œ RvN .1, s/�2.r1 � r2/ sin 2sds

6 r2Œ RvN .1, 0/�2C 2.r1C r2/
Z t

0

k RvNx .x, s/k2dsC 2.r1C r2/
Z t

0

ŒvNtt .0, s/�2ds

6 r2ŒAwN0 .1/�2C 2.r1C r2/
Z t

0

k RvNx .x, s/k2dsC 2.r1C r2/
Z t

0

ŒvNtt .0, s/�2ds.

I5 D kRv
N
x .�, 0/k

2 6 kw.3/0 k2.

From (2.23), it follows that

hvNttt .�, 0/,�i � hw
00
1.�/,�i D Œ�k Rv

N .1, 0/Ce�10 � r2w1.1/��.1/, 8� 2 VN . (2.31)
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Take � D �n, nD 1, 2, � � � ,N in (2.31) to give

gNttt .0/� hw
00
1.�/,�ni D Œ�k Rv

N .1, 0/Ce�10 � r2w1.1/��n.1/. (2.32)

Multiply by �n and sum for nD 1, 2, � � � ,N in (2.31) to produce

vNttt .�, 0/�
NX
nD1

hw001.�/,�ni�n D Œ�k Rv
N .1, 0/Ce�10 � r2w1.1/� NX

nD1

�n.1/�n (2.33)

It follows from (2.20), (2.4) and the compatible condition (2.6) that

j � k RvN .1, 0/Ce�10 � r2w1.1/j D kj 1X
nDNC1

hw000 ,'ni�n.1/j6
C1kw

000
0 k

N
,

where C1 is a constant independent of N . This together with the fact k
PN
nD1 �n.1/�nk D C2

p
N

gives that

kvNttt .�, 0/�
NX
nD1

hw001.�/,�ni�nk6 C2C1kw0000 k.

Therefore,

I6 D k Rw
N
t .�, 0/k

2 6 kw001k2CC2C1kw0000 k, I7 D c0ŒvNtt .0, 0/�2 D c0ŒAw
N
0 .0/�

2.

The estimates for Ii , i D 2, 3, � � �, 7 together with (2.15) and (2.22) show that

k RwNt .�, t /k
2CkRvNx .�, t /k

2C c0Œv
N
tt .0, t /�2 6 C � .2� ı4 �

1

2
ı5/k

Z t

0

Œ RvNt .0, s/�2ds

C 2.r1C r2/

Z t

0

k RvNx .x, s/k2dsC 2.r1C r2/
Z t

0

ŒvNtt .0, s/�2ds,

whereC is a constant independent ofN but depending on the initial date and T . Take ıi > 0, i D 4, 5

and C3 Dmax

²
2.r1C r2/,

2

c0
.r1C r2/

³
so that 2� ı4 �

1

2
ı5 > 0 to get

k RwNt .�, t /k
2Ck RwNx .�, t /k

2C c0Œw
N
tt .0, t /�2 6 C

CC3

Z t

0

®
k RwNt .�, s/k

2Ck RwNx .�, s/k
2C c0Œw

N
tt .0, s/�2 ºds.

(2.34)

Apply Gronwall’s inequality to (2.34) to produce sup
N

k RwNx .�, t /k <1 uniformly for almost every

t 2 Œ0,T �. The proof is complete. �

Remark 2.1
In Theorem 2.1, the condition (2.5) is the natural compatible condition for the classical solution of
(1.7), and the condition (2.6) is for the existence of the more smoother solution that we shall need
in the proof of Theorem 3.1.

The Lemmas 2.1, 2.2, and 2.4 enable us to obtain four subsequences of ¹vN º, ¹e�N1 º and ¹e�N2 º,
which will still be denoted by ¹vN º, ¹e�N1 º and ¹e�N2 º without confusion, and a function v,e�1 ande�2
so that

vN *v in L1.0,T IH 1.0, 1// weak�, (2.35)

PvN * Pv in L1.0,T IH 1.0, 1// weak�, (2.36)
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RvN * Rv in L1.0,T IL2.0, 1// weak�, (2.37)

vNt .0, t / * vt .0, t / in L2.0,T / weakly, (2.38)

e�N1 .t/ *e�1.t/ in L2.0,T / weakly, (2.39)

e�N2 .t/ *e�2.t/ in L2.0,T / weakly, (2.40)

