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Abstract

This paper is concerned with the problem of subop-
timal stable mixed H2/H., control for linear time-
invariant systems. The designed controllers are re-
quired to satisfy a prescribed H,, performance bound
or a prescribed degree of stability. By reducing the
stable controller synthesis problem to a multiobjec-
tive state feedback control problem for two different
state models, sufficient conditions for the solvability of
the considered problem are given in terms of solutions
to algebraic Riccati equations and matrix inequalities.
LMI-based iterative algorithms are developed to solve
- the stable controller synthesis problem. All of the pro-
posed algorithms are shown to be convergent. An ex-
ample is given to illustrate the proposed methods.

Keywords: Linear systems; dynamic output feedback;
mixed Hy/H,, control; stable controller; LMI.

1 Introduction
The problem of designing a stable controller to stabilize
a given plant with some performance specifications has
been extensively investigated by a number of authors,
see [2], [5], [6]-[8] [11], {13]-[18]. In {16}, it has been
shown that a necessary and sufficient condition for the
existence of a stable stabilizing controller is the parity
interlacing property. A plant P is said to satisfy the
parity interlacing property if the number of poles of P
between any pair of real right half-plane blocking zeros
is even. Some procedures for constructing stable sta-
bilizing controllers are given in [12, 16], which involve
the construction of a unit in H, satisfying certain in-
terpolation conditions that may result in very large or-
der controllers. For the stable H,, controller design,
a method using a state space approach is proposed
in {11]. In [6], sufficient conditions are also obtained
for the synthesis of SISO finite dimensional suboptimal
stable H,, controllers by converting the problem into a
Nevanlinna-Pick interpolation problem. In {18}, a suffi-
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cient condition for the existence of a stable suboptimal
H,, controller is derived in terms of positive definite
stabilizing solution to a certain algebraic Riccati equa-
tion. However, the order of the designed controller is
two times that of the plant. A result proposing sta-
ble H,, controllers which have the same order as the
plant is given in [17], and the H,, performance of the
stable H,, controllers is investigated. More recently,
a method of designing a stable H,, controller is also
given by using the Riccati equation approach, where
the designed controller is of the same order as that of
the plant, and satisfies the same H,,-norm bound as
that of the resulting closed-loop system [2]. For the
problem of designing stable Hy controller, [5] presents
an algorithm which requires the minimization of a non-
linear objective function with nonlinear inequality con-
straints. Based on the cost function modification, a
sufficient condition for the stable H, control problem
is given in {13]. The method is also extended to the de-
sign of a stable controller for mixed H,/H,, problem

(8].

This paper will be concerned with the problem of de-
signing suboptimal stable mixed Hy/H,,, controllers for
linear time-invariant systems. The controller to be de-
signed is required to satisfy a prescribed H,, perfor-
mance bound or a prescribed degree of stability. The
stable controller synthesis problem is reduced to a mul-
tiobjective state feedback control problem for two dif-
ferent state models. New sufficient conditions for the
solvability of the problem are given in terms of solu-
tions to Riccati equations and matrix inequalities by
solving the multiobjective state feedback control prob-
lem. [Iterative algorithms are developed to solve the
stable controller synthesis problem. All of the proposed
algorithms are shown to be convergent, and the numer-
ical example illustrates the advantage of the proposed
algorithms. The paper is organized as follows. Sec-
tion 2 formulates the problem under consideration and
gives some preliminaries. The suboptimal stable mixed
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H,/H, control problem is addressed in- Section 3. A
numerical example is given in Section 4.

