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�is paper deals with the steady two-dimensional stagnation point �ow of nano�uid toward an exponentially stretching
sheet with nonuniform heat generation/absorption. �e employed model for nano�uid includes two-component four-equation
nonhomogeneous equilibrium model that incorporates the eects of Brownian diusion and thermophoresis simultaneously. �e
basic partial boundary layer equations have been reduced to a two-point boundary value problem via similarity variables and solved
analytically viaHAM.Eects of governing parameters such as heat generation/absorption�, stretching parameter �, thermophoresis��, Lewis number Le, Brownian motion ��, and Prandtl number Pr on heat transfer and concentration rates are investigated.
�e obtained results indicate that in contrast with heat transfer rate, concentration rate is very sensitive to the abovementioned
parameters. Also, in the case of heat generation � > 0, despite concentration rate, heat transfer rate decreases. Moreover, increasing
in stretching parameter leads to a gentle rise in both heat transfer and concentration rates.

1. Introduction

For years, many researchers have paid much attention to
viscous �uid motion near the stagnation region of a solid
body, where “body” corresponds to either �xed or moving
surfaces in a �uid. �is multidisciplinary �ow has frequent
applications in high speed �ows, thrust bearings, and thermal
oil recovery. Hiemenz [1] developed the �rst investigation
in this �eld. He applied similarity transformation to col-
lapse two-dimensional Navier-Stokes equations to a nonlin-
ear ordinary dierential one and then presented its exact
solution. Extension of this study was carried out with a
similarity solution by Homann [2] to the case of axisym-
metric three-dimensional stagnation point �ow. A�er these
original studies, many researchers have put their attention on
this subject [3–9]. Besides stagnation point �ow, stretching
surfaces have a wide range of applications in engineering
and several technical purposes particularly inmetallurgy and

polymer industry, for instance, gradual cooling of continuous
stretched metal or plastic strips which have multiple applica-
tions in mass production. Crane [10] was the �rst to present
a similarity solution in the closed analytical form for steady
two-dimensional incompressible boundary layer �ow caused
by the stretching plate whose velocity varies linearly with the
distance from a �xed point on the sheet. �e combination
of stretching surface and stagnation point �ow was analyzed
by Yao et al. [11]. Dierent types �uids such as viscoelastic
[12] or micropolar ones [13] past a stretching sheet have been
studied later. �e popularity of stretching surfaces can be
gauged from the researches done by scientists for its frequent
applications and can be found in the literature, for example,
[14–19]. Recently, Nadeem and Lee [20] have investigated
the boundary layer over exponentially stretching surfaces
analytically.

Improving the technology, limit in enhancing the per-
formance of conventional heat transfer is a main issue [21]
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owing to low thermal conductivity of themost common�uids
such as water, oil, and ethylene-glycol mixture. Since the
thermal conductivity of solids is o�en higher than that of
liquids, the idea of adding particles to a conventional �uid to
enhance its heat transfer characteristics emerged. Among all
dimensions of particles such as macro, micro, and nano, due
to some obstacles in the pressure drop through the system
or keeping the mixture homogenous, nanoscaled particles
have attracted more attention. �ese tiny particles are fairly
close in size to the molecules of the base �uid and thus can
realize extremely stable suspensions with slight gravitational
settling over long periods of time. Coined term “nano�uid”
was proposed by Choi [22] to point out engineered colloids
composed of nanoparticles dispersed in a base �uid. Fol-
lowing the seminal study of this concept by Masuda et al.
[23], a considerable amount of research in this �eld has risen
exponentially. Meanwhile, theoretical studies emerged to
model the nano�uids behaviors for which the proposedmod-
els are twofold: homogeneous �ow models and dispersion
models. Buongiorno [24] indicated that the homogeneous
models tend to underpredict the nano�uid heat transfer
coe�cient, and due to nanoparticle size, the dispersion
eect is completely negligible. Hence, Buongiorno developed
an alternative model to explain the abnormal convective
heat transfer enhancement in nano�uids and eliminate the
shortcomings of the homogenous and dispersion models. He
considers seven slip mechanisms, including inertia, Brow-
nian diusion, thermophoresis, diusiophoresis, Magnus,
�uid drainage, and gravity, and claimed that, of these seven,
only Brownian diusion and thermophoresis are impor-
tant slip mechanisms in nano�uids. Moreover, Buongiorno
concluded that turbulence is not aected by nanoparticles.
Based on this �nding, he proposed a two-component four-
equationnonhomogeneous equilibriummodel for convective
transport in nano�uids. �e aforementioned model has
recently been used by Kuznetsov and Nield [25] to study the
in�uence of nanoparticles on natural convection boundary
layer �ow past a vertical plate. �en, a comprehensive survey
of convective transport of nano�uids in the boundary layer
�ow was conducted by Khan and Pop [26], Bachok et al.
[27], Alsaedi et al. [28], and Rana and Bhargava [29]. Some
very recent review papers are written by Daungthongsuk and
Wongwises [30], Wang and Mujumdar [31], and Kakaç and
Pramuanjaroenkij [32].