� kŒvNt .1, t /Cw1.1/�Ce�N1 .t/ sin t Ce�N2 .t/ cos t * 	 in L2.0,T / weakly. (2.41)

Because ¹�nº1nD1 is a basis of L2.0, 1/, for all � 2D.0,T / and all ' 2 L2.0, 1/, pass to the limit in
(2.14) as N !1 to obtainZ T

0

hvt t .�, t /,�i�.t/dt C
Z T

0

hvx.�, t /,�xi�.t/dt �
Z T

0

huxx.�, t /,�i�.t/dt

D

Z T

0

	.t/�.t/dt�.1/�

Z T

0

c0v.0, t /�.t/dt�.0/.

(2.42)

Taking � 2D.0, 1/ in (2.42), we get

vt t D vxx C uxx in D0..0, 1/� .0,T //.

Because vt t 2 L2.0,T IL2.0, 1//, one has vxx 2 L2.0,T IL2.0, 1//. Therefore,

vt t D vxx C uxx in L2.0,T IL2.0, 1//. (2.43)

By integration by parts, we deduce that

vx.0, t /D c0v.0, t / in L2.0,T /, (2.44)

vx.1, t /D 	.t/ in L2.0,T /. (2.45)

Now we show that

	.t/D�kŒvt .1, t /Cw1.1/�Ce�1.t/ sin t Ce�2.t/ cos t .

Actually, from vNt .1, t / D vNt .0, t / C
R 1
0
vNxt .x, t /dx, we conclude, by (2.36) and (2.38), that

PvN .1, t / * Pv.1, t / in L2.0,T /. On the other hand, by Lemmas 2.1, 2.3, and 2.4, it follows

that max
t2Œ0,T �

sup
N

j PvN .1, t /j D max
t2Œ0,T �

sup
N

°
j PvN .0, t /C

R 1
0 v

N
xt .x, t /dxj º <1 and max

06t6T
j RvN .1, t /j D

max
06t6T

j RvN .0, t / C
R 1
0 v

N
xtt .x, t /dxj < 1. So, the sequence ¹ PvN .1, t /º1ND1 is uniformly bounded

and equicontinuous. By the Ascoli–Arzelá theorem, we conclude that

PvN .1, t /! Pv.1, t / in C Œ0,T �, (2.46)

and so Pv.1, t / is continuous in t . Similarly,² e�N1 .t/!e�1.t/ in C Œ0,T �,e�N2 .t/!e�2.t/ in C Œ0,T �.
(2.47)

Therefore,

� kŒvNt .1, t /Cw1.1/�Ce�N1 .t/ sin t Ce�N2 .t/ cos t

!� kŒvt .1, t /Cw1.1/�Ce�1.t/ sin t Ce�2.t/ cos t in C Œ0,T �.
(2.48)

Combine (2.41) and (2.48) to get

	.t/D�kŒvt .1, t /Cw1.1/�Ce�1.t/ sin t Ce�2.t/ cos t .
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From (2.46) and (2.47), it is seen that

8̂̂̂̂
<̂
ˆ̂̂:
Pe�N1 .t/D�r1ŒvNt .1, t /Cw1.1/� sin t ! Pe�1.t/
D�r1Œvt .1, t /Cw1.1/� sin t , in C Œ0,T �,

Pe�N2 .t/D�r2ŒvNt .1, t /Cw1.1/� cos t ! P�2.t/

D�r2Œvt .1, t /Cw1.1/� cos t in C Œ0,T �.

The existence is thus proved.

3. STABILITY OF THE TRANSFORMED SYSTEM

In this section, we establish the convergence of the transformed system (1.7). To do this, we need
the weak solution of (1.7).

Definition 1
For any initial data .w0,w1,e�10,e�20/ 2 V , the weak solution .w,wt ,e�1,e�2/ of (1.7) is defined
as the limit of any convergent subsequence of .wn,wnt ,e�n1 ,e�n2/ in the space L1.0,1IV/ where
.wn,wnt ,e�n1 ,e�n2/ is the classical solution ensured by Theorem 3.1 with the initial condition

.wn.x, 0/,wnt .x, 0/,e�n1.0/,e�n2.0//D .wn0 .x/,wn1 .x/,e�n10,e�n20/ 2 V � V �R2,8x 2 .0, 1/

satisfying

lim
n!1

k.wn0 .x/,w
n
1 .x/,e�n10,e�n20/� .w0,w1,e�10,e�20/kV D 0.