2 Problem statement and preliminaries
Consider a linear time-invariant system ¥ described by
equations

s: t=Az + Byw + Bau (1)
20=Coz + Dou : 2)
zn=Cz+Div 3
y=Caz + Daw (4)

where £ € R" is the state, © € R™ is the control in-
put, y € R? is the measured output, w € R" is the
disturbance inputs, and zp € R™ and 2; € R™ are the
outputs to be regulated. The dynamic output feedback
controller K is given by

K: £=Akt + Bky (5)
u=Ck€+ Dky (6)

where £ € R. " The resulting closed-loop system X,
with the controller K is described as follows

C B Fo=AeZe + Bew )
29 =CpeZe + Joew (8)
21 =CheTe + J1ew (9)

where z. = [z7 ¢7)7,

‘A __{A+BQDKC2 BzCK]
o=

BgCs Ak
B.= [B] + BzDKD2]
Bk D,
Coe=[Co+ DeDxCy DoCxkl, Joe=DoDgD,
Ci.=[C1 + D1DgC> DiCk], Jie=D1DgD>

By [9], the mixed Hy/H, performance measure
J(2, K,7) of the stable system X, is defined as follows

if Jg Oe 5é 0
otherwise

00,
J(E, K; 7) = { 'n—ace(C’oBYCg;), (10)

where Y > 0 is the stabilizing solution to the following
algebraic Riccati equation

AY +YAT + (YCOL, + BeJL) (v — JheJT) !
x(YCE + B.JL)YT +B.BT =0 - (11)

Definition 2.1: A symmetric matrix Xj is said to be
a stabilizing solution to the Riccati equation ATX +
XA—-XMX+ N = 0if it satisfies the Riccati equation
and the matrix A — M X, is stable.

Then the problem under consideration is as follows.

Suboptimal B-stable mixed Hy/H,, control prob-
lem: Given constants v > 0, @ > 0 and 8 > 0, find

a stable controller K with ||K(s)llcc < B such that

" the closed-loop system X, is internally stable and the

mixed Hs/Ho, performance measure J(X, K,«) of the
closed-loop system X, satisfies J(Z, K, v) < a.

By imposing the constraint of an H,, performance
bound on the designed controller, the robust stabil-
ity of the closed-loop system may be guaranteed. The
problem of designing a stable H,, controller to satisfy
an H,, performance was considered in [17], and [2] for
the special case.y = (3, respectively. When 8 is suf-
ficiently large, the above suboptimal B-stable mixed
H,/H,, control problem becomes one of designing a
stable Hy/H,, controller. In the sequel, the more gen-
eral problem of designing an Hy/H,, controller with
the prescribed degree of stability r will also be ad-
dressed. If there is no constraints of K being sta-
ble and ||K|{lcc < B, then the problem is reduced to
the mixed Hy/H,, control problem considered in [9].
In particular, [9] has shown that for a given v > 0,
the computation of the optimal mixed Hz/H,, perfor-
mance Jop:(X,v) and the construction of a suboptimal
compensator can be approached via convex optimiza-
tion, where

Jopt(Z,7) =l%f{ J(Z,K,7) : | Tew(E) oo <y and
A, is stable’} (12)

with the transfer function T%,,,(K) being defined by
Tz;w(K) = ch + Cle(s-I - Ac)—lBe (13)

The following assumptions will be used in the sequel.
Assumption Al: The triple (Cs, 4, Bp) is stabiliz-
able and detectable.

Assumption A2: The pair (4, B) is stabilizable.
Assumption A3: D,[Bf DI|=[0 I].

3 Stable mixed H,/H,, controller design

In this section, we will present new sufficient condi-
tions for the solvability of the suboptimal stable mixed
H,/H,, control problem, and an algorithm will be
proposed to minimize the mixed Hy/H,, performance
J(Z, K, ) under the constraints of K being stable and
K|l < B. The proofs are omitted, see [15] for the
details.

Suppose that the Riccati equation
1
AY+YAT+Y(;2-CITCI ~C7C)Y +B1BT =0 (14)

has a stabilizing solution Y > 0 for v > 0. Define the
auxiliary systems Yy and X xy as follows:

Ty : z=Anz + Byyw + Basu (15)
zyo= Cozx + Dou (16)
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zy1=C1z + Diu 17
Yky: =A% + Byyw + Baou (18)
ZK1=uU (19)

where Cy, Dy, C; and D, are the same as in (2) and
(3), and

A=A+ :/%ch‘cl (20)

Bu=YCj (21)
1 .