In order to study the aforementioned issues, there is
a certain need to model them mathematically and solve
them with an appropriate technique. For years, numerical
approaches have been developed, but due to some restrictions
[33], analytical solutions have been considered as alterna-
tive ways by scientists. Perturbation technique is one of
the most common methods in this �eld which is widely
applied in science and engineering [34]. A drawback of
perturbation techniques is that they strongly depend upon
small/large physical parameters, so they cannot be applied
to strongly nonlinear problems. Hence, nonperturbation
techniques such as Adomian decomposition method [35]
and variational iteration method [36–38] appear in order to
omit the dependency on small/large parameters. It must be
noted that these methods cannot ensure the convergence of
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Figure 1: Geometry of physical model and coordinates system.

series solution. On the other hand, the homotopy analysis
method (HAM) proposed by Liao [39–41] is a general ana-
lytical approach to get series solutions of strongly nonlinear
equations [42–44] with great freedom options to ensure the
convergence of solutions series. Moreover, in contrast with
numerical methods, it can be implemented with far �eld
boundary conditions. Needless to say that for boundary layer
problems, the physical domain is unbounded, whereas the
computational domain has to be �nite, so similarity variable
at in�nity must be evaluated with the aid of previous studies
[45]. Newly, Liao [46] has presented the optimal HAM to
guarantee the convergence of solution. He de�ned a new kind
of averaged residual error to �nd the optimal convergence-
control parameters which can accelerate the convergence of
series.

�is paper deals with the analytical study of boundary
layer stagnation point �ow of nano�uid toward an expo-
nentially stretching surface with nonuniform heat gener-
ation/absorption which is the extension of Hassani and
coworkers’ study [47] and the mentioned Nadeem and Lees’
one [20]. �e studied model incorporates the eects of suc-
tion injection parameter �, Lewis number Le, the Brownian
motion parameter ��, and thermophoresis parameter ��. It
is hoped that the obtained results will not only present useful
information for applications, but also serve as a complement
to the previous studies.

2. Governing Equations

Consider the steady laminar two-dimensional �ow of nano-
�uids near the stagnation point at a stretching sheet in the
presence of heat generation/absorption as shown in Figure 1.
�e coordinates � and � are taken with the origin � at the
stagnation point. Two opposite forces are applied along the �-
axis similarly so that the wall is stretched whilst keeping the
position of the origin �xed. �e free stream �uid’s velocity
and the stretching one are assumed to vary nonlinearly,

which corresponded to 	�(�) = 
��/� and ��(�) = ��/�,
respectively. It is to be said that 
 and  are constants and
always positive; that is, 
,  > 0. It is also assumed that the
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temperature and concentration at the surface have constant
values of�� and��, respectively, while the ambient tempera-
ture and concentration beyond boundary layer have constant
values �∞ and �∞, respectively. �e continuity, momentum,
and energy equations in the Cartesian coordinates for this
�ow can be expressed as [48]