Definition (1) makes sense because from (2.8) and (2.9), we know that ¹.wn,wnt ,e�n1 ,e�n2/º must
be a Cauchy sequence in L1.0,1IV/, and its limit does not depend on the choice of the initial
values.

Theorem 3.1
For any initial value .w0,w1,e�10,e�20/ 2 V , the solution of the system (1.7) is asymptotically stable
in the sense that

lim
t!1

�
1

2

Z 1

0

Œw2t .x, t /Cw2x.x, t /�dxC c0w
2.0, t /

�
D 0

and

lim
t!1

�1.t/D N�1, lim
t!1

�2.t/D N�2.

Proof
By density argument, we may regard without loss of generality that the initial value
.w0,w1,e�10,e�20/ belongs to V � V � R2 and satisfies compatible conditions (2.5) and (2.6).
Construct Lyapunov functional Vw.t/ for the system (2.2) following:

Vw.t/D
1

2

Z 1

0

Œw2t .x, t /Cw2x.x, t /�dxC
c0

2
w2.0, t /C

1

2r1
e�1.t/2C 1

2r2
e�2.t/2C!21.t/C!22.t/,

where !1.t/D sin t ,!2.t/D cos t . The time derivative of Vw.t/ along the solution of system (2.2)
is found to be

PVw.t/D�kŒwt .1, t /�2.

This shows that Vw.t/6 Vw.0/ and hence

sup
t>0

�
1

2

Z 1

0

Œw2t .x, t /Cw2x.x, t /�dxC c0w
2.0, t /C je�1.t/j C je�2.t/j�<1. (3.1)
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In particular, one has

wt .1, t / 2 L2.0,1/. (3.2)

Similarly, let

U.t/D
1

2

Z 1

0

�
w2xx.x, t /Cw2tx.x, t /

�
dxC c0w

2
t .0, t /.

It is found that the time derivative of U.t/ along the solution of transformed system (1.7) can be
found as

PU .t/D� kŒwt t .1, t /�2 �wt t .1, t /Œe�1.t/ cos t �e�2.t/ sin t �

� .r1 sin2 t C r2 cos2 t /wt .1, t /wt t .1, t /.
(3.3)

Integrating over Œ0, t � on both sides of (3.3) gives

U.t/D� k

Z t

0

Œ Rw.1, s/�2ds �
Z t

0

Rw.1, s/Œe�1.s/ cos s �e�2.s/ sin s�ds

�

Z t

0

.r1 sin2 sC r2 cos2 s/ Pw.1, s/ Rw.1, s/dsCU.0/

D� k

Z t

0

Œ Rw.1, s/�2ds � Pw.1, t /Œe�1.t/ cos t �e�2.t/ sin t �Cw1.1/e�10
�

Z t

0

Pw.1, s/Œe�1.s/ sin sCe�2.s/ cos s�dsC
r2 � r1

2

Z t

0

Œ Pw.1, s/�2 sin 2sds

�

Z t

0

.r1 sin2 sC r2 cos2 s/ Pw.1, s/ Rw.1, s/dsCU.0/

D� k

Z t

0

Œ Rw.1, s/�2ds � Pw.1, t /Œe�1.t/ cos t �e�2.t/ sin t �Cw1.1/e�10
C
e�21.t/
2r1

�
e�210
2r1
C
e�22.t/
2r2

�
e�220
2r2
C
r2 � r1

2

Z t

0

Œ Pw.1, s/�2 sin 2sds

�

Z t

0

.r1 sin2 sC r2 cos2 s/ Pw.1, s/ Rw.1, s/dsCU.0/.

(3.4)

From (3.4), we have

U.t/6� .1� ı6
2
/k

Z t

0

Œ Rw.1, s/�2dsC ı7c0w
2
t .0, t /C ı7c0

Z 1

0

w2tx.x, t /dx

C
1

2ı7c0
Œe�1.t/ cos t �e�2.t/ sin t �2C

e�21.t/
2r1

C
e�22.t/
2r2

C
1

2ı6
Œ.r1C r2/

2C .r1C r2/�

Z 1
0

Œ Pw.1, s/�2dsCU.0/.