By =B + ?YC}" Dy (22)

A=A+ glgycfc1 -YCrC, (23)

Then we have the following lemma.

Lemma 3.1: If there exists a common state feed-
back gain Ck for the systems Xy and Xky such
that both Aj;y + ByCx and Ajs + B22Ck are
stable, J(Zy,Ck,7) < a — Trace(CoYCF), and
ITky (8,Cx)llec < B, then the dynamic output feed-
back controller K described by (5) and (6) with the
Ck and

Ag = A1z + B»Cx, Bx=Bn=YCj, Dg=0

, (24)
solves the suboptimal 3-stable mixed Hy/H,, control
problem, where

Tky(s,Ck) = Ck(sI — AK)—IBK (25)

The key idea here lies in the construction of the two
auxiliary systems Yy and T gy, especially L xy. The
system Xy is constructed in [9] for solving the subop-
timal mixed Hy/Ho, output feedback control problem,
which reduces the original outut feedback control prob-
lem into a state feedback control problem for ¥y. No-
tice that the designed controller can be given by (24),
the matrices A;2, B2 and By, are defined by (21)-(23)
and only one parameter matrix Cx is to be determined
such that || K(s) o< B8 (K(s) = Tky(s,Ck)). So
the auxiliary system Xy is constructed to reduce the
problem of finding a gain C such that || K(s) {lo< 8
into a state feedback control problem for X xy. Thus,
the suboptimal 3-stable mixed Hy/H, control prob-
lem cab be reduced to the problem of finding a state
feedback gain Ck such that both the mixed Ho,/H,
state feedback control problem for Ly and the H,
state feedback control problem for ¥y are solved by
the same Ck. This implies that the stable controller
synthesis problem can be reduced to the multiobjec-
tive state feedback control problem for the two differ-
ent systems Ly and Tgy. This approach differs from
all previous existing approaches to the stable control
design problem in [11], [6], [18], [17], [2], [13] and [8].

First, a sufficient condition for the solvability of the

suboptimal 3-stable mixed Hz/H, control problem is
given in the following theorem.

Theorem 3.2: Consider the system ¥ described by
equations (1)-(4). Let ¥ > 0, @ > 0 and 8 > 0 be given
constants. Suppose the following

(i) Assumptions A1-A3 hold;

(ii) The Riccati equation (14) has a stabilizing solution
Y >0

(iif) There exist matrices X > 0, @ > .0 and W such
that the following inequalities hold

M, xcf +wTpT
[C.IX oW —pr <0 ()
-Q CoX + DoW
[Xc“of +WTDT  -X ] <0 @)
Trace(Q) < a — Trace(CoY CY) (28)
M, WT
{W" —621]<0 (29)

where Au, Bu, ng and A12 are as defined in (20)~(23),
M,=AnX+ XA{] + Boo W + WTBng + BuB’lTl and
My = A12X+XA{2 + By W+ WTB;TZ +B11BY,. Then
the dynamic output feedback controller K described by
(5) and (6) with (24), and

Cxk=WwXx? (30)

solves the suboptimal (-stable mixed H,/H,, control
problem.

Note that (26)-(28) are the conditions for .solving
the suboptimal mixed H,/H,., control problem, and
(29) for |Tky(s,Ck)lloo < B (hence |[K(s)[loc < B).
For the case of designing a stable Hy/H,, controller
with the prescribed degree of stability » (but without
[Tk (5, Cx)lleo < B, i, | K(s)llc < B), we have the
following

Corollary 3.3: With all assumptions as in Theorem
3.2 except for (29) being replaced by

(A2 +rD)X+X (A1 +rD)T+ By W+WTBL, <0 (31)

where r > 0 is a constant. Then the controller K given
by (5) and (6) with (30) and (24) is with the prescribed
degree of stability r, and stabilizes the system ¥ with
J(E,K,y) < a. :

