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Stable Sheaves on Reduced Projective Curves (*).

E. BaLLico

Summary. — Let X be a reduced projective curve; assume X either irreducible or stable. Here we
study some geometric properties of stable vector bundles and stable torsion free sheaves on X
(essentially, the existence of stable objects with a prescribed order of stability).

Introduction.

Let X be a singular projective curve. We like the study of vector bundles on X. If X
is not smooth during their study torsion free sheaves appear as a fundamental and very
natural technical tool. Thus torsion free sheaves deserve to be studied, although in this
paper most of the main results will be proved for locally free sheaves and the non local-
ly free ones will appear only during the proofs. In section one and two we will assume X
reduced and irreducible. In the third (and last section) X will be any stable curve of
arithmetic genus g =2, i.e. any connected nodal curve X with Aut(X) finite. We will
give partial extensions to the case of singular curves of several results recently proved
for smooth ones. The key word (see [T], [RT], [B2] and [BR]) is the so-called Lange’s
conjecture, corcerning the existence of exact sequences of stable vector bundles with
suitable numerical invariants. Our best results on this topic are Theorems 1.9, 1.15 and
3.1. We will study also the geometrie properties of a general vector bundle on X (see
Theorem 1.8). Another aim of this paper is the introduction of some new numerical in-
variants for vector bundles and torsion free sheaves. These invariants capture only part
of the informations given by some more classical invariants. We will study both the
classical and the new invariants, but the reader will appreciate how easier is to work
with the new ones and obtain inductive proofs (see in particular Definitions 2.1, 2.2, 2.3
and Theorems 2.4 and 2.5). A key point of most proofs and the main reason for the in-
troduction of these new numerical invariants is to control the «singularities» of the tor-
sion free sheaves appearing during the proofs, i.e. the isomorphism types of the com-
pletion at each P e Sing (X) of the stalks of these sheaves.
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1. — Existence of exact sequences of stable sheaves.

At the beginning of this section we will introduce some definitions, notations and
conventions which will be used in the entire paper. We work over an algebraically
closed base field K. In the first and third section of this paper we will assume
char (K) = 0. Let Z be a reduced and irreducible curve with q:=p,(Z) = 2. For every
torsion free sheaf  on Z, let u(E) := deg (E) /rank (E) be its slope. For all integers r, d
with »>0 M(Z; », d) will denote the moduli scheme of rank » stable torsion free
sheaves on Z with rank » and degree d. If Z has only planar singularities (and in partic-
ular if Z has only ordinary nodes as singularities), then M(Z; r, d),e is an irreducible
variety of dimension 72(q — 1) + 1 ([Re]). Let Y be a reduced projective curve and F' a
torsion free sheaf on Y. For every P e Sing (Y), let Fp» be the formal completion of the
Oy, pmodule corresponding to F. Fix P eSing(Y) and let M be a rank » torsion free
Oy, pr-module. As in [Co], def. 2.2.3, let I(M) be the minimal integer ¢ such that M con-
tains a free Oy pa-module N of rank » with dimg (M/N) =t. Hence (M) = 0 if and only
if M is free. For every rank # torsion free sheaf F on Y it is important to consider the in-
teger I(F) := E l(FP/\), where Fpn is the torsion free Oy, pa-module of rank r in-

duced by # (see . g [Co], Ch. III, for its use). Hence I(F') = 0 if and only if F is locally
free. We will call the family of torsion free modules {Fps }p.ging(v) the formal singulari-
ty type of F' or the formal singularity type of F along Sing (Y) and Fp the formal singu-
larity type of F at P. Notice that {(F) = I(G) for any two torsion free sheaves with the
same formal singularity type. Hence if F/"* := {Fpn}p gmgr) is a formal singularity

type, we will set [(F/\) 1= > » U(Fpn). IfY is irreducible, 7 and d are integers with
PeSin
r>0and {Fpa}pesingr) is an ordered set of rank r torsion free modules over the com-

pletions Oy, p~ of the local rings Oy, p, M(Y; 7, d, {Fpr }pcging(v)) Will denote the subset
of M(Y; 7, d).q parametrizing the stable torsion free sheaves with {Fpx }pcsing(v) a8
formal singularity type. M(Y; r, d, 8) or U(Y; r, d) will denote the Zariski open subset
of M(Y;r,d) parametrizing the locally free sheaves. If Y is irreducible, then
U(Y; r, d) is irreducible ([N], Remark at p. 167). Let Y be an arbitrary reduced projec-
tive curve, PeY,, and F a torsion free sheaf. For any @eY, K, will denote the
skyscraper sheaf on Y with Q as support and °(Y, Ky) =1. Call F| {P} the fiber of F
over P. Hence if F has rank r at P, F'|{P} is a r-dimensional vector space over K. Fix a
linear surjective map A(P): F| {P} — K, or, equivalently, a surjection f: F—Kp.
Ker(f) is a torsion free sheaf on ¥ which has the same formal completion as F at each
point of Sing (F), i.e. F and Ker(f) have the same formal singularity type. Following
{Ma] and [B1] we will say that Ker(f) is obtained from F' making a negative elemen-
tary transformation supported by @ and that F is obtained from Ker (/) making a posi-
tive elementary transformation supported by Q. Indeed, since Q €Y, the local to
global spectral sequence for the Ext-functors shows that # is uniquely determined by
the choice of Ker(f) and of a linear surjective map from (Ker(f)|{@Q})* to K. More
generally, we may take an integer £ with 0 <k <r and a linear surjective map
W(P): F|{P}K®", ie. a surjection h: F—Kg*. Ker(h) is a locally free sheaf with
deg (Ker (h)) = deg (F') — k. We will say that Ker (%) is obtained by a negative elemen-
tary transformation associated to the k-dimensional quotient vector space (Ker (h(P))*
of (F|{P})*. Ker(h) may be obtained from F making k suitable negative elementary
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transformations supported by P. F' and Ker (k) have the same formal singularity type
along Sing (Y).

From now on, in this section we assume char (K) = 0. Let X be an integral projec-
tive curve. Here we study the existence of exact sequences of stable torsion free
sheaves on X with prescribed numerical invariants and with prescribed formal singu-
larity types. Fix integers 7, k with » > k. For every P e Sing (X) a triple (H', E5', G&')
of Ox, pr-modules is said to be compatible and with respect to the integers r, k if all
these modules are torsion free, H' is a submodule of B4, E{ /Hp' = G§', rank (Hf') =
=k and rank (G£') = r — k. Notice that rank (‘) = r and that £\ /H /" has no torsion. A
compatible formal singularity data along Sing (X) for the integers r, k is a set of com-
patible triples {(H£', Ef', G£')}pesimg(x) With respect to the integers r, k. Now fix inte-
gers a, b with a/k < b/(r — k) (resp. a/k < b/(r — k)) and a compatible formal singularity
data, II:={(Hp\, Ef, G )}pesimg, along Sing(X). We will say that
$X;r k,a, b, IT) (resp. $$(X; r, k, a, b, IT)) is true if there is an exact sequence of
torsion free sheaves on X:

6)) 0—>H—-E—-G—0

with rank (H) =k, deg(H) = a, rank (%) =r, deg (G) = b, H with formal singularity
type {HA }pcsingx)» £ with formal singularity type {E£' }pcsingcry» G with formal singu-
larity type {G#'}pesmgex), and H, E, G stable (resp. semistable). We will say that
$(X; r, k, IT) (resp. $$(X; r, k, IT)) is true if for all integers a, b with a/k < b/(r — k)
(resp. a/k < b/(r — k)) the assertion $(X; r, k, a, b, IT) (resp. $$(X; r, k, a, b, IT)) is
true. If IT is the compatible formal singularity data of free modules we will write
$X;r, k,a, b, 0) (resp. $$(X; r, k, a, b, 9), resp. $(X; r, k, 0), resp. $$(X; r, k, 0))
instead of $(X;r, k, a, b, IT) (resp. $$(X; r, k, a, b, IT), resp. $(X; r, k, II), resp.
$$(X; 7, k, IT)).

