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STABILIZATION FOR THE 3D NAVIER-STOKES SYSTEM BY
FEEDBACK BOUNDARY CONTROL

A.V.FURSIKOV

Dedicated to Mark Iosifovich Vishik

ABSTRACT. We study the problem of stabilization a solution to 3D Navier-
Stokes system given in a bounded domain €2. This stabilization is carried
out with help of feedback control defined on a part I" of boundary 92. We
assume that I' is closed 2D manifold without boundary. Here we continuer
investigation begun in [6],[7] where stabilization problem for parabolic equation
and for 2D Navier-Stokes system was studied.

1. Introduction. This paper is devoted to study the problem of stabilization a
solution v(¢, x) to boundary value problem for three-dimensional (3D) Navier-Stokes
equations given in a bounded domain © € R3. This solution is stabilized near a
steady- state solution to 3D Navier-Stokes system. We carry out this stabilization
with help of control u defined on a part I' of boundary 9€2. Our assumption
imposed on I' is that T' is a closed two-dimensional surface and therefore I is a
separate component of 9€.

We require that control u = u(t,z’), t > 0,2’ € T has to possess the following
important property: u is a feedback control. This means that for each instant ¢
u(t,-) is defined by fluid flow velocity vector field v(¢,-) taken at the same instant
t and therefore control u can react on unpredictable fluctuations of v suppressing
their negative influence to fluid flow. There is a mathematical formalization for this
physical notion of feedback, which was proposed long time ago. With help of this
formalization number results of stabilization for equations described incompressible
fluid flow were obtained: stabilization of 2D Navier-Stokes equation by distributed
control supported on the whole € and written in an abstract form (Barbu, Sritharan
[1]), and stabilization by boundary control of 2D Euler equations for incompressible
fluid flow (Coron [3]).

In this paper we use a certain new formalization of feedback notion that we
proposed in [6], [7], and that is more adequate (from our point of view) to study
stabilization problem by boundary feedback control in the case of parabolic equa-
tions and Navier-Stokes system. Moreover, here we develop approach to stabiliza-
tion problem from [6], [7] in order to get stabilization result for 3D Navier-Stokes
equations. The main point of this approach is to construct a special operator that
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extends solenoidal vector fields from 2 on a certain domain G containing 2. Exten-
sion operator connected with linearized Navier-Stokes equations (i.e. with Oseen
system) is constructed below in Section 5 and extension operator corresponding to
nonlinear case is built in Section 6. Construction of these extension operators is
based on a linear independence property of finite systems of eigen and associated
functions for adjoint steady- state Oseen system when these functions are regarded
over arbitrary subdomain w C G. We prove this property in Section 4 with help
of Carleman estimates using some abstract result from [6]. In Section 2 we formu-
late stabilization problem for Navier-Stokes equation and, besides, we compare two
mathematical formalizations of feedback notion: classical one and the formalization
that was proposed in [6], [7]. In Section 3 we recall certain well known results, used
in the paper.

2. Setting of the problem and the main idea of the method.

2.1. Setting of the stabilization problem. Let Q C R? be a bounded connected
domain with C*° -boundary 902 which consists of two nonintersecting parts I'y and
I

0N =TgUT, LoNT =0 (2.1)
where T'g, I' are closed subsets of 0f, i.e. I'g, ' are finite sets of connected C°°-
manifolds of dimension 2. We assume that I" # (§ but we admit that the set Iy can

be empty.
We set

Q:R+XQ7 Z:R+XF7 20:R+XFO. (22)

In space-time cylinder ) we consider the Navier-Stokes equations

ow(t,x) — Av(t,z) + (v, Vv + Vp(t,z) = f(z), (t,z)eQ (2.3)
dive =0 (2.4)
(v = (vt,v?,0®)) with initial condition
v(t, x)|t=0 = vo(z), z€Q (2.5)
and boundary conditions
Uz, =0, vz =u, (2.6)

where u = (u',u?,u?) is a control defined on X.

We suppose also that a steady-state solution (0(x), Vp(x)) of Navier—Stokes sys-
tem with the same right-hand side f(z) as in (2.3) is given:

Ad(z) + (0, V)0 + Vp = f(x), divo(z) =0, z€Q (2.7)

blr, = 0. (2.8)

Let o > 0 be given. The problem of stabilization with the rate ¢ is to look for a
control u(t,z’), 2" € I' such that the solution (v, p) of problem (2.3)—(2.6) with the
boundary value u satisfies the inequality

[v(t,) = 0l ()2 < ce™ " ast — oo. (2.9)
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2.2. Feedback control. Classical definition. Our important additional require-
ment is that a stabilization problem should be solved with help of feedback control.
From physical point of view feedback notion means that control function u(t,-) at
instant ¢ should be defined with help of state function v(¢, -) taken just at the same
time moment ¢. This has to give possibility for control to react on unpredictable
fluctuations of the state function in order to suppress all undesirable effects of these
fluctuations.

There is well known mathematical formalization of this physical feedback notion
which was proposed in control theory for ordinary differential equations. To recall
it we rewrite problem (2.3)—(2.6) in a form of abstract ordinary differential vector-
valued equation

ow(t,-) = F(u(t,-),u(t,-),  v(t,-)|=0 =0 (2.10)
where F(-,) : V. x U — W is a nonlinear operator acting from direct product

of phase space V and control space U to W (V,U, W are Banach spaces). Then
steady-state problem (2.7),(2.8) can be rewritten as follows:

F(o(-),a(-) =0 (2.11)

Suppose that (0,4) € V x U is a given solution of (2.11). Then the problem of
stabilization for solution to (2.10) near steady-state solution (9, %) with a prescribed
rate o > 0 is to find u(t,-) such that the solution v(t,-) of problem (2.10) with this
u(t, -) substituted into, satisfies the inequality

lv(t,) — 0|y <ce ™ as t— oo. (2.12)

Definition 2.1. Control u(t, -) of stabilization problem (2.10)—(2.12) is called feed-
back if there exists a map R : V — U such that for each ¢ > 0 u(t,) = R(v(t,)).

Recall that classical formulation of a stabilization problem by feedback control
is as follows:

Given steady-state solution (0, 4) of (2.10), find a map R : V' — U such that the
solution v(t, -) of problem

o(t, ) = F(U<t’ ')7 R(U(t’ )))7 U(tv ')‘1‘:0 = o (2'13)
satisfies (2.12). (R does not depend on vy)

Remark 2.1. Usual assumption imposed on the exponent ¢ in this formulation is
that o is a certain positive but it is not an arbitrary positive as in formulation (2.3)—
(2.9). But usually a map R is looked for by such a way that boundary value problem
(2.13) is well posed, i.e. inequality (2.12) remaines true after small fluctuations of
data for this problem .

If stabilization problem by feedback control should be solved only for initial
conditions vy belonging to a certain neighborhood of v, then it is called a local
stabilization problem. This classical setting of stabilization problem by feedback
control was successfully applied not only for controlled ordinary differential equa-
tions but also for certain controlled PDE including 2D Navier-Stokes equations with
distributed control supported on the whole domain containing liquid (see [1]). Nev-
ertheless this approach did not give yet possibility to solve stabilization problem for
general quasi linear parabolic equation or for Navier-Stokes system with feedback
control supported on the boundary of the domain as our new setting proposed in [6],
[7]. Properties of Euler equations regarded in [3] differ essentially from properties
of parabolic equation or Navier-Stokes system.
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2.3. The main idea of construction. Construction of feedback control which
we proposed in [6], [7] is not included in the framework of Definition 2.1. Let recall
this construction.