(3.5)

Take 0 < ı6 < 2 and 0 < ı7 <min
°
1
4

, 1
4c0

±
to give

U.t/6 1

ı7c0
Œe�1.t/ cos t �e�2.t/ sin t �2C

e�21.t/
r1
C
e�22.t/
r2

C
1

ı6
Œ.r1C r2/

2C .r1C r2/�

Z 1
0

Œ Pw.1, s/�2dsC 2U.0/.

(3.6)

It is found from (3.1), (3.2), and (3.6) that

sup
t>0

U.t/ <1,
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which implies that the trajectory of system (2.2)


.´0/D ¹.w,wt ,e�1.t/,e�2.t/,!1.t/,!2.t//jt > 0º
is precompact in H. In light of Lasalle’s invariance principle [16], any solution of system (2.2) tends
to the maximal invariant set of the following:

S D ¹.w,wt ,e�1.t/,e�2.t/, sin t , cos t / 2H 1.0, 1/�L2.0, 1/�R4j PVw.t/D 0º.

Now, by PVw.t/D 0, it follows that wt .1, t /D 0,e�1 �e�10 ande�2 �e�20. So, the solution reduces
to 8̂<̂

:
wt t .x, t /D wxx.x, t /, x 2 .0, 1/,

wx.0, t /D c0w.0, t /, wt .1, t /D 0,

wx.1, t /De�10 sin t Ce�20 cos t .

(3.7)

We show that (3.7) admits zero solution only. To this end, we first consider the equation8̂<̂
:
wt t .x, t /D wxx , x 2 .0, 1/,

wx.0, t /D c0w.0, t /,

wt .1, t /D 0.

(3.8)

Introduce a Hilbert space HDH 1.0, 1/�L2.0, 1/ with the inner product

h.y1, ´1/, .y2, ´2/iH D
Z 1

0

Œy01.x/y
0
2.x/C ´1.x/´2.x/�dxC c0y1.0/y2.0/.

Define a linear operator A associated to the system (3.7)´
A.y, ´/D .´,y00/,

D.A/D ¹.y, ´/ 2H 2.0, 1/�H 1.0, 1/jy0.0/D c0y.0/, ´.1/D 0º.
(3.9)

We claim that A is skew-symmetric in H. In fact, for any .f ,g/, .�, / 2D.A/,

hA.f ,g/, .�, /iH D
Z 1

0

Œg01.x/�
0
2.x/C f

00.x/ .x/�dxC cg.0/�.0/

D�c0f .0/ .0/C c0g.0/�.0/�

Z 1

0

f 0.x/ 0.x/dxC

Z 1

0

g0.x/�0.x/dx

D�h.f ,g/, A.�, /iH.
(3.10)

So, all eigenvalues are located on the imaginary axis. Now we claim that each eigenvalue of A is
geometrically simple and hence algebraically simple from general functional analysis theory. To this
end, for any � 2 �p.A/, solving the eigenvalue problem

A.�, /D �.�, /,

one has  D �� with � ¤ 0 satisfying´
�2�.x/� �00.x/D 0,

�0.0/D c0�.0/, ��.1/D 0.
(3.11)

Solve (3.11) in the case �D 0 to give

�.x/D c0xC 1. (3.12)

When �¤ 0,

�.x/D
c0C �

�� c0
e�x C e��x (3.13)
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with

c0C �

�� c0
e�C e�� D 0. (3.14)

So, � is geometrically simple.
Next, we claim that the spectrum of A consists of isolated eigenvalues only. In fact, for a given

.f ,g/ 2H and � 2 .A/,�¤ 0, solve .�I �A/.�, /D .f ,g/, that is,8̂̂̂<̂
ˆ̂:
�00.x/D �2�.x/��f .x/� g.x/,

�0.0/D c0�.0/, �.1/D
f .1/

�
,

 .x/D ��.x/� f .x/,

to give 8<:�.x/D c1e�x C c2e��x �
1

2�

Z x

0

Œe�.x��/ � e��.x��/�.�f .�/C g.�//d� ,

 .x/D ��.x/� f .x/,
(3.15)

where c1, c2 satisfy the following algebraic equations:8̂<̂
:
.�� c0/c1 � .�C c0/c2 D 0,

c1e
�C c2e

�� D
f .1/

�
C

1

2�

Z 1

0

Œe�.1��/� e��.1��/�.�f .�/C g.�//d� .
(3.16)

