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Abstract. We consider the wave equation in a bounded region with a
smooth boundary with distributed delay on the boundary or into the
domain. In both cases, under suitable assumptions, we prove the expo-
nential stability of the solution. These results are obtained by introduc-
ing suitable energies and by proving some observability inequalities. For
an internal distributed delay, we further show some instability results.

1. INTRODUCTION

We study the wave equation subject to Dirichlet boundary conditions on

one part of the boundary and dissipative boundary conditions of delay

type

on the remainder of the boundary. More precisely, let 2 C R™ be an open
bounded domain with a smooth boundary I'. We assume that I' is divided

into two closed and disjoint parts I'g and I'y; i.e., ' = 'gUI'y and I'oNI'y
Moreover, we assume that the measure of I'y is positive.
In this domain €2, we consider the initial-boundary-value problem

upg —Au=0 in Q x (0,4+00),
u=0 on Iy x(0,+00),
ou n
5(2&) +/ p(s)ue(t — s)ds + pour(t) =0 on I'y x (0, +00),
T1
u(z,0) = ug(z) and wu(z,0) =wui(z) in Q,
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936 SERGE NICAISE AND CRISTINA PIGNOTTI

ug(x, —t) = fo(z,—t) in Ty x (0,79), (1.5)

where v(z) denotes the outer unit normal vector to the point € I" and
% is the normal derivative. Moreover, 7 and 75 are two real numbers with
0 <71 < 79, o is a positive constant, u : [r1,72] — R is an L* function,
w1 > 0 almost everywhere, and the initial data (ug, u1, fo) belong to a suitable
space (see below).

Let us denote by (u, v) or, equivalently, by u-v the Euclidean inner product
between two vectors u,v € R™.

We assume that there exists a scalar function v € C?(Q2) such that

(i) v is strictly convex in Q; that is, there exists a constant a > 0 such
that

(D?(v)(z2)E,€) > 2a|€?, VzeQ, VEERY, (1.6)

where D?(v) denotes the Hessian matrix of v; and

(ii) the vector field H := Vv satisfies

H(z) -v(z) <0 Vzel,. (1.7)

For a discussion about these standard assumptions see [18], where some
observability estimates for second-order hyperbolic operators are given.

The above problem can be regarded as a problem with a memory acting
only on the time interval (t — 72,¢ — 71). Indeed, by a change of variable, we
see that

T2 t—71
/ p(s)ug(t — s)ds = / p(t — s)ug(s)ds.
1 t—m2

It is well known that, if 4 = 0, that is, in absence of delay, the energy of
problem (1.1) — (1.4) is exponentially decaying to zero. See for instance
Chen [3, 4], Lagnese [15, 16], Lasiecka and Triggiani [17], Komornik and
Zuazua [14], Komornik [12, 13]. On the contrary, in the presence of a delay
concentrated at a time 7, if the boundary condition (1.3) is replaced by

g:j(t) + pue(t — 7) + pour(t) =0 on T’y x (0,400),
some instability phenomena occur. For instance, if ug = 0 there is an in-
stability result of Datko, Lagnese and Polis in one space dimension [7]. If
o > p1 exponential stability is proved by Xu, Yung and Li [25] in the
one-dimensional case and by the authors in general space dimensions [21].
In the case po < pp instability examples are also given [25, 21]. As men-
tioned before our boundary condition, (1.3) can be compared to a boundary
condition with memory, the difference being that, for such a boundary con-
dition with memory, 71 = 0 and 75 = ¢ and then 7 depends on the time
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t, which is excluded here. For such systems, the exponential or polynomial
decay of the energy is proved in [1, 2, 10, 11, 22, 23, 24], by combining the
multiplier method with the use of suitable Lyapounov functional or integral
inequalities. Here, under the assumption

o > / " u(s)ds, (1)

we will prove an exponential stability result for problem (1.1) — (1.5).
We can consider also the problem with internal feedback:

u — Au~+ poug + /T2 a(z)pu(s)u(t —s)ds =0 in Q x (0,4+00), (1.9)
u=0 on TIyx (O,Tii-oo), (1.10)
g:j =0 on I x(0,+00), (1.11)
u(z,0) =up(z) and wu(z,0)=wui(z) in €, (1.12)
ug(x,—t) = fo(z,—t) in Qx(0,72), (1.13)

where a € L*°(Q) is a function such that
a(x) >0, a.e in Q,

and
a(x) >ap >0, a. e in w,
where w C § is an open neighborhood of I';.