Let w C R3 be a bounded domain such that

QNnw=0, QNw="T (2.14)

We set
G=Int(QUD) (2.15)
(the notation Int A means, as always, the interior of the set A). We suppose that
0@ is a two-dimensional surface belonging to the smoothness class C'*°.
We extend problem (2.3)—(2.6) from @ = Ry x Q to © = R} x G For this end
we forget for a while about the second boundary condition in (2.6) and write this
extended problem as follows:

Ow(t,x) — Aw + (w, V)w + Vq(t,z) = g(x), divw(t,z) =0 (2.16)
w(t, z)|t=0 = wo(z) (2.17)

with additional condition

wlg =0 (2.18)
where S = R} x dG. Moreover we assume that solution (9, Vp) of (2.7), (2.8) is
extended on G in a pair (a(z), V(z)), x € G such that

—Aa(z) + (6, V)a + Vi(z) = g(z), diva(z)=0, z€G (2.19)

alag =0 (2.20)
where right side g(z) is the same as in (2.16). (We show below how to construct
such extension.) Note that, actually, wq from (2.17) will be a special extension of vy
in (2.5) from 2 to G : wy = Ext,vg. More precisely, wg should belong to the stable
manifold M, which is invariant with respect to the semigroup generated by the
Navier-Stokes problem (2.16)—(2.18) and which contains solutions w(t,-) tending
to a with the rate o (as in (2.9)). More detailed definition of M, will be given in
Section 6.

We introduce the following space of solenoidal vector fields:

VE@G) = {v(z) € (HY@))? : dive(z) = 0}

where H*(G) is Sobolev space of functions f(z), z € G belonging to La(£2) together
with their derivatives of order not more than k. Definition of H*(G) with fractional
or negative k see in [15]. (H¥(G))? is Sobolev space of three- dimensional vector
fields f(z) = (f1(2), f2(2), f3(x)) with fi(x) € H*(G). For vector fields defined on
G we introduce the operator g of restriction on € and the operator ~r of restriction
on I

Yo : VHG) — VFQ), k>0, Ap:VEG) — (HFY2D))3, k> 1/2. (2.21)
As well known (see, for instance, [15]), operators (2.21) are bounded.

Definition 2.2. A control u(t, z) in stabilization problem (2.3)—(2.6) is called feed-
back if the solution (v(t,x),u(t, z)) of (2.3)—(2.6) is defined by the equality:
(v(t,x),u(t,z)) = (yqw(t, ), yrw(t,-)) (2.22)

where w(t, z) satisfies to (2.16)—(2.18), and ~q, qr are operators of restriction of a
function defined on G to 2 and to I respectively.
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This definition of feedback control is basic for us: we will use only it below. Now
we show connection between Definitions 2.1 and 2.2.

Let S(t,wp) be the semigroup generated by boundary value problem (2.16)—
(2.18), i.e. if w(t,-) is a solution to (2.16)—(2.18) with initial condition wp, then
S(t,wp) = w(t,-). Then the map which acts initial condition vy from (2.5) to the
solution v(t,-) of (2.3)—(2.5) is defined as follows:

v(t, ) = vaS(t, Extyvg) (2.23)
Using (2.23) we define the following extension operator from 2 to G:
E(t,v(t,-)) = S(t,Ext,vp) (2.24)

where vy is the initial condition of v(t,-). Note that operator E(t,-) depends on
t because it is defined on the set of functions which belong to the image of the
operator S(¢, Ext,-) and this set depends on t. Now we can define the operator
which acts solution v(¢, ) to the correspondent control function u(t, -):

u(t,-) = R(t,v(t,-)) =ywE(Ev(t,-)) (2.25)

In contrast to operator R from Definition 2.1 operator (2.25) depends on ¢.

3. Ozeen equations. We begin investigation of stabilization problem from the
case of linearized Navier-Stokes equations, i.e. from the Ozeen equations. Note
that the results of this section connected with 3D Oseen equations as well as their
proofs are absolutely identic to analogous results and proofs for 2D Oseen equations.
That is why we give here only their short formulation. Detailed exposition of these
results can be found in [7].

3.1. Preliminaries. Let G be domain (2.15). We consider in Ry x G the Oseen
equation which is written as follows:

Ow(t,z) — Aw + (a(x), V)w + (w, V)a + Vp(t,z) =0 (3.1)
divw(t,z) =0 (3.2)
w(t, x)|i=0 = wo()

Moreover, we impose on w the zero Dirichlet boundary condition

wlg =0, (3.4)
where S = Ry x dG. We assume that
a(z) € VA(@) N (HH(G))® (3.5)

where, recall, Sobolev spaces V¥(G), H*(G) were defined above, and H}(G) =
{f(z) € HY(G) : f(z)|zcoc = 0}. In the case k = 0 we define

VUG) = {v(z) € VY(G) : v-v|ga = 0} (3.6)

where v(x) is the vector-field of outer normals to OG. In [16] it is established that
restriction v - v|pq is well defined for v € V°(G). Denote by

7 (Lo(@))? — VY(G) (3.7
the operator of orthogonal projection. We consider the Ozeen steady state operator
Av = —1Av +7[(a(z), V)v + (v, V)a] : VY(G) — VL(G) (3.8)

where a(x) is vector-field (3.5). This operator is closed and it has the domain:

D(A) = V*(G) N (Hy(G))? (3.9)
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which is dense in V{(G).
Assuming that spaces in (3.7), (3.9) are complex we denote by p(A) the resolvent
set of operator A, i.e. the set of A € C such that the resolvent operator

R\ A) = (M — A V(G — VG) (3.10)

is defined and continuous. Here I is identity operator. Denote by $(A) = C!\ p(4)
the spectrum of operator A.

As well-known, Ozeen operator (3.8) is sectorial, i.e. there exist ¢ € (0,7/2),
M > 1,a € R such that

Sa o ={AeC: < |arg(A—a)| <7, A#a} Cp(A) (3.11)

and [|[(A — A)7Y| < M/|A—al, VA€ Sq,. Besides, for A € p(A) resolvent (3.10)
is a compact operator, and the spectrum X(A) consists of a discrete set of points.
We decompose the resolvent R(A, —A) in a neighborhood of —\; € £(—A):

oo

ROv-4) = S (VA Ry, By = (2mi)! / (A4 2) RO, —A)dA
h=mm Ay l=e
(3.12)
Note that m < oo.
Let us consider the adjoint operator A* to Ozeen operator (3.8):
A*w = —mAw — w[(a(z), V)w — (Va)*w] : V{ (G) — V(G) (3.13)

where
3
(Va)'w = ((0ra,w), (O2a,w), (D3a,w)), (d;a,w) = Z@iajwj
j=1

Evidently, A* is a closed operator with domain D(A*) = VZ(G) N (H(G))?.
Moreover, A* is sectorial with a compact resolvent and

p(A*) = p(A) and R(\A)* = R\, A%) YA€ p(A) (3.14)
(Here the line above means complex conjugation.) Below we always assume that
vector field a(x) from (3.5), (3.8),(3.13) is real valued. (3.15)

That is why we have p(A) = p(A4) = p(A*) = p(A*).

3.2. Structure of R;, with £ < 0. Let —\; € ¥(—A) be an eigenvalue of —A, and
e #0, e € ker(AgI + A) be an eigenvector. Vector ey is called associated vector of
order k to e if ey, satisfies:

()\0[ —+ A)e = O, e+ ()\0[ —+ A)Bl = O, ey Cr—1 —+ ()\0] + A)ek = O

We say that e, eq,eq,... form a chain of associated vectors. The maximal order m
of vectors, associated to e is finite and the number m + 1 is called multiplicity of
the eigenvector e.

Definition 3.1. The set of eigenvectors and associated vectors

e® (=N, e (=N, e® (=N)  (k=1,2,...,N(=);)) (3.16)

) ¥ my,
corresponding to an eigenvalue —); is called canonical system if:
i) Vectors e (—=\;),k =1,2,..., N(—);) form a basis in the space of eigenvec-
tors corresponding to the eigenvalue —\;.
ii) e(l)(—)\j) is an eigenvector with maximal possible multiplicity.
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iii) e(®)(—)\;) is an eigenvector which can not be expressed by a linear combination
of eM(=)\;),...,e*=D(=);) and multiplicity of e¥)(—)\;) achieves a possible
maximum.

iy) Vectors (3.16) with fixed k form a complete chain of associated elements.

Besides canonical system (3.16) which corresponds to an eigenvalue —\; of op-
erator —A we consider a canonical system

M (=X, e (=X, eW(=X) (k=1,2,...,N(=);)) (3.17)

»“my

that corresponds to the eigenvalue —\; of the adjoint operator —A*. Definition
of canonical system (3.17) is absolutely analogous to Definition 3.1 of canonical
system (3.16). We define canonical system (3.17) by E*(—\;).