This, together with (3.14), shows that the determinant of coefficient of (3.16) e�.c0 C �/C
.�� c0/e

�� ¤ 0, which implies that

.�I �A/�1.f ,g/D .�, /, 8 .f ,g/ 2H,

and hence

k.�I �A/�1.f ,g/kH2.0,1/�H1.0,1/ 6 C4k.f ,g/kH

for some constant C4 > 0. By the Sobolev embedding theorem, .�I �A/�1 is compact on H. That
is, A is a skew-adjoint operator with compact resolvent on H. Consequently, the spectrum of A
consists of isolated eigenvalues only.

Furthermore, from (3.13) and (3.14), we can obtain the following asymptotic expressions of
eigenpairs of A.

�n D
�
n� �

�

2

	
i CO.n�1/, �n.x/D cos

�
n�

1

2

�
�xCO.n�1/. (3.17)

Define 8<:�n D
�
n� �

�

2

	
i CO.n�1/, ��n D �n,

ˆn D .�
�1
n �n,�n/,ˆ�n D .�

�1
�n�n,�n/, nD 1, 2, � � � .

(3.18)

By general theory of functional analysis, ¹ˆnºn2Z forms an orthogonal basis for H. Therefore, the
solution of (1.7) can be represented as

.w.�, t /, Pw.�, t //D a0.c0xC 1, 0/C
1X
nD1

ane
�ntˆnC

1X
nD1

a�ne
��ntˆ�n,

where the constants ¹anºn2Z are determined by the initial condition. That is,

w0 D a0.c0xC 1/C

1X
nD1

an

�n
�nC

1X
nD1

a�n

��n
�n, w1 D

1X
nD1

an�nC

1X
nD1

a�n�n.
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Hence,

wx.1, t /D a0c0C
1X
nD1

an
�0n.1/

�n
e�nt C

1X
nD1

a�n
�0n.1/

��n
e��nt De�10 sin t Ce�20 cos t .

Therefore,

a0c0C

1X
nD1

an
�0n.1/

�n
e�nt C

1X
nD1

a�n
�0n.1/

��n
e��nt � Œe�20� ie�10�eit � Œe�20C ie�10�e�it D 0. (3.19)

We claim that a˙n D 0, for all n > 1. Because otherwise, if there exists a n0 such thatˇ̌̌
an0

�0n0
.1/

�n0

ˇ̌̌
¤ 0. The smoothness of the initial value guarantees that

P
n2Z,n¤0

ˇ̌̌
an

�0n.1/

�n

ˇ̌̌
<1, which

implies that there exists an integer N > n0 such that

1X
nDN

ˇ̌̌̌
an
�0n.1/

�n

ˇ̌̌̌
<
1

4

ˇ̌̌̌
an0

�0n0.1/

�n0

ˇ̌̌̌
and

1X
nDN

ˇ̌̌̌
a�n

�0�n.1/

��n

ˇ̌̌̌
<
1

4

ˇ̌̌̌
an0

�0n0.1/

�n0

ˇ̌̌̌
. (3.20)

Because �n ¤ �m for any n,m 2 Z,n ¤ m and limn!1 j�nC1 � �nj D � ,n 2 Z, one has, for
t > 0, that

an0
�0n0.1/

�n0
C

1X
nDNC1

an
�0n.1/

�n
e.�n��n0 /t C

NX
nD1,n¤n0

an
�0n.1/

�n
e.�n��n0 /t

C

1X
nDNC1

a�n
�0�n.1/

��n
e.��n��n0 /t C

NX
nD1

a�n
�0�n.1/

��n
e.��n��n0 /t

C a0c0e
��n0 t � Œe�20 � ie�10�e.i��n0 /t � Œe�20C ie�10�e�.iC�n0 /t D 0.

