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ABSTRACT
TheKleinbergHITS andtheGooglePageRankalgorithmsareeigen-
vectormethodsfor identifying “authoritative” or “influential” arti-
cles,givenhyperlinkor citationinformation.Thatsuchalgorithms
shouldgive reliableor consistentanswersis surelya desideratum,
and in [10], we analyzedwhenthey canbe expectedto give sta-
ble rankingsundersmall perturbationsto the linkagepatterns.In
this paper, we extend the analysisandshow how it gives insight
into waysof designingstablelink analysismethods.This in turn
motivatestwo new algorithms,whoseperformancewe studyem-
pirically usingcitationdataandwebhyperlinkdata.

1. INTRODUCTION
From its origins in bibliometric analysis[11], the analysisof

cross-referencingpatterns—“linkanalysis”—hascometo play an
importantrole in moderninformation retrieval. Link analysisal-
gorithmshave beensuccessfullyappliedto web hyperlink datato
identify authoritative informationsources,andto academiccitation
datato identify influentialpapers[8, 3]. In particular, togetherwith
classicalIR rankingtechniques,link analysisprovidesthebasisfor
someof today’s Internetsearchengines.

An importantfeatureof collectionssuchastheWorld WideWeb
is their dynamicnature. Referencescanbe changed,becomein-
accessible,or be missedby a searchengine. If link analysisis to
provide a robust notionof authoritativenessin sucha setting,it is
naturalto askthat it alsobe robust in thesenseof beingstableto
perturbationsof thelink structure.Indeed,it seemsunlikely thata
highly unstablesearchengine—sayonethatcompletelychangesits
resultsfrom dayto day—wouldbetrustedby its usersto bealways
returningall the relevant articles. In the settingof academiccita-
tions,stability alsomeans(for example)thata few authorswriting
a relatively smallnumberof papersshouldrarelycauseusto com-
pletely changeour mindsaboutwhatarticlesin a communityhad
beenseminal.This issueof stability seemsto have received little
attentionin thelink analysisliterature,andis theprincipalfocusof
our paper.

Two popularalgorithms,in particulartheKleinberg HITS algo-
rithm [8] andtheGooglePageRankalgorithm[3], areeigenvector-
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basedmethods;they essentiallycomputeprincipaleigenvectorsof
particularmatricesrelatedto theadjacency graphto determine“au-
thority.” Understandingthe robustnessof link analysisalgorithms
thereforeinvolvesan analysisof the stability of theseeigenvector
calculations.

Using ideasfrom matrix perturbationtheoryandMarkov chain
theory, in [10] we formally characterizedconditionsunderwhich
HITS andPageRankarestable. In this paper, we briefly summa-
rize theresultsderivedin [10], andshow how they give insightinto
waysof designingstablelink analysisalgorithms. This thenmo-
tivatestwo new algorithms:RandomizedHITS, which mergesthe
hubs-and-authoritiesnotion from HITS with a stabilizing “reset”
mechanismfrom PageRank(seealso [14]); andSubspaceHITS,
which providesa principledway of combiningmultiple eigenvec-
tors from HITS to yield aggregateauthorityscores.Thesenew al-
gorithmsarealsodemonstratedempiricallyto producegoodresults
onbothacademiccitationandwebquerydata.

Wealsoexploretheissueof the“diversity” of theresultsreturned
by thesealgorithms.This leadsinto adiscussionof therelationship
betweenLatentSemanticIndexing (LSI) [6] andHITS.

2. AN EXAMPLE
Webegin with anexample.TheCora database[9] is acollection

containingcitation information from several thousandacademic
papersin variousareasof computerscience.We rantheHITS and
PageRankalgorithmsonthesubsetof theCora databaseconsisting
of all its MachineLearningpapers,and examinedthe list of pa-
persthat they considered“authoritative.” To evaluatethestability
of the algorithms,we alsoconstructedfive perturbedversionsof
the databases,eachof which containeda randomlyselected70%
subsetof thepapers.(“SinceCora obtainedits databasevia a web
crawl, what if, by chanceor mishap,it hadonly retrieved 70%of
thesepapers?”)If apaperis truly authoritative,wemighthopethat
it is still identifiableassuchwith only a subsetof thecitationdata.

The resultsfrom HITS areshown below. The leftmostcolumn
is the HITS authority ranking obtainedby analyzingthe full set
of MachineLearningpapers;thefive rightmostcolumnsreportthe
ranksin runson theperturbeddatabases.We seesubstantialvaria-
tion acrossthedifferentruns:
HITS resultsonCoraML papers:
1 “Geneticalgorithmsin search,optimization...”, Goldberg 1 3 1 1 1
2 “Adaptationin naturalandartificial systems”,Holland 2 5 3 3 2
3 “Geneticprogramming:On theprogrammingof...”, Koza 3 12 6 6 3
4 “Analysisof thebehavior of aclassof genetic...”, DeJong 4 52 20 23 4
5 “Uniform crossover in geneticalgorithms”,Syswerda 5 171 11999 5
6 “Artificial intelligencethroughsimulated...”, Fogel 6 135 56 40 8
7 “A survey of evolutionstrategies”,Back+al 10 179 1591007
8 “Optimizationof controlparametersfor genetic...”, Grefenstette8 316 1411706
9 “The GENITORalgorithmandselectionpressure”,Whitley 9 257 10772 9
10 “Geneticalgorithms+ DataStructures= ...”, Michalewicz 13 170 80 69 18
11 “GeneticprogrammingII: Automaticdiscovey...”, Koza 7 - - - 10



2060“Learninginternalrepresentationsby error...”, Rumelhart+al - 1 2 2 -
2061“Learningto predictby themethodof temporal...”, Sutton - 9 4 5 -
2063“Somestudiesin machinelearningusingcheckers”,Samuel - - 10 10 -
2065“Neuronlike elementsthatcansolve difficult...”, Barto+Sutton - - 8 - -
2066“Practicalissuesin TD learning”,Tesauro - - 9 9 -
2071“Patternclassificationandsceneanalysis”,Duda+Hart - 4 7 7 -
2075“Classificationandregressiontrees”,Breiman+al - 2 5 4 -
2117“UCI repositoryof machinelearningdatabases”,Murphy+Aha - 7 - 8 -
2174“Irrelevantfeaturesandthesubsetselection...”, John+al - 8 - - -
2184“The CN2 inductionalgorithm”,Clark+Niblett - 6 - - -
2222“Probabilisticreasoningin intelligentsystems”,Pearl - 10 - - -

Onemight think thatthis variability is intrinsic to theproblemand
henceunavoidable,but this is not thecase,asshown by theresults
from thePageRankalgorithm,whicharemuchmorestable:

PageRankresultsonCoraML papers( ������� � ):
1 “GeneticAlgorithmsin Search,Optimizationand...”, Goldberg 1 1 1 1 1
2 “Learninginternalrepresentationsby error...”, Rumelhart+al 2 2 2 2 2
3 “Adaptationin NaturalandArtificial Systems”,Holland 3 5 6 4 5
4 “ClassificationandRegressionTrees”,Breiman+al 4 3 5 5 4
5 “ProbabilisticReasoningin IntelligentSystems”,Pearl 5 6 3 6 3
6 “GeneticProgramming:On theProgrammingof ...”, Koza 6 4 4 3 6
7 “Learningto Predictby theMethodsof Temporal...”, Sutton 7 7 7 7 7
8 “Patternclassificationandsceneanalysis”,Duda+Hart 8 8 8 8 9
9 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al10 9 9 11 8
10 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 9 11 10 9 10
11 “ParallelDistributedProcessing”,Rumelhart+McClelland - - - 10 -
12 “Introductionto theTheoryof NeuralComputation”,Hertz+al - 10 - - -

Theseresultsarediscussedin moredetailin Section6. It shouldbe
statedat theoutset,however, thatour conclusionis not thatHITS
is unstablewhile PageRankis stable.In fact, in certainwebquery
experiments,PageRankdisplaysits own perturbationpattern.The
issueto which we direct our attentionis moresubtle. In orderto
understandthe stability of either algorithm, we needto consider
issuessuchastherelationshipsbetweenmultiple eigenvectorsand
invariantsubspaces,andtheeffectsof a universalresettingproba-
bility. Stability is certainlyanimportantdesideratumin algorithms
that identify authoritative or relevant articles,hencetheseissues
will play an importantrole in thetwo new algorithmsthatwe will
presentin Section5. The following areresultson the samedata
usingthenew algorithms.
RandomizedHITS resultsonCoraML papers( ������� � ):
1 “GeneticAlgorithmsin Search,Optimization...”, Goldberg 1 1 1 1 1
2 “Learninginternalrepresentationsby error...”, Rumelhart+al 2 2 2 2 2
3 “ProbabilisticReasoningin IntelligentSystems”,Pearl 3 3 3 3 3
4 “Adaptationin NaturalandArtificial Systems”,Holland 4 4 5 4 4
5 “ClassificationandRegressionTrees”,Breiman+al 5 5 6 6 5
6 “GeneticProgramming:On theProgrammingof...”, John+al 6 6 4 5 6
7 “Patternclassificationandsceneanalysis”,Duda+Hart 8 7 7 8 10
8 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al7 8 8 9 7
9 “Learningto Predictby theMethodof Temporal...”, Sutton 9 9 9 7 8
10 “Introductionto thetheoryof neuralcomputation”,Hertz+al 10 10 10 10 9

