STABILIZATION BY A DIAGONAL MATRIX
C. S. BALLANTINE

ABsTRACT. In this paper it is shown that, given a complex
square matrix 4 all of whose leading principal minors are nonzero,
there is a diagonal matrix D such that the product DA of the two
matrices has all its characteristic roots positive and simple. This
result is already known for real 4, but two new proofs for this case
are given here.

1. The real case. A theorem proved by Fisher and Fuller [2] is an
obvious consequence of the following result (Theorem 1), which in
turn is the real case of our Theorem 2 below.

THEOREM 1 (FISHER, FULLER). Let A be an nXn real matrix all of
whose leading principal minors are positive. Then there is an n X n posi-
tive diagonal matrix D such that all the roots of DA are positive and
simple.

We shall give here two proofs of Theorem 1, both of them simpler
than the proof in [2]. Our first proof is the shorter of the two, but is
less constructive since it makes use of the continuity of the roots (as
functions of the matrix entries). Our second proof gives explicit (and
relatively simple) estimates for the entries of D in terms of the entries
of 4.

F1rsT PROOF OF THEOREM 1. Here we use induction on n. For n=1
the result is trivial, so suppose that =2 and that the result holds for
matrices of order n—1. Let 4 be an X% real matrix all of whose
Ipm’s (leading principal minors) are positive and let 4, be its leading
principal submatrix of order #—1. Then all the Ipm’s of 4, are posi-
tive, so by our induction assertion there is a positive diagonal matrix
Dy of order n—1 such that all roots of D14, are positive and simple.
Let d be a real number to be determined later (but treated as a vari-
able for the present). Let 4 be partitioned as follows:

A, A,
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(where A4, is 1X1). Define an nXn diagonal matrix D (depending
on d) by conformable partition:

L]
D= .
0 4

Let DA = M (d), where now we emphasize the dependence on d. Then

M@=[

D14, D1A2:|
0 ol’

so the nonzero roots of M(0) are just those of D144, hence are posi-
tive and simple (and there are exactly #—1 of them). M (0) also has
a simple root at zero. Thus for all sufficiently small d>0 the real
parts of the roots of M (d) are (still) # distinct real numbers at least
n—1 of which are positive. (This follows from the fact that the roots
of M(d) are continuous functions of d.) Choose some such d. Then the
roots of M(d) are all real and simple (since nonreal roots must occur
in conjugate pairs) and at least n—1 of them are positive. But the
determinant of M (d) is positive since those of 4 and D are, so in fact
all # roots of M (d) are positive. This concludes the proof of the induc-
tion step and hence of Theorem 1.

REMARK 1. This same kind of argument can be used to prove that,
when all the Ipm’s of 4 are positive and a sign pattern is given for
n-tuples of real numbers ordered by their absolute values, there is a
real diagonal matrix D of the prescribed sign pattern such that the
roots of DA also have the prescribed sign pattern. Also, when 4 is an
n Xn complex matrix all of whose Ipm’s are nonzero and also an open
sector containing the positive real axis is prescribed, this same kind
of argument yields a complex #X#n diagonal matrix D such that all
the roots of D4 lie in the prescribed sector (in fact, if all the Ipm’s of
A are positive then D can be chosen positive).

For our second proof of Theorem 1 we shall use the following fact
about real polynomials.

Fact 1. Let # be an integer =2 and let ¢y, c1, - - -, ¢, be positive
real numbers satisfying all the following inequalities:

2 2 2
dcocr < c1,4c103 < €9yt ¢ 0 3 ACn_96n < Cny.

Let x;x= (cey1/ck—1)2for k=1,2, - - - , n—1. Then all the roots of the
polynomial

f(@) = cox® — crent + cpunt — - -+ (= 1),
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are real (hence positive) and simple, and they are separated by the
n—1 numbers x1, %2, + + -+, Xn_1.