REMARK 1.1. - Let X be an integral projective curve and F a torsion free sheaf on X.
Fix non-negative integers a, § and an ordered set o of a + § signs, say ¢:= (+, +, —
—, +, ...) with a +’s and B —’s. Take a sheaf G obtained from F making o positive ele-
mentary transformations and S negative elementary transformations in the order pre-
scribed by o. There is an irreducible variety parametrizing all sheaves «near G» ob-
tained from F' making a positive and 8 negative elementary transformations in the or-
der prescribed by ¢. This is true both if we impose that all the elementary transforma-
tions are supported by a fixed point @ € X, or if we allow that they are made on arbit-
rary points of X,.,. This remark is completely obvious if the a + § elementary transfor-
mations are supported by a + § distinet points of X,.,. Hence if char (K) = 0 the union
of the proof of [B4], Th. 0.1, and of [B4], Remark 3.1, shows that F is the flat limit of a
flat family of stable torsion free sheaves all of them with the same formal singularity
type along Sing (X) as F.

For reader’s sake we extract from [RT], proof of in the middle of p. 7, the following
key lemma; we reproduce here the proof given in [RT], just adapting it to our more
general set-up.

LEMMA 1.2. — Let X be an integral projective curve and Q € X,,. Set g:= p,(X) and
assume g = 2 (resp. g = 1). Fix integers v, k with v > k > 0 and assume the existence of
an exact sequence (1) of torsion free sheaves on X with rank(H) =k, rank(E) =r
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and H, E, G stable (resp. semistable). Call {H "} (resp. E™, resp. {G"}) the formal
singularity type of H (resp. E, vesp. G) along Sing(X) and let II:=
= {(Hp', Ef, GF')}pesingx) be the associated compatible formal singularity data.
Then there exists an exact sequence of torsion free sheaves on X:

(2) 0—->H —>E -G —0

with H', E' and G' stable (vesp. semistable), H' obtained from H making a general
negative elementary transformation supported by Q (hence with formal singularity
type {H"}, rank (H') =k and deg(H') = deg(H) — 1), G' obtained from G making o
general positive elementary transformation supported by Q (hence with formal singu-
larity type {G"}, rank(G’') =r—k and deg(G') =deg(G) + 1), and with E' with
formal singularity type {E™}, E' obtained from E making first o general negative
elementary transformation supported by @ and then o general positive elementary
transformation supported by Q. In particular if $(X;r, k,a, b, IT) (resp.
$$(X; 7, k, a, b, IT)) is true, then $X;r, k,a—1,b+1, IT) (resp. $$X; r, k,a -1,
b+1, ID) is true.

ProOF. — Let {E, },.r be the family of all torsion free sheaves obtained from £
making first a negative elementary transformation corresponding to a surjection
a(u): E|{Q} — K with a(u)(H|{Q}) # 0 (e.g. a general negative elementary transfor-
mation supported by @) and then a positive elementary transformation supported by @
not corresponding to a point of H|{Q}, i.e. inducing a positive elementary transforma-
tion of G (e.g. a general positive elementary transformation supported by @); here 7' is
an irreducible affine variety. For every u e T we have an exact sequence

®) 0—H,—>E,—G,—0

with H, obtained from H making a negative elementary transformation supported by @
and G, obtained from G, making a positive elementary transformation supported by Q.
Instead of making first a sufficiently general negative elementary transformation and
then a sufficiently general elementary transformation, both supported by @, one could
first make a negative elementary transformation supported by @ and then exactly its
inverse; in this way one would obtain again £ and the exact sequence (1). Hence by the
first part of Remark 1.1 £ is a flat limit of the family {£), }, 7. By the openness of sta-
bility (resp. semistability) if E is stable (resp. semistable), then for a general u e T the
sheaf F, is stable (resp. semistable). We fix one such general w e 7. For simplicity we
assume E and hence E, stable; the semistable case is exactly the same if we assume
also £ simple and hence £, simple for general . By Remark 1.1 the sheaf H, (resp.
G,) is a flat limit of a flat family {4,,}ncs (resp. {B, }mes) of stable torsion free
sheaves with singularity type {H "} ((resp. {G"}) and S integral smooth affine curve.
Since H,, and each A,, (resp. G, and each B,,) have the same singularity type along
Sing (X), we have h°(X, Ext'(G,, H,))) = h* (X, Ext'(B,,, 4,,)) for every m e S. Since
E, is simple, we have 2°(X, Hom (G,,, H,))) = 0. Hence by semicontinuity for a general
meS, say for meS' with S’ open dense in S, we have 2°(X, Hom(B,,, H,,)) =0.
Hence by the local to global spectral sequence for the Ext-functors, we obtain
dim (Ext'(X, G, H})) = dim (Ext' (X, B,,, 4,,)) for every meS'. Hence by the the-
ory of the Relative Ext (see [BPS] or [L2]) there is a vector bundle V of rank
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dim (Ext'(X, B,,, A4,,)) over a smooth curve S” containing S’ and a point, o (say {0} =
=S8"\S"), corresponding to the extension (3) and giving over m € S’ all the extensions of
B,, by A,, and over o all the extensions of G,, by. H,, . Since V is irreducible, £ is stable
and stability is an open condition, we obtain that a general x € V corresponds to an ex-
tension (2) in which all the sheaves H', £’ and G' are stable. =

REMARK 1.3. - By Lemma 1.2 to prove $(X, r, k, IT) (resp. $$(X, r, k, II)) on an in-
tegral curve X and for fixed integers r, k and a compatible triple of formal singularities
types IT and all integers a, b with a/k < b/(r — k) (resp. a/k < b/(r — k)), it is sufficient to
prove $(X, r, k, Qumaxs Dmin, II) (resp. $(X, r, k, a, b, IT)) where a,,, and b, are the
unique integers with Gy /k < byin/(r — k) and (Gpey + 1)/k = (b — 1)/(r — k) (resp.
Oax /K < bpin/(r — k) and (G + 1)k > (b, — 1)/ (r — k)). Notice that by, /(r — k) —
— Omax /b < 1/k + 1/(r — k) (resp. bupn/(r — k) — Qpax/k < 1/k + 1/(r—k)).

The following result was claimed in [T] as [T], Th. 0.2, only for nodal curves. The
same proof works verbatim for curves with smoothable singularities, not just the nodal
ones. Hence we have the following result.

THEOREM 1.4. — Let X be an integral projective curve with g:=p,(X) =2 and only
smoothable singularities. Then for all integers v, k with r>k>0 the assertion
$$X; v, k, 0) is true.

REMARK 1.5. - We claim that $$(X; », k, @) is true for every integral curve X with
p.{X) =1, i.e. for every smooth elliptic curve and for every rational curve with a unique
singular point which is either an ordinary node or an ordinary cusp. By [BR], Prop. 1.6,
$$(Z; r, k, IT) is true for every smooth elliptic curve. Hence we may apply the closed
property of semistability in flat families of curves as in the proof of [T], Th. 0.2, and ob-
tain the result for a singular curve X.

Here is an easy case in which $$(X; », k, a, b, IT) is true for any integral curve and
any compatible formal singularity data I7.

PROPOSITION 1.6. — Let X be an integral projective curve with g :=p,(x) = 1. For
all integers v, k, 1, x with r>k >0, x =0 and every compatible formal singularity
data IT the assertion $$(X; r, k, kt — z, t(r — k) +x, II) is true.