SubspaceHITS resultsonCoraML papers( � ���	��
������������� ):
1 “GeneticAlgorithmsin Search,Optimization...”, Goldberg 1 2 1 1 2
2 “Learninginternalrepresentationsby error...”, Rumelhart 2 1 2 2 1
3 “ProbabilisticReasoningin IntelligentSystems”,Pearl 3 3 3 3 3
4 “ClassificationandRegressionTrees”,Breiman+al 5 4 5 5 4
5 “Adaptationin NaturalandArtificial Systems”,Holland 4 5 6 7 6
6 “Learningto Predictby theMethodof Temporal...”, Sutton 6 6 7 6 5
7 “GeneticAlgorithms: On theProgramming...”, Koza 7 7 4 4 7
8 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al8 8 8 8 8
9 “Patternclassificationandsceneanalysis”,Duda+Hart 9 10 9 11 10
10“LearnabilityandtheVC dimension”,Blumer+al 11 9 10 10 9
11“UCI repositoryof machinelearningdatabases”,Murphy+al 10 - - 9 -

3. OVERVIEW OF HITS AND PAGERANK
Givenacollectionof webpagesoracademicpaperslinking to/citing

eachother, the HITS andPageRankalgorithmseachconstructsa
matrix capturingthe citation patterns,anddeterminesauthorities
by computingtheprincipaleigenvectorof thematrix.1�
It is worth noting thatHITS is typically describedasrunningon

3.1 HITS algorithm
TheHITSalgorithm[8] positsthatanarticlehashigh“authority”

weightif it is linkedto by many pageswith high “hub” weight,and
that a pagehashigh hub weight if it links to many authoritative
pages.Moreprecisely, givenasetof � webpages(say, retrievedin
responseto a searchquery),theHITS algorithmfirst formsthe � -
by-� adjacency matrix � , whose ������� � -elementis 1 if page� links
to page� , and0 otherwise.2 It theniteratesthefollowing equations:!#"%$�& �(') *,+.-�/	0 /21 )�3�4 "%$ '/65 4 "%$�& �(') *,+.-�/	0 ) 17/ 3 !#"%$�& �('/
(where“ �98:� ” meanspage� links to page� ) to obtainthefixed-
points !<; *>=%?%@ $ 1BA ! "%$ ' and 4 ; *>=%?%@ $ 1BA 4 "%$ ' (with thevectors
renormalizedto unit length).Theaboveequationscanalsobewrit-
ten: ! "C$�& �(' * �ED 4 "%$ ' * �F�GDH�I� ! "%$ ' (1)4 "C$�& �(' * � ! "%$J& �(' * �F�G�ED�� 4 "%$ '�K (2)
Whentheiterationsareinitializedwith thevectorof onesLCM�� K2KNK �NMPO D ,
this is thepowermethodof obtainingtheprincipaleigenvectorof a
matrix [7], andso(undermild conditions)!<; and 4 ; aretheprin-
cipal eigenvectorsof � D � and �E� D respectively. The“authorita-
tiveness”of page� is thentakento be ! ;) , andlikewisefor hubsand4 ; .
3.2 PageRankalgorithm

Givena setof � webpagesandtheadjacency matrix � (defined
previously), PageRank[3] first constructsa probability transition
matrix Q by renormalizingeachrow of � to sumto M . Onethen
imaginesarandomwebsurferwhoateachtimestepis atsomeweb
page,anddecideswhich pageto visit on thenext stepasfollows:
with probability MHRTS , sherandomlypicksoneof thehyperlinkson
thecurrentpage,andjumpsto thepageit links to; with probabilityS , she“resets”by jumping to a webpagepicked uniformly andat
randomfrom the collection.3 Here, S is a parameter, typically set
to 0.1-0.2.This processdefinesa Markov chainon thewebpages,
with transitionmatrix S2UWVX��MIRYSZ��Q , where U is the transition
matrix of uniform transitionprobabilities( U ) / * M	[\� for all ����� ).
Thevectorof PageRankscores] is thendefinedto bethestationary
distribution of this Markov chain. Equivalently, ] is the principal
right eigenvectorof thetransitionmatrix �FSPUYV,��M7R^SZ��Q.� D (see,
e.g.GolubandVanLoan,1996),sinceby definitionthestationary
distributionsatisfies�FSPU_VW��M`R�SZ��Q.� D ] * ] K (3)

a smallcollectionof articles(sayretrievedin responseto a query),
while PageRankis describedin termsof theentireweb. Eitheral-
gorithm canbe run in eithersetting,however, (e.g.[1] reportson
resultsfor bothalgorithmsin the formersetting,)andthis distinc-
tion doesnotaffect theoutcomeof ouranalysis.� [8] discussesseveral other heuristicsregarding issuessuch as
intra-domainreferences,whichareignoredherefor simplicity (but
areusedin ourexperiments).SeealsoBharatandHenzinger[2] for
otherimprovementsto HITS. It shouldbenotedthatnoneof these
fundamentallychangethespirit of theeigenvectorcalculationsun-
derlyingHITS.a
Thereare variousways to treat the caseof pageswith no out-

links (leaf nodes). In this paperwe utilize a particularly simple
approach—uponreachingsucha page,the web surfer picks the
next pageuniformly at random.This meansthat if a row of � has
all zeroentries,thenthecorrespondingrow of Q is constructedto
have all entriesequalto M	[\� . ThePageRankalgorithmdescribed
in [12] utilizesa differentresetdistribution uponarriving at a leaf
node. It is possibleto show, however, that every instantiationof
our variantof thealgorithmis equivalentto an instantiationof the
original algorithmon thesamegraphwith a differentvalueof the
resetprobability.
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Figure1: Jitter edscatterplot of hyperlink graph.

Theasymptoticchanceof visiting page� , that is, ] ) , is thentaken
to bethe“quality” or authoritativenessof page� .
4. ANALYSIS OF ALGORITHMS

Webegin with asimpleexampleshowing how asmalladditionto
a collectionof webpagescanresultin a largechangeto theeigen-
vectorsreturned.Supposewe have a collectionof webpagesthat
contains100pageslinking tohttp://www.algore.com/, and
another103linking tohttp://www.georgewbush.com. The
adjacency matrix � hasall zerosexceptfor the two columnscor-
respondingto thesetwo webpages,thereforetheprincipal eigen-
vector ! ; will have non-zerovaluesonly for algore.com and
georgewbush.com. Figure1(a)presentsa jitteredscatterplotof
links to thesetwo webpages,alongwith thefirst two eigenvectors.
(Only thenon-zeroportionsof theeigenvectorsareshown.) Now,
supposefive new webpagestrickle into our collection,which hap-
pento link to bothalgore.com andgeorgewbush.com. Fig-
ure1(b) shows thenew plot, andwe seethattheeigenvectorshave
changeddramatically, with theprincipaleigenvectornow nearthebdc�e

line. Thus,a relatively smallperturbationto ourcollectionhas
causeda large changeto theeigenvectors.4 If this phenomenonis
pervasive, thenit needsto beaddressedby any algorithmthatuses
eigenvectorsto determineauthority.

4.1 Stability of HITS
It is possibleto give fairly precisecharacterizationsof when

HITS will besensitiveto smallperturbations.HITS usestheprinci-
pal eigenvectorof f * � D � to determineauthorities.It turnsout
that the algorithm’s stability to small perturbationsis determined
by the eigengapof f , which is definedto be the differencebe-
tweenthebiggestandthesecondbiggesteigenvalues.(Recallthat,
if � D �Gg *ih g , then g is aneigenvectorof thematrix � D � , andh the correspondingeigenvalue.) In the sequel,we usea tilde to
denoteperturbedquantities.(For instance, jf denotesa perturbed
versionof f .) Ourstabilityresultsaresummarizedin thefollowing
two theorems:

THEOREM 1. Let f * � D � begiven.Let !�; betheprincipal
eigenvector and k the eigengapof f . Assumethe maximumout-
degreeof everywebpage is boundedby l . For any mon_p , suppose
we perturb the web/citationgraph by addingor deletingat mostq

links fromonepage, where
q�r �(s lEV^tuR s l�� � , where t *mvk�[�� b V s w mx� . Thentheperturbedprincipal eigenvector j!<; of the

perturbedmatrix jf satisfies:yzy ! ; R j! ;
yzy �E{ m (4)|

Thereis nothingspecialaboutthenumber5 here;a smallernum-
beralsoresultsin relatively largeswingsof theeigenvectors.Re-
placing5 with 1, 2, 3, and4 causestheprincipaleigenvectorto lie
at 73,63,58 and55degrees,respectively.