���� + �V�� = 0, (1)

����� + V

���� = 	� �	��� + ]

�2���2 , (2)

����� + V

���� = ��2���2 + � [�	 ���� ���� + �
�∞(
���� )
2]

+ ����� (� − �∞) ,
(3)

����� + V

���� = �	 �2���2 + �
�∞
�2���2 , (4)

subject to the boundary conditions

V = 0, � = ��/�, � = ��, � = �∞ at � = 0,
� = �� (�) = 
��/�, � = �∞, � = �∞ as � �→ ∞.

(5)

Here, � and V are the velocity components along the �- and�-directions, respectively, and � is the temperature. �	 is
the Brownian diusion coe�cient,�
 is the thermophoretic
diusion coe�cient, � is the ratio between the eective heat
capacity of the nanoparticle material and heat capacity of the

�uid,  nf is the viscosity of nano�uid, �� = �(/2!)��/� is
the nonuniform heat generation/absorption where � > 0
and � < 0 stand for heat generation and absorption, re-
spectively, �nf is the density of nano�uid, and �nf is the
thermal diusivity of nano�uid. In order to �nd a similarity
solution of (1)–(4), we employed the following dimensionless
parameters:

" = √ 2]!��/2��, $ = √2]!��/2�& (") ,
' (") = � − �∞�� − �∞ , � (") = � − �∞�� − �∞ .

(6)

Here, " is the similarity variable and $ is the usual stream
function; that is, � = �$/�� and V = −�$/��. �e governing
equations (1)–(3) and the boundary conditions of (5) collapse
into

&��� + &&�� + 2 (�2 − &�2) = 0, (7)

'�� + Pr'� (��3� + ��'� + &) + Pr�' = 0, (8)

3�� + Le&'� + ���� '
�� = 0. (9)

�e appropriate dimensionless forms of boundary condi-
tion of (5) are

At " = 0 : & = 0, &� = 1, ' = 1, 3 = 1
At " = ∞: &� (") = �, ' (") = 0, 3 (") = 0, (10)

where prime denotes dierentiation with respect to " and
Pr, Le,��,��, and � denote Prandtl number, Lewis number,
Brownianmotion, thermophoresis, and stretching parameter,
respectively. �e physical quantities of interest in this study
are

Cf� = ��6666=0�	�2 ,
Nu� = − �(�� − �∞)

����
66666666=0,

Sh� = − �(�� − �∞)
����

66666666=0

(11)

and can be expressed as

√2Re�Cf� = &�� (0) ,
Nu�√2Re� = −√ �2!'� (0) ,
Sh�√2Re� = −√ �2!3� (0) ,

(12)

where Re� = ���/] is the local Reynolds number.

3. Analytical Solution by Homotopy
Analysis Method

In order to solve the equations by means of HAM, we have to
choose the initial guesses and auxiliary linear operatorswhich
are assumed as follows:

&0 (") = �" + (1 − �) (1 − �−�) ,
'0 (") = �−�,
30 (") = �−�,

(13)

! (&) = &��� − &�,
! (') = '�� − ',
! (3) = 3�� − 3.

(14)

�en, we have proceeded the solution of HAM for which, for
the sake of brevity, the details are skipped here and can be
found in [49–51]. As pointed out by Liao [40], the conver-
gence rate of approximation for the HAM solution strongly
depends on the value of auxiliary parameter, �� (9 = 1, 2, 3).
In order to seek the permissible values of ��, the considered
functions have to be plotted for a speci�c physical point at an
appropriate order of approximations. Obtaining the suitable
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Figure 2: Average residual errors which are de�ned by (15).