ProoF. - Fix Q € X,,,. Twisting an exact sequence (1) by the line bundle Ox(—1tQ)
we reduce to the case t = 0. First assume 2 =0. Let (H”, E”, G") be the formal sin-
gularity data 7. We take as H (resp. G) any semistable bundle of degree 0 with H " (re-
sp. G”) as formal singularity type along Sing(X). Since Ext'(X, G, H)=
= H'(X, Hom (G, H))® H*(X, Ext'(G, H) by the local to global spectral sequence for
the Ext-functor, there is a spectral sequence (1) with £ with formal singularity type
E . Since G and H are semistable and with the same slope, E is semistable, proving the
case x=0. If x>0 we apply # times Lemma 1.2 and Remark 1.3. =

Here is an easy case in which $(X; », k, a, b, IT) is true for any integral curve and
any compatible formal singularity data I7.

PRroPOSITION 1.7. - Let X be an integral projective curve with g := p,(X) = 2. For all
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mitegers 1, k, t, & with v >k >0, x = 0 and every compatible formal singularity data IT
the assertion $(X; r, k, kt —x, t(r — k) +x+ 1, IT) is true.

ProOF. — As in the proof of Proposition 1.6 it is sufficient to prove the case t =x = 0.
If M=HN, E”, G") we take a stable sheaf He M(X; k, 0, H) and a stable sheaf
GeMX;r—k,1,G"). Since h'(X, Hom (G, H)) # 0 by Riemann-Roch, we may take
a non-splitted extension (1) with £ with formal singularity type £ . We claim that any
such £ is stable. We have deg (E) = 1. Assume the existence of a proper subsheaf of F'
with u(F) = u(&) = 1/r. Hence deg (¥) > 0. Since (1) does not split the map : F—G
induced by (1) cannot be an isomorphism. Since G is stable and u(G) = 1/r — k), we
have # = 0. Hence F is a subsheaf of H and thus deg(F) <0, contradiction. m

THEOREM 1.8. - Let X be an integral projective curve with only planar singulari-
ties and m: Z— X the normalization. Set g:=p,(X) and g 1= p,(Z). Assume g" = 2.
Fix integers 1, d, k with v >k > 0. Let £ be a general element of UX; v, d). Then we
have:

(1) n*(&) is stable;

(i) for every subsheaf A of E with rank(A) =k we have u(A) < (deg (&) —
—deg (A)r —k) — (g" — 1) with strict inequality unless g=g", i.e. X is smooth.

Proor. - Notice that = is finite, 7,(0;)/0x is supported by the finite set
Sing (X), and 7, 7*(B) = BQ®m.(05)/0x for every vector bundle B on X (projection
formula). Thus the natural map H'(X, End(E))—>H'(X, End(E) ®7,(0yx)) =
= H'(Z, End ((x*(E))) is surjective. Hence every small deformation of 7* (E) is induced
by a small deformation of £. If g” = 2 a general deformation of 7 *(E) is stable ({(NR],
Prop. 6.2, or [Hi], Cor. 2.2). Hence we have part (i). Furthermore, by the generality of £
we may assume that 7% (&) is a general stable bundle on Z with rank r and degree d. To
check part (i) we may assume A saturated in £, i.e. we may assume E/A torsion free.
Set M := n*(E/A) /Tors (m*(E/A)). Since the functor x* is right exact, we have a sur-
jection, f, from z*(¥) to the rank » — &k vector bundle M. By [L1], Satz 2.2, or [Hi], 4.5,
we have u(Ker (f)) su(M)+ (g" — 1), i.e. (—deg(M)/k<deg(M)/(r—k)+ (9" —1).
We have deg(M) < deg (E/A) with strict inequality unless E/A is locally free ([Col,
Prop. 3.2.4, part 2). Hence it is sufficient to show that if X is not smooth and % is gener-
al, either E/A is not locally free or there is a quotient sheaf, U of z*(¥) with rank (U) =
=r —kand deg(U) < deg (E/A). Thus we may assume that E/A and A are locally free and
that deg (4) is maximal among the degrees of the rank % subsheaves of E. Since ¥ is
stable, it is simple and hence H®(X, Hom (E/A, A)) = 0. Since E/A and E are locally
free, we have deg (Hom (E/A, A)) = k(r — k) (u(A) — u(E/A)). Henee by Riemann-Roch
we have A1 (X, Hom (E/A, A)) = k(r — k) (u(E/A) — u(A) + g — 1). Since A (resp. E/A)
is locally free, it is the flat limit of a family of stable vector bundles (see [NR], Prop. 6.2
in char 0, or [Hi], Cor. 2.2, for the case of a smooth curve, and [N], Remark at p. 167,
and the intreduction of [Re] for the general case). Henee, it is easy to make sense of the
assertion that A (resp. E/A) depends on at most dim(U(X;k, deg(4))
(resp. dim(U(X; r —k, deg(E/A))) parameters, i.e. on at most k2(g —1) +1 (resp.
(7 — k)?(g — 1) + 1) parameters. Notice that proportional extensions of E/A by A induce
isomorphic vector bundles as middle term of an extension and that k%(g—1)+1+
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+(r—kP¥(g—1)+1+2k(r—k)Xg—1)-1=7r%(g— 1) =dim(U(X; », d)) — 1. Hence if
g>¢" and u(E/A) —u(A) =¢" — 1 we obtain a contradiction. ®

Now we may prove the following result.

THEOREM 1.9. — Let X be an integral projective curve with only planar singulari-
ties. Assume that the genus, g", of the normalization of X is at least 3. Then for all in-
tegers r, k with r> k>0 Property $(X; r, k, 8) is true.

Proor. — Using Theorem 1.8 and the assumption g” = 3 we may repeat verbatim
(just using g " instead of the arithmetic genus g) the proofs of Claims 1 and 2 on pages 7
and 8 of [RT] and obtain that $(X; r, k, a, b, 9) is true for all integers a, b with
0 <k(a+b)—ra<r and hence that $(X; », k, @) is true by Lemma 1.2 and Remark
13. =

Now we will extend Theorems 1.8 and 1.9 to the case of non-locally free sheaves. We
will use the following trivial lemma.

LEMMA 1.10. - Let X be an integral projective curve, E a rankr vector bundle on X
and F :={F }pesmecn @ formal singularity type for rank r torsion free sheaves.
Then there is a rank r torsion free sheaf F with F” as formal singularity type along
Sing (X) and an inclusion i: E — F with Supp (F/¥(E)) ¢ Sing (X) and h° (X, F/i(E)) =
=UF"N).

From Lemma 1.10 and the definition of Lange invariant s, (see for instance the be-
ginning of section 2) we obtain at once the following corollary.

COROLLARY 1.11. — Let X be an integral projective curve, E a rank r vector bundle
on X and F" := {F§ }pesingxy @ formal singularity type for rank r torsion free
sheaves. Fix an integer k¥ with »> % > 0. Then there is a rank » torsion free sheaf F
with F” as formal singularity type along Sing(X) and with s,(F) = s,(E)—
—(r—k)IF").

Notice that for every exact sequence (1) of torsion free sheaves on X we have I(E) <
< I(H) + I(@). If X is Gorenstein at P, then all torsion free Oy, p-modules and all torsion
free Ox pr-modules are reflexive. Furthermore, we have deg(Hom (F, wX))= —
—deg (F) + (2g — 2)((rank (F)) for every torsion free sheaf F (see [Co], Prop. 3.1.6, part
2, for the non Gorenstein case). Hence taking duals, Lemma 1.10 and Corollary 1.11
give the following results.

LEMMA 1.12. — Let X be an integral locally Gorenstein projective curve, E o rank v
vector bundle on X and F" := {Fpr}pcsimgn 0 formal singularity type for rank r tor-
sion free sheaves. Then there is a rank r torsion free sheaf F with F as formal singu-
larity type along Sing (X) and an inclusion i: F— E with Supp ((E/i(F))) ¢ Sing (X)
and h°(X, E/i(F)) = (F*").