THEOREM 2. Supposef is a symmetricmatrix with eigengapk . Thenthere existsa }~��k�� perturbation5 to f that causesa large
( �I��Mv� ) change in theprincipal eigenvector.

Proofsof theseTheoremsare given in [10]. So, if the eigen-
gap is big, HITS will be insensitive to small perturbations.If it
is small thentheremay be a small perturbationthat candramati-
cally changeits results.Specifically, if theeigengapis small, then
a small perturbationmay causethe principal eigenvector and the
secondaryeigenvectorsto swapplaces.This causesthe“flipping”
phenomenondiscussedin Section6.

4.2 Stability of PageRank
For PageRank,we have thefollowing stability result:

THEOREM 3. Let Q begiven,and let ] betheprincipal right
eigenvectorof �FS2U�V���M�R�SZ��Q�� D . Letarticles/pages � � ��� � � KNKNK ���(�
bechangedin anyway, and jQ bethecorrespondingnew transition
matrix. Thenthenew PageRankscores j] satisfies:y%y

j]�R�] y%y � { w + �/2� � ] )z�S (5)

Thus, assumingS is not too closeto 0, this meansthat if the
perturbed/modifiedweb pagesdid not have high overall PageR-
ankscores(asmeasuredwith respectto theunperturbedPageRank
scores] ), thentheperturbedPageRankscoresj] will notbefarfrom
theoriginal.

The full proof of Theorem3 is given in [10]. But sincethe in-
tuitions from PageRankwill shortly be usedto designchangesto
HITS to improve its stability, we sketchtheproof of Theorem3 in
theremainderof thissection.(Thismaybesafelyskippedonafirst
reading.)

Imaginethe PageRankrandomsurferstartingfrom a randomly
chosenweb page,and following hyperlinksat randomto take a
randomwalk of � * Mv[xS stepson thegraph.We take thechance
of a web pagebeing visited on a typical stepunderthis random
walk procedureto bethePageRankscoreof thatpage.6 Now, sup-
posethatsomeonechangespages� � ��� � � KNK2K ��� � ; in particular, theseq

pagesmaynow link to completelydifferentpagesthanthey had
previously. What is the chancethat our randomsurferwill even
noticethatthesepageshavebeenchanged?Whentakingarandom
walk onthenew graph,somefractionof thetime theuserwill visit
someof theseperturbedpages,andsomefraction of the time the
randomwalk will only visit theunperturbedpages.If we hadbeen
taking the randomwalk on the original (unperturbed)graph,then
on a typical step,the chanceof visiting the perturbedpage � / is] ) � —this was,afterall, thedefinitionof a page’s PageRankscore.
Sothechanceof visiting anyof the

q
perturbedpageson a typical

time stepis at most + �/P� � ] ) � . But theuseris taking � stepsalto-
gether, sothechanceof visiting any of theperturbedpagesatsome
pointon thewalk is at most � + �/P� � ] ) � *,+ �/2� � ] ) � [\S .

Thismeansthat,with chanceM9R + �/2� � ] ) � [\S , a random� -step
walk taken in the original (unperturbed)graph“would have been
exactly the same”randomwalk asif we hadinsteadrun it on the
perturbedgraph.More precisely, thedistribution over � -stepran-
domwalks in bothgraphsdiffer from eachotherby at mostaboutw + �/2� � ] ) � [xS (in “variationaldistance”),andhencethePageRank�
More formally, thereexists a perturbedversionof f , denoted jf ,

sothat

y%y f�R jf y%y � * }~��kd� , where

y%y � y%y � is theFrobeniusnorm.�
Underthe“real” PageRankalgorithm,thechanceof theuser“re-

setting”or “quitting” is S on eachstep,which meansthatnumber
of stepsuntil the next resetfollows a geometricdistribution with
mean Mv[xS . To simplify our discussion,we have imaginedherethat
theresetoccursafterexactly � * Mv[\S steps.



scores(which arejust thedistributionsinducedby thesewalkson
webpages)� in bothgraphsmustalsobesimilar.

The formal versionof this proof usesusesa coupledMarkov
chainsargument,andis given in [10]. But to summarize,so long
as the perturbedpageshave small total PageRankscore,thenthe
chanceof them beingvisited andhenceaffecting an � -stepran-
dom walk is small andonly on the order + �/P� � ] )z� [\S . Note that
astheresetprobability S is decreased,the length � of therandom
walksbecomeslarge,andthechanceof visiting theperturbedpages
increasesagain.Thus,we shouldexpectPageRankwith small S to
becomemore sensitive to perturbations;this is a hypothesisthat
will laterbeexploredin ourexperiments.

5. TWO NEW ALGORITHMS

5.1 RandomizedHITS
Theprecedingdiscussionsuggestsa naturalway of designinga

random-walk basedalgorithmthat is similar in spirit to HITS (and
findsbothhubsaswell asauthorities),andthat, like PageRank,is
stableto smallperturbations.It is asfollows:

Let therebea randomsurferwho is ableto follow hyperlinksin
both the forward andin the backward directions. More precisely,
the surfer startsfrom a randomlychosenpage,and visits a new
webpageatevery timestep.Every timestep,hetossesa coinwith
bias S , and if the coin landsheads,he jumps to a new web page
chosenuniformly at random.If thecoin landstails, thenhechecks
if it is an odd time stepor an even time step. If it is an odd time
step,thenhefollows a randomlychosenout-link from thecurrent
page;if it is aneventimestep,thenhetraversesarandomin-link of
thecurrentpage.Thus,therandomsurferalternatelyfollows links
in the forwardsandin thebackwardsdirections,andoccasionally
“resets”andjumpsto a pagechosenuniformly at random.

This processdefinesa randomwalk on webpages,andthesta-
tionarydistributionon oddtime stepsis definedto betheauthority
weights.(Informally, let � beavery largeoddnumber, chosenlarge
enoughthattherandomwalk hasconvergedto its stationarydistri-
butionby � steps.Theauthorityweightof a pageis thechancethat
thesurfervisits thatpageon time step � .) Similarly, thestationary
distribution on even time stepsis definedto be the hub weights.
Mathematically, thesequantitiescanalsobewritten:! "C$�& �(' * Sv�M�V,��M`RuSZ���ED�J��� 4 "C$ '4 "%$�& �(' * Sv�M�V,��M`RuSZ���E� ��� ! "%$J& �('
where �M is thevectorof all ones,� ���(� is thesameas � with its rows
normalizedto sumto 1, and �E� ��� is � with its columnsnormalized
to sumto 1. Notethesimilarity of theseto theoriginalHITS update
rules(Equations1 and2). It is straightforwardto show thatiterating
theseequationswill cause! "%$ ' and 4 "%$ ' to converge to the odd-
stepand the even-stepstationarydistributions.7 We refer to this
methodas “RandomizedHITS.” By analogyto the proof of the
stability of thePageRankalgorithm[10] reviewed in theprevious
section,it is straightforward to establishrelatedconditionsunder
which RandomizedHITS is insensitive to smallperturbations.

5.2 SubspaceHITS
Thereis asecondwayof improving thestabilityof HITS. Some-

times, individual eigenvectorsof a matrix may not be stable,but
subspacesspannedby eigenvectorsmaybe.For example,it is pos-
sible that thesubspacespannedby (say)thefirst two eigenvectors�
Technically, this calculatesnot the stationarydistribution, but �

timesthestationarydistribution,where� is thenumberof pages.

canbestable,even thoughthe two eigenvectorsmayrotatefreely
within thissubspace.(Recall,for instance,theexamplein Figure1;
underour perturbation,our thefirst two eigenvectorschangedsig-
nificantly, but thesubspacethey spanwasnotchangedatall.)

More generally, if the eigengapbetweenthe
q
-th and

q VXM -st
eigenvaluesis large,thenthesubspacespannedby thefirst

q
eigen-

vectorswill be stable[15]. Thus, one might considerrefraining
from examiningindividual eigenvectors,but insteadtreatingthem
asabasisfor asubspaceto obtainauthorityscores.8 But moregen-
erally, we mayevenwant to allow thecaseof

q * � —sothatwe
useall theeigenvectors—but weightthemappropriately, sothatthe
onescorrespondingto the larger eigenvaluesare given more im-
portance.Considerthefollowing procedurefor calculatingauthor-
ity scores,where �H� � � is a non-negative, monotonicallyincreasing
functionthatwewill specifylater:

1. Find the first
q

eigenvectors g � � KNKNK ��g�� of f * � D � (or�E� D for hubweights),andtheir correspondingeigenvaluesh � � K	KNK � h � .9
2. Let � / bethe � -th basisvector(whose� -th elementis 1, and

all otherelements0). Calculatethe authorityscores! / *+ �) � � �H� h ) �2�F� D/ g ) � � . (This is thesquareof thelengthof the
projectionof � / onto the subspacespannedby g � � KNKNK ��g�� ,
where the projection in the g ) direction is “weighted” by�H� h ) � .)