Remark 3.4: Theorem 3.2 presents a sufficient con-
dition for the suboptimal 3-stable mixed H,/H,, con-
trol problem in terms of solutions to Riccati equation
(14) and matrix inequalities (26)-(29). For the fixed
Y > O satisfying (14), (26)-(29) are LMIs, which can
be solved by using the LMI Toolbox [4]. When there is
no constraints of K(s) being stable and | K(s)|loo < B
(i-e., remove (29)), Theorem 3.2 is reduced to the neces-
sary and sufficient condition for the suboptimal mixed
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Hy/H,, control problem in [9]. Corollary 3.3 presents
a sufficient condition under which the designed mixed
Hjy/H, controller is with a prescribed degree of stabil-
ity 7.

It should be noted that the conditions (26)-(29) are
given based on the assumption of existence of a com-
mon Lyapunov function for the two closed-loop systems
from ¥y and Sy with u = Ckz, which may result in
some conservativeness. In the following, we will present
another sufficient condition without this conservative-
ness. Denote

Ay11(P1, Pro)
BLP
Cx + Ry} (B%,P1 + DTCy)

PiBy1 CE+(PiBn+ C/{'DI)RI_I:I (32)
32

Ay (P, P10, Ck,Y) = l:

—2I 0
0 - —Ry?
Agy11(Pz, Poo) P:Bn
BﬂPg -pB2I
Cx+BLP, 0

ct + Pszz]
0 (33)

-I

Agy (P, P2, Ck,B) = [

where
Ry=D{D; >0 (39)
Ay11(Py, Pio) = Pi(Aui—Ba2 R DT Ch)
+(A11—-BgeRT'DTCy)T P, (35)
+¢T (1~ DyR* DTG,

—PyByR;BL Py (36)
—PiyBy Ry 'BL P,
+PigB22RT'BL, Pyo (37)

AKYIl (PZ, P.20) =P2A12 + A:};P2 - Pngng;Pgo .
—PyoByBL Py + PyoBye BL, Pay  (38)

Theorem 3.5: Consider the system ¥ described by
equations (1)-(4). Let y > 0, & > 0 and 8 > 0 be given
constants. Suppose the following

(i) Assumptions A1-A3 and (34) hold;

(ii) The Riccati equation (14) has a stabilizing solution
Y >0;

(iii) There exist matrices P, > 0, Py > 0, P, > 0,
Pyy > 0, Q > 0 and Ck such that (28) and the follow-
ing inequalities hold

Ay (P, Pro,Ck,7) <0 (39)
Agy (Pz, Py, Ck, ) <0 (40)

-Q Co + DoCk
[cg" +cgpf -&p |0 @D
Then the dynamic output feedback controller K de-
scribed by (5) and (6) with the Cx and (24) solves the
suboptimal S-stable mixed Ha/H, control problem.

Corollary 3.6: With all assumptions as in Theorem
3.5, except that inequality (40) is replaced by

2rP; + Axy11(P2, Peo)
Ck + Bg;Pz

ck + Pszz]
I

AKY,-(PQ,PZO,CK, T') = |:
<0 (42)

where 7 > 0 is a constant. Then the controller K given
by (5) and (6) with the above Cx and (24) is with
the prescribed degree of stability », and stabilizes the
system ¥ and J(E, K,7) < a.

Remark 3.7: The sufficient condition of Theorem 3.5
is weaker than that of Theorem 3.2, and Theorem 3.5
contains no conservativeness from the assumption on
the existence of a common Lyapunov function for Ty
and Y gy with u = Ckgz. However, it should be men-
tioned that Theorem 3.5 is still a sufficient condition
for the stable controller design problem. There might
be no solution if the order of the controller is restricted
to that of the plant. In comparison with the condition
given in terms of LMIs in Theorem 3.2, the inequalities
(28), and (39)-(41) normally are not LMIs, which can-
not be solved directly. This class of matrix inequality
conditions was used in [10] for the simultaneous linear-
quadratic optimal control via static output feedback.
But, when Pjp and Py are given, then (28) and (39)-
(41) are LMIs with respect to the variables Py, P, Ck,
Q and B2. This property can be used to form the fol-
lowing convergent iterative algorithms.