CoROLLARY 1.13. — Let X be an integral locally Gorenstein projective curve, E a
rank r vector bundle on X and F” := {Fpr}pcsmgxy @ formal singularity type for
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rank r torsion free sheaves. Fix an integer k with r > k > 0. Then there is a rank r tor-
sion free sheaf F with F" as formal singularity type along Sing(X) and with
8¢ (F) = 8,(E) — k((F *M)).

REMARK 1.14. — Let X be an integral projective curve. Set := p,(X). Recall that the
functor Hom (—, w x) induces a biduality of the category of all torsion free sheaves on
X, ie. that Hom(Hom(F, wy), wx)=F for every torsion free F, and that
deg (Hom (F, wx)) = —deg (F) + (29 — 2)(rank (F)). Hence if X is locally Gorenstein
the dual of a stable torsion free sheaf is stable and we have u(¥F*) = —u(F), w(E/F) =
= w(E) — u(F)if F is saturated in £ and the usual numerical formulas are true even in for
non locally free sheaves.

THEOREM 1.15. — Let X be an integral projective curve with only planar singulori-
ties. Let g" be the genus of its normalization. Fix integers v, k with r> k> 0. Fix o
compatible singularity data (H™, E™, G) for the integers v, k and set z:=
:=max {kI(H "), (r — k) UGM)}. Assume 9" = 8 + z. Fix integers a, b with a/k < b/(r —
—k). Then $X; 7, k,a,b,(HN,E, GN)) is true.

Proor. — First we will show the existence of an exact sequence (1) with H, E, G
stable, H with formal singularity type H”" and G with formal singularity type G”. At
the end of the proof we will show that we may find such exact sequence (1) with the ad-
ditional property that E has formal singularity type £ *. By 1.2 and 1.3 it is sufficient to
prove the case a/k=b/(r — k) —1/k—1/(r — k). By 1.11 and 1.13 we may find He
eMX; k,a, HN), Ge M(X; r— k, b, G") such that for all integers i, j with 0 <i<k
and 1 <j<r—k we have s;(H) 29" —1—-kW(H") and s;(G) 2¢g" -1 - (r— k) UG").
We fix any exact sequence (1) with as extremal sheaves the sheaves H and G just cho-
sen. We assume that E is not stable and take a saturated subsheaf F of E with u(F) =
= u(E). Taking rank (#") minimal we may assume F stable. Since H is stable and u(H) <
<u(f), F is not contained in H. Hence we have a non-zero map f: F—G. Set r" :=
:=rank(Im(f)). Since m{(Im(f)) <u(G)- A ~@"/r—k))g"—1— (r—k) UG"))
by the assumption on the Lange invariants of G and (1 — (»"/(r—k))g"—1— (r—
—k)YI(GN)) <0 by the assumption on g”, we may repeat the proof of [RT],
proof of Claim 1 on pages 7 and 8, and obtain " = r — k. Using Remark 1.14 we may
apply the dual proof as on [RT], proof of Claim 2 on page 8, and obtain Ker(f) = 0.
Hence F is a subsheaf of G. Since u(F) = u(E) = u(G) — 1/(r — k) and rank (F)=r—£k,
gither deg(F)=5b or deg({) =b—1. If deg(F)=b we have F=G and (b—-1)
splits.  Since Ext!(X, G, H)= H!(X, Hom(G, H))®H*(X, Ext*(G, H)) and
kh'(X, Hom (G, H)) # 0 by Riemann-Roch, this is not the case for a sufficiently general
extension (1). Hence we may assume deg(F) =b— 1. Thus G/F is supported by a
unique point, P, of X. By construction £ has a subsheaf, D, with D=H & F and E/D =
= Kp. First assume P e X,,,. Hence F is obtained from G making a negative elementary
transformation supported by P and E is obtained from D making a positive elementary
transformation supported by P. Since dim (X,.,) =1, and G| X, is locally free of rank
r —k, for fixed G the set of all isomorphic classes of all possible F’s depends on at most
r — k parameters. Given G, H and F', we have a unique P because det(G) = det (F)(P)
and g > 0. Since £ is obtained from D making a positive elementary transformation
supported by P. Hence for fixed G and H the set of all isomorphic classes of all possible
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7 has dimension at most » —k +r—1 =2r — k — 1. We claim that for a general such £
the sheaf E has at most finitely many subsheaves isomorphic to H. By the differential
properties of the Quot-scheme Quot(£*) of E* to check the claim it is sufficient to
prove that A°(X, G®H*) = 0. Since every vector bundle on X is a flat limit of stable
vector bundles, and both G and H are general, it is sufficient to find two vector bundles
Gy and H, with rank(G,)=r—k, deg(G;) =0b, rank(H,) =k, deg(H;)=a and
h°(X, GRH*)=0. Since g =2 and u(G) — u(H) <2, it is sufficient to take as G, and
H; a direct sum of general line bundles, each of them of degree [a/k] or [(a + k — 1)/k]
or [b/(r — k)] or [(b +7r—k —1)/(r — k)]. Since k' (X, Hom (G, H)) > 2r — k — 1 by Rie-
mann-Roch, we obtain a contradiction. Now assume P e Sing (X). Since Sing(X) is fi-
nite, in our count of parameters we gain 1. Instead of k, now we have to take
dimg (H|{P}) and instead of » — k we have to take dimg (G|{P}); the latter dimension
appears twice. Thus we have to compare dimg(H|{P})—1+2(dimg(G|{P})-1)
with the Riemann-Roch term deg(Hom (G, H))+ k(r—k)g—1). Notice that
dimg(H|{P})—k<UH") and dimg(G|{P})— (r—k)<UG"). Since g>g" and
our lower bound for g¢” gives a contradiction. Since Est'(X, G, H)=
=H'(X, Hom (G, H))®H*(X, Est/(G, H)) and (H", E", G") is a compatible triple,
every class in H°(X, Est'(G, H)) may be represented in an exact sequence (1) with &
with formal singularity type E . The first part of the proof shows that we may obtain
simultaneously the stability of . =

2. — Measures of the order of stability.

In this section we make no restriction on char (K). Let £ be a rank r torsion free
sheaf on the integral projective curve X and G a rank k subsheaf of E such that deg (G)
is the maximal degree of a rank & subsheaf of £. In particular G is saturated in £, i.e.
E/G has no torsion. Set s,(E) := k(deg (E)) — r(deg(G)). Each integer s;(E), 1 <k <
< r — 1, will be called a Lange invariant of £ because these invariants were used in a nice
way in [L1)]. If LePic(X) we have s,(F) = s(F ®L) because the map H—HQ®L
between rank k subsheaves of £ and rank k subsheaves of £ ® L has as inverse the
map T—>TQ®L* and deg(EQL)=deg(E)+ r(deg(L)), deg(H®L)=deg(H) +
+ k(deg(L)). In particular we have s,(E) = s, (E(—Q)) for every Q € X,,.

In this section we will prove refinements of Theorems 1.9 and 1.15 for the first and
last Lange invariant of a «generic» torsion free sheaf. We will obtain for free s1m11ar
results for the following related numerical invariants.