(3.21)

Integrating both sides of (3.21) and using the fact Re�n D 0 and (3.20), we obtain

ˇ̌̌̌
an0

�0n0.1/

�n0

ˇ̌̌̌
t 6 2

ˇ̌̌̌
ˇ̌Z t

0

NX
nD1,n¤n0

an
�0n.1/

�n
e.�n��n0 /sds

ˇ̌̌̌
ˇ̌C 2

ˇ̌̌̌
ˇ
Z t

0

NX
nD1

a�n
�0�n.1/

��n
e.��n��n0 /sds

ˇ̌̌̌
ˇ

C 2

ˇ̌̌̌Z t

0

a0c0e
��n0sds

ˇ̌̌̌
C 2

ˇ̌̌̌Z t

0

Œe�20 � ie�10�e.i��n0 /s C Œe�20C ie�10�e�.iC�n0 /sds ˇ̌̌̌ .

Because the right side of the earlier equation has an upper bound for all t > 0, we get that an0 D 0,
which is a contraction. By (3.19), a˙n D 0,nD 1, 2, � � � , a0 D 0,e�10 D 0 ande�20 D 0.

We have thus proved that S D ¹.0, 0, 0, 0/º, that is

lim
t!1

�
1

2

Z 1

0

Œw2t .x, t /Cw2x.x, t /�dxC c0w
2.0, t /C

1

2r1
e�21.t/C 1

2r2
e�22.t/�D 0.

The proof is complete. �
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4. WELL-POSEDNESS AND ASYMPTOTIC STABILITY OF CLOSED-LOOP SYSTEM

We go back to the closed-loop system (1.4), which is rewritten here:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

yt t .x, t /� yxx.x, t /D 0, x 2 .0, 1/, t > 0,

yx.0, t /D�qy.0, t /, t > 0,

yx.1, t /D�kyt .1, t /� .c0C q/y.1, t /

� .c0C q/

Z 1

0

eq.1��/Œqy.� , t /C kyt .� , t /�d� Ce�1.t/ sin t Ce�2.t/ cos t , t > 0,

Pe�1.t/D�r1Œyt .1, t /C .c0C q/
Z 1

0

eq.1��/yt .� , t /d�� sin t , t > 0,

Pe�2.t/D�r2Œyt .1, t /C .c0C q/
Z 1

0

eq.1��/yt .� , t /d�� cos t , t > 0,

e�1.0/De�10, e�2.0/De�20,

y.x, 0/D y0.x/, yt .x, 0/D y1.x/, 06 x 6 1,

(4.1)

Notice the invertible transformation0BB@
w

wte�1e�2
1CCAD

0B@
I C P 0 0 0

0 I C P 0 0

0 0 1 0

0 0 0 1

1CA
0BB@

y

yte�1e�2
1CCA . (4.2)

Because we have proved the stability of weak solution .w,wt ,e�1,e�2/ in Theorem 3.1, we can
discuss the stability of weak solution of (4.1) in V DH 1.0, 1/�L2.0, 1/�R2.

Theorem 4.1
For any initial value .y0,y1,e�10,e�20/ 2 V ,, there exists a unique (weak) solution to (4.1)
such that .y.�, t /,yt .�, t /,e�1.t/,e�2.t// 2 C.Œ0,1/IV/. Moreover, the closed-loop solution
.y, yt ,e�1.t/,e�2.t// of (4.1) is asymptotically stable in the sense that

lim
t!1

�Z 1

0

Œy2x.x, t /C y2t .x, t /�dxC c0y
2.0, t /

�
D 0

and

lim
t!1

�1.t/D N�1, lim
t!1

�2.t/D N�2.

Proof
For any initial value .y0,y1,e�10,e�20/ 2 V , it follows from 1.8 that .w0,w1,e�10,e�20/ 2 V .

Let

y.x, t /D w.x, t /� .c0C q/
Z x

0

e�c0.x��/w.� , t /d� . (4.3)

Then a direct computation shows that such a defined .y, yt ,e�1,e�2/ satisfies (4.1) with initial value
.y0,y1,e�10,e�20/. This solution is unique by the invertible transformation (4.2) and the uniqueness
of solution to (1.7). The asymptotic stability follows from (4.2) and Theorems 3.1. �

5. NUMERICAL SIMULATION

In this section, we present some numerical simulations to demonstrate the convergence. The second-
order equations in time are first converted into a system of two first-order equations in time, and then
backward Euler method in time with Chebyshev spectral method in space is used. The numerical
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code is programmed in MATLAB. Here we take the grid size N D 20 and time step dt D 10�3.
The parameter values are set to be r1 D 1, r2 D 0.5, c0 D 100, q D 0.4, k D 0.3, N�1 D 0.8 and
N�2 D 0.2.