Theorem 3.1. Let Ry, are operators defined in (3.12). Then
R_yzx=0, Vk=1,2,....m

if and only if
(e (X)) =0 Ve (=X)) € BN (=)

This assertion follows immediately from one result of Keldysh [12] on structure
of the main part of Laurent series for R(\, —A). The proof of Theorem 3.1 see in
[7].

3.3. Holomorphic semigroups. We regard boundary value problem (3.1)—(3.4)
for Ozeen equations written in the form
dw(t)

7 + Aw(t) =0, w|i=o = wo. (3.18)

where A is operator (3.8). Then for each wg € V(G) the solution w(t,-) of (3.18)
is defined by w(t, ) = e~ **wy and

e At = (2mi) 71 /(AI + A)"teMd), (3.19)
v

where v is a contour belonging to p(—A) such that arg A = £6 for A € v,|\| > N
for certain 0 € (w/2,7) and for sufficiently large N. Moreover, 7 surrounds X (—A)
from the right. Such contour « exists, of course, because we can choose v belonging
to set —Sg,, from (3.11).

Let o > 0 satisfy:

E(—A)N{rxeC:Reh=—0} =10 (3.20)

The case when there are certain points of ¥(—A) placed righter than the line
{Re\ = —o} will be interesting for us. By v, we denote the continuous contour
that is placed in {\ € C: ReX < —o} and constructed from an interval of the line
{Re\ = —o} and from two branches of contour « that transform to {arg A = 0}
and {arg A = —0}, 0 € (7/2,7) for sufficiently large |A|.

In virtue of Cauchy Theorem we reduce integration over +y in (3.19) to integration
over v, and integration around poles —\; from (3.12) for \; satisfying Re\; < o
After calculation corresponding residues we transform (3.19) to the equality:

m(—Xj) ne1
t
—At _ (g —1/ A) 1M st - N
e~ = (2mi) AE+A)" e d)\—i—Re;QTe 3:1 o 1)!R n(—=X))

Yoo



296 A.V.FURSIKOV

We denote
Vo (G) = {v e VI(G) : v]ac = 0}
Equality (3.21) implies

Theorem 3.2. Suppose that A is operator (3.8) and o > 0 satisfies (3.20). Then
for each wy € Vi (G) that satisfies

(wo,e™(=X;) >=0, VI=0,1,...,mp, k=1,2,...,N(=);), Re(\;) <o
(here by definition 5ék)(—/\j) =eF)(=)\,})) the following inequality holds:
HeAtwOHVOl(G) < CC_UtH’LUQHVOl(G) fort>0 (3.22)

Proof see in [6], [7].

4. unique continuation property. To solve stabilization problem we will use
unique continuation property for solution of adjoint Oseen equation, i.e. for solution
of equation (fi; — A)*w = 0 where A* is operator (3.13). Unique continuation
property for the Stokes equations has been established in [9] with help of Carleman
estimates derived in [11]. That Stokes equation differs from adjoint Oseen equation
indicated above. That is why we give here complete proof of the unique continuation
property for a solution of (f; — A)*w = 0. As in [11], [9], to do it we use Carleman
estimate, but our technology differ from techniques of [11] and it is close to methods
from [5, Ch.7, §7].

So we consider equality (fiy — A*)w =0, = € G, where [, is an eigenvalue of the
operator A* and w is a corresponding eigenvector. Note that generally speaking
Lo is a complex number and w is a complex-valued vector field. As usual, the bar
over notation of a complex number means the operation of complex conjugation.
By (3.13) and by definition of operator 7 this equality can be rewritten as follows:

Av(z) + (a(z), V)v(z) — (Va(z)) v(z) + Ggv + Vp(z) =0, dive=0, (4.1)

where € G. Applying to the first equality in (4.1) operator div and taking into
account the second equality dive = 0 we get

Ap(x) = —(8ia;(2))9;vi + (Aa,v) + (9;a:)(9;vi) (4.2)
First of all we prove some Carleman estimate for solution of (4.1), (4.2).

4.1. Carleman estimate. We consider the following analog of (4.1),(4.2):
Az(z) + (a(z),V)z — (Va)*z + [z + Vp(z) = f(z) dive =0, (4.3)

Ap(z) = div f(z) — (0;a;(2))0j2i + (Aa, 2) + (05a,)(0;2). (4.4)
We suppose also that z(z) and p(z) satisfy on 9G the following equalities:
zloc =0, Vzlog =0, plog =0, Vplag = 0. (4.5)

Let € > 0 be sufficiently small. Denote

e = : dist(z, = mi —
G {z € G : dist(z,9G) yrg(lgrcl:h: yl > e}
(the sign "minus” in lower index in G_. means that G_. is a subset of G in contrast
of notation €. used below in Theorem 5.1 when {2, contains §2)
Let w be a subdomain compactly embedded to G_. : w CC G_.. We consider
a function B3(z) € C?(G) which has no critical points outside w , i.e.
min_[V4(z)] > 0 (4.6)

z€G\w
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and

Bx) =21, x € G, max ((z) <2 min 5(z) (4.7
z€G\G_¢ /2 zeG_.

Lemma 4.1. . A function 3(z) € C*(G) satisfying (4.6),(4.7) exists.
Proof. We consider fy(z) € C?(G) such that

Bo(x) =2, x € G, max fo(x) <4 min Fy(x), min |VG(z)| > 1.
z€G\G_. /2 zeG_¢ zeG\G_.

(4.8)
Existence of By(x) satisfying these properties is evident. After that we include the
domain G C R3 in a cube and identify opposite 2-faces of this cube. In other words
we include G into 3-dimensional torus II. We extend 3y to a function 8, € C?(II).
As well known (see [4, Part 2, Ch.2, §10.4]), 81 can be approached in C%(II) by
a Morse function B, € C?(I), (i.e. VB2(z) = 0 not more than in finite number
of points x, called critical points). Let B3 be the restriction of 32 on G. Since [y
satisfies (4.8), the function (5 satisfies (4.7) and min |V33(z)| > 0. Now we

z€G\G_.
"transform” critical points of O3 to w as we did it in [5, Ch. 7, §7.4], and obtain
the desired function §. OJ
We also introduce the function:

(@) = pa(z) = M@ (4.9)

where A\ > 0 is a parameter.
Recall that coefficient a(x) from (4.3), (4.4) satisfies (3.5).

Theorem 4.1. Let z € (H3(G))3, p € H*(G), f € (HY(G))? satisfy (4.3)-(4.5).
Then there exists a magnitude Ao > 0 such that for each A > Xy the following
Carleman estimate holds:

[P ODE @@ + b)) + Xr@) (V@) + [Tp(o))de <
G

c(/e2w<x>(|f(m)|2 | div f(2)]2)de+ (4.10)

G

[ PO @ @ + b)) + s (V@) + [Tp())de)

where the constant ¢ > 0 does not depend on z,p, f, and A > Ag.

Proof. We do in (4.3),(4.4) the change of functions:

2@) = e~Pul), px) = e (o) (4.11)

Evidently (4.5) imply:
wloc =0, Vwloc =0, qloc =0, Vglac =0, (4.12)

We substitute (4.11) into (4.3). Then taking into account that
Vo= VB, A= Np|VE® + A\pAS

we obtain the equality

Arw+ Asw =€’ f + Li(w, q) (4.13)

where
Ayw = Aw + > |V B[ w, Asw = —2pA(VS, V)w, (4.14)
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Li(w,q) = (\¢|VB* + ApAB)w+
Ap(a, V3w = (a, V)w + (Va) w — figw — Vg + ApgV B (4.15)
It follows from (4.13) that

[A1wlZ, )+l A2wlZ, (@) +2Re(A1w, Ayw) L, () :/|ewf+L1(w,q)\2dx (4.16)
G

where Rez is the real part of a complex number z. In virtue of (4.14)
2Re(Ar1w, Apw) gy = I + I (4.17)
where
I = —4Re/gp)\(Aw7(V6,V)w)dx, I = —4/¢3A3|Vﬁ|23e(w, (VB3,V)w)dx
el a
Integration by parts with help of (4.12) yields:

I, = —2/¢3A3|V6\2(V57V|w\2)dx =
G

/(6903/\4|V5|4|w|2 +20° N wl*([VBPAS + (VB, VIVA*))da, (4.18)
G

I = 4/@)\Re[8iwj8k68k8imj]dx+
G

/ (4N (VB V)w, (V, V)w) + 4o ARe[sw;0;0, 50,7, ydar =
G

—2/@A2|V6|2\Vw\2d:c+ (4.19)
G
/2¢A(—A5|Vw|2 + 2XM((VB, V)w, (VB, V)w) + 2Re[0;w,;0;0x 30w, }dx

G
Besides, estimating (4.15) we get for A > 1:

[t oPds <c [l + V0l + Vel + ¥gPyde (420
G G

where ¢ does not depend on w,q, A > 1.