Exponential stability results for the above problem (1.9) — (1.13) in the
case p = 0, that is, without delay, have been obtained by several authors.
See for instance Zuazua [26] and Liu [20]. On the contrary, the presence
of delay concentrated at a time 7 may destabilize the above system. More
precisely, if instead of equation (1.9) we consider

u — Au+ pour + piug(t —7)ds =0 in Q x (0, +00),

the above system is exponentially stable in the case pg > @1 and there are
instability examples in the case ug < p1 [21]. See also Datko [5, 6] for
instability results in one space dimension in the case g = 0.

In this paper, assuming

T2
1o > llalloe / u(s)ds, (1.14)

T1

we will prove the exponential decay of the energy of problem (1.9) — (1.13).
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The paper is organized as follows. In Section 2 we will prove the well
posedness of problems (1.1) — (1.5) and (1.9) — (1.13) using semigroup the-
ory. In Section 3 we will give the exponential stability of the problem with
boundary feedback while in Section 4 we will deal with the problem with
internal feedback. Finally, in Section 5 we will give an instability example if
our assumption (1.14) is not verified.

2. WELL POSEDNESS

In this section we will prove that systems (1.1) — (1.5) and (1.9) — (1.13)
are well posed using semigroup theory.
We start by considering the problem with boundary feedback (1.1)—(1.5).
Let us set
z(x,p,t,8) = u(x,t — ps), x €Ty, pe(0,1), s€(m,m), t>0. (2.1)

Then, problem (1.1) — (1.5) is equivalent to

u(z,t) — Au(x,t) =0 in Q x (0,400), (2.2)
sz(z, p,t,s) + zp(z, p,t,s) =0 in T’y x (0,1) x (0,400) X (11,72), (2.3)
u(z,t) =0 on Ty x (0,4+00), (2.4)
T2
%(w,t) = —pout(x,t) —/ wu(s)z(z,1,t,s)ds on I'y x (0,+00),  (2.5)
T1
z2(x,0,t,8) = w(x,t) on Ty x (0,00) % (11,72), (2.6)
u(z,0) = up(r) and wu(z,0) =ui(z) in £, (2.7)
2(z, p,0,s) = fo(z,p,s) in I'yx(0,1)x (0,72). (2.8)
If we set U := (u,ut,z)T, then U’ := (ut,utt,zt)T = (ut,Au, —s‘lzp)T.
Therefore, problem (2.2) — (2.8) can be rewritten as
U =AU
2.9
{ U(0) = (uo, u1, fo)" (2:9)
where the operator A is defined by
u v
Alv ] = Au ,
z fs_lzp

with domain

D(A) := { (u,v,2)T €
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(E(A,L*(Q)) N H (Q)) x Hp (Q) x L*(Ty x (11,72); H'(0,1)) -

?:(x) = —pov(zx) — /T2 w(s)z(z,1,s)ds on I'y; (2.10)

T1
v(xz) = z(z,0,s) on I'y },

where, as usual, H%O(Q) ={u€ HY(Q):u=0o0nTg}, and E(A,L?(Q)) =
{u € HY(Q) : Au € L*(Q)}. Recall that for a function u € E(A, L(£2)), the
normal derivative % belongs to H~1/2 (T'1) and the next Green’s formula is
valid (see Section 1.5 of [9]):

/ VuVwdx = —/ Auwdzr + <@;w>r1, Yw € H%O(Q), (2.11)
Q Q ov

where (-; )y, means the duality pairing between H~1/2(TI'y) and H'/?(Ty).
Note further that, for (u,v,z)T € D(A), % belongs to L?(T'y), since
z(-,1,s) is in L?(Ty). Denote by H the Hilbert space

H == Hp,(Q) x L*(Q) x L*(T'y x (0,1) x (71, 72)). (2.12)
We will show that A generates a Cy semigroup on H, under the assumption
T2
o > / wu(s)ds. (2.13)
T1

Let us define on the Hilbert space H the inner product

()

T2 1
+/ / su(S)/ z(z, p,s)Z(z, p, s)dpdsdl.
' Jn 0

Theorem 2.1. Assume that (2.13) holds. Then, for any initial datum
Uy € H there exists a unique solution U € C([0,400),H) of problem (2.9).
Moreover, if Uy € D(A), then U € C([0,+00), D(A)) N C*(]0, +00), H).