First, by combining Theorem 3.2 and Theorem 3.5,
we have the following iterative algorithm to minimize
J(Z, K, ) for given v > 0 and 8 > 0.

Algorithm 3.8: Let v > 0 and 8 > 0 be given con-
stants.

Step 1. Solve the Riccati equation (14) to obtain the
stabilizing solution ¥ > 0.

Step 2. Minimize Trace(Q) subject to the LMI con-
straints (26), (27) and (29), and denote Ckop: =
Wopt X opi-

Step 3. Minimize (43 subject to Xy > 0 and the LMI
constraint (45) below; and minimize Trace(Qq) subject
to LMI constraints (43) and (44).

M, Xt +ct, DT
[(01 DCre)X =T )] <U43)
[ —Qo (Co+ DOCKopt)X]
X(Co + DoCreopt)T -X
Ma
[CKothO

<0(44)

T
X OCK opt

—BI ] < ((45)

where M; = (A1 + B22Ckopt)X + X(Ann +
B2yCropt)T+B11BY,, and My = (A12+B22Cxopt) Xo+
Xo(A12+ B23Ckopt)” + B11B};. Denote P}y = 2 X}
and PQ, = B3, X1,
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Step 4. Minimize Trace(Q’) subject to P’ > 0 and
the LMI constraints

Ay (P!, Piy,C,7) <0, Axy(P§, P}, Ck.0) <0

[ - Co + DoC% <0
(Co + DoCi)T “‘;lg‘Pf
where Pl'0 =Pt Ph=Pi =12 and Pl

and Pj_~ ,,pt are the solutions of the (j—1)th optimization.

When Trace(Q%;;') — Trace(Q?,,) < e for some € > 0,
stop.

Remark 3.9: In Algorlthm 3.8, Step 2 and Step
3 provide initial solutions P} and PY for the iter-
ative computation in Step 4. Ttis easy to see that
Trace(Qf,pt) < ’I‘race(Qf,pt) j = 1,2,---, so the se-
quence {'I\"aA:e(Qf,pt)}J_1 is convergent, which implies
that for any € > 0, the inequality Trace(QZ,;tl) -
Trace(Q’W,) < ¢ will be satisfied for some large enough
j. So the algorithm is convergent with respect to the
optimization objective Trace(Q’). The algorithm is
based on the combination of Theorem 3.2 and Theo-
rem 3.5, the iterative part of it (Step 4 in Algorithm
3.8) from Theorem 3.5 will improve the trade-off be-
tween a, v and 3, which will be illustrated in Section
5 by an example.

Similarly, combining Corollary 3.3 and Corollary 3.6,
we have the following convergent algorithm to minimize
J(%, K,v) under the constraints of ||T;,w(K)lje < ¥
and K (s) with the prescribed degree of stability r.

Algorithm 3.10: Let v > 0 and r > 0 be given con-
stants.

~ Step 1. Solve the Riccati equation (14) to obtain the

stabilizing solution Y > 0.

Step 2. Minimize Trace(Q) subject to the LMI con-
straints (26), (27) and (31). Denote Ckopt = Wop,Xo'pi
Step 3. Minimize Trace(Qo) subject to the LMI con-
straints (43), (44); and minimize Trace(P;) subject to
P, > 0 and the LMI constraint

Py(Axa + 71 + BoCropt) + (A12 + 71 + B2aCropt) T Pa
+C%optCropt <0 (46)

Denote P = ¥2X, ‘, and P9y = Paopt. .
Step 4. Minimize Trace(Q’) subject to P; > 0 and
the LMI constraints

AY(Pij.yP]{i()er ,’Y)<Oy AKYr(P-g,ng,C}'{,T‘)<0
[ -Q7 Co + Do‘C}'(] <0
(Co+ DoCR)T  —2P]
where Pfy = P{_}, Py = Piops, j = 1,2, and -
and Pj_, are the solutions of the (j—1)th optimization.