Now we substitute (4.17)—(4.19) into (4.16) and do simple transformations tak-
ing into account (4.20) and inequalities ((V3, Vw), (V3,Vw)) = 0, ©x = A (see
(4.7),(4.9)). As a result we obtain:

1A1wl2, ) + 1 A2wl|7, @) + /6@3A4|Vﬁ|4|w‘2 — 2pA2| VB2 |Vw|dr <
G
c1 /(62“"|f($)|2 + X w(@)|? + M| Vw(2)[? + V(@) * + N2p?|q(2)|*)dx (4.21)
G

where ¢; does not depend on w,q, f and A > 1.
Substitution (4.11) into (4.4) implies the equality

Arq+ Ayq = La(w, q) + e?divf (4.22)
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where
Ajg=Aq+ @*N|VBPq, Asg = —20pA(Vf,Vq) (4.23)
Lo(w, q) = (N@|VBI* + ApAB)q — (8ia;)05w; + Ap(d;a;)0;Bwi+
(Aa, w) + (9;a:)(0jw;) — Ap(0;a;)(0;8)w; (4.24)

Repeating arguments which were used to derive (4.21) from (4.13),(4.15), we derive
from (4.22)—(4.24) the following inequality:

1A1ql13, ) + I A2qll3, ) + / 60 A\ VB gf* — 20X°| VB[ Vg|*de < (4.25)
G

e /(62“"\011Vf(af)|2 + X0 |q(@)]? + M| Va() [P + [Vw(z) * + N p?w(@)[*)dz
G
where ¢y does not depend on w, g, f and A > 1.
Now we scale in Ly(G)both parts of (4.13) on A\2p|V3|?w. Taking real part of
obtained equality and using the first equality in (4.14) we obtain:

/AchRe(Aw,w)Nmz + MNPV wPde = Ry (4.26)
G

where
R, = Re/(e“’f + Li(w, q) — Agw, w)\2o|V3|*dx (4.27)

G
Integration by parts in left side of (4.26) yields:

[Vl - X6l Tu PV aR)de = Ryt

G
3 2
/()\TSD(V@ V|w|*)| VB2 + )\_;(V|vm2’v|w|2))dx — R
G
3
/)\T(p()\|vﬁ|4 + |Vﬁ|2Aﬁ + (Vﬁ, V|Vﬁ|2) + (V|Vﬁ|2, Vﬂ) + >\_1A|Vﬂ|2)|w|2dm

G
Multiplying this equation on —1 and estimating its right side with help of (4.27)
and (4.20) we get:

/()\290|Vw|2|V@|2 — M VB w|?)da < i||A2w||%2(G)+ (4.28)
G
%/62(’0|f|2d$ +c3 /(A4cp2\w|2 + [Vw|? + |Vq|? + N2p%¢?)dx
G G
Analogously, scaling (4.22) on A\2p|V3|?q in Ly(G) and taking real part, we obtain
after some transformations the inequality:

1 -
/ (el VaP VB2 = X* VB |al)da < 4| Azl )+ (4.29)
G
1
- / 2| div 2z + 5 / (N@2lql? + Va2 + [Vl + N2 wf?)de
G G

Note that constant cs in (4.28), (4.29) does not depend on w, g, f, A > 1.
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Now we multiply both parts of (4.28), (4.29) on 3, add these inequalities and add
obtained inequality with the sum of inequalities (4.21) and (4.25). As the result we
obtain

A 1 1.
[ Avwll7, g + 1 ArdllT, @) + ZHAWH%Q(G) + Z”AQquizG(G)"’_

/Sw?’A“IVﬂI“(IwI2 +1al) + N |VEP (V] + [Vq*)do <
G

C/[ez“’(\ﬂ2 +1divf[?) + X (Jwl* + [g?) + dp(|Vwl® + [Vg*)lde (4.30)
G
In virtue of (4.6) inequality (4.30) implies

/ (Nl + ¢) + X2 ([Vul? + [Va?)dr <
G

[ / 22 (|f[2 + |div/[?)dz + / (NG (ol + 1af2) + Ap(IVel? + [Val?))da+
G G

/ (X (ul? + @) + N2(|Vul? + |Vq2>dm] (4.31)

Evidently for A > Ao with enough large )¢ inequalities A>¢? < A*©?/2 and \p <
A2 /2 are true. Therefore (4.31) implies inequality

/ (X (ul? + @) + A2 (Tl + [Va2)de <
G

2 [ / 22(|f12 + [div f[)de + / (PN (ol + @) + oA2(Vul? + |Vq|2>da:] (4.32)
G w

that holds for each A > \g and with a constant ¢ which does not depend on A\. Now
we substitute w = ez, ¢ = e®p into (4.32) and after simple transformations we
get that for sufficiently large A equality (4.10) is true. O

4.2. Unique continuation property. We consider now equations (4.1) with co-
efficient a(z) € V2(G) N Vi (G) which possesses a solution (v(z),p(z)) satisfying
the boundary condition

’U|3G =0 (4.33)

It is easy to see that if (v(z),p(z)) € Vi (G) x La(G) satisfies (4.1), (4.33) then
(v(z),B(2)) € (V5 (G) N H*(G)) x H*(G)

Theorem 4.2. . Suppose that a solution (v(x),p(z)) € (V3-(G) N H3(G)) x H2(G)
of (4.1), (4.33) satisfies the condition

v)=0 for rzeEw (4.34)

where w is a subdomain of G. Then v(z) =0, p(x) = const for x € G.
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Proof. We reduce our problem to such one that all conditions of Theorem 4.1

are fulfilled. Recall that G_5 = {x € G : dist(z,0G) > §}. We can suppose that
for a sufficiently small § > 0 the set w in (4.34) satisfies condition w CC G_g, i.e.

dist(w, 0G) > §. Otherwise we change w on its a certain open subset.
We reduce now problem (4.1), (4.33) to problem (4.3), (4.5). To do this we
consider a function ¢ (z) € C*°(G) satisfying

v ={ g TEaVE
Let us consider the boundary value problem
rotw(z) =v(z), divw(z)=0, z€G
(w(z),n(z))loc =0

where n(x) is the vector field of outer normals to 9G. As well-known (see, for
instance [16] ) since v(z) € Vi (G) N H3(G), there exists a solution w(z) of this
problem and w(z) € H*(G). We introduce the vector field

z(x) = rot(Y(x)w(x)) (4.35)
Note that in virtue of (4.34) the component p(z) of solution (v,p) to (4.1), (4.33)

satisfies Vp(x) = 0 for x € w. Since p(x) is defined from (4.1) to within arbitrary
constant we can choose this constant such that

p(z) =0, T Ew (4.36)

We define
p(z) = ¥ (2)p(x) (4.37)
So we have (2(z),p(z)) € (VH(G) N H3(Q)) x H*(G),divz(z) = 0, for z € G and
z,p satisfy (4.5). Besides, for x € G_s5 (2(x),p(z)) = (v(z),p(z)). Therefore if

z(x
we substitute (z(x),p(x)) in the left side of (4.1), we obtain equations (4.3) with a
right side f(x) which satisfies

fx)=0 for z€G_s5 (4.38)

As a result we see that the triplet (z,p, f) satisfies all condition of Theorem 4.1
and therefore estimate (4.10) is true. In virtue of (4.9), (4.34)— (4.37) this estimate
implies the following upper bound:

/ exp(26MEN NN (|2 ()2 + [p()|?)da <
G_s

c / exp(2e* ) (| f(2)? + |divf(2)|?)da (4.39)
e]
which is true for each A > Ag and ¢ in (4.39) does not depend on A > A.