Proof. Let U = (u,v,2)T € D(A). Then

S

)> = /Q{Vu(x)Vﬂ(:n) + v(x)0(x) Hdx (2.14)
H

(AU,U):< Au | > _ / (Vo(2)Vu(z) + v(z)Au(z)
1 2 " (9]

-5z,
T2 1
—/ / u(s)/ zp(x, p, 8)z(z, p, s)dpdsdl.
' Jn 0
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Then, by Green’s formula,

(AU, U) = 8u x)dl — / / / 2p(x, p, s)z(x, p, s)dpdsdl.
Iy

I aV
(2.15)
Integrating by parts in p, we have

1
/O Zp(.%',p, S)Z([E,p, S)dp:

1
_/ Zp(x,p,s)z(x,p,s)dp—l—zz(z,l,s)—22(x70,8);
0

/Fl/ / zp(@, p, 8)2(x, p, s)dpdsdl (2.16)

/F/ s){z*(w,1,5) — 2°(2,0, ) }dsdT.

Therefore, from (2.15) and (2.16),

v.v) == [ ot >[ o) = [ p(s)2(o.1,9)] ar

1

_/F/ 22,1, ) — 22(x,0, )| dsdl
_ _MO/ 2(g)dl — /Flv(a:) (/ ,u(s)z(:c,l,s)ds) dr
_/F/ 22,1, 5)dsdl + = / ,u(s)ds/rl V2(z)dr.

Now, using Cauchy-Schwarz’s inequality, we can estimate

/Fl o() (/: u(s)=(w, 1, s)ds) dr
S;/Flv2(aj) </T1 ds> dl’ + — /Fl/ 2%(z,1,s)dsdl.

Therefore, from the assumption (2.13),

(AU, U < <—u0+ / b ,u(s)ds) /F @ <0 (2.17)

T1

that is,

that is, the operator A is dissipative.
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Now, we will show that A\l — A is surjective for a fixed A > 0. Given
(f,g,h)T € H, we seek U = (u, v, 2)T € D(A) a solution of

u f
M-A)| v |=|29 |
z h
that is, satisfying
Au—v=7f
AM—Au=g (2.18)
Az + sz, =h.
Suppose that we have found u with the right regularity. Then, we set
vi=Au— f (2.19)
and we can determine z. Indeed, by (2.10),
z2(x,0,s) =v(x), for x €Ty, s€(m,T2), (2.20)

and, from (2.18),

Az(z, p, s) —i—silzp(x,p, s) = h(z,p,s), for xzeTy, pe(0,1), s € (r1,712).
(2.21)
Then, by (2.20) and (2.21), we obtain

p
2z, p,s) = e Mou(x) + se_/\”s/ h(z,0,s)e* do.
0

So, from (2.19), on I'; x (0,1) x (71, 72),

P
2(z,p,5) = Au(z)e S — fz)e S + Se’\ps/ h(z,0,5)e %do,  (2.22)
0

and, in particular,
z(x,1,8) = )\u(x)e_As + z0(x,s), z€Tlq, s€(r,mn), (2.23)
with zg € L?(T'y X (11, 72)) defined by

1
20(x,8) = —f(x)e ™ + se_’\s/ h(z,0,5)e)%do, x €Ty, s€(r,m).
0

(2.24)
By (2.19) and (2.18), the function u satisfies

A~ f) = Au = g;

that is,
N — Au = g+ \f. (2.25)
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Problem (2.25) can be reformulated as

/()\2u — Au)wdzr = /(g + A)wdz, Yw e H%O(Q). (2.26)
Q Q

Integrating by parts,

/(/\2u — Auv)wdzr = / (Nuw + VuVw)dzr —/ —de
Q Q

= /()\2uw + Vqu)dx+/
Q

r

™
<,uovw + w/ w(s)z(x, 1, s)d5> dr
1 T

1

= /(/\zuw + VuVw)dx
Q

+ /Fl {uo(/\u — flw+w /T2 p(s) (du(z)e ™ + 2oz, 5)} dsdr’,

T1

where we have used (2.19) and (2.23). Therefore, (2.26) can be rewritten as

/()\2uw—|—Vqu)de‘+/ (uokuwdf—l—/ )\uw/ e A dsdl
Q I I
= / (9 + Af)wdx + po | fwdl (2.27)
Iy

/ / s)zo(x, s)dsdl’;, Yw € HFO(Q)
'y

As the left-hand side of (2.27) is coercive on H %0 (), the Lax-Milgram lemma
guarantees the existence and uniqueness of a solution u € H%O(Q) of (2.27).
If we consider w € D(Q) in (2.27), we have that u solves in D’'(2)

N — Au =g+ N, (2.28)

and thus u € E(A, L?(Q)).
Using Green’s formula (2.11) in (2.27) and using (2.28), we obtain