There are many choicesfor � : If we take �H� h � * M whenh���h������ and �H� h � * p otherwise,wegetbacktheoriginalHITS
algorithm;taking

q * � and �H� h � *ih correspondsto simpleci-
tation counting; if we take �H� h � * M , the authority weight of a
pagebecomes+ �) � � g �) / . In thelastcase,theauthorityweightsde-
pendonly on thesubspacespannedby the

q
eigenvectors,but not

on the eigenvectorsthemselves(see,e.g., [7]). This new method
thusgivesa simpleyet principledway of automaticallycombining
multipleeigenvectorsinto asinglemeasureof authoritativenessfor
eachpage.Wecall thissecondmethodSubspaceHITS. In general,
subspacesaremorestablethanindividual eigenvectors(see[15]),
thereforeit is reasonableto expectthatSubspaceHITS will dobet-
ter thanHITS in certaincases.More specifically, if we useall the
eigenvectors � q * �H� , thenwe have thefollowing, strong,stability
guaranteethatrequiresno assumptionson theeigenvalues:

THEOREM 4. Let � beLipschitzcontinuouswith Lipschitzcon-
stant   ,10 and let

q * � . Let theco-citationmatrix beperturbed
according to jf * f¡V_¢ , where

y%y ¢ yzy � * S ( ¢ symmetric).Then
thechange in thevectorof authorityscoresis boundedasfollows:y%y ! R j!

y%y �E{  £S (6)

Theproofof thetheoremis givenin theAppendix.Notethat,for
computationalreasons,it will frequentlybe morepracticalto useq�r � eigenvectorsasanapproximationto usingthefull set(which
is reasonablesincethis correspondsto droppingthe eigenvectors
with thesmallestweight). In subsequentexperiments,we will takeq * w p and �H� h � *,h � .¤
Note that Kleinberg also discussesusing multiple eigenvectors,

but proposesaskingthe user to interpret individual eigenvectors
ratherthancombiningtheeigenvectorprojectionsinto a singleau-
thority scoreaswe do here.¥
In the caseof repeatedeigenvalues,we assumethe eigenvectors

arechosenorthogonalto eachother.��¦
Formally, this meansthat, for all g���§ , we have that

y �H��g��BR�H��§¨� y {   y g�R©§ y . This is certainlysatisfiedif � hasa first deriva-
tive boundedby   . Note that, even if � doesnot have uniformly
boundedderivativesover theentirereal line, thetheoremwill also
hold so long asthe derivativesareboundedwithin the applicable
domain.



6. EXPERIMENTS
We now presentexperimentalresultscomparingHITS, PageR-

ank, RandomizedHITS, and SubspaceHITS. We useboth aca-
demic papercitation datafrom the Cora databaseand web page
linkagedatabuilt from actualqueries.Section6.1 focuseson the
stability of the four algorithms,andSection6.2 discussesthe “di-
versity” of pagesreturnedin thewebqueryexperiments.

6.1 Stability Results
Our first experimentusedall of the Artificial Intelligence(AI)

papersin Cora. Our resultslargely replicatedthoseof [5], with
HITS returningseveralGeneticAlgorithms(GA) papersasthetop-
rankedones.Theseresults,however, werevery sensitive to pertur-
bation, and indeedunderperturbationwe often found that HITS
omittedtheGA papersandreturnedastop-rankeddocumentssem-
inal papersfrom broaderAI areas.In contrast,PageRankalmost
alwaysreturnedgeneralAI papersasthe top rankedones,andthe
resultswereverystableto perturbation.

HITS resultsonall CoraAI papers:
1 “GeneticAlgorithmsin Search,Optimization...”, Goldberg 4 1 1 4 24
2 “Adaptationin NaturalandArtificial Systems”,Holland 7 2 2 5 460
3 “Geneticprogramming:On theprogrammingof...”, Koza 19 3 3 11 484
4 “Analysisof thebehavior of a classof (GA)”, De Jong 92 4 4 94 566
5 “Uniform crossover in geneticalgorithms”,Syswerda 3895 5 418793
6 “Artificial Intelligencethroughsimulatedevolution”, Fogel+al1708 9 211655
7 “A survey of evolutionstrategies”,Back+al 4087 8 723788
8 “Optimizationof controlparametersfor (GA)”, Grefenstette 5056 6 887934
9 “The GENITORalgorithmandselectionpressure”,Whitley 3629 7 284756
10 “GeneticAlgorithms+ DataStructures= ...”, Michalewicz 34011 10 292643
11 “GeneticProgrammingII: AutomaticDiscovery”, Koza - 10 - - -
2060“Learninginternalrepresentationsby error...”, Rumelhart+al 2 - - 3 -
2061“Learningto Predictby temporal...”, Sutton 5 - - 6 -
2063“ClassificationandRegressionTrees”,Breiman+al 1 - - 1 1
2065“Patternclassificationandsceneanalysis”,Duda+Hart 3 - - 2 2
2087“UCI repositoryof machinelearningdatabases”,Murphy+al 8 - - 7 3
2100“Irrelevantfeaturesandsubsetselection”,John+al 10 - - 9 4
2110“Verysimpleclassificationrulesperformwell”, Holte - - - 10 5
2111“ProbabilisticReasoningin IntelligentSystems”,Pearl 6 - - 8 -
2130“The CN2 inductionalgorithm”,Clark+al 9 - - - -
2134“LearningBooleanConcepts...”, Almuallim+Dietterich - - - - 7
2139“The MONK’sproblems:A performance...”, Thrun - - - - 6
2189“C4.5: Programsfor MachineLearning”,Quinlan - - - - 8
2263“Multi-interval discretizationof continuous...”, Fayyad+al - - - - 9
2304“A conservationlaw for generalizationperformance”,Schaffer- - - - 10

PageRankresultsonall CoraAI papers( �H�u��� � ):
1 “ClassificationandRegressionTrees”,Breiman+al 1 2 3 2 2
2 “GeneticAlgorithmsin search,optimization...”, Goldberg 3 1 2 1 1
3 “ProbabilisticReasoningin IntelligentSystems”,Pearl 2 3 1 3 4
4 “Learninginternalrepresentationsby error...”, Rumelhart+al 4 4 4 4 3
5 “Adaptationin naturalandartificial systems”,Holland 5 5 5 5 5
6 “Patternclassificationandsceneanalysis”,Duda+Hart 6 7 6 6 6
7 “A robustlayeredcontrolsystemfor a mobile...”, Brook+al 7 6 7 7 10
8 “GeneticProgramming:On theprogrammingof...”, Koza 10 9 9 8 7
9 “Learningto predictby themethodsof temporal...”, Sutton 8 8 8 9 9
10 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al9 10 10 10 8

HITS seemedto be unstableprimarily in its flipping between
GeneticAlgorithms (GA) papersandotherpapers.To attemptto
createaslightly morefavorableenvironmentfor HITS,werepeated
theaboveexperiment,but keepingonly theAI papersthatwerenot
GA papers.Weobtained:

HITS resultsonsubsetof CoraAI papers(1steigenvector):
1 “ClassificationandRegressionTrees”,Breiman+al 1 1 1 1 1
2 “Patternclassificationandsceneanalysis”,Duda+Hart 2 2 3 2 2
3 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 4 3 7 3 3
4 “Learninginternalrepresentationsby error...”, Rumelhart+al 3 13 2 28 20
5 “Irrelevantfeaturesandthesubsetselectionproblem”,John+al 7 4 12 4 4
6 “Verysimpleclassificationrulesperformwell...”, Holte 8 5 15 5 5
7 “C4.5: Programsfor MachineLearning”,Quinlan 11 10 14 10 6
8 “ProbabilisticReasoningin IntelligentSystems”,Pearl 6 4594 462461
9 “The CN2 inductionalgorithm”,Clark+Niblett 9 54 11 78 105
10 “LearningBooleanConcepts...”, Almuallim+Dietterich 14 11 34 9 13
11 “The MONK’sproblems:A performancecomparison...”, Thrun - 9 - 6 7
12 “Inferring decisiontreesusingtheMDS Principle”,Quinlan - 8 - 7 8
13 “Multi-interval discretizationof continuous...”, Fayyad+Irani - - - - 10

14 “Learningrelationsby pathfinding”,Ricchards+Moon - 6 - - -
15 “A conservationlaw for generalizationperformance”,Schaffer - 7 - 8 -
20 “The FeatureSelectionProblem:Traditional...”, Kira+Randall - - - - 9
21 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al10 - 5 - -
23 “Learningto predictby themethodof temporal...”, Sutton 5 - 6 - -
36 “Introductionto thetheoryof neuralcomputaion”,Hertz+al - - 8 - -
49 “Explanation-basedgeneralization:a unifying view”, Mitchell - - 10 - -
282 “A robustlayeredcontrolsystemfor a mobilerobot”, Brooks - - 9 - -