DEFINITION 2.1. — Let X be an integral projective curve and £ a rank r torsion free
sheaf on X. Assume » = 2. Fix a rank 1 subsheaf L of E computing s, (%), i.e. such that
deg (L) is the maximal degree of a rank 1 saturated subsheaf of E. If » = 2 we stop. As-
sume 7 = 3. Since deg (L) is maximal, E/L is torsion free and rank (E/L) =r—1 = 2.
Let L, be a rank 1 subsheaf of E/L computing s, (E/L). Equivalently, let M, be a rank 2
subsheaf of E containing L and with deg(M,) = deg (L) + deg (L,) maximal. Unfortu-
nately, a priori the integer deg (L,) may depend on the choice of L. However there is a
unique integer, ¢, such that ¢ is the maximum of the integers deg(L;) when L vary
among the saturated rank 1 subsheaves of £ with maximal degree. If » = 3 we stop. As-
sume r = 4. We fix one such L and one such Ly = M,/L with (deg (L), deg (M5/L)) maxi-
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mal in the lexicographic order. Then consider a maximal degree rank 1 subsheaf, T', of
E/M, with maximal degree; we choose (L, M) such that deg (T) is maximal. And so on.
At the end we obtain »—1 integers (deg(M,), ..., deg(M,_;)) and an increasing
filtration {M;}o<i<, of E with My= {0}, M,=E, each M;, 1 <i<r-—1, saturated
in M;,;, rank(M;)=1, and such that the ordered set of r—1 integers
(deg(M,), ..., deg(M,_,)) is maximal in the lexicographic order among all ordered set
of r — 1 integers obtained from such filtrations. We set d;(E) := deg(M;, ) — deg(M;),

1<si<r-1.

DEFINITION 2.2. — Let X be an integral projective curve and £ a rank r torsion free
sheaf on X. For every P e Sing (X), fix a filtration, say {M;pa }¢ <; <, Of the torsion free
Ox, pr-module Epn with Mopr=0, Mpr=Epn, rank(Mppr) =1 for every i and
Mpr/M;_,pnr torsion free for every ¢. Call ¥:= {{MipA}OsiST}PESing(X) the data of
these filtrations. Now we repeat the construction of Definition 2.1 but restricting to
saturated subsheaves, M;, of E such that for every integer ¢ and every P e Sing (X) the
completion of M; at P is M;pr. Set d;(E, Y)) :=deg(M;/M;_), 1 <i<r-—1.

In a similar way we refine the Lange invariants.

DEFINITION 2.3. — Fix integers v, k with r > k. Let X be an integral projective curve
and F a rank ¢ torsion free sheaf on X. For every P e Sing (X), fix a compatible formal
singularity data IT:= (H”, E”, G") for the integers r, k with £/ formal singularity
type of E along Sing (X). In the definition of Lange invariant given at the beginning of
this section take only rank k saturated subsheaves, H, of E with H " as formal singular-
ity type and such that E/H has formal singularity type G”. Set s,(E,)) := k(deg (E)) —
—r(deg (H)). If E is locally free and I7 is the compatible formal singularity data of the
trivial modules, we will write s, (%, 6)) instead of s, (&, II)).

We stress that in the definitions 2.2 and 2.3 we impose that the subsheaves are satu-
rated. Following [B1] instead of fixing the formal singularity type of a sheaf or of some
of its subsheaves, we may give an «algebraic family» of «admissible» formal singularity
types for the corresponding subsheaves. This is often very reasonable because, except
in very particular cases, a formal singularity type is not rigid and the set of interesting
formal singularity types may depend by continuos parameters.

THEOREM 2.4. — Fix integers v, k, d with r>k>0. Let X be an integral pro-
jective curve with g:=p,(X) =2. For o general E e UX; v, d) we have s,(E, §)) =
= k(r—k)g—1).

PRroOF. — Fix an exact sequence (1) with £ e U(X; v, d) and H and & locally free.
Since H (resp. G) is a flat limit of a family of stable vector bundles ({Re]), we may justi-
fy the sentence «H (resp. G) depends on at most k2(g — 1) + 1 (resp. (r— k(g — 1) +
+1) parameters». Since E is simple, we have £°(X, Hom (G, H)) = 0. Hence by Rie-
mann-Roch we have dim(Est'(X, G, H)) =k(r — k)(w(G) — u(H) + g —1). Since pro-
portional extensions give isomorphic bundles and dim(U(X; 7, d))=r*(g—1)+1 we
see that for a general F e M(X; r, d) we have i(G) —u(H) =2g—1, as wanted. ™

THEOREM 2.5. — Fix an integer r=2, integers {d;}<i<r—1 Ond an integrol
projective curve X. Set g := p,(X) and assume 2d; <g~38,d; <g—1forevery i, d; 1 +
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+@E+Dg-1)< X d;foreveryiwithl <i<r—2,d;<d;+ g — 1forall integers i, j
: 1sj<i

with 1<i<i<r—1. Then there exists a rank r vector bundle E on X with
d:(E, 0) = d; for every i and o filtration {M;}o<;<, of E such that My= {0}, M,=E,
M;, 1<i<r-1, is a rank i soaturated subbundle of E, deg(M;) =0, deg(M;)=
= 2 d,forj>1(i.e every M; computes d;(E, 8))), M, is the unique rank i saturated

1<a<y

subbundle, A, of E such that deg(A)= 2, d, and the ordered set of r line bun-

1€a<i
dles (M, My/M;, ..., M,/M,_,) e Pic®(X) x Pic%(X) X ... x Pic*-1(X) is general in
Pic’(X) x Pic®(X) x ... x Pic%-1(X). .

PROOF. — We use induction on 7. Assume » = 2. Fix a general pair (4, F) e Pic’(X) x
x Pic®(X). Consider a general extension

4 02A—>FEF—>F—0

of F by A. By the definition of the invariants d;(¥, #)) to complete the proof for the
case r =2 it is sufficient to check that the line subbundle A of £ induced by (4) is the
unique line subbundle, B, of £ with deg(R) = 0. Fix such a line subbundle £ and set
b:=deg(R) = 0. Since R is not the line subbundle induced by the exact sequence (4),
there is a non-zero map R—F. Thus there is an effective Cartier divisor D with
deg (D) = d; — b and such that B = F(—D). In particular d;, = b = 0. Furthermore, any
such E has a subsheaf, T with = A@ R and E/T = 0p. We count the parameters. The
integer b is fixed. Since F e Pic® (X) is general and d; = b, F is not trivial even if d; =0,
ie. B9X,F*®A)=0.

Hence by Riemann-Roch we have dim (Ext'(X, F, A))=d, +g—1. Since d; < g —
— 1 and F'is general, we have h*(X, FQ A*) = 0. Hence h*(X, E) = 0. Thus any such £
fits in a unique extension (4) (up to a multiplicative constant). We claim that the set of
all effective Cartier divisors of degree d; — b depends on at most d; — b parameters
even if we do not assume that X has only planar singularities. To check the claim, just
use that since a Cartier divisor D is locally principal, D satisfies the locally lifting prop-
erty for the Quot-scheme Quot(0Ox) and hence by the differential study of the Quot-
scheme the scheme Quot (Oy) is smooth of dimension deg (D) at the point representing
D (IG], Exp. 221, § 5, or [HH], § 4). Since T is locally free of rank 1 and D is a Cartier di-
visor, a local computation shows that dim (Ext'(X, Oy, T)) =h°(X, Ext}(0p, T)) =
= 2(deg (D)). Thus the set of all isomorphism classes of all possible bundles E containing
some line subbundle R of non-negative degree has dimension at most dim (Pic®(X)) +
+ dim (Pic’(X)) + 8d; — 1 =2g — 1 + 3d,. We just saw that the set of isomorphism class-
es of bundles arising as extension (4) has dimension 3g — 2 + d;. Hence we obtain a con-
tradiction. Now assume 7 > 2. Take as A a rank r — 1 vector bundle on X satisfying the
thesis of the theorem with respect to a filtration {M,}o<j<,—; of A with
(My, My/My, ..., M,_/M,_,) general in Pic’(X) x Pic®(X) x ... X Pic*-2(X). Take a
general F e Pic™-1(X) and let £ be a general bundle fitting as middle term in an exten-
sion (4) of F by A. By the definition of the invariants d; (£, ) check that E solves our
problem with F = M, /M, _ it is sufficient to check that M, is the unique saturated line
subbundle, R, of E with deg (R) = 0. Assume that this is not the case and let R be one
such saturated subbundle with b:=deg(R) = 0. Since A satisfies the thesis of 2.5 for
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the integer » — 1, R is not contained in A and hence the inclusion of R in E induces an
inclusion of R in F, ie. an effective Cartier divisor D with deg(D)=d,_,—b.
Hence d,_; =2 b= 0 and we may repeat the proof of the case » =2 just using d,_, in-
stead of dy; now 1°(X, Ext!(Op, T)) = ¥(deg (B)) because T is a rank » vector bundle.
First we check that for any fixed £ fitting in an exact sequence (4) E has only finitely
many subsheaves isomorphic to A. By the differential study of the Quot-scheme
Quot(E*) of E* ([Gl, Exp. 221, §5, or [HH], §4) it is sufficient to have
h°(X, A* @ F) = 0. By the generality of the line bundles M,, M;/M;_,,2<i<v-1,
and F, to obtain 2°(X, A*®F) =0 it is sufficient to have d,_;<g—1 and d,_
—d;<g-1 for 1<i<r—2. We have dim(Ext'(X,F, A))= —y(Hom (F, A)) =
=(r-1DuF)—wA)+g-1)=0r-1)d,_,~ 2 d + (r—1)g—1). Hence for