��, we followed Liao and de�ned the averaged residual errors
to �nd the optimal convergence-control parameters

?1 = ∫∞
0

(�[ �∑
�=0
D� (E)])

2

�E,

?2 = ∫∞
0

(�[ �∑
�=0
'� (E)])

2

�E,

?3 = ∫∞
0

(�[ �∑
�=0
3�(E)])

2

�E.

(15)

�e more quickly ?� (9 = 1, 2, 3) decreases to zero, the faster
the corresponding homotopy-series solution converges. So,
at a proper order of approximation H, the corresponding
optimal values of the convergence-control parameter will be
obtained by theminimumvalues of?�which can be estimated
as

�?1��1 = 0,
�?2��2 = 0,
�?3��3 = 0.

(16)

It is worth mentioning that since (8) and (9) are coupled,
for minimizing the ?2 and ?3, we should apply either a least
square technique or themethod introduced byYabushita et al.
[52], where, following [53], we have applied the second one.

4. Result and Discussion

�e system of (7)–(9) with boundary conditions of (10)
has been solved analytically via homotopy analysis method
(HAM). �e best accuracy of our results has been obtained
and shown in Figure 2 where residual values of (16) are
plotted in the solution domain. In addition, for selective
parameters, we have compared our analytical outcomes with
numerical oneswhich are cited in Table 1. In comparisonwith
regular �uids, the present study involves three more parame-
ters: Le,��, and��; hence, contour plots have been presented
instead of regular diagrams.�e advantage of contour lines is
that they illustrate more physical interpretation rather than
common plots and are appropriate for problems with many
eective parameters. Here, in all contours, the negative values
have been shown with dashed lines. Needless to say that
higher density of the contour lines demonstrates wide range
of variations of the understudied parameter, and for sparse
sets of contours, it is vice versa.��-�� contour lines of the physical interests, that is, the
heat transfer and concentration rates for dierent values of
unsteadiness parameter (I), stretching parameter (�), Lewis
number (Le), heat generation/absorption parameter (�), and
Prandtl number (Pr), are shown in Figures 3 and 6. As the
eye sees, the behavior of heat transfer rate −'�(0) reveals its
straightforward dependency on almost all parameters except
for higher values of Pr for which variations of�� and�� have
stronger eects and should be considered in depth. Clearly,
increase in the values of �� and �� leads to the decrease in
the values of heat transfer rate, that is, −'�(0). In contrast
to heat transfer, we can observe that the concentration rate−3�(0) is very sensitive to all parameters and its variations
are not predictable at a glance. A rise in �� at lower values
of Le leads to a drop in concentration rate, while for higher
Lewis numbers, concentration rate takes an increasing trend
except for some values of low thermophoresis and Brownian
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Table 1: Comparison of our analytical results with numerical results via shooting method.

�� Le
−'�(0)

Error %
−3�(0)

Error %
HAM Numerical HAM Numerical

0.1
1 0.644835 0.645023 −0.029148 −1.52771 −1.52922583 −0.099355
2 0.589582 0.5883122 0.2153212 −0.65237 −0.64663798 0.886434

0.5
1 0.458667 0.4586645 0.0005066 0.312874 0.31278339 0.0289599

2 0.373846 0.3735257 0.0857389 0.752468 0.75300072 −0.070857
1

1 0.284093 0.2838612 0.0815335 0.514955 0.51509636 −0.027359
2 0.197857 0.1985839 −0.367558 0.886216 0.88559894 0.0696118

motion. Furthermore, as�� increases, the −3�(0)’s variation
is dwindled downwhich ismore suppressed as Lewis number
increases.