T2
ot (v [ o) ods ) du = s - [ ntsrzate s ont. (2:29)
T1

Therefore, from (2.29),

T2
8“:_#0@—/ w(s)z(-,1,s)ds on Iy,

ov -
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where we have used (2.19) and (2.23). So, we have found that (u,v,z)? €
D(A) which verifies (2.18). Hence, the well posedness result follows from the
Hille-Yosida theorem. O

Now, we consider the problem with internal feedback (1.9) — (1.13). Let
us define

2(z,p,t,s) =w(z,t —ps), ze€Q, pe(0,1), se€ (r,m), t>0. (2.30)
Then, problem (1.9) — (1.13) can be rewritten as

T2

u — Au + a(x) [uout(aﬁ,t) —|—/ p(s)z(x,1,t,s)ds| =0

1

in Qx(0,+00), (2.31)
szi(z, p,t,s) + zp(z, p,t,s) =0 in Q x (0,1) x (0,400) x (11, 72),(2.32)
u(z,t) =0 on Ty x (0,+00), (2.33)
%(w,t) =0 on I'ix(0,400), (2.34)
2(z,0,t,5) = w(z,t) on Qx(0,+00) X (11,72), (2.35)
u(z,0) =up(zr) and w(x,0) =wui(z) in €Q, (2.36)
z(x,p,0,8) = go(x,p,s) in Qx(0,1)x (0,72). (2.37)

If we define U := (u,u, z)” , then

T2 T
IU'(S)Z( ) )dS) lzﬂ) .
Therefore, problem (2.31) — (2.37) can be rewritten as
{ U =AU
U(O) = ('I,Lo, Uur, gO)T )
where the operator A is defined by

U= (ut,utt,zt)T = (ut,Au — a(poug +/

T1

(2.38)

(u v
Alv ]| = | Au— apov — afT]l )z(+,1,8)ds | ,
2

with domain
D(A) := { (u,v,2)T €
(H*(Q) N Hp,(Q)) x H'(Q) x L*(Q x (11, 72); H'(0,1)) = (2.39)

ou .
o 0onI'; v(x) = 2(x,0,s) in Q }
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Denote by H the Hilbert space

H = HE (Q) x L*(Q) x L*(Q x (0,1) x (11,7)), (2.40)
equipped with the inner product

—
SIS
S 2

> - /Q (Vu(@)Vi(z) + v(@)o@)de  (2.41)

/ / / z(x, p, s)z(x, p, s)dpdsdz.

Under the assumption

T2
o = lale [ n(s)is (2.42)

1

arguing analogously to the case of boundary feedback, we can show that
the operator A generates a Cj semigroup on H. This gives the following
well-posedness result.

Theorem 2.2. Assume (2.42). Then, for any initial datum Uy € H, there
ezists a unique solution U € C([0,400), H) of problem (2.38). Moreover, if
Us € D(A), then U € C([0,+00), D(A)) N CL([0, +00), H).

3. BOUNDARY STABILITY ESTIMATE

In this section we will prove exponential stability of problem (1.1) — (1.5)
under the assumption (1.8).

First of all, note that assumption (1.8) implies that there exists a positive
constant cp such that

1o — /TQ pls)ds — 2 (r ~ 1) > 0. (3.1)

1

Define the energy of a solution of problem (1.1) — (1.5) as

E(t) := ;/Q{u?(x,t) + |Vu(z, t)|*}da (3.2)

1
/ / s) + co| / u?(z,t — ps)dpdsdl.
I' 0

We can prove that the energy is decreasing. More precisely, we have the
following result.
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Proposition 3.1. There exists a positive constant C' such that for any reg-
ular solution of problem (1.1) — (1.5) we have

B < C{/Flutxtdf+/rl/ Az dde} (3.3)

Proof. Differentiating (3.2) we obtain

'(t) = /{ututt + VuVu tdx

1
/ / ) + co / ug(x,t — ps)uy(x,t — ps)dpdsdl.
Iy 0

Applying Green’s formula, we have

1
E'(t):/ utdI‘—i—/F/ s)+co) /0 u(z,t—ps)uy(x,t—ps)dpdsdl.
1

(3.4)
Now, observe that
_Sut(x7t - ,08) = Up(l‘, l— :05)’ (35)
and
sug(x,t — ps) = upp(x,t — ps). (3.6)
Therefore,

1 1
/ wi(a, t—ps)un(z, t— ps)dp = - / 57,1 ps)up(a. t—ps)dp, (3.7)
0 0

from which follows, integrating by parts in p,

1
/ / )+ co / ug(x,t — ps)uy(x,t — ps)dpdsdl
ry 0. , ) (3.8)
=3 . / [1(s) + colui (x,t) — uy(z,t — s)]dsdl.