HITS resultsonsubsetof CoraAI papers(2ndeigenvector):
1 “Learningto predictby themethodsof temporal...”, Sutton 1 1 4 4 6
2 “Learninginternalrepresentationsby error...”, Rumelhart+al 45 2 8562 4
3 “ProbabilisticReasoningin IntelligentSystems”,Pearl 1093 33 1 5
4 “A robustlayeredcontrolsystemfor a mobile...”, Brook+al 2 4 1 6 1
5 “STRIPS:A New Approachto theApplicationof...”, Fikes+al 4 5 2 8 2
6 “Learningto actusingreal-timedynamicprogramming”,Barto+al 5 6 9 11 75
7 “Neuronlike elementsthatcansolvedifficult...”, Barto+al 7 7 34 17 81
8 “IntegratedArchitecturesfor Learning,Planning...”, Sutton 6 11 13 14 74
9 “Explanation-basedgeneralization:aunify T. M. Mitchell, 37 8 25 7 27
10 “Practicalissuesin temporaldifferencelearning”,Tesauro 10 9 36 29 78
12 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al - - - 9 -
13 “Automaticprogrammingof behavior-basedrobots”,Mahadevan+al 9 - - - -
14 “An implementationof a theoryof activity”, Agre+al - - 6 - -
16 “Patternclassificationandsceneanalysis”,Duda+Hart - - 5 5 -
18 “SOAR: An architectureof generalintelligence”,Laird+al - - - - 3
19 “Introductionto thetheoryof neuralcomputation”,Hertz+al - - - 10 -
28 “ReactiveReasoningandPlanning”,Georgeff+al - - 8 - 8
32 “ClassificationandRegressionTrees”,Breiman+al 3 10 3 3 -
4233 “UCI repositoryof machinelearningdatabases”,Murphy+al 8 - 7 - -

Weseethat,apartfrom thetop2-3 rankedpapers,theresultsare
ratherunstable.For example,Pearl’sbookis originally ranked8-th,
but dropsto rank459on thesecondtrial. Similarly, Brooks’ paper
hasjumpedup from rank282to rank9 on trial three.Theproblem
persistsin thesecondeigenvector. However, this variability is not
intrinsic to theproblem,asshown by PageRank’s results:
PageRankresultsonsubsetof CoraAI papers( ������� � ):
1 “ClassificationandRegressionTrees”,Breiman+al 1 1 1 1 2
2 “ProbabilisticReasoningin IntelligentSystems”,Pearl 3 2 2 2 1
3 “Learninginternalrepresentationsby error...”, Rumelhart+al 2 3 3 3 3
4 “Patternclassificationandsceneanalysis”,Duda+Hart 4 4 4 4 4
5 “A robust layeredcontrolsystemfor amobilerobot”, Brooks 5 6 7 5 5
6 “Maximum likelihoodfrom incompletedatavia...’ Dempster+al6 7 6 6 6
7 “Learningto Predictby theMethodof Temporal...”, Sutton 7 5 5 7 7
8 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 8 9 9 9 11
9 “NumericalRecipesin C”, Press+al 10 12 8 11 8
10 “ParallelDistributedProcessing”,Rumelhart+al 9 14 13 10 9
12 “An implementationof a theoryof activity”, Agre+Chapmanre - 8 10 8 -
13 “IntroductionTo TheTheoryOf NeuralComputation”,Hertz+al- 10 - - -
22 “A RepresentationandLibrary for Objectivesin...”, Valente+al - - - - 10

The largestchangein a document’s rank is a drop from 10 to
14—theseresultsaremuchmorestablethanfor HITS. Closerex-
aminationof theHITS’ authorityweightsrevealsthat its jumpsin
rankingsarenotmerelysmallfluctuationsin authorityweights,but
areindeedlargechanges.ThePageRankscores,on theotherhand,
tendto remainfairly stable.

Wenext presentsomeresultsusingRandomizedHITS andSub-
spaceHITS. Both are more stablethan HITS, thoughSubspace
HITS seemsto performa little worsethanPageRank.

RandomizedHITS resultsonsubsetof CoraAI papers( �H�u��� � ):
1 “Learninginternalrepresentationsby error...”, Rumelhart+al 1 3 3 2 1
2 “ProbabilisticReasoningin IntelligentSystems”,Pearl 4 1 1 1 2
3 “ClassificationandRegressionTrees”,Breiman+al 2 2 2 3 4
4 “Patternclassificationandsceneanalysis”,Duda+Hart 3 4 4 4 3
5 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al5 6 6 6 5
6 “A robust layeredcontrolsystemfor amobilerobot”, Brook+al 6 5 5 5 6
7 “NumericalRecipesin C”, Press+al 7 7 7 7 7
8 “Learningto Predictby theMethodof Temporal...”, Sutton 8 8 8 8 8
9 “STRIPS:A New Approachto ... TheoremProving”, Fikes+al 9 10 10 10 15
10“IntroductionTo TheTheoryOf NeuralComputation”,Hertz+al11 11 9 9 9
11“Stochasticrelaxation,gibbsdistributions,...”, Geman+al 10 9 - - -
12“Introductionto Algorithms”, Cormen+al - - - - 10

SubspaceHITS resultsonsubsetof CoraAI papers( � �u�	��
��<����H��� � ):
1 “ProbabilisticReasoningin IntelligentSystems”,Pearl 4 1 1 1 4
2 “ClassificationandRegressionTrees”,Breiman+al 2 2 2 3 3
3 “Learninginternalrepresentationsby error...”, Rumelhart+al 1 3 3 2 1



4 “A robustlayeredcontrolsystemfor a mobile...”, Brooks 3 4 4 4 2
5 “Patternclassificationandsceneanalysis”,Duda+hart 5 9 5 7 7
6 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al6 7 7 6 6
7 “Learningto predictby themethodof emporal...”, Sutton 8 6 6 5 5
8 “STRIPS:A new approachto ... TheoremPriving...”, Fikes+al 7 5 8 8 9
9 “Explanation-basedgeneralization:a unifying view”, Mitchell+al 9 8 9 9 8
10 “LearnabilityandtheVC dimension”,Blumer+al 50 12 21011 10
11 “Explanation-Basedlearning:An alternativeview”, DeJong+al - 10 10 10 -
12 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 10 - - - -

To comparethefour algorithmsmoreextensively, we performed
testson 50 webquerieson varioustopics(constructedby examin-
ing actualsearchenginequeries).Kleinberg [8] describesamethod
for obtaininga collectionof webpageson which to run HITS. We
useexactly themethoddescribedthere,andperturbthewebpage
collectionin anaturalway.11

Someexamplesof queryresultsareshown in thefollowing four
tables.(A “*” indicatesa pageoriginally in thetop 10,but deleted
by theperturbation.)Noticethat,in thetablebelow, with theexcep-
tion of onetrial, all of theoriginal top10documentswere“flipped”
with somethingoriginally lowerin rank.As discussedin Sections4
and6.2, this flipping phenomenoncanarisefrom perturbationsto
theprincipaleigenvalue,which in turn causestheprincipaleigen-
vectorto swapplaceswith othereigenvectors.

HITS resultsonquery“neuralnetworks”: [long URLs truncated]
1 http://www.neci.nec.com/ * 1 * * *
2 http://researchindex.org/ * 2 * * *
3 http://citeseer.nj.nec.com/cs/ * 3 * * *
4 http://citeseer.nj.nec.com/terms.html * 4 * * *
5 http://citeseer.nj.nec.com/yao93review.html * 5 * * *
6 http://citeseer.nj.nec.com/17901.html * 6 * * *
7 http://citeseer.nj.nec.com/yao91optimizat * 7 * * *
8 http://citeseer.nj.nec.com/yao91simulated * 8 * * *
9 http://citeseer.nj.nec.com/yao93evolution * 9 * * *
10 http://citeseer.nj.nec.com/yao99evolving * 10 * * *
12 http://www.ieee.org/ 1 - 1 1 -
13 http://www.cs.washington.edu/research/jai 8 - 5 - -
14 ftp://ftp.sas.com/pub/neural/FAQ.html 4 - 4 4 -
35 http://www.ieee.org/nnc/ 2 - 2 2 -
36 http://www.okstate.edu/elec-engr/faculty/ 3 - 3 3 -
37 http://www.icsi.berkeley.edu/˜jagota/NCS/ 5 - - 5 -
38 http://www.elsevier.nl/ 6 - - - -
39 http://www.inns.org/ 7 - 6 6 -
40 http://www.ai.univie.ac.at/oefai/nn/nngro 10 - - 7 -
41 http://synapse2.eng.wayne.edu/tpage3.html 9 - 7 - -
44 http://www.emsl.pnl.gov:2080/docs/cie/neu - - - 10 -
48 http://www.classify.org/safesurf/ - - 8 8 -
49 http://www.weburbia.com/safe/ratings.htm - - 9 9 -
50 http://www.nd.com/ - - 10 - -
64 http://www.kcl.ac.uk/neuronet/ - - - - 6
86 http://www.mitgmbh.de/ - - - - 5
195 http://www.kcl.ac.uk/ - - - - 7
230 http://www.kcl.ac.uk/neuronet/about/exec- - - - - 8
231 http://www.kcl.ac.uk/neuronet/about/map/ - - - - 9
232 http://www.kcl.ac.uk/neuronet/about/roadm - - - - 10
381 http://www.ubcom.net/ - - - - 1
382 http://www.brd.net/brd-cgi/sendemail/send - - - - 2
383 http://www.amazon.de/exec/obidos/redirect - - - - 3
384 http://amazon.de/exec/obidos/ASIN/3528064 - - - - 4

ThePageRankalgorithmdoesnotexhibit “flipping.” Thefollowing
table presentsPageRankresultson the samequery. With a few
exceptions,therankingsaremorestableunderperturbation.