Assume that there exists a set A C G_; of positive Lebesgue measure such that
|z(2)|> + [p(z)|?> > 0 for z € A. Then (4.39) is not true for sufficiently large A
because f satisfies (4.38), and for 3(x) the second equality in (4.7) is true. Hence
|2(2)]? + |p(x)|? = 0 for x € G_s. In virtue of (4.35),(4.37) the solution (v(x),p(x))
of (4.1) also satisfies the equality

lv(z)]? + |p(z)]* = 0, zeG_s

Since § > 0 can be chosen arbitrary small, desired assertion of the Theorem 4.2 has
been proved. [
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4.3. On linear independence of 5l(k)(x, —X;j). We set some strengthening of
well-known result on linear independence of eigenvectors and associated vectors for

operator A* which is defined in (3.13). To prove this result we use Theorem 4.2
Theorem 4.3. Consider the set
E;= |J E(-X)
Re);j<o
of canonical systems (8.17) for operator —A* with o satisfying (3.20). Then for an

arbitrary subdomain w C G vector fields al(k) (z, —Xj) € E% regarded for x € w are

linear independent.

Proof.The main part of Theorem 4.3 is to prove that eigenvectors €(k)(ij, x) =
sgk)(—xj, z),k =1,..., N of operator A* with fixed eigenvalue —\; are linear inde-
pendent if they are regarded for € w. Indeed, suppose that

N
v(x) = chs(k)(—xj,m) =0 for ze€w.
k=1
Since this v(z) with a certain p(z) satisfies (4.1),(4.33), in virtue of Theorem 4.2
equality v(z) = 0,z € w,imply that v(z) = 0 for z € G. Since by Definition 3.1
eigenvectors 5(’“)(—Xj, x) are linear independent on G, the last equality implies that
¢, =0,k =1,...,N. Note that only in this part of proof we use specific of equation
(4.1). The general assertion of Theorem 4.3 is derived from the property proved
above with help of some general arguments written in [6]. O
Impose on canonical systems (3.17) the following condition

e®(=nj) =W (=X)); e (X)) =&F(-N) (4.40)

Condition (4.40) can be realized with help of (3.15).
In virtue of (4.40) canonical system corresponding to real —\; consists of real-

valued vector fields. If Tm\; # 0, instead of vector fields ) (—X\;), sl(k)(f)\j),
1=0,1,..., we consider real valued vector fields

Res™ (=X)), Ime® (X)), 1=0,..., k=12... (4.41)

(with a(()k)(—jxj) = (M) (=X\;) by definition). We renumber all functions (4.41) with
Re); < o (including fields with ImA; = 0) as follows:

81(.1‘),...,8}((33) (442)

Lemma 4.2. For an arbitrary subdomain w C G vector fields (4.42) restricted on
w are linear independent over the field R of real numbers.

Lemma 4.2 follows easily from Theorem 4.3 (see details in [6]).
Note that Theorem 3.2 and Lemma 4.2 imply immediately the following asser-
tion.

Corollary 4.1. Assume, that A is operator (3.8) and o > 0 satisfies (3.20). Then
for each wo € VQ(G) satisfying

/ (wo(x),ej(z))0x = 0, j=1.,K
G
with €; from (4.42), inequality (3.22) is true.

5. Stabilization of Oseen equations.
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5.1. Setting of the problem. As in section 2 we suppose that O C R? is a
bounded connected domain with C'*°-boundary 92, which is decomposed on two
parts:

o0 =TUT,, T[#0 (5.1)

where I', Ty are closed subsets of 9Q and ' N Ty = (). The case I'g = () is possible.
In other words if

00 = J ooy (5.2)

where 0€; are closed connected components of 92 then (possibly after renumeration
of 89])

l J
r=Jo;, L= J 09 (5.3)
Jj=1 Jj=l+1
Let @Q = Ry x Q¥ =Ry xI'Xy = Ry x Ty, In space-time cylinder @ we
consider the Ozeen equations

o(t,z) — Av + (a(x), Vv + (v, V)a+ Vp(t,z) =0 (5.4)

divo(t,z) =0 (5.5)
with initial and boundary conditions

v(t, x)|t=0 = vo(z). (5.6)

Vg, =0, vz =u (5.7)

where a(z) = (a1(z), a2(z), as(z)) is a solenoidal vector field (diva = 0) and u =
(u1,us,us3) is a control. Besides solenoidalness of initial condition vg(z) we suppose
that

/ (vo(x'),n(z"))dz’ =0, ji=1...,L (5.8)

09,

Analogously to section 2 stabilization problem for Oseen equations is formulated
as follows:

Given ¢ > 0 find a control u on ¥ such that the solution v(t,z) of problem
(4.2)—(4.5) satisfies the inequality

[v(t, @) 1,0 < ce™ (5.9)

where ¢ > 0 depends on vg,o and I'. Moreover, we require that this control u
satisfies the feedback property in the meaning analogous to Definition 2.2: firstly we
extend by a special way problem (5.4)—(5.7) (without second equality from (5.7))
to the problem (3.1)—(3.4) defined on a domain G D €, solve the last problem,
and after that we define the solution (v,u) of stabilization problem (5.4)-(5.9) by
the formula (2.22) Details of this definition will be given simultaneously with the
construction of feedback control.
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5.2. Theorem on extension. First of all we define the set w from (2.14), (2.15)
which is used to extend the domain €2 to the set G. Note that being closed each
component 9; of 9 separates R® on two parts: Q;_ and Q. By definition
points of §2;_ which are close enough to 0€2; belongs to 2. Taking a sufficiently
small magnitude x > 0 we define the set w as follows:

l
w; = {z € Q4 : dist(z, 0Q;) < k}; w= U wj (5.10)
j=1

where [ is defined in (5.3). Now we define the domain G by the formula:
G =Int(QUD) (5.11)
We introduce the following spaces
Vo (G) = {u(z) = (u1(2),uz(x)) € VI(G) : ulac = 0}
VHG) = {u(e) = (u (@), us(z), uz(x)) € VH(G) -

/ (u(z"),n(z")dx’ =0, j=1,..J} (5.12)
0G;

where k is nonnegative integer, and 0G,, j = 1, ..., J) are all connected components
of the boundary dG, and n is outer normal to dG. Recall that operation of restric-
tion onto the boundary for (u(x),n(z)) is well defined for u € V*(G) with each
k>0 (see [16]).

Below we use well-known operator rot which is defined by the formula:

rotv(z) = <8v2(x) _ Ovs(x) Oug(z) Oui(z) Oui(z) 8v2(x)>

63:3 8$2 ’ 8$1 8333 ’ 81‘2 (’)xl

It is clear that for each gradient vector field Vp(x), p € H(G) the inclusion
Vp(z) € kerrot is true. Note that, generally speaking, for the functions space
VY(G) defined in (3.6) the inequality V(G) N ker rot # {0} holds. Indeed, the
following orthogonal decomposition with respect to the scalar product in Lo(G) is
true (see, e.g. [10] and [16, Appendix 1,pp.458-471]):

Vi(G) =W (G) P H., (5.13)

where H, = V(G)Nker rot is a finite-dimensional space of C*°-vector fields isomor-
phic to the space of the first cohomologies of G. H, consists of vector fields Vp(z),
where p(z) are multi-valued functions satisfying Ap = 0 and (9p/dn)|sc = 0; for
details see [16, Appendix 1]. Now the functions space W°(G) is well defined by
equality (5.13). For each integer k > 0 we define

WkG) = W (G) n (H*(G))? (5.14)
where (H*(G))? is usual Sobolev space of vector valued functions of smoothness k.
Lemma 5.1. . Let k > 0. Then the operator
rot : WEL — VF(@) (5.15)
is an isomorphism.