Using (3.4), (3.8) and the boundary condition (1.3) on I';, we have

E(t) = —MO/ 2(z, t)dI‘—/Fl ut(x,t){/TT2 u(s)ut(m,t—s)ds}dl“ (3.9)

1

- /Fl / ) + coul(z,t — s)dP—ﬁ-% /1“1 u?(z,t) /: [1(s) + coldsdl.
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Now, from Cauchy-Schwarz’s inequality,

/F1 ut(t)/T2 (s )Ut(t—s)dsdf‘ . g (t |/ $)|us(t — s)|dsdl

T1

< [ utt (/ ms)dsf ( [ ntspta - s>ds) ‘o
S;/Flu?(t)</n (s ds>dr+ /Fl/ uZ(t — s)dsdl.

So, from (3.9) and (3.10) we obtain

B(t) < (-MO + / p(s)ds + 2 (ry —ﬁ))/ W2(, £)dT

1
/ / ul(z s)dsdl’,
'y

which, recalling (3.1), proves the proposition. O

Now, we can prove a boundary observability estimate for problem (1.1) —

(1.5).

Proposition 3.2. There is a time T > 0 such that for all times T > T°
there exists a positive constant Cy (depending on T ) for which

0) <CO/0T/Fl {u?(ﬂc,t)+/T ul(x,t )ds}df‘dt, (3.11)

for any regular solution u of problem (1.1) — (1.5).

Proof. From Proposition 6.3 of [18], for T greater than a sufficiently large
time 7', and any ¢ > 0, we have

8u

for a suitable constant ¢ (depending on T'), where £(-) denotes the standard
energy for the wave equation; that is,

E(t) = % /Q (2(z, 1) + [Vu(z, t)[2}dz. (3.13)

Estimate (3.12) is obtained by Carleman estimates under the assumption
that there exists a function v of class C? satisfying (1.6) and (1.7). The
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function v is needed to construct a suitable weight function for Carleman
estimates. From the boundary condition (1.3) it follows that

oul _ o o 1] /™ 2
m < U (t)+ = /T1 p(s)ug(t —s)ds| (3.14)

2

and from Cauchy-Schwarz’s inequality,

/Tz wls )t — 5)ds| < /T ;2 u(s)ds ( /T 172 u(s)ul(t — s)d5> . (315)

T1

Then, by (3.12), (3.14) and (3.15), we have

<c/ /1“ ul(z,t)+ / u?(m,tfs)ds}dfdt+cHu||H1/2+5(Q % (0,T))’
1 (3.16)

for a suitable positive constant ¢. Now, note that

E(t) = £(t) + Ep(1),

/r/ s) + col /0 1U?( — ps)dpdsdl’. (3.17)
/rl/ s) + ol /Olut( —ps)dpdsdl’. (3.18)

By a change of variable in (3.18) we obtain, for T' > 7o,

EB(O):/F/ s) + co) / u?(x,t — s)dtdsdl
1
T
_2// +c0/ ul(x,t — s)dtdsdl (3.19)
<c/ / / ul(z s)dsdl'dt.
Iy Jn

Denote by T° := max{r,7}. Then, from (3.16) and (3.19), for any T > T°
we have

E(0) =£(0) + EB

/ /Fl {ut z,t) /T 2(:c,ts)ds} dldt (3.20)

+CHUHH1/2+5(Q « (0 T))’

where

In particular,
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for a suitable positive constant ¢ depending on 7.
Now, in order to obtain estimate (3.11) we need to absorb the lower order
term Hu||H1/2+5(Q % (0,T)) This can be done by applying a compactness-

uniqueness argument analogously to Proposition 3.2 of [21]. We give the
details for the reader’s convenience.

We prove (3.11) arguing by contradiction. Suppose that (3.11) is not true.
Therefore, there is a sequence {uy, },, of solutions of problem (1.1)—(1.5) such
that

T2
T1

E"(0) > n/OT /Fl {uit(x,t) —|—/ uZ,(z,t — s)ds}dfdt, (3.21)

where we have denoted by E"(-) the energy E(-) related to the solution u,.
From (3.20) we have

T2
T1

E”(O)SC{/OT/Fl ety [ “iatont = sjs]ava (3:22)

+”un||H1/2+s(Q % (0, T)) }
Then, from (3.21) and (3.22) we can deduce that

T T2
n/ / {Uit(% t) + / ul,(z,t — s)ds} drdt
0 Iy T1

T T2
2 2 _ )
<c{/0 /Fl [unt(x,t)-i—/Tl us(x,t s)ds} dI'dt + cHunHH%JrE(Q y (O,T))}’

that is,

_— /OT /Fl {uit(w,t) n /TlT2 ul (x,t — s)ds} dl'dt (3.23)