PageRankresultsonquery“neuralnetworks” ( ������� � ):
1 http://www.neci.nec.com/ * 1 * * *
2 http://researchindex.org/ * 2 * * *
3 http://www.ieee.org/ 1 4 1 1 1���
Kleinberg [8] first uses a text-based web search engine

(www.altavista.comin ourcase)to retrieve200documentsto form
a “root set,” which is thenexpanded(andfurtherprocessed,for ex-
ampleto ignoreintra-domainreferences)to definethe web-graph
on which HITS operates.Our perturbationsarearrived at by ran-
domly deleting20% of the root set (i.e. imagining that the web
searchenginehadonly returned80%of thepagesit actuallydid),
andthenfollowing Kleinberg’s procedure.

4 http://mathworld.wolfram.com/ 5 3 * 3 5
5 http://www.wolfram.com/ * 5 246* *
6 http://www.cmu.edu/ 2 6 2 2 4
7 http://192.38.71.109/htdig/searchthor.ht 3 * 3 * 2
8 http://www.unibo.it/ 4 9 4 * 3
9 http://citeseer.nj.nec.com/cs/ * 7 * * *
10 http://citeseer.nj.nec.com/terms.html * 8 * * *
11 http://www.okstate.edu/elec-engr/faculty/ 6 10 5 4 -
13 http://www.ubcom.net/ 7 - 6 5 6
14 http://www.brd.net/brd-cgi/sendemail/send 8 - 7 6 7
15 http://dmoz.org/about.html 9 - 8 7 -
16 http://ads.admonitor.net/clicktrack.cgi?F 10 - 9 8 -
17 http://www.deis.unibo.it/ - - 10 - 8
18 http://www.cs.cmu.edu/ - - - 9 9
22 http://www.epfl.ch/ - - - - 10
24 http://www.mathworks.com/ - - - 10 -

Resultsfor RandomizedHITS andSubspaceHITS arelistedbe-
low. Similar to theCoraresults,bothRandomizedHITS andSub-
spaceHITS seemto have comparableperformanceto PageRank.

RandomizedHITS resultsonquery“neuralnetworks” ( ���u��� � ):
1 http://www.neci.nec.com/ * 1 * * *
2 http://researchindex.org/ * 2 * * *
3 http://www.ieee.org/ 1 3 1 1 1
4 http://www.cmu.edu/ 2 4 2 2 6
5 http://192.38.71.109/htdig/searchthor.ht 3 * 3 * 2
6 http://www.ubcom.net/ 4 5 4 3 3
7 http://www.brd.net/brd*cgi/sendemail/send 5 6 5 4 4
8 http://dmoz.org/about.html 6 7 6 5 *
9 http://ads.admonitor.net/clicktrack.cgi?F 7 8 7 6 *
10 http://www.ieee.org/nnc/ 8 9 8 8 *
11 http://www.unibo.it/ 9 10 9 - 5
12 http://www.cs.cmu.edu/ 10 - 10 7 8
13 http://www.deis.unibo.it/ - - - - 7
14 ftp://ftp.sas.com/pub/neural/FAQ.html - - - 9 -
15 http://www.erudit.de/erudit/index.htm - - - - 9
16 http://www.iau.dtu.dk/˜jj/address.html - - - - 10
17 http://www.okstate.edu/elec-engr/faculty/ - - - 10 -

SubspaceHITS resultsonquery“neuralnetworks” ( � �u�	��
��<J������� � ):
1 http://www.neci.nec.com/ * 1 * * *
2 http://researchindex.org/ * 2 * * *
3 http://www.ieee.org/ 1 3 1 1 1
4 http://www.cmu.edu/ 2 4 2 2 5
5 http://www.ubcom.net/ 3 5 3 3 2
6 http://www.brd.net/brd-cgi/sendemail/send 4 6 4 4 3
7 http://dmoz.org/about.html 5 7 5 5 *
8 http://ads.admonitor.net/clicktrack.cgi?F 6 8 6 6 *
9 http://www.ieee.org/nnc/ 7 9 7 7 *
10 http://www.unibo.it/ 8 10 8 * 4
11 http://www.deis.unibo.it/ 9 - 9 - 6
12 ftp://ftp.sas.com/pub/neural/FAQ.html - - - 9 -
13 http://mathworld.wolfram.com/ - - - 8 10
14 http://www.erudit.de/erudit/index.htm 10 - 10 - 8
15 http://www.iau.dtu.dk/˜jj/address.html - - - - 9
16 http://www.slac.stanford.edu/˜rhatcher/ - - - 10 -
20 http://www.cs.cmu.edu/ - - - - 7

Notethatrankingsfor all four algorithmsappearlessstablethan
thosefrom theCoradataset.This is largely anartifactof theway
we perturbthe web datasets.In the Coraexperiments,removing
a paperfrom the datasetdoesnot remove any of the paperscited
by or citing it. In thewebquerycase,eachdeletedroot pagealso
removes its surroundinglink structure. (Seefootnote11.) This
typeof perturbationmoreaccuratelymodelsthescenarioof search
enginesmissingcertainpages,but is alsoa muchharsherform of
perturbationin which a large componentof the graphcan be re-
moved all at once. Underdifferentperturbationmodels,we also
obtainresultscloserto theCoraones(for instance,in which there
wasmuchless“flipping” of HITS’ eigenvectors.)

To get a betterideaof the flipping patternof eigenvectors,we
countthenumberof toptenpageswhichdropin rankingdrastically
in eachtrial. (Becauseour collectionsareperturbedby deletions
ratherthaninsertions,largerisesin rankingarerarefor all four al-
gorithms. Thereforelarge drops in rankingaremoreinteresting.)
Thereare50 total webqueries,and5 trials areperformedfor each
query. The histogramcountsin Figure2 representthe numberof
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Figure 2: “Flip” count histograms for the four algorithms,
showing how fr equently ª pagesoriginally in the top 10 fall out
of the top 20after perturbation, for ª * M�� KNK	K �NM	p .

S HITS SubspaceHITS PageRank Rand HITS
0.2 21.20% 16.56% 17.00% 14.08%
0.1 21.20% 16.56% 18.40% 13.88%
0.05 21.20% 16.56% 19.96% 13.92%
0.02 21.20% 16.56% 20.52% 14.16%
0.01 21.20% 16.56% 19.72% 14.40%

Table1: Expectedpercentageof rank dropswith decreasing S .
top ten pagesthat drop below rank 20, i.e., if 8 out of the top 10
pagesdropbelow rank20 in a certaintrial for PageRank,thenbin
8 in thePageRankhistogramgetsincrementedby 1. We call these
plots “flip histograms.” In Figure2, we excludethe0 bin in order
to highlight thetrials wheresomethinggoeswrong. Fromthefig-
ure,we canseethatHITS is muchmorelikely thanPageRankand
RandomizedHITS to have largenumbersof pagessimultaneously
dropto low rankings,thoughPageRankandRandomizedHITS are
alsomorelikely to have at leastonesuchdrop on any given trial.
More specifically, out of 250 trials, 8 to 10 pagesdroptogetherin
49 HITS trials; this numberincreasesto 73 for the secondeigen-
vectorof HITS. Thenumberof trials on which this occursis 4 for
bothPageRankandRandomizedHITS. For SubspaceHITS, when�H� h � *«h or �H� h � *:h � , the histogramis similar to PageRank
andRandomizedHITS. But aswe change� to �H� h � *�h a (sothat
it grows fasterwith h ), it behavesincreasinglysimilarly to HITS.
This is no surprisegiven that, as the degreeof � increases,Sub-
spaceHITS givesincreasingweightto theprincipaleigenvector.

Notethata flip histogramis in fact theempiricaldistribution of
thenumberof rankdropsin atrial. In Table1,weshow theeffectof
theresetprobability S ontheexpectationof thepercentageof pages
thatsuffer rankdropsunderthisempiricaldistribution. For PageR-
ank, rank drop expectationsincreaseas S increases,whereasfor
RandomizedHITS, theexpectationonly fluctuatesslightly. Since
HITS andSubspaceHITS do not involve resetting,their expecta-
tionsarenotaffected.