The proof of this Lemma see in [16, Appendix 1], [§].
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Lemma 5.2. . The operator
rot ™' . V]HG) — H?*(G) (5.16)
satisfying rotrot v = v Vv € ViH(G) is well defined on Vi (G).
Proof. In virtue of Lemma 5.1 operator (5.15) has the inverse operator rot1.

Restriction of this operator on Vi (G) € V!(G) defines the right inverse operator
(5.16). O

We prove now the extension theorem. In the space of real valued vector fields
Vi (G) we introduce the subspace

X1G) = {v(z) € V{H(Q) : /v(as) cgj(z)de =0, j=1,...,K} (5.17)
G
where €;(x) are functions (4.42). Let also

VIO, To) = v € VI(Q) : vlr, = 0, /aQ.(v(m/),n(a:/))dx' —0, j=1,..J}

(5.18)
where 0Q; are closed connected component of 02, and n(z') is the vector fields of
outer normals to Jf.

Theorem 5.1. There exists a linear bounded extension operator

El VY, Ty) — XXG) (5.19)
(i.e. EX(v)(x) = v(x) for x € Q).

Proof. Step 1. Recall firstly that there exists a linear continuous extension

operator

L:VY(Q,Ty) — ViG). (5.20)
Indeed let v € V1(Q,Ty) € V1(Q). Then rot~*v € H2(Q) is the vector field well
defined in virtue of Lemma 5.2. Existence of bounded extension operator

E : H*(Q) — H?*(G)
is well known (see e.g. [15]). Set

Q. ={z e G : dist(z,Q) < e}

where dist(z, ) is the distance from x to 2. Suppose that ¢ is so small that for

each j =1,...,lw; \ Qe # 0. Let ¢(x) € C*(G), 0 < ¥(x) < 1,
- 1, xEGﬂQE/Q,
V() = {0’ reC\ 0. (5.21)

Then we denote operator (5.20) by the formula L = rot o 1) o rot 1.

Step 2.Introduce now an open subset ) = G \ Q. s2- We look for extension
operator E! in a form

Eyv(w) = (Lv)(x) + w(z), (5.22)
where L is operator (5.20) and w(x) is a vector field which satisfies:
W e V3 (Q), supp C Q) = G\ Q.. (5.23)

By virtu of (5.17) to establish inclusion E}v C X (G) we have to assume that

/5k(x)@(x) de = — /sk(x)(Lv)(x) dz (5.24)

G G
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where £ =1,..., K. At last, to determine w uniquely we suppose that

||1Z}H3/01(G) = ul)relf4 ||w(-)|\%/01(G) where A = {w : wsatisfies (5.23), (5.24)}. (5.25)

(Recall that Hv||V01(G) = [V r,)-)

Step 3.We have to show that there exists unique vector field w that satisfies
(5.25). To do this we define the operator R by the formula:

R: V3 (Q) — RE, Rv = (/ er(x)v(z)dx, . .. ,/5;((35)1)(:6) dm). (5.26)
G G

We claim that Im R = R¥X. Indeed, if this is not true, there exists a vector p =
(p1,...,pK) # 0 such that

K
/ijsj (x)v(z)dx =0 Vo € ViH(Q).
G =t

This equality implies that

K
> pigjx) =Vglx) zeQ (5.27)
j=1

Since in virtue of (3.5) ¢;(x) € V3(G), we get that ¢(z) € H*(Q). Therefore,
equality €;|pg = 0 implies that Vq|se\r, = 0. As a result we obtain:

dloa\ro)nw, = ¢js  dloc\ro)nm; =0 (5.28)

where c; are constants and 9, is the derivative with respect to the vector field n of
outer normals to OG. Applying to both parts of (5.27) operator div we get that

Ag(z) =0, re (5.29)

In virtue of uniqueness of solution for Cauchy problem (5.29), (5.28), ql., = ¢; and
therefore (5.27) implies

K
ijsj(a:):O LAY
j=1

This equality and Lemma 4.2 imply p; = 0, j = 1,..., K that contradicts to the
assumption (pi,...,px) # 0.

Since Im R = RX the set A of admissible elements for problem (5.25) is not
empty. In virtue of definition (5.25) A is a closed convex subset of V' (G), and
(5.25),actually, is the problem to determine the distance from origin to the set A
in the Hilbert space Vi (G). As well known, this problem has unique solution @ (z).

Step 4. Existence and uniqueness of solution for problem (5.25) implies that
the operator F; that transforms a vector field v € V1(Q,T) to the solution @ of
problem (5.25): Ejv = w, is well defined. To finish the proof of the Theorem we
have to show that the operator

E;: VYQ,Ty) — Vi (Q) (5.30)

is linear and bounded.

We derive optimality system for minimization problem (5.25) with help of La-
grange principle. As one can see, for instance, in [5], the relation Im R = R¥ which
was proved for the operator R defined in (5.26) guarantees, that we can apply to
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(5.25) Lagrange principle when Lagrange multiplier before minimized functional
equals one. This Lagrange function has a form:

K
1
L(w,pr,- i) = 30l + Do) ( [E@ u@yds+ [ (am),Lv(x))dx)
Jj=1 A G
By Lagrange principle for solution @ of (5.25) there exists a vector p = (p1,...,pK)
such that for each h(z) € Vi ()

K
< L (@ pr. . pi) b S= /[(Vw,Vh) 3 pies ) dz =0 (5.31)
o =1
In the set € we consider the Stokes problem:
—Aw(z) + Vp(z) = v(z), divw(z)=0, ze; wse =0

As well known, for each v € VO(Q) there exists unique solution w € Vg (Q) N V2(Q)
of this problem. The resolving operator of this problem we denote as follows:
(—’R'A)él’u = w. Extension of (—ﬂA)Ezlv from Q to G by zero we also denote as
(—ﬂA)élv. Evidently, (—WA);U € Vi (G).

Since (5.31) means that @ is the solution of the Stokes problem with right side
v=— Z;K:1 Dj€;, we get

K
w = —(—ﬂ'A)Ezl ijgj (532)
j=1
Substitution of (5.32) into (5.24) yields the linear system of equations:
K
Zakjpj = by, wherea; = /(Ek, (—ﬂA)Ezlsj)dx, by, = /(ek,Lv) dz  (5.33)
j=1 /
Q G

Relations (5.33), (5.32) implies that operator E; from(5.30) is linear.
To prove the boundedness of operator (5.30) we show that the matrix A = ||ag;||
is positively defined. Note that

= / ex(a) - [(—A)7 e (x)] da = / (Van(@)) : (V@) de.  (5.34)

Q Q
where w;(z) = (—ﬂ'A)51€j($) and : is the sign of scalar product between two
tensors. Let a = (o, ,ak), f(z) = Zjil ajw;(x). Then

K
(Ao, a) = Z ozkozj/Vwk(x)) s Vw;(z) dx =/|Vf(a:)|2da: > 0.
k,j=1 o o

Moreover, if for some a (Aa,a) = [ |V f(z)|?dz = 0 then Af(z) =divVf(z) =0

for z € Q. By definition of w;(z) we have: —Aw;(z) = ¢;(z) — Vg;(x), = € Q,
where ¢;(z) is a harmonic function in €2 (to see this one can apply the operator div to
both parts of previous equality). Hence, 0 = —Af(z) = Zﬁl ajej — Vq(z) where
q(x) is a harmonic function in 2 and by previous equality we get that Vq| 5695 = 0
(because €;]y4-9¢ = 0). In virtue of uniqueness for solution to Cauchy problem for
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Laplace operator we get that Vg(x) = 0 for z € Q). Hence Z;il aje; = 0 and by
Lemma 4.2 a1 =--- = ag = 0.
So, det A # 0. In virtue of (5.31), (5.32)

W= FEjv= —(—ﬂ'A)ST)l(Aflb, €)

where b = (by,...,bx) (see (5.32)), € = (€1,...,€K), and therefore operator (5.30)
is bounded. O

Remark 5.1. In fact in the Theorem’s 5.1 proof we showed that operator (5.19)
can be defined by formulas (5.22), (5.32) where (p1,...,px) is the solution of the
system from (5.33). This definition is equivalent to the definition of operator (5.19)
given in the proof of Theorem 5.1

5.3. Result on stabilization. We prove now the main theorem of this section on
stabilization of 3D Ozeen equations by feedback boundary control.