< CHuTLHHl/Z—i-s(Q % (O,T))'
Renormalizing, we obtain a sequence {wy,},, of solutions of problem (1.1) —
(1.5) with

HwnHH1/2+6(Q « (O,T)) =1, (3.24)

T T2
/ / {wgt(m‘,t) +/ w2, (z,t — s)ds} drdt < ——. (3.25)
0o Jry 7'1 n—c

From (3.24), (3.25) and (3.22) it follows that the sequence {wy, },, is bounded
in H'(Q2x(0,T)). Since H'(Q2x (0, T)) is compactly embedded in H/2+= (2 x

and
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(0,7)), there exists a subsequence, still denoted by {wy, }, for simplicity of
notation, such that w, — w strongly in H'/2+¢(Q x (0,7)). Thus, from
(3.24),

lwll /2= (@x 0,1y = 1- (3.26)
Moreover, by (3.25),

T 2
/ / {w?(x,t)—{—/ w?(:r:,t—s)ds}dfdtzo.
0 Fl T1

Therefore, we have that
wg=0 on Iy x(0,7T)

and

ow
5, =0 on T1x(0.7).

Now, put v := w;. Then, v solves in a distributional sense
v —Av=0 in Qx(0,7T),

with
ov
v=0 on I'x(0,7), 8—:0 on T'y x (0,7).
v
Therefore, from Holmgren’s uniqueness theorem (see [19], Chapter I, Theo-
rem 8.2, page 92) we have v = 0. This implies that w is constant in time;

that is, w(x,t) = w(x). Then, w satisfies
—Aw=0 in Q
w=0 on Iy
9v—-0 on Ty

and so w = 0. This is in contradiction with (3.24). Then, the observability
inequality (3.11) is proved. O
From (3.11) easily follows the stability estimate.

Theorem 3.3. Let the assumption (1.8) be satisfied. Then, there exist pos-
itive constant 1,72 such that, for any solution of problem (1.1) — (1.5),

E(t) < m1E(0)e” ™!, vt >0. (3.27)

Proof. From (3.3), we have

B(T) - B(0) < —C/OT /F {uf(m,t)+/: uf(x,t—s)ds} drdt.  (3.28)
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y (3.28) and the observability estimate (3.11), we obtain

E(T) < E(0 <C’0//F{uta:t /Tuf( )ds}dth

< GO — E(T)),

then E(T) < CE(0), with C' < 1. This easily implies the stability estimate
(3.27), since our system (1.1) — (1.5) is invariant by translation and the
energy FE is decreasing. ([l

4. INTERNAL STABILITY ESTIMATE

In this section we will prove an exponential stability estimate for problem
(1.9) — (1.13) under the assumption (1.14).

Note that assumption (1.14) implies that there exists a positive constant
c1 such that

T2 Cl
o = lalle| [ nts)ds = S )] >0 (@)
T1
We define the energy of a solution of problem (1.9)-(1.13) by
1
= / {u + |Vul*} dx (4.2)
2 Ja
1 T2 1
+ / a,(x)/ s[p(s) + c1] / ul(x,t — ps)dpdsdz,
2 Q T 0

where ¢ is a constant verifying (4.1).
We can prove that the energy is decreasing and that a suitable estimate
holds on the derivative of the energy.

Proposition 4.1. There exists a positive constant C such that, for any
regular solution of the problem (1.9) — (1.13), we have

EL(t) < c/ {ut z,1) + (/TQ uf(x,t—s)ds)}dx. (4.3)

T1

Proof. Differentiating (4.2) and using Green’s formula, we have

E)() = / wy (s — Aw)da (4.4)

1
a-z 5 B
+dt2/ / s) + ¢ /0 ui (z,t — ps)dpdsdz
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_/Qut< Mout—a/TQ (s )ut(t—s)ds>dx

+£§ / / ) + 1] /1 ul(z,t — ps)dpdsdz
- —uo/ utdx—/aut/ s)ug(t — s)ds
1
+dz€2/ / s) + ¢1] /0 ul(x,t — ps)dpdsdz.

Now, observe that

dt2 / / s)+ci / IU?( — ps)dpdsdz (4.5)

1
/ / )+ / ug(x,t — ps)uw(x,t — ps)dpdsdz.
0

Integrating by parts we obtain
2

1 S
| ot = pshugala,t = psdo = 557l ot = ps)ly = e~ 5) 1)
0
(4.6)

So, recalhng (3.5) and (3.6), from (4.5) and (4.6) we have

2 / / s) +ci / 3t~ ps)dpdsda (4.7)

1
/ / )+ / s 3uy(z,t — ps)uyp(z,t — ps)dpdsdx
0

:_/ / §) + er][u2(t — ) — u2(1)|dsda.