Considering Figure 3, we can observe that the increase
in stretching parameter � causes a gentle rise in both heat
transfer and concentration rates. Additionally, in the case
of heat absorption, that is, � < 0, the values of the heat
transfer rate increase while concentration rate decreases; a
reversed trend can be observed for the case of heat generation
which is supported by Figure 4. According to Figure 5, it
can be observed that despite the concentration rate, a rise
in Le number decreases the heat transfer rate which is more
obvious for lower values of Le. An interesting feature that
can be observed in Figure 5 is that with lower Lewis number
and Brownian motion, −3�(0) is negative; that is, reverse
concentration rate occurs. Eects of Pr have been considered
in Figure 6 which shows that the increase in Pr leads to a rise
in the values of heat transfer rate at lower values of Brownian
motion; however, for higher values of Brownian motion,
increasing in Prandtl number decreases the heat transfer rate.
In contrast, a rise Prandtl number increases the concentration
rate especially with higher value of��.

Finally, sample pro�les of boundary layer including veloc-
ity, temperature, and concentration for dierent values of �
have been presented in Figures 7, 8, and 9. It is noteworthy
that these pro�les have the same form with regular �uids.
Increasing the stretching parameter, due to less dierence
between the sheet and free stream velocities, the momentum
boundary layer gets thinner. �is causes an increase of the
momentum at the surface. So, it is not surprising that heat
transfer and concentration rates climb up both (Figure 3).

5. Conclusion

�is paper deals with an analytical study of boundary
layer stagnation point �ow of nano�uid toward an expo-
nentially stretching surface with nonuniform heat gener-
ation/absorption. �e governing PDE equations including
continuity, momentum, and energy have been transformed
into ODE ones with similarity solution and are solved with
HAM. �e main outcomes of the paper can be summarized
as follows.

(i) Heat transfer rate has simple dependency on almost
all parameters except for higher values of Pr. Increas-
ing the values of thermophoresis (��), Brownian

motion (��), and Lewis number (Le) results in a
reduction in heat transfer rate.

(ii) In contrast to heat transfer rate, concentration rate
is sensitive to the parameters of thermophoresis(��), Brownian motion (��), Lewis (Le), and Prandtl
numbers (Pr). A rise in�� at lower values of Le leads
to a drop in concentration rate, while for higher Lewis
numbers, concentration rate takes an increasing trend
except for some values of low thermophoresis and
Brownian motion parameters.

(iii) Heat generation � > 0 reduces the heat transfer rate
while increasing the amounts of concentration rate. A
reversed behavior can be observed for heat absorption� < 0. Also, we can see that increasing the stretching
parameter � causes a gentle rise in both heat transfer
and concentration rates.

(iv) Increasing Pr leads to a rise in the values of heat trans-
fer rate at lower values of Brownian motion; however,
for higher values of Brownian motion, increasing
Prandtl number decreases the heat transfer rate.

Nomenclature


, : Positive constants�: Nanoparticle volume fraction
Cf�: Local skin friction coe�cient�	: Brownian diusion coe�cient�
: �ermophoresis diusion coe�cient
f : Dimensionless stream function!: Characteristic length
Le: Lewis number��: Brownian motion parameter��: �ermophoresis parameter
Nu�: Local Nusselt numberJ: Pressure
Pr: Prandtl number��: Nonuniform heat generation/absorption
Re�: Local Reynolds number
Sh�: Local Sherwood number�: Temperature�, V: Velocity components along the x- and

y-directions, respectively�, �: Cartesian coordinates system.
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Figure 6: Contour lines of heat transfer and concentration rates for dierent values of Pr when Le = 2, � = � = 0.1.
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Greek Symbols

�: �ermal diusivity�: Stretching sheet parameter3: Rescaled nanoparticle volume fraction": Similarity variable : Dynamic viscosity
]: Kinematic viscosity�: Density(���)�: Heat capacity of the �uid(���)�: Eective heat capacity of the nanoparticle�: Dimensionless heat generation/absorption�: Parameter de�ned by (���)�/(���)�$: Stream function.
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Figure 9: Concentration pro�les for dierent values of stretching
parameter.

Subscripts

nf: Nano�uid&: FluidK: Condition on the sheet∞: Ambient conditions.
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