Proor. (This result is probably known, is perhaps even classical,
but it is not standard for #= 3, so we shall give a short proof here for
the sake of completeness.) Let xo=c1/co and x»=cs/ca1. Then
XeS>X1>%2> ¢ - Dxn1>%,; in fact,

G)>G)>C)>C)>C)
>()> > ()

holds by hypothesis, and hence

Xo > X1 > Cafc1 > Xy > C3fca S DS Xy > X

Thus it suffices to show that (—1)%f(xi) >0 for =0, 1, 2, - - -, n.
From the last chain of inequalities we have that cjxk—cjy1 is
(1) positive if 0Sk<j<#n—1 (and in other cases which we shall
not need here),
(2) negative if 1<j+1<k=n, and
(3) zero if 0=k=j or j4+1=Fk=n. Thus we have

f(xo) = x:.-l(ﬁoxo e 61) + x:_s(czxo — 63) 4+ o> 0,
(_ 1)"f(xn) = (Cn - Cn—lxn) + x:(c,,_g - c,._axn) 4+ ..->0

since #=2 and the odd term at the end (when % is even) is positive
in each case.
To handle the x; for which 1 <k <n, we write

f@) = &% (2) + (= D8 = aas® + ax — aa) + h(2),
where we have put
g(x) = cox* 2 — @b gttt — - - -+ (— 1)57 2,

h(x) - (Ck+2x"_k_2 — ck+3xn—k—3+ .. + (_ 1)n—k—zcn)(_ 1)k+2.

We first show that (—1)*g(x:) =0 and (—1)*k(xi) =20. Namely,

(— D*g(xx) = (cr—2 — Cr—si) + x:(ck—«i — Cr—s%) + - - - 20,

n—k—. n—k—5
(= D*h(xx) = x 3(Ck+2xk —ceys) t e (G — i) + - - - 2 0.

Thus it remains only to show that —ci_1xi-+cx¥e—cry1 is positive.
But this is a routine consequence of our hypothesis that ¢; > 4ci1ck41
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and our definition of xx. Thus, as asserted, (— 1)*f(xx) >0 for k=0, 1,
2, --,mn,and Fact 1 is proved.

SECOND PROOF OF THEOREM 1. We first assume that all Ipm’s of 4
are 1. For k=1, 2, - - - | n let ¢x be the sum of the absolute values of
the nonleading principal minors of order k in 4 (thus ¢.=0). Choose
positive real numbers di, ds, * - -, da so that

2dk+1qk < dk and 36dk+1 < dk

for k=1,2, - .-, n—1. (One can choose d; arbitrarily >0 for one j
and choose the other di recursively, going outward from k=j). Let
D=diag(dy, ds, - - -, dn), and define ¢o (=1), ¢1, €2, - - -, €a by

det (xI — DA) = cox™ — cix™ !+ oz — - - - + (— 1)7c,.

Thus by Fact 1, in order to show that the roots of D4 are positive
and simple, it suffices to show that ¢1, ¢z, - - -, ¢, are all positive and
that ¢>4cp_1ckq1 for k=1, 2, - - -, n—1. This we do as follows.
For k=0, 1, 2, - - -, n we can write ¢x=pr+ Ri, where pr=did,
-« - di (hence po=1) and R, is the sum of the nonleading principal
kX k minors in DA (hence Ry=0=R,).
Now, each term in R; is of the form

(*) djldj2 T dikm’

where m is a nonleading principal £X% minor of 4 and j1<j.< - - -
<jx and k<ji. Since di>dy> - - - >d.>0, the absolute value of
the term (*) is therefore less than or equal to

dids - - - dpadipr | m| = (dipr/di)pi| m.

By the Triangle Inequality and the definition of ¢x we thus have
(for 1=k=<n—1)

| Ri| S (desi/d0) prgr < 3%,

the last inequality coming from the way we chose di and diy1. Thus
¢ =pr-+ Ry satisfies pr/2 <ck<3pi/2 (for 1=k=<n—1, but also for
k=0 and for k=), so

2 2
cx > 1px = 1(d/diyr) proapr—1 > Oprrapr1 > oryr1ci

for k=1, 2, - - ., n—1. This completes the proof for the case where
all the Ipm’s of 4 are 1.