Theorem 5.2. Let domains Q and G satisfy (5.10), (5.11). Then for each initial
value vo(z) € VI(,Tg) and for each o > 0 there exists a feedback control u defined
on ¥ such that the solution v(t,x) of (5.4)—(5.7) satisfies the inequality

lv(t, ')||(H1(Q))2 <ce ' as t— oco. (5.35)

Proof. We can assume that o satisfies to condition (3.20), otherwise we make
it a little bit more. We act to initial condition vy € Vl(Q,I‘O) by the operator
E} from (5.19), (5.22) and by Theorem 5.1 we obtain that wy = Elvy € X1(G).
Since X1(G) C Vi (GQ) C VY(G), the solution w(t,z) of problem (3.1)—(3.4) can be
written in the form w(t,-) = e~4%w where A is operator (3.8). By Theorem 3.2
w(t,-) satisfies estimate (3.22). Now we define the solution (v(t,x),u(t,z")) of

stabilization problem for (5.4)—(5.7) by formula (2.22). Then (3.22) implies (5.35) O

6. Stabilization of 3D Navier—Stokes equations. In this section we study the
problem of stabilization a solution to the Navier—Stokes equations which is formu-
lated in subsection 2.1. In particular, the boundary 0f2 of the space component (2
to space-time cylinder Q = R x ) where the Navier-Stokes system is determined,
satisfies condition (2.1). We do this stabilization with help of control determined
on the part ¥ = Ry x T of the lateral surface to cylinder @, and we consider only
feedback control in the meaning of Definition 2.2.

6.1. Invariant manifolds. Let g(x) from (2.16) satisfies the condition:
g(z) € (L2(G))*. (6.1)

Then as well-known (see, for instance [17]) equations (2.16) are equivalent to the
following equation with respect to one unknown vector field w(t, x):

w(t,x) — mAw + m(w, V)w = mg(x) (6.2)
where 7 is orthoprojector (3.7) on VP(G) (see (3.6)). We set an initial condition
for this equation:

w(t, )|t=0 = wo(x), wo € Vi (G). (6.3)
We look for a solution w of (6.2) (as well as solution w of (2.16)) in the space

V2 (Or) = {w(t,z) € Ly(0, T; VHG) N (HLHG))?) : dyw € Ly(0,T; VO(G)} (6.4)
for each T' > 0, where O = (0,7) x G.
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Note that we can rewrite (2.19) in the form analogous to (6.2):
—nAa(x) +7(a,V)a =g, a(z) € V(G)NVi(G). (6.5)
It is known (see [14], [17]) that if for each T > 0 there exists a small enough
e = &(T') such that [la — wolly; (@) < € then unique solution w(t,z) € Vi ?(Qr) of
problem (6.2), (6.3) exists. Solution w(t,z) of (6.2), (6.3) taken at time moment ¢
we denote as S(t, wo)(x):
w(t,z) = S(t, wo)(x). (6.6)
Since embedding V12(Qr) C C(0,T;Vy(G)) is continuous, the family of ope-
rators S(t,wp) is continuous semigroup on the space Vi (G) : S(t + 7,w) =
S(t, S(r,wp))-
Since a(x) is steady-state solution of (6.2), S(¢,a) = a for each ¢t > 0. We can
decompose semigroup S(¢,wp) in a neighborhood of a in the form

S(t,wy + a) = a+ Liwg + B(t, wp) (6.7)

where Liywg = S),(t,a)wp is derivative of S(t,wp) with respect to wy at point a,
and B(t,wp) is nonlinear operator with respect to wg. Differentiability of S(t, wp)
is proved, for instance in [2, Ch. 7. Sect. 5]. Therefore

B(t,0) =0, B.(t0)=0. (6.8)

Moreover in [2, Ch. 7. Sect. 5] is proved that B’(t,w) belongs to class C* with
a = 1/2 with respect to w. This means that for each wy € Vi (G) such that

lla —wollva(a) < e(?)
”B{u(ta u) - Bvﬁ;(t“’O)”V‘}(G) <

||u_w0‘|(\)}01(g)

‘|B1/1)(t7w0)||co‘ = sup
Ju—wollvi) <1
lu = allvg e <e(t)

and left side is a continuous function with respect to wy.

We study now semigroup Liwy = S, (¢, a)wq of linear operators. First of all note
that w(t,z) = Lywy is the solution of problem (3.1)—(3.4) in which the coefficient a
is the solution of (6.5). Therefore

LtU}O = e_Atwo (69)

where A is Ozeen operator (3.8).
Below we suppose that rg € (0, 1) satisfies the property:

{CeC:[¢|=ro}nZ(eAM)=0 (6.10)
where, recall, ¥(e~4") is the spectrum of operator (6.9).

It is clear, that (; € Y(e~A%) if and only if (; = e~ and —); € %(—A).
That is why condition (6.10) is equivalent to condition (3.20) where o = —Inrg/%.
Besides, if |(;| > 79 then —Re); > —o.

The following assertion holds:

Theorem 6.1. Family of operators e~ : V{(G) — Vi(G) where A is operator
(3.8) is well defined for each t > 0. Let
or={Cl,...Cn G ES(eM), |Gl >r, j=1,...,N} (6.11)

where rog € (0,1) and satisfies (6.10). Let X C Vi (G) be the invariant subspace
for e=A% corresponding to oy, T, : ViH(G) — Xy be the projector on Xy (i.e.,
ILVHG) = Xy, I =11) and X_ = (I-11})Vi (G) be complementary invariant
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subspace. Let L;; = e_A"“’|XJr Xy — Xy, Ly, = e~ Ay X — X_. Then
operator L;; has inverse operator (L;))_l. For some ty there exist constants 7, €,
e_ € (0,1) such that

1Ll < 7(1—e-), ILE)TH < A7HL = ey). (6.12)

The proof of this Theorem is absolutely the same as in the case of space dimension
two (see [7]).

Generally speaking eigenvalues of operators A and e~“4! are complex-valued.
That is why all spaces in Theorem 6.1 are complex. But to apply obtained results
to (nonlinear) Navier—Stokes equation we need to have analogous results for the
real spaces of the same type. Actually, for this we have to define the projector of
II; in real spaces.

t

Lemma 6.1. Restriction of operator 1Ly on the real space Vi (G) can be written
in the form

K
M)) =3 es(o) [ o@e(o) do (6.13)

Jj=1 G
where {€;} is the set of functions (4.42) which are suitably renumbered and renor-
malized functions (4.41) and {e;} is set of Real and Imaginary parts of functions
(3.16) analogously renumbered and renormalized.

The proof of this simple lemma one can find in [6].

Lemma 6.2. For an arbitrary subdomain w C G wvector fields {e;(x), j=1,...,K}
from (6.13) restricted on w are linear independent over R.

To prove this Lemma we first establish analog of Theorem 4.1 for functions
(3.16). After that we derive Lemma 6.2 from this Theorem by the same way as
Lemma 4.2 was derived from Theorem 4.1.

Using (6.13) we can easily restrict spaces X, and X_ as well as operators L:;,
L;. defined in formulation of Theorem 6.1 on the real subspaces of Vj'(G). We
denote this new real spaces and operators also by X, X_, ng ; Ly, - This will not
lead to misunderstanding because below we do not use their complex analogs.

In a neighborhood of steady-state solution a of (6.5) we establish existence of
a manifold M_ which is invariant with respect to semigroup S(t,w) (i.e., Yw €
M vt > 0, S(t,w) is well defined and for each ¢ > 0, S(t,w) € M_ ). This
manifold can be represented as the graph:

M_={uecV)(G) :u=a+u_+gu_), ueX_NO} (6.14)

where O is a neighborhood of origin in Vj}(G), g : X_ N O — X is an operator-
function of class C3/? and
g(0)=0, ¢'(0)=0. (6.15)
Note that condition (6.15) means that manifold (6.14) is tangent to X_ at
point a.
The following theorem is true.