Figure 1. Amplitude y.x, t /.

Figure 2. Amplitude w.x, t /.

Figure 3. Parameter estimation �1.t/.
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Figure 4. Parameter estimation �2.t/.

The initial values are taken:

�10 D 0.2, �20 D 0.8 ,y0.x/D 0.2.1� x/, y1.x/D

8<:
1

5
, 0 < x 6 1

2
,

0, otherwise

Figures 1 and 2 show that system (4.1) and system (1.7) are both asymptotically stable.
Figures 3 and 4 show the estimates of the parameters. It is seen that the estimate �1.t/ with ini-

tial value �10 D 0.2 and �2.t/ with initial value �20 D 0.8, respectively, approximate the unknown
parameter values N�1 D 0.8 and N�2 D 0.2 quite satisfactorily.

�

ACKNOWLEDGEMENTS

This work was supported by the Program for Innovative Research Team in UIBE, the National Natural
Science Foundation of China, the National Basic Research Program of China (2011CB808002), and the
National Research Foundation of South Africa.

REFERENCES

1. Logemann H, Zwart H. Some remarks on adaptive stabilization of infinite-dimensional systems. Systems & Control
Letters 1991; 16:199–207.

2. Townley S. Simple adaptive stabilization of output feedback stabilizable distributed parameter systems. Dynamics
and Control 1995; 5:107–123.

3. Dahleh M, Hopkins W. Jr. Adaptive stabilization of single-input single-output delay systems. IEEE Transactions on
Automatic Control 1986; 31:577–579.

4. Kobayashi T. Global adaptive stabilization of infinite-dimensional systems. Systems Control Lett 1987; 9:215–223.
5. Kobayashi T. Adaptive stabilization and regulator design for distributed-parameter systems in the case of collocated

actuators and sensors. IMA Journal of Mathematical Control and Information 1999; 16:363–367.
6. Guo BZ, Guo W. Adaptive stabilization for a Kirchhoff-type nonlinear beam under boundary output feedback control.

Nonlinear Analysis: Theory, Methods & Applications 2007; 66:427–441.
7. Logemann H, Townley S. Adaptive control of infinite-dimensional systems without parameter estimation: an

overview. IMA Journal of Mathematical Control and Information 1997; 14:175–206.
8. Krstic M, Smyshlyaev A. Adaptive boundary control for unstable parabolic PDEs - Part I: Lyapunov design. IEEE

Transactions on Automatic Control 2008; 53:1575–1591.
9. Smyshlyaev A, Krstic M. Adaptive boundary control for unstable parabolic PDEs - Part II: Estimation-based designs,.

Automatica 2008; 43:1543–1556.
10. Smyshlyaev A, Krstic M. Adaptive boundary control for unstable parabolic PDEs - Part III: Output-feedback

examples with swapping identifiers. Automatica 2007; 43:1557–1564.

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control 2013; 23:514–533
DOI: 10.1002/rnc



STABILIZATION AND REGULATOR DESIGN FOR AN UNSTABLE WAVE EQUATION 533

11. Krstic M. Systematization of approaches to adaptive boundary stabilization of PDEs. Internat. J. Robust Nonlinear
Control 2006; 16:801–818.

12. Kobayashi T, Sakamoto T, Tetsuzo, Oya M. Adaptive regulator design for undamped second-order hyperbolic
systems with output disturbances. IMA Journal of Mathematical Control and Information 2008; 25:205–219.

13. Kobayashi T. Adaptive regulator design of a viscous Burgers’ system by boundary control. IMA Journal of
Mathematical Control and Information 2001; 18:513–527.

14. Liu W, Krstic M. Adaptive control of Burger’s equation with unknown viscosity. International Journal of Adaptive
Control and Signal Processing 2001; 15:745–766.

15. Krstic M, Guo BZ, Balogh A, Smyshlyaev A. Output-feedback stabilization of an unstable wave equation.
Automatica 2008; 44:63–74.

16. Luo ZH, Guo BZ, Mörgül O. Stability and Stabilization of Infinite Dimensional Systems with Applications.
Springer-Verlag: London, 1998.

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control 2013; 23:514–533
DOI: 10.1002/rnc