6.2 Multiple ConnectedComponents
A closerexaminationof thewebqueryresultsdraws our atten-

tion to thequestionof the“diversity” of thepagesreturned.Ignor-
ing thestability issuefor now, we noticethatthealgorithmsreturn
pageswith a different“range” in thenumberof domains.The ta-
blesbelow presentresultsfrom HITS andPageRankon thequery
“SQL tutorial.” All thetoptenpagesreturnedby HITS arefrom the
samesite,andarethereforenot very usefulevenhadthe rankings
beenstable.12 PageRank,ontheotherhand,returnsawidervariety� � Pagesfrom thesamesite tendto beheavily linked to eachother,
andthereforeareknown to “trap” authorityandhubscores.Avoid-
ing “rank traps” is oneof the original designmotivationsbehind
PageRank[3]. Kleinberg [8] suggestsavoiding this problemby

of web pages.The questionof variety is probablynot ascrucial
asstability, but theexampleleadsusto considerthedifferentalgo-
rithms’ behavior whentherearemultiple “connectedcomponents”
in thelinkagegraph.
HITS resultsonquery“sql tutorial”:
1 http://www.internet.com/ 1 1 36 14 1
2 http://www.internet.com/sections/download 2 2 37 15 2
3 http://www.internet.com/sections/internat 3 3 38 16 3
4 http://www.internet.com/sections/isp.html 4 4 39 17 4
5 http://www.internet.com/sections/it.html 5 5 40 18 5
6 http://www.internet.com/sections/marketin 6 6 41 19 6
7 http://www.internet.com/sections/news.htm 7 7 42 20 7
8 http://www.internet.com/sections/resource 8 8 43 21 8
9 http://www.internet.com/sections/stocks.h 9 9 44 22 9
10 http://www.internet.com/sections/webdev.h 10 10 45 26 10
2033 http://welcome.hp.com/country/us/eng/term - - 1 1 -
2034 http://welcome.hp.com/country/us/eng/welc - - 2 2 -
2035 http://welcome.hp.com/country/us/eng/howt - - 3 3 -
2036 http://welcome.hp.com/country/us/eng/priv - - 4 4 -
2037 http://welcome.hp.com/country/us/eng/prod - - 5 5 -
2038 http://welcome.hp.com/country/us/eng/solu - - 6 6 -
2039 http://welcome.hp.com/country/us/eng/supp - - 7 7 -
2040 http://welcome.hp.com/country/us/eng/cont - - 9 9 -
2041 http://www.hp.com/go/search-us-eng/ - - 8 8 -
2042 http://www.hp.com/go/smartfriend/ - - 10 10 -

PageRankresultsonquery“sql tutorial” ( ���¬��� � ):
1 http://search.intraware.com/search.html 1 1 1 1 1
2 http://jazz.external.hp.com/ * 1572 1155 2 2
3 http://www.hp.com/go/search-us-eng/ * 2 3 3 3
4 http://www.yahoo.com/ 2 4 2 5 4
5 http://jump.altavista.com/ff.go * 3 4 4 *
6 http://www.sun.com/ 8 10 18 16 22
7 http://www.altavista.com/ 109 5 5 6 132
8 http://www.goto.com/ 3 15 6 22 5
9 http://welcome.hp.com/country/us/eng/term * 20 22 7 6
10 http://welcome.hp.com/country/us/eng/welc * 21 23 8 7
11 http://www.webring.org/cgi-bin/webring?ri 4 - 7 - 8
12 http://www.webring.org/cgi-bin/webring?ri 5 - 8 - 9
13 http://www.webring.org/cgi-bin/webring?ri 6 - 9 - 10
14 http://u.extreme-dm.com/?login=astentec 7 - 10 - -
15 http://v1.nedstatbasic.net/stats?AAlCJgnm 9 - - - -
16 http://welcome.hp.com/country/us/eng/howt - - - 10 -
23 http://www.wiwi.uni-frankfurt.de/ 10 - - - -
42 http://www.sqlcourse.com/ - 6 - 9 -
50 http://www.webreference.com/ - 7 - - -
54 http://ecommerce.internet.com/ - 8 - - -
59 http://www.sqlcourse2.com/ - 9 - - -

A connectedcomponentof a graphis a subsetof nodeswhose
elementsare connectedvia length � M pathsto eachother, but
not to the restof the graph. The eigenvalueof a connectedcom-
ponent  is the largesteigenvalue of � D ® � ® (cf. � D � usedby
HITS), where � ® , a submatrixof � , is the adjacency matrix of . If a graphhasmultiple connectedcomponents,thentheprinci-
pal eigenvectorof � D � will have non-zerovaluesonly for nodes
from the “largest”connectedcomponent(moreformally thecom-
ponentwith thelargesteigenvalue). (See,e.g.[4].) Therefore,un-
lesstheeigenvalueis sharedamongseveralconnectedcomponents
(which, as explainedin Section7, would renderthe eigenvector
unstable),eachHITS eigenvectorwould only representonepartof
thegraph.On theotherhand,analgorithmwith a universalreset-
ting probability obtainsits principal eigenvectorby concatenating
(andpossiblyweighting)theresultsfrom all of theconnectedcom-
ponents.13 Therefore,PageRankandRandomizedHITS returnre-
sultsfrom a wider varietyof domains,while HITS concentratesits

ignoring intra-domainlinks to prunedown this kind of falseau-
thority propagation.We have indeedfollowed Kleinberg’s design
in our experimentsandprunedall links pointing to pageson the
samedomain,thoughmultiple links from anotherdomainarestill
allowed,andmayaccountfor theinclusionof pagesfrom thesame
sitein our results.��a
For example,if a graphhastwo connectedcomponents � and � , thenPageRankrun on the entiregraphgives the sameresult

asrunningit separatelyon  � andon  � , andthenconcatenating



S HITS SubspaceHITS PageRank Rand HITS
0.2 8.59 8.97 9.38 9.49
0.1 8.59 8.97 9.32 9.48
0.05 8.59 8.97 9.26 9.48
0.02 8.59 8.97 9.23 9.44
0.01 8.59 8.97 9.24 9.41

Table2: Averagenumber of differ ent sitesfr om top 10pages.

strengthon the mostpopularcluster. SubspaceHITS attemptsto
broadenits scopeby usingmultiple eigenvectors,so thatdifferent
connectedcomponentscan be included. Of course,the previous
discussionassumesthe graphcontainsmore than one connected
component.If theentiregraphis connected,thenHITS would not
have to worry aboutany of theabove problems.However, empir-
ical datafrom the web query experimentsdo indeedsuggestthe
presenceof multiple connectedcomponentsin the graph. For ex-
ample,considerthe queryresultson “neural networks” presented
in the last section.Without any perturbations,the top two ranked
pagesfor all four algorithmsarewww.neci.nec.com andre-
searchindex.org, bothof which areremovedin trials 1, 3, 4,
and5. All four algorithmsthenreturnwww.ieee.org asthetop
rankedpagein thosetrials. This is in factthetoprankedpagein the
secondeigenvectorof HITS.All thetoprankedpagesin theoriginal
principaleigenvectorof HITS arefrom thesameremoved“cluster,”
whereasPageRank,RandomizedHITS, andSubspaceHITS also
includepagesfrom otherclusters,andasa resultsuffer lessimpact
from thecluster’s removal.

Table2 lists theaveragenumberof differentsites/domainsrep-
resentedin thetop 10 pagesfor eachalgorithm.Notetheeffect of
decreasingtheresetprobability S : PageRank’saveragedecreasesasS decreases,indicatingthatthe“diversity” of resultsis decreasing;
RandomizedHITS’ diversityalsodecreases,butnotasmuch.HITS
andSubspaceHITS arenot affectedasneitherinvolvesresetting.

7. LSI AND HITS
In this sectionwe descibean interestingconnectionbetween

HITS andLatentSemanticIndexing (LSI) [6] that providesaddi-
tional insightinto our results(seealso [5, 13]). In LSI acollection
of documentsis representedasa matrix � , where � ) / is 1 if doc-
ument � containsthe � th-word of thevocabulary, and0 otherwise.
LSI computestheleft andright singularvectorsof � (equivalently,
the eigenvectorsof �G� D and � D � ). For example,the principal
right singularvector, which we denoteg , hasdimensionequalto
the vocabulary size, and g / measuresthe “strength” of word � ’s
membershipalongthe g -dimension.Theinformalhopeis thatsyn-
onymswill begroupedinto thesamesingularvectors,sothatwhen
a document(representedby a row of � ) is projectedontothesub-
spacespannedby thesingularvectors,it will automaticallybe“ex-
panded”to includesynonymsof wordsin thedocument,leadingto
improvedretrieval.

Considerconstructingthefollowing citationgraphfrom a setof
documents.Let therebeonenodefor eachdocumentandonefor
eachword. Let eachdocumentnodelink to all thewordsthatap-
pearin it, andlet ¯� betheadjacency matrixof thisgraph.If weap-
ply HITS to thisgraph,wefind thatonly thedocument-nodeshave
non-zerohub weights(sincethe word-nodesdo not link to any-
thing) andonly the word-nodeshave non-zeroauthorityweights.
Moreover, thevectorof HITS word authorityweightsis exactly g ,
thefirst right singularvectorfoundby LSI. In thissetup,anauthor-

the results(weighting  � ’s nodes’valuesby

y  � y [°� y  � y V y  � y � ,
and similarly for  � , where

y  ) y is the numberof web pagesin
connectedcomponent ) ).