From (4.4) and (4.7) we deduce

Ej(t) = —uo / urdr — / auy / s)ug(t — s)dsdx (4.8)

—/ / s)+ ut(t—s Ydsdx + = /aut/ s) + c1]dsdz.

Now, note that from Cauchy—Schwarz’s inequality, we may write

/Qaut(t) / () ua(t — 8)dsda §/a|ut |/ st — )| dsda

1
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< [ atul ( [ >ds)é ( [ ntsruie = sy )%dm (49)
g;/gauf(:n,t) </ (s ds>dm~|— / / St — s)dsdz.

From (4.8) and (4.9) it follows that
2d

Bt < MO/ :L"—I—;/au?(aj ) / u(s)dsda (4.10)

/ / s)dsdr — = / / )+ er]ui(t — s)dsdx

+2 /Qaut (z,1) /T1 [u(s) + c1]dsdz,

and therefore

ELt) < —/Q [MO - a/j ls)ds — % (m, ﬁ)] 2, )de (411)

T2
—q/a/ u?(t — s)dsdz.
2 Q T1

The claim immediately follows from our assumption (1.14) on po and pu,
recalling that ¢; is a positive constant satisfying (4.1). O

To prove the exponential stability result we need a suitable observability
estimate.

Proposition 4.2. There exists a time T° such that for all times T > T°
there is a positive constant Cy (depending on T') for which

) < 00/ / {ut x,t) + </: uf(x,t—s)ds>}dxdt (4.12)

for any regular solution u of problem (1.9) — (1.13).

Proof. We can write Ey(t) = £(t)+ E;(t), where £(t) is the standard energy
for the wave equation defined in (3.13) and

To 1
E;(t) := ;/Qa(x)/ s[u(s)—{—cl]/ ul(z,t — ps)dpdsda. (4.13)

T1 0
Let w be the solution of the homogeneous problem for the wave equation
with mixed Dirichlet—Neumann boundary condition,

wy(x,t) — Aw(z,t) =0 in Q x (0,400) (4.14)
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w(z,t) =0 on I'gx (0,400) (4.15)
g—f(:n,t) =0 on I x(0,400) (4.16)
w(z,0) =wo(z) and wi(z,0) =wi(z) in Q. (4.17)

Denote by &,(t) the standard energy for the wave equation corresponding
to w; that is,

Eult) = % /Q (w2 (z, £) + |Vw(x, ) Ve (4.18)

Note that &,(t) is constant.
It is well known that for problem (4.14)-(4.17) we have the following
observability estimate

£,(0) < Cy /0 ! / w? (x, t)dzdt, (4.19)

for all times 7" > T. This easily follows, for instance, from an estimate of
[18] and standard arguments with multipliers.

Now, we can decompose (cfr. Zuazua [26]) the solution u of problem (1.9)—
(1.13) as u = w + W, where w solves (4.14)—(4.16) with initial condition

w(z,0) = ug(z), wi(x,0) =wui(z) in Q,

and w satisfies

Wy — AW = —a(x) [uout(m,t) + /T2 w(s)ug(z, t — s)ds] in Qx(0,400)

T1

(4.20)

@(z,t)=0 on T x (0,+00) (4.21)

gi)(x,t)—o on Ty x (0,+00) (4.22)

@W(2,0)=0 and @y (z,0)=0 in Q. (4.23)
Then, from (4.13) and (4.18),

Eo(0) = £(0) + E7(0) (4.24)

—£,(0)+ 1 /Q o(2) / " su(s) + ci] / "2 —ps)dpdsdz,

T1 0
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If we take T' > T := max{T, 72}, from (4.24) with a change of variable we
obtain

Fo(0) < £4(0) / / / ) edul(a, t — s)dsdtdz,

and then, from (4.19),

T2

Eo(0) < ¢ /Q o(z) /O ! {wf(x,t)+ / uf(x,t—sms} dtdr  (4.25)

1

<e /Q o(z) /0 12 t) 2 t) + / P 2(0,t — )ds}dtda,

T1

for a suitable positive constant c. Therefore, from standard energy estimates
for w and Cauchy-Schwarz’s inequality, we obtain

) < CO/ / {ut T t)+/: ul(x, t )ds}dxdt. O

Now, using estimates (4.3) and (4.12), we can prove the exponential decay
of the energy of solutions of problem (1.9) — (1.13).