Theorem 6.2. Let a satisfy (6.5), o > 0 satisfy (3.20), O = O. = {v € V}(Q) :
[vllvae) < €} and € is sufficiently small. Then there exists unique operator-

function g : X_ N O — Xy of class C3/2 satisfying (6.15) such that the mani-
fold M_ defined in (6.14) is invariant with respect to resolving semigroup S(t,wo)
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of problem (6.2),(6.3). There exists a constant ¢ > 0 such that
1S(t, wo) — allvy () < cllwo — a||V01(G)67”t ast >0 (6.16)
for each wyg € M_.

This theorem follows form results of [2, Ch. 5, Sect. 2; Ch. 7,Sect. 5], from
Theorem 6.1, and Lemma 6.1.

6.2. Extension operator. Here we construct extension operator for Navier—
Stokes equations. This operator is nonlinear analog of extension operator (5.19)
constructed for Ozeen equations.

Recall that the domain  and its extension G satisfy (5.10), (5.11). Besides, the
space V1(Q,Ty) is defined in (5.18).

Theorem 6.3. Suppose that a(x) is a steady-state solution of (6.5), v(z) = yqa,
and M_ is the invariant manifold constructed in a neighborhood a+Q of a in Vi (G)
in Theorem 6.2. Let Be, = {vg € VY(Q,To) : [lvo — 0llyra) < e1}. Then for
sufficiently small €1 there exists a continuous operator

Ext, : 0+ Bey — M_, (6.17)
which is operator of extension for vector fields from § to G:
(Extov)(z) =v(x), z €. (6.18)

Proof. Let L : VY(Q,Tg) — Vg (G) be the extension operator constructed in
Step 1 of Theorem’s 5.1 proof. Similarly to (5.22) we introduce the following oper-
ator of extension:

Qu(z) = Lv(z) + w(z) (6.19)
where w(z) is a vector field concentrated in Q = G\ Q. 2 which is constructed by

v(x). We describe its construction below. At last we define the desired operator
Ext, by the formula

Extov =T_Qz+ g(II_Qz) + a, with z=v — a, (6.20)

where TI_ = [ — II, II; is operator (6.13) of projection on X, = I,V (G),
X_ =T_V}G), and g : X_ — X, is the operator constructed in Theorem 6.2.
By definition (6.14) of M_ we have Ext,v € M_. Hence we have to ensure that
the equality

(Extov)(z) =v(z), € (6.21)

is true, that shows that Ext, is an extension operator. By (6.13) {e;(z)} generates
X and therefore the map g(u) can be written in the form

Z e;g;(u

j=1

That is why taking into account (6.13) we can rewrite (6.20) in the form
K
Bty — ale) + Qs(x) = 3 ) [ Q)20+ e, w102, (62
=1 5 i=1

(z=v—a).
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In virtue of Lemma 6.2 {e;(z), z € Q} are linear independent and therefore
(6.21), (6.22) imply

/Qz(x)aj(x) de =g;(II_Qz), j=1,...,K. (6.23)
G
Similarly to (5.32) we look for the vector field w(z) from (6.19) in the form
K
w= —(—71'A)Sf21 ijgj (6.24)
j=1

To find coefficients (p1,...,px) = P we substitute (6.24) into (6.23) taking into
account (6.19), (6.13). As a result we get

7 Ap=G(Lz — (7, (~n0);'€) — (6,7~ Ap), (6.25)

where L is the extension operator from (6.19), 2= (z1,...,2Kk), A = |la;x| and

5= [@el@hes@)do, ap = [((=r0) en(w). 55 () da,

G G

5(“) = (gl(u)’ e 79K(u)),

K
= (1) sex (@), E=(@a)sex(@), @O=) ey,

We showed in Step 4 of Theorem’s 5.1 proof that matrix A = ||a;x|| is positive
defined and therefore it is invertible.
Applying to both parts of (6.25) the matrix —A~! we get the equality

7=G.(7) (6.26)

where the map G : RF — R is defined by the relation
G.(p) = A7'2 = ATG(Lz — (3,9 + (5.(~7A)FD) + (& AP).  (6.27)

In virtue of Theorem 6.2 the map A~'7 : RE — RX belongs to the class C111/2
and A71g(0) = 0, A=1§'(0) = 0. Therefore for sufficiently small || ||gx, ||P2|rx,
[2[lv; (@) we derive from (6.27) that

IG=(P1) = G2 ()|l < sup |AT'g'(Tz — (€, 2)+
Be[0,1]
+ (8P + (1= Bz, (—7A)518) — (& A[Bpy + (1 = Bp2)])| - 151 — el <
L L \= = 1/2 1/2 1/2
<3z 51,2 [P~ Ball, where y(z,pr,p2) < w2l + Pl + P2 l154),
and 1 > 0 is a constant. Therefore the map G, is a contraction one. Hence

by contraction mapping principle ([13]) equation (6.26) has a unique solution p =
(p1,- .-, pK) if [[2]lyp () is sufficiently small. For these |[z[|y1(q) the operator Ext,
defined in (6.20), (6.19), (6.24) is the desired extension operator. OJ
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6.3. Theorem on stabilization. We set
V3(Q,Ty) = V3(Q) N V(Q,Ty) (6.28)
where V1(Q,Ty) is space (5.18).

Proposition 6.1. Let f € (Lo(Q))? and a pair (6(z), V(x)) belongs to VZ(Q,T) x
(L2(Q))? and satisfies equations (2.7), (2.8). Then there exist an extension g(x) €
(La(@G))? of f(x) from Q to G and an extension (a(z), Vq(x))in(VZ(G) NV (G)) x
(L2(@))? of (6(x), Vp(x)) from Q to G such that the pair (a(x), Vq(z)) is a solution
of (2.19), (2.20).

The proof of this simple assertion is absolutely the same as in two-dimension
case (see Proposition 5.1 in [7]).
We now are in position to formulate the main result of this paper.

Theorem 6.4. Let Q C R? be a bounded domain with C*-boundary 0 and
00 = ToUT, where T',Tg are closed unintersectig surfaces, and I' # 0. Suppose
that an extension G C R3 of Q satisfies (5.10), (5.11). Let f(z) € (L2(2))? and
(Vo(z), Vp(z)) € V2(Q,Tg) x (L2(2))? satisfy (2.7), (2.8). Then for an arbitrary
o > 0 there exists a sufficiently small e; > 0 such that for each vy € V(Q,T)
satisfying

||17 - 'UO”Vl(Q) <€ (6.29)

there exists a feedback boundary control u(t,z), (t,z) € ¥ = Ry x I which stabi-
lizes Navier—Stokes boundary value problem (2.3)—(2.6) with the rate (2.9), i.e. the
solution v of (2.3)—(2.6) satisfies (2.9).

Proof. Using Proposition 6.1 we extend 9(z) to a(z) € V1(G), and f(x) to
g(z) € (L2(GQ))%. As a result we get boundary value problem (2.16)—(2.18) (with
certain wg) and steady-state solution (a(x), Vg(x)) of this problem. We can suppose
that o > 0 satisfies (3.20): otherwise we increase o a little bit and get (3.20). In
virtue of Theorem 6.2 in a neighborhood of a there exists a manifold M_ which
is invariant with respect to resolving semigroup S(t,wg) of problem (6.2), (6.3),
and for each wy € M_ inequality (6.16) holds. Let &1 be so small that it satisfies
condition of Theorem 6.3. Then we apply extension operator Ext, constructed in
Theorem 6.3 to initial condition vg of problem (2.3)—(2.6) and take wy = Extug as
initial condition for problem (2.16)—(2.18) or for equation (6.2) (that is equivalent).
Then since wyg € M_, S(t,wg) € M_ for each ¢ > 0, and estimate (6.16) holds.
We define solution (v, u) of stabilized problem (2.3)—(2.6) by formula (2.22) where
w(t,z) = S(t,wo) is the solution of (6.2), (6.3). Then (2.9) follows from (2.22),
(6.16) O
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