Original vector Perturbed vectors
1 offici 1 against 1 news
2 kill 2 todai 2 member
3 against 3 talk 3 govern
4 death 4 mondai 4 negoti
5 year 5 report 5 talk
6 govern 6 member 6 peopl
7 israel 7 critic 7 agenc
8 west 8 london 8 report
9 soviet 9 publish 9 israel

10 british 10 american 10 offic
11 isra 11 kill 11 chairman
12 palestinian 12 district 12 meet
13 di 13 peopl 13 isra
14 member 14 fridai 14 u
15 capit 15 british 15 palestinian
16 bank 16 west 16 began
17 communist 17 book 17 newspap
18 london 18 communist 18 condition
19 arab 19 union 19 presid
20 associ 20 death 20 american

Table 3: Authoritati ve words fr om AP articles.

itative word is a commonlyusedword,andconnectedcomponents
in thelinkagegraphindicatedistinctdocumenttopics.

This connectionallows us to transferinsight from experiments
on LSI to our understandingof HITS. In this vein, we carry out
anexperimenton theAssociatedPress(AP) portionof theTREC
volume 1 corpus. In order to obtain non-trivial word authorities
thewordswerestemmedanda stoplist wasused.We useda vo-
cabulary sizeof 1500wordsand2000articles,thathadanaverage
lengthof 72 words. We first ranLSI/HITS on theentiresetof ar-
ticles, keepingthe top 20 authorityvectors,i.e. the first 20 right
singularvectors.Thenwe randomlyremoved30%of thearticles,
andrecalculatedtheauthorityweights.

The resultsshow setsof authoritative words which areunions
of authoritative wordsfrom differenttopics. As discussedin Sec-
tion 6.2, linearcombinationsof topics/connectedcomponentscan
occur when the subcomponentshave roughly equaleigenvalues.
Becauseof thesmalleigengap,linearcombinationsof eigenvectors
aremuchmoreunstableunderperturbation.This is demonstrated
in Table3, wherewordsfrom the 13th original eigenvectororigi-
nally containswordsfrom both the Israeli-Palestinianmiddle-east
conflictandBritish politics,but is split into eigenvectors13and14
underperturbation.In perturbedeigenvector13, themain topic is
British politics, andwordspalestinianand israel drop to ranks59
and77,respectively; in perturbedeigenvector14, themaintopic is
middle-eastconflicts,with thewordbritish droppingto rank197.

This examplealso illustratesthe dangerof defining “semantic
directions” for individual eigenvectors. In the presenceof multi-
ple topics/connectedcomponents,eigenvectorscould be a linear
combinationof the authoritative nodesfrom different topics,and
thecombinationcanbevery sensitive to smallperturbations.It is
muchsaferto look at a subspace,asis donein LSI andSubspace
HITS.

8. SUMMARY
In this paper, we analyzedthe stability of HITS andPageRank

to smallperturbationsof adocumentcollection.Basedonourfind-
ing that the stability of PageRankstemsfrom its usageof a “re-
set” to the uniform distribution, we proposedRandomizedHITS,



which retainsthehubs-and-authoritiesnotionof influentialarticles
of HITS,± but which is morestableto perturbation. We alsopre-
senteda secondalgorithm, SubspaceHITS, that is motivatedby
theobservation thatsubspacesspannedby a few eigenvectorsmay
sometimesbe stableeven when individual eigenvectorsare not.
This algorithm may alsobe viewed asa principledway of com-
bining multiple HITS eigenvectors. We alsoreportedon the em-
pirical performanceof the four algorithms,andexploredthe issue
of “diversity” of the resultsreturnedby the algorithms,focusing
on thesettingof webgraphswith multiple connectedcomponents.
Finally, connectionsbetweenLSI andHITS werediscussed.
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Appendix: Proof of Stability of SubspaceHITS
Let � be a Lipschitz continuousfunction with Lipschitz constant  . Givenaco-citationmatrix f * � D ��²T³�´�µ¨´ , wefirst take the
singularvaluedecompositionof f to obtain f * UI¶7U D , where

¶ * diag��· � � KNKNK ��· ´ � . Define �H��¶`� to be the diagonalmatrix
whose �������(� -elementis �H��¶ )z) � . We calculate� * UI�H��¶`�¸U D , and
definetheauthorityof page� to be ! ) * � D) �G� ) (where� ) is the � -th
basisvector).Notethatthediagonalof � containsall theauthority
scores.The readermayeasilyverify that this is equivalent to our
previousdefinitionof ! ) *,+Y/ �H��· / �2��¹ D/ � ) � � where¹ / is the � -th
columnof U .

Let jf * f�Vº¢ , andlet jU , j¹ ) , j¶ , j· ) , j� , and j! ) beall thecorre-
spondingperturbedquantities.Let S * y%y ¢ y%y � . By the invariance
of Frobeniusnormto unitarytransforms:y%y jU D f£UWR»jU D jf£U y%y � * yzy jU D ��f¼R½jf¾�¸U y%y � * y%y ¢ y%y � * S K (7)

Now, the ������� � -elementof thematrix jU D f£U>R½jU D jf£U is:

j¹ D) f�¹ / R j¹ D) jf�¹ / * j¹#D) UI¶7UED�¹ / R j¹#D) jU¼j¶¼jUEDH¹ / (8)* j¹#D) UG· / � / R��vD) j· ) jUEDH¹ / (9)* ��· / R j· ) � j¹�D) ¹ / K (10)

Substitutingthis backinto Equation(7), we have that+ ´) � � + ´/2� � ��· / R j· ) � � � j¹ D) ¹ / � � * S � K (11)

Now, treatingthecolumnsof U and jU astwo basesfor ³ ´ , for
each

q * Mx� KNKNK ��� , we let t " � '/ and jt " � ') bethebasisexpansionsof�\� in thesetwo bases.i.e., t " � '/ * � D � ¹ / , and jt " � ')¿* � D� j¹ ) , sothat�\� *,+ ´/2� � t " � '/ ¹ / and �x� *.+ ´) � � jt " � ') j¹ ) . NotealsothatÀ ´/2� �¨Á " � '/ Á "CÂ '/ �_Ã2Ä � �uÅ�Æ\
 À ´) � ��ÇÁ " � ')«ÇÁ "%Â ') �_Ã2Ä � ��Å�Æ (12)

LEMMA 5. Let ÈÊÉ�ËdM�� KNKNK ���HÌuÍWË Mx� KNKNK ����ÌXÎ8Ï³ satisfy+ ´) � � + ´/P� � ��ÈÐ������� ��� � {YÑ � . Then

+ ´ � � �`Ò + ´) � � + ´/P� � jt " � ') t " � '/ ÈÐ������� �ÔÓ � {YÑ � K (13)

Proof. View È , whosedomainhas� � elements,asavectorin ³�´�Õ .
Also define Ö " � ' , given by Ö " � ' �����(� � * jt " � ') t " � '/ to be another
vector in this space.Using Equation(12), it is easyto show that+ ´) � � + ´/P� � Ö " � ' �����(� ��Ö "%Â ' ������� � * MvË q *6× Ì , sothatthevectorsÖ " � ' in fact form anorthonormalbasisfor an � dimensionalsub-
spaceof ³ ´ Õ . In ³ ´ Õ , the preconditionin the Lemmais exactly
that “

y%y È y%y � {XÑ .” Moreover, the innerproductof È and Ö " � ' isØ Ö " � ' �ZÈÚÙ * + ´) � � + ´/2� � jt " � ') t " � '/ ÈÐ�����(� � K Sincethe projection
of a vectoronto somesubspacecan be no longer than the origi-

nal vector, we have + ´ � � �9Ò Ø Ö " � ' �ZÈÚÙÔÓ � { y%y È yzy �� {ÛÑ � , which

provesthelemma. Ü
Proof of Theorem4. Wehave thefollowing:y%y ! R j!

y%y �� *I+ ´� � � � ! �ÝR j! �x� � *.+ ´� � � �F� D � �G�\�ÝRu� D� j�Ý�\��� � (14)*,+ ´� � � Ò + ´) � � + ´/2� � jt " � ') t " � '/ ���H��· / ��R��H� j· ) ��� j¹ D) ¹ / Ó � (15)

Define ÈÐ������� � * ���H��· / �HRu�H� j· ) ��� j¹ D) ¹ / . UsingtheLipschitzcon-
dition on � , we have:+ ´) � � + ´/P� � ��ÈÐ������� ��� � * + ´) � � + ´/2� � ���H��· / ��R��H� j· ) ��� � � j¹ D) ¹ / � �{ + ´) � � + ´/2� �   � y · / R j· )

y � � j¹ D) ¹ / � �*   � S � �
wherethe last stepusedEquation(11). Applying Lemma5 withÑ � *   � S � , we thereforeconcludethatÞCÞ ßÝà Çß¨ÞCÞ ��¬á À ´ � � �ãâ À ´) � � À ´/P� �ãÇÁ " � ') Á " � '/åä �æÔ
Jç���è � á©é � � � Ü