fixed A the set of isomorphic classes of bundles, E ﬁttmg in (4) depends exactly on g +
+(r-1d,_,— X d;+ (r—1)g—1)— 1 parameters, while, for fixed A the set of

l<igsr-2

all possible bundles which may arise as extension of a possible T by a possible Cartier
divisor has dimension at most g + »d,_; — 1, contradiction. =

Now we will give partial extensions of Theorem 2.5 to the case of non loeally free
rank 2 sheaves. We give the following definitions which are related to [B3], Def. 1.4 and
1.5, which considered the case in which N is the trivial module.

DEFINITION 2.6. — Let R be a 1-dimensional local Cohen-Macaulay ring containing K
and m its maximal ideal. We assume E/m = K. We are interested in the case of a locally
Cohen-Macaulay curve and P € X; we take as R either its local ring Oy p or the comple-
tion Ox, pn of its local ring and call m:=mp or m :=mpn the corresponding maximal
ideal. Let M and N be rank 1 torsion free R-moduls. Let k be a non-negative integer.
We will say that the pair (N, M) have singularity distance k& if k is the minimal inte-
ger t=0, such that there are R-modules N'=N, M'=M with N'cM' and
dimg(M'/N') =t.

Notice that N = M if and only if the pair (N, M) have singularity distance 0.

DeFINITION 2.7. - Let X be an integral projective eurve. Set z := card (Sing (X)) and
fix an order P(1), ..., P(2) of the points of Sing (X). Let M and N be rank 1 torsion free
sheaves on X. We will say that the pair (N, M) has singularity distance (k(1), ..., k(z))
if for every i, 1 <i <z, the pair of the completions of the stalks (Nx pu), My, pg)) of
(N, M) at P(1) has singularity distance k(7) as Oy, p;-module. Let k& be a non-negative
integer. The integer k:= 2 k(i) will be called the total singularity distance of the

pair (V, M). Instead of a palr (N M) of rank 1 torsion free sheaves we may take a pair
(NN, M) of formal singularity types along Sing(X) for rank 1.

REMARK 2.8. — Let k be the total singularity type of a pair (N ", M ") of formal sin-
gularity tipes along Sing(X) for rank 1. Then % is the minimal integer, ¢, such that
there are rank 1 torsion free sheaves A, B on X and an inclusion j: A — B such that A
has formal singularity type N, B has formal singularity type M” and
h°(X, Coker (j)) =t. Furthermore, using general positive elementary transformations
we see that for every integer ¢ =k there is such a triple (4, B, 7).
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REMARK 2.9. — Let R be a 1-dimensional local Gorenstein Cohen-Macaulay ring con-
taining K and with maximal ideal m such that B/m =K. We have Ext3(K, R) =0
([Ba)), Ext:L(K, R) =0 and Ext;(K, R) =K (IM)).

We will prove simultaneously the next four propositions concerning rank 2 torsion
free sheaves.

PROPOSITION 2.10. — Let X be an integral projective curve. Set g := p,(X). Fix a for-
mal singularity data (A", E™, B™) along Sing (X) with respect to the integers 2 and
1. Let k be the total singularity distance of the pair (AN, BM). Fix an integer t with
t <k. Then there exists an exact sequence (1) with H with formal singularity type
AN, G with formal singularity type B\, E with formal singularity type E’,
deg(G) =deg(H) +t, with di(E,AN) =s,(E,A"N) =t and such that H is the
unique rank 1 subsheaf, D, of E (even not a saturated one) with formal singularity
type A" and deg (D) = deg (H). Furthermore, in such exact sequence we may take as
H and G any two rank 1 torsion free sheaves with the prescribed formal singularity
types and with deg(G) =deg(H) +1.

ProPOSITION 2.11. — Let X be an integral projective curve with only planar singu-
larities. Set g :=p,(X). Fix a formal singularity data (A", E™, B) along Sing (X)
with respect to the integers 2 and 1 and such that A" is the formal singularity type of
Ox. Fix an integer t with t < (g — 1)/2. Then there exists an exact sequence (1) with H
with formal singularity type A", G with formal singularity type B, E with formal
singularity type E”, deg(G) =deg(H) +t, with d,(E,AN) =s,(E,AN) =t and
such that H is the unique rank 1 locally free subsheaf, D, of E with formal singularity
type A" and deg (D) = deg (H). Furthermore, in such exact sequence we may take as
H and G any two rank 1 sheaves with the prescribed formal singularity types and
with deg (G) =deg(H) + 1.

PrOPOSITION 2.12. — Let X be an integral projective curve with only planar singu-
larities. Set g:=p,(X). Fix a formal singularity data (A", E™, B") along Sing (X)
with respect to the integers 2 and 1 and such that B is the formal singularity type of
Ox. Fix an integer t with t < (g — 1)/2. Then there exists an exact sequence (1) with H
with, formal singularity type A", G with formal singularity type B”, E with formal
singularity type E”, deg(G) =deg(H) +t, with d;(E,AN) =s,(E,A") =t and
such that H is the unigue rank 1 locally free subsheaf, D, of E with formal singularity
type A" and deg (D) = deg (H). Furthermore, in such exact sequence we may take as
H and G any two rank 1 sheaves with the prescribed formal singularity types and
with deg (G) =deg(H) +t.

PrOPOSITION 2.13. — Let X be an integral projective curve with only planar singu-
larities. Fix a formal singularity data (A", E, B™) along Sing (X) with vespect to
the integers 2 and 1. Set g:=p,(X), &, :=e(A"):= Sup dimgExt'(K, A)),

P e Sing (X)
gx:=e(BN):= Sup dimg(Ext'(K, Bp\))andg:= Sup dimg(G"|{P}).Fixan
PeSing(X) PeSing(X)

integer t with t(e, + e+ g) <g— 2. Then there exists an exact sequence (1) with H
with formal singularity type A", G with formal singularity type B”, E with formal
singularity type E/, deg(G) =deg(H) +t, with d;(E,A") =s,(E,A") =1t and
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such that H is the unwique rank 1 subsheaf, D, of E (even not a saturated one) with for-
mal singulority type A" and deg (D) = deg (H). Furthermore, in such exact sequence
we may take as H and G any two rank 1 torsion free sheaves with the prescribed for-
mal singularity types and with deg(G)=deg(H) +1.