Theorem 4.3. Let assumption (1.14) be satisfied. Then, there exist positive
constants 1, B2 such that, for any solution of problem (1.9) — (1.13),

Eo(t) < B1Eo(0)e P2t vt > 0. (4.26)

Proof. We omit the proof since it is analogous to the proof of Theorem 3.3.

5. INSTABILITY EXAMPLES

Consider the problem with internal feedback and delay concentrated at a
point 7 > 0, namely

uy — Au+ poug +u(t —7) =0 in QX (0,400), (5.1)
u=0 on TIyx (0,+00), (5.2)
gz =0 on I x(0,400), (5.3)
u(z,0) = up(z) and wuy(z,0) =wui(z) in Q, (5.4)
u(x, —t) = fo(x,—t) in Qx(0,7). (5.5)

Assume pp < 1. As proved in [21] in this case there are instability phenomena
for some delays 7.
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Let ¢ : R — [0,400) be a continuous function with ¢(z) = 0 on the set

R\ (—=1,1) and
/ p(t)dt =1.
R

Let 7, 79 be two real numbers with 0 < 71 < 7 and
T1 + T2
7
Define, for € > 0, a family {u.}. of functions p. : R — [0, +00),
1t—71
t) = (7 )
pe(t) =g er—m

It is well known that u.(t) — 6(t — 7), for e — 0, where (¢ — 7) denotes the
Dirac delta function centered at ¢t = 7.
For € > 0 let us now consider the problem

T =

(5.6)

T2
ug — Au + pouy + / pe(s)ug(t —s)ds =0 in Q x (0, +00), (5.7)
T1
u=0 on TIyx(0,+00), (5.8)
% =0 on I x(0,+00), (5.9)
u(z,0) = up(z) and wu(z,0) =wui(r) in £, (5.10)
u(x, —t) = fo(z,—t) in Qx(0,72). (5.11)
We look for a solution of problem (5.7) — (5.11) in the form
us(z,t) = el (). (5.12)
Then, 1. has to be a solution of the problem
Ay =X in Q
=0 on Iy
S =0 on I
with .
A=A+ (,uo +/ Mg(s)e_)‘sd.S))\.
T1
Therefore, the constant A in (5.12) has to solve the equation
T2
A2+ (uo +/ ,ue(s)e_)‘sds))\ =A% (5.13)
T1

where we denote by A? a generic eigenvalue for the Laplace operator with a
mixed Dirichlet-Neumann boundary condition.
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Our aim is to prove that for € small enough there is a solution of problem
(5.7) — (5.11) in the form (5.12) with Re A. > 0, that is, a solution whose
energy is not decaying to zero.

We are not able to do this directly, since the integral equation (5.13) is
not easy to deal with. However, as we have proved in [21], for suitable delays
7 (arbitrarily small or large) problem (5.1) — (5.5) admits a solution in the
form u(x,t) = eMy(z) with Re A > 0.

Indeed, for suitable delays, one proves that there exists a solution A with
Re A > 0, of the equation

M4 (o + e M)A = —A2 (5.14)

Now, fix 7 such that we have a solution A with Re A > 0 of (5.14) and choose
71 and 72 in (5.7) — (5.11) such that (5.6) holds. We can rewrite (5.13) and
(5.14) as

F.(\) =0, (5.15)
Fo(\) =0, (5.16)

respectively. It is easy to verify that F.(\) — Fy(\) as € — 0. Then, (5.15)
and (5.16) can be rewritten as

F(\e) =0, (5.17)
F(\,0) =0, (5.18)

with F': C x [0,1] — R continuous. Moreover, we can easily verify that F
is analytic in C.

We know that (5.18) admits a solution Ao with Re Ao > 0. Let B C C be
a ball centered at Ao with no zeroes of (5.18) on OB and Re A > 0 for all
A € B. Then, as a consequence of Rouché’s theorem (see (9.17.4) of [8]), for
¢ small enough, equation (5.17) admits a root A. € B.

Then, for € small enough, problem (5.7) — (5.11) admits a solution in the
form (5.12) with Re A. > 0. This proves that, for € small enough, system
(5.7) — (5.11) is not stable.

Remark 5.1. We can not repeat here the detailed analysis of [21] in order to
give instability examples, for both boundary or internal feedbacks. Now, the
presence of an integral term in the equation (5.13) for A makes the problem
more difficult. However, the above argument shows that, at least in the
case of internal feedback, instability phenomena occur when our assumption
(1.14) does not hold. We expect to have analogous phenomena also in the
case of boundary feedback when assumption (1.8) is not satisfied. But the
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analysis in this case is more complicated, even for a delay concentrated at a
time.
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