When Tra.ce(Qf;;tl) - Trace(Q’opt) < ¢ for some € > 0,
stop.

Remark 3.11: In [8], sufficient conditions for the sta-
ble mixed Hy/H,, control problem are given in terms
of solutions to three coupled Riccati equations, which
are difficult to solve. Comparing with the results in [8],
Theorem 3.2 and Theorem 3.5 are given in terms of a
Riccati equation and matrix inequalities by solving a
multiobjective control problem, and convergent itera-
tive algorithms are developed based on the two theo-
rems. Moreover, the performances such as H, norm
and prescribed degree of stability of the designed con-
troller are addressed, which are not covered in [8].

4 Example

In this section, we will present an example to illustrate
the proposed algorithms.

Example 5.1: The example is to illustrate the use of
Algorithm 3.10 to design a mixed Hy/H,, controller
with a prescribed degree of stablllty r. The system
model is as follows.

a=[i2 %], 5=[2]. =0 0

m=fig) asloo) 2=[3]

D;=[0 1], Co=C, Dy= [‘1’]
Let v = 0.5, by using the result in [9] and LMI Control
Toolbox [4], the optimal mixed Hy/H, controller as
shown in Table 1. The mixed Hz/H,, cost Jop: (=
Ja = Ja) of the closed-loop system is 0.0842, and the
stability degree of the controller is less than 0.4816.

Consider the problem of designing an H,/H,, con-
troller with the prescribed degree r of stability for
r = 1. By using Algorithm 3.10 without Step 4 and
with Step 4 (200 iterations), the computed results are
shown in Table 1.

Table 1: Comparative Results for Example 1 with v = 0.5
Controller Parameters
Optimal Hz/Hoo AKm, BKmr CKm’ DKm
Algorithm 3.10N | Axmi, Bxm1, Cxmi, Dxm1
Algorithm 3.10 Agm2, Bkm2, Cxkm2, Drm2

J, d Jo

0.0842 | 0.0842
0.1068 | 0.1004
0.0888 | 0.0888

Poles of Controller
—0.4816, —1.5490
—1.2820 £ 0.3694¢
-1.005, —1.1393

where Algorithm 3.10N represents Algorithm 3.10
without Step 4; J; denotes the designed mixed Ha/Ho,
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cost; and J, denotes the actually achieved mixed
H,/H,, cost.

From Table 1, the results obtained via Algorithm 3.10
without Step 4 are conservative, where J, # Jy and the
controller has much larger stability degree than the de-
signed value 1. However, Algorithm 3.10 with Step 4
gives better results, where J, = Jg and the controller
has only a slightly larger stability degree than the de-
signed value 1. Comparing with the optimal mixed
Hy/H,, cost Jopt, it is easy to see that the expense of
increasing the stability degree of the controller (from
~0.4816 to —1.005) is an increase of 5.34% (from 0.0842
to 0.0887) in the optimal mixed Hy/H,, cost. The con-
troller parameters are given in the Appendix.
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Appendix: Controller Parameters
Controller parameters for Example 5.1:

An - [~0-8077 05000 B..  [0:0641
Km =1 04835 —1.2229|" “Em= {91540

Ckm = [—0.4785 —0.2229]
Dgm=0

A, = [-08077 050001 o [0.0641
Kmi ™ —0.7228 -1.7563)° TK™ = |0.1540

Cim1 =[—1.6847 —0.7563]
DKml =0

Ae . — | 08077 0.5000 Be. . _ [0-0641
Km2 = 1_0.1313 -1.3372|' “Km27 01540

Cixmz =[~1.0032 —0.3372]
Dgmz2 =0
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