Proofs of 2.10, 2.11, 2.12 and 2.13. Fix any two rank 1 torsion free sheaves H and G
with the preseribed formal singularoties types and with deg(G) = deg(H) +t. Since
Ext (X, G, H) = H' (X, Hom (G, H)) ® H* (X, Ext'(G, H)), there is an extension of
G by H which induces an exact sequence (1) with £ having formal singularity type £
and the set of all such extensions is an affine space with H!(X, Hom (G, H)) as associ-
ated vector space. We fix a general extension (1) of G by H with E " as formal singulari-
ty type of E. Let D be a rank 1 subsheaf of £ (even not saturated) with formal singular-
ity type A7 and deg (D) = deg (H). In order to obtain a contradiction we assume D =
= H . Hence there is a non-zero map j: A — G and E contains a subsheaf, T, with T = H ®
@ D.Ift < k the existence of j contradicts Remark 2.8. Hence we have proven 2.10. Notice
that E/T is a skyscraper sheaf with #°(X, E/T) =t. Now assume H locally free and
3t < ¢ — 2. Since H is locally free, E/T is isomorphic to the degree ¢ Weil divisor on X
associated to a section of G ® H *. Since X has only planar singularities, E/T depends
on at most ¢ parameters (see e.g. [Re] or, in characteristic 0, [BGS], Prop. 1.4). Since H
is locally free and X is Gorenstein, we have deg (Hom (G, H)) = —t (see e.g. [Col, Prop.
3.1.6, part 2). Hence by Riemann-Roch we have k' (X, Hom (G, H)) =2t + g — 1. Since T
is locally free with rank 2, we have »° (X, Ext!(T, E/T)) =2¢. Since 3t <t +g — 1, we
obtain 2.11. Since in the statement of 2.12 we assume that X is Gorenstein, 2.12 is ob-
tained from 2.11 taking duals (and vice versa). To obtain 2.13 we repeat the same proof
just using that A°(X, Ext'(T, E/T))<i(e,+¢e,) by the definition of the integers £, and
£4. Since T is a quotient of G, by definition of yT is a quotient of Oye, supported at least
in part on Sing (X), while the part of T supported on X,., is a Cartier divisor. Hence if
y =2, i.e. G is not locally free, T' depends on at most ¢y — 1 parameters. =&

LEMMA 2.14. — Make all the assumptions of 2.11 (resp. 2.12, resp. 2.13). Make the
Sfurther assumption t = 2. Then the thesis of 2.11 (resp. 2.12, resp, 2.13) is satified by
an exact sequence (1) with E stable.

PROOF. — By Proposition 1.6 we know that we may find an exact sequence (1) with &
semistable. Assume that for every such exact sequence £ is not stable and let L be a
rank 1 subsheaf of £ with deg (L) = deg(¥)/2, i.e. deg(L) = deg(H) + 1 = deg(G) — 1.
Sinee L is not contained in H we have an inclusion j: L— G with Coker (7) = Kp for
some P eX. First assume P e X,,,. Hence P is a Cartier divisor and L = G(—P). For
fixed H and G, the set of the isomorphism classes of the possible sheaves L depends
only on one parameter, because dim (X) = 1. Since £ is obtained from H @ L making a
positive elementary transformation supported by P, for fixed H and G the set of the
isomorphism classes of the possible sheaves £ depends on at most two parameters, con-
tradicting the computation of dim (Ext'(X, G, H)) and the fact that each such E con-
tains a unique saturated subsheaf isomorphic to H. Now assume P e Sing (X). Since P is
not a Cartier divisor, the pair (L, G) has total singularity distance 1 and L and G are
formally isomorphic at every point of X\{P}. L is the kernel of a surjection G— Kp.
Since Sing (X) is finite, the set of the isomorphism classes of the possible sheaves L de-
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pends on at most dimy (G| {P}) parameters. Under the assumptions of 2.12 (i.e. G local-
ly free) we have dimg (G|{P}) =1 and dimg (Ext'(X, Kp, L)) = 2. Thus the set of the
isomorphism classes of all such E depends on at most 1 + dimg (Ext'(X, Kp, H)) pa-
rameters. However, we have to count only the sheaves, £, whose formal singularity
type is the product of H” and a trivial factor. Since P is not a Cartier divisor this means
that we take only extensions, e = (e;, ¢;), whose component ¢; in the decomposition
Ext'(X, Kp, H® L) = Ext*(X, Kp, H) ®Ext! (X, Kp, L) vanishes. Hence we obtain a
contradiction in the set-up of 2.12. By duality we obtain the stability of £ under the as-
sumptions of 2.11. Now we consider 2.13. We just use the definition of (4 ), e(B/), v,
the previous proof and the proof of 2.13. ™

THEOREM 2.15. — Make all the assumptions of 2.11 (resp. 2.12, resp. 2.18). Make the
Sfurther assumption t > 0. Then the thesis of 2.11 (vesp. 2.12, resp. 2.13) is satified by
an exact sequence (1) with E stable.

ProoF. — If £ = 1, this is a very particular case of Proposition 1.7. If ¢ = 2 the result
was proved in Lemma 2.16. For { = 3 we use inductively the result for the integer ¢’ :=
:=¢{—2, Lemma 1.2 and Remark 1.3. =

REMARK 2.16. — Make all the assumptions of 2.10 (resp. 2.11, resp. 2.12, resp. 2.13).
Make the further assumption £ = 0. Then the thesis of 2.10 (resp. 2.11, resp, 2.12, resp.
2.13) is satified by an exact sequence (1) with £ semistable (Proposition 2.6).

REMARK 2.17. — As in [B3] it is obvious from the proof of Theorem 2.15 that if we
make all the assumptions of 2.11 or 2.12, except any assumption on ¢, for every integer
t > 0 we may find an exact sequence (1) with (H, E, G) with the given degrees and for-
mal singularity types and with £ stable; for 2.13 we need to assume ¢ >0 and 2(¢; +
+es+y) <g—2 to handle the case t =2.

3. — Stable curves.

In this section we consider a related problem for stable curves. Let X be a reducible,
connected curve with g := p,(X) =2 and with only ordinary nodes as singularities. Let
D;, 1 <1<, be the irreducible components of X. Let E be a torsion free sheaf on X. E
is said to have multirank (ry, ..., 7,) if its restriction to D; has generic rank r;, 1 <i <
< x. A polarization, H, on X is given by an order set (%,, ..., h,) of strictly positive real
numbers. Fix a polarization, H, on X and two ordered sets of integers (v, ..., 7,) and
(dy, ..., dy) with #; = 0 for every i and r; # 0 for at least one integer ¢, 1 <i<zx. Let
MX;(ry, ..., 1), (dy, ..., d), H) be the scheme of H-slope stable torsion free sheaves
on X with multirank (#, ..., ;) and multidegree (d,, ..., d,) (see e.g. [P] or [OS]). Let
E be a vector bundle on P! with splitting type a; = ... = a,; E is rigid (i.e. every small
deformation of E is isomorphic to E) if and only if a; —a,=1.

THEOREM 3.1. — Assume char (K) = 0. Let X be a stable curve of genus g = 3. Fix in-
tegers v, k with v > k > 0. For every irreducible component D of X fix two integers a(D)
and b(D) such that a(D)/k < b(D)/(r—k) for every D. If p,(D) =2, assume also



390 E. BaLuico: Stable sheaves on reduced projective curves

a{D)/k <b(D)/(r — k). Then there exists an exact sequence
5) 0—-H—-E—-G—0
of vector bundles on X with the following properties:

a) rank (E) =, rank (H) =k, rank (G) = v — k and for every irreducible compo-
nent, D, of X we have deg(H|D) = a(D) and deg(G|D) = b(D) (hence deg(E|D) =
=a(D) + b(D));

b) for every irreducible component D of X with p,(D) =3 the vector bundles
H|D, E|D and G|D are stable;

¢) for every irreducible component D of X which is smooth and of genus 2 the
vector bundles H|D, E|D and G|D are semistable;

d) for every irreducible component D of X with p,(D) =1 the vector bundles
H|D, E|D and G|D are semistable;

e) for every irreducible component D of X with p,(D) =2 the vector bundles
H|D and G|D are stable and the vector bundle E|D is semistable and simple;

) for every irreducible component D of X which is smooth and rational the vec-
tor bundles H|D, E|D and G|D are rigid.