Returning now to the general case, where the Ipm’s of 4 are not
necessarily all 1 (but are all positive), we let m; be the £ X Ipm of 4
(hence mo=1) and let
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E = diag (mo/my, mi/ma, + - -, Ma_1/m,).
Then all the Ipm’s of E4 are 1, so we can now apply the proof for
that case and get the required matrix D=diag(dy, - - -, d.) for this
general case by choosing di, - - -, d. so that

2 2
2diimipm—1qe < dimy,  and 0 < 30dip iy < dimy

fork=1,2, .- -, n—1, where now ¢ is the sum of the absolute values
of the nonleading principal 2X% minors of E4. This completes our
second proof of Theorem 1.

2. The complex case. Here we adapt our second proof of Theorem
1 to yield a proof of the complex case (Theorem 2 below). However,
the rest of this latter proof is not constructive, depending as it does
on the following result from algebraic topology. (This result is a spe-
cial case of [1, Lemma 2, p. 232].)

Fact 2. Let P and Q be n-parallelotopes in R* which are parallel
to each other, and let f be a continuous mapping of P into R* such
that f takes each hyperface of P into the closed supporting halfspace
of Q at the corresponding hyperface of Q. Then f(P) includes Q.

Using Fact 2, we can now prove the next theorem, which is the
main result of this section.

THEOREM 2. Let A be an nXn complex matrix all of whose leading
principal minors are nonzero. Then there is an nXn complex diagonal
matrix D such that all the roots of DA are positive and simple.

Proor. We follow the lines of our second proof of Theorem 1 where
we can. Without loss of generality we may assume all Ipm’s of 4 are

1. For k=1, 2, - - -, n, again let g; be the sum of the absolute values
of the X% nonleading principal minors of 4. Choose positive real
numbers 7y, 73, + + -, 7» SO that

2'k+lq1c < 7 and 367’k+1 < 1y

for k=1, 2, --., n—1. Now let dx=r, exp i for k=1, 2, - - -, n,
where 6y, - - -, 0, are real numbers yet to be determined and are
treated for now as variables. Let

D = diag (di, ds, - - -, dn),
det (xI — DA) = cox® — cia™ L 4 - - - 4+ (— )¢y,

(co=1), as before. Here we define new “variables” ¢1, - - -, ¢, related
to 6y, - - -, 0, by means of the linear transformation
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o =0,+0+ - --+6; for k=1,2,---,n,
Or = b — Pr—1 for E=2,---,n 0,=d¢,

which is one-one of R" onto R~™.
As before, we write pr=dids - - - dr and cx = pr-+Ry; hence, putting
$o=0, we have

pk=rlr2---rkexpi(01+02—|—-'-+0k)=r1r2-~'rkexpi¢k
for k=0,1, 2, - - -, n. Again we find that
IRkl < lpk[/Z, [pk|/2 < l6k| <3I[)kl/2 for 0 =

and

£
IIA

n,

lee|? > 4] coa| | opa| for 1= k<n—1

Thus by Fact 1 our proof will be complete when we have shown that
we can choose ¢y, ¢, + - - , P, as real numbers such thatey, co, + + -, ¢n
are all positive.

To show that we can do this, let 1 <k <#n. For ¢ =3m, pr=1rrs - - -
7% is positive imaginary, so

Im co=Tm pp+Im Ri= | pu|+Im Re= | pu| = |Re | >3] 1],

and likewise, for ¢y = —1im, Im ¢ < —%lpk| . Thus we have a contin-
uous mapping
(61,02, - - -, ¢x) @ (Imey, Im ¢, - - -, Im ¢y)

from the rectangular n-parallelotope (which here is actually an
n-cube)

1 —
_§7r§¢k<%7ra k—lyz)"'yna

into real n-space, and this mapping satisfies the hypotheses of Fact 2
relative to the rectangular n-parallelotope

[ Imc| < 3| pe| = 3rara - - - 7, k=1,2---,mn

Thus the range of this mapping includes the latter parallelotope and
in particular contains the origin. Therefore we can choose ¢1, - - - , ¢
all in the interval [—%m, i7] so as to yield

(Imey, - -+, Imea) = (0,---,0)

and hence for this choice of ¢1, - - -, ¢» we have ¢y, - - -, ¢, all real.
It is evident geometrically (and routine to show analytically) that
¢ cannot be £0 for —3r<¢p < 4w, soin fact ¢y, - - -, ¢, are all posi-
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tive for the above choice of ¢y, - - -, ¢,. This completes the proof of
Theorem 2.
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