Furthermore, the vector bundles H and G are simple. The vector bundle E is sim-
ple except perhaps if every irreducible component of X has arithmetic genus < 1. For
any polarization, J, on X the vector bundles H and G are J-stable (or J-semistable) if
there are J-stable (or J-semistable) vector bundles with the numerical invariants of H
and G.

ProOF. — We divide the proof into three parts.

Part (i): We fix an irreducible component D of the stable curve X. Set S:=
:=Sing(X)N D, S’ := Sing (D) and S" :=S\S'. Call Y the closure in X of X\D. Hence
S"=DnNnY. Call #: D'—D the normalization map. Let

(6) 0—>A—>F-—->B—0

be an exact sequence of vector bundles on D with rank(4) =k, deg(4) = a(D),
rank (B) =»—k, deg (B) = b(D) and with A, F and B stable. Assume given any exact
sequence

) 0—>A'—-F'—-B'—0

of vector bundles on Y with rank(4') =% and rank(B') =r — k. Here we will show
how to construct vector bundles A", F", B"on X with A" |Y=A",A"|D=A,F"|Y=
=F',F"|D=F, B"|Y=B', B"|D =B and fitting in an exact sequence

(8) OﬁAI,%F"%B"'—»O

of vector bundles on X. For every Pe D N Y call i(P) (resp. q(P)) the injective map (re-
sp. surjective map) obtained restricting the exact sequence (6) to the fibers over {P}
and #(P)’, q(P)' the corresponding linear maps obtained from the exact sequence (7).
Since D and Y are smooth at every point of Y N I, a vector bundle on X is uniquely de-
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termined by its restriction to D, its restriction to Y and its gluing data of the corre-
sponding fibers over every point of YN D. Fix Pe DNY. We fix any gluing data for
A|{P} and A’ |{P} and for B|{P} and B' |{P}} and we give the following gluing data
for the fibers F|{P} and F'|{P}. We glue the subspaces ¥(P)(A|{P}) and
i(P) (A’ |{P}). We fix complementary subspaces T of i(P)(A|{P})in F|{P} and T’ of
WP)A'|{P}) in F'|{P}. We glue together T and T’ in the unique way compatible
with the isomorphisms ¢(P)|T: T—B|{P}, ¢(P)' |T': T'—>B’'|{P} and the chosen
gluing of B|{P}} with B'|{P}. We obtain a unique gluing of F|{P}} with F'|{P}.
Hence we chose as A" and B” any pair of vector bundles with A" |[Y=A4"',A" |D=A,
B"|Y=B', B"|D =B, while we gave a strong restriction for F".

Part (ii): In this part of the proof we distinguish 7 cases.

Case 1). Here we assume D smooth and of genus ¢ = 2. By assumption we have
an exact sequence (6) with numerical datum (k, a(D), » — k, b(D)). By [RT] we may
find such exact sequence with A, F' and B stable.

Case 2). Here we assume D smooth and of genus 1. By [BR], § 1, there exists an
exact sequence (6) on D with numerical datum (k, a(D), r — k, b(D)) and with A, F and
B semistable. Since p,(X) > 1 we have S" :=DNY #¢.

Case 3). Here we assume D singular and ¢ := p,(D) = 3. By [B2] we have an ex-
act sequence (6) on D with numerical datum (k, a(D), r — k, b(D)) and with A, F and B
stable. Henee we conclude as in Case 1).

Case 4). Here we assume D singular p,(D) =2 and p,(D') =1. Hence D has an
ordinary node as unique singularity. Set {P, Q} :=x *(Sing(D)). We take an exact
sequence (6) on D' (not on D) with numerieal type (k, a(D), r — k, b(D)). By [BR], § 1, -
we may find such exact sequence with A, F' and B semistable. We glue the fibers of the
vector bundles A, F and B over the point P and over the point @ in the following way.
We fix any gluing data for A|{P} and A|{Q}} and for B|{P}} and B|{Q}} and we give
the following gluing data for the fibers F/|{P}}and F|{Q}. We glue the subspaces
(P)(A|{P}) and {Q)(A|{Q}). We fix complementary subspaces T of i(P)(A|{P}) in
F|{P}and T' of {(Q)(A|{Q}) in F|{Q}. We glue together T and T in the unique way
compatible with the isomorphisms ¢(P) |T: T—B|{P}, ¢(Q) |T': T'—>B|{Q} and the
chosen gluing of B|{P} with B|{Q}. We obtain a unique gluing of F'|{P} with F|{Q}.
In this way we obtain 3 vector bundles on D fitting in an exact sequence of type (6).
Given an exact sequence of type (7) on Y we apply the gluing recipe described in Part (i)
of the proof to obtain an exact sequence- (8) on X.

Case 5). Here we assume D smooth and rational. It is well-known the existence
of an exact sequence of type (@ — 1) with any numerieal type (k, a(D), »—k, b(D)) in
which A, F and B are rigid, i.e.if 0, = ... = a; (resp. 1= ... =f,, resp. by = ... = b,_) is
the splitting type of A (resp. F, resp. B) we have q, = a, — 1 (resp. f,=f; — 1, resp.
b,_,=b—-1).

Case 6). Here we assume D singular and rational. Hence D has ¢ ordinary nodes.
We take an exact sequence of type (¢ — 1) on D’ with A, F' and B rigid and we apply ¢
times the gluing procedure given in Case 4.

Case 7). Here we assume D smooth and of genus 2. We may take as H|D and
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G|D general stable bundles with their numerical invariants. The proof of [B2] gives
that we may take E|D semistable and simple.

Part (iii): We may do the construction of Part (i) in such a way that for every irre-
ducible ecomponent D of X with g := p,(D) = 2 the sheaves A and B are general respect-
ively in U(D; k, o(D)) and in U(D, r — k, b(D)). Since the gluing data for H and G are
arbitrary, we may obtain the J-stability of H and G just from the existence of J-stable
bundles on X with their numerical invariants. Let D be an irreducible component of X
with either arithmetic genus at least 2 or smooth and with genus 2; by Part (ii) the bun-
dles H|D, E|D and G|D are simple. Let R be an irreducible component of X with
Pa(R) =1 and Sing (R) = @; by Part (ii) H|D, E|D and G|D are semistable; fix Pe R
with P contained in another irreducible component of X; by Part (ii) we have
h°(R, End(H|R)(—P))=h"(R, End(E|R)(—P))=k°(R, End (G|R)(—P))=0. Let
T be an irreducible component of X which is smooth and elliptic; fix Pe T with P
contained in another irreducible component of X; by Part (i) we have
h°(T, End (H|T)X —P)) = h°(T, End(E|T)(—P)) = h°(T, End (G| T)(~P)) =0. Let
C be an irreducible component of X which is smooth and rational; fix two points P, P’ of
T contained in other irreducible components of X; by Part (ii) we have

R°(C, End (H|CY—-P-P"))=
=h%(C, End(E|CX—P—-P"))=h"(C, End(G|CX-P-P"))=0.

Hence it is easy to check that every endomorphism of H (resp. E, resp. G) whose re-
striction to a point is an homotethy is an homotethy. Furthermore, every endomor-
phism of H (resp. E, resp. G) is an homotethy except perhaps if every irreducible com-
ponent of X has arithmetic genus at most 1. The bundles H and G are stable because we
may take as «good» polarization the canonical polarization w y (see for instance [P]) and
every J-stable sheaf is simple.

REMARK 3.2. — As «good» polarization such that A and G are J-stable we may always
take the canonical polarization w y (see e.g. [P]).
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