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Xn classical impact theories1, the effeot  of ione on the width of s p e c t d  
. . 

l ines  i a  calculated by supposing that an ion produces a Stark field at the 

glwe of the M e s t i n g  a m o  that the akmge of t h i s  f i e ld  as the ion mwes 
2 

spreads the radiated fkeqwncfes in to  a small continuum. On the other hand, 
# 

quantum mechanical calculations based on the cu8toml-y fomulaa of the theory 

of radiation' yield l i n e  wfdths which s e a  to  ignore thRj Stark effect. This 

2 was evident i n  the work of Klvel, Bloom and krgeaebu where the ' 'univereal*' 

e f fec t  contsined no evidence 'of second-ozder Stevb contributions but only 

scattering by Hartree potentials between atom and electron, rts was shown by 

3 Wyerott and B4argem.u , First-order Stark effecte, c u e d  polarization, were 
, 

present i n  the resul ts  of Ref, 2; they arise Proan the conhination of degenerate 

s t a t e s  which were included i n  the calculation. 

Higher excited s t a t e s  were igno-, snd the iqpression might arise that 

the i r  inclusion i n  the onlinary f o ~ i ~  would autoaatically yield the quantum 

analogue of the second-order Stark effec t  obtained by impact theories. This '86 

not the case, Hiq3ler atomic etatee make contributiom t o  the l ine width only 'if 

they can actually be excited, I.@,, i f  the impinging ions are eufflciently ener- 

getic o r  the temperature i s  high. The effec t  i e ' t hen  one of quenching the 

optically active s t a t e  rather than of Stark perturbations. The reason for  this 

strange result lies i n  the fsct tihat rehaistion theory makes use of w h a t  f a  

somtlmes called the tqsuibden a p p r o x i r e e t i ~ n : ~  St assumes none of the upper 

s t a t e s  to  be excited a t  time t = 0 and then switches on the perturbation. 

Unaer these conditions, ordinary perturbation theory likewise fa ls f f lee  the 

This work w a ~  perfomel By the author as a consultant fo r  m e  RAfeD Corpomtion. 
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second-oder Stark effect. 

Part I of t h i s  note exhibits the difficulty; Part I1 shows how it can be 

removed with the use of wave packets for the perturbing ions. 
8 

. , . . .'q 

The procedure to be employed is similar to that of /~ef, 2, Section XVd .. . .-- .--- .--,- - 
i' 

We wish to descrlbe a system composed of an atam and one external electron or 

ion (henceforth ve speak of an electron), sn8 states designated by capital 

letters are states of this cambined system. Amow them we distinguish the 

upper radiative state & in which the atom is excited (in state 1) and the electron 

is in state a, which forms part of a continuum. There are higher atumic states 

r to which the electron-atom interaction cdls transfer the system; ascsociated - + 

with - r are electron states p, snd the f'ull state, (r,p) will be Welled - R. 
Finally, them is the mund state of the atam, 0, which is accompanied by 

electron states a. The assumption is that it $an be reached only by radiation 

fram A, and that during this transf tion the electron' remains in the same state a, 
, .  ... 

We denote "dark' ' amplitudes (no photons present) 'by d_, bright ones (one 

-+ : photon of frequency w10 is present) by b. - The atom-electron perturbation is C, 

and = EA 0 -%. Furthermore, EA end 5 are taken to be ccsnposed additively 

of atom and electron energies; the interaction is neaected In o . Thus % ='q 

a Z&. One then obtains the following equations for the amplitudes: 



- - 

m-1779-m 
. 5-23-56 I - 3 - 

The J-term i n  the M r s t  equation gives r i s e  to  the natural l i n e  width 

which is not of in teres t  i n  the present context. . Putting it equal t o  zero has 

no other e f l ec t  than t o  ignore the natural width. In  the last equation, Ji 
9 0 1  , 

I is the M i a t i o n  matrix element for  the t ransi t ion fmm atomic satate 1 to 0 

I : with generation of one photon of frequency wg, henceforth simply written as w. 

I ; WILL bhf s u n n d e r s ~ n g  Zhe basic! equatiom are 

I l?rcm I@. ( 3) we obtain at once the l i n e  shape fn emission: 

l ine  bo(w) = JO1 d t .  4.) 
t300 

, 
and the intensi ty dis tr ibut ion is  

I . .  
X t  w i l l  be n o t i c d  that ~ ( w )  is the hurfer transform of the i n i t i a l  amplitude 

dAe-%Ot . In  using Eq. (5) certain averages over direction. of p o M z a t i o n  

must be perfom& by which / Jol 1 '  i 8  converVd in to  ~r . Tbls  i s  not 

explici t ly  indicated Fhnd w i l l  not concern us i n  the present investigation. 

Let the i n i t i a l  state  decay exponentially: 

I 



then states 

b9e now solve (2)  by successive appmximrations. If 

But all dg(O) occurring i n  the sum are zero, hence 

~n computing we retain te- w i t h  cis ( ' ' in C m i ~ ~ i n d "  
WA 

Hence, from (7) , 

The flrgit l ine  of p represents the f i r s t  approximation, .the next the second.. 

Consider the f i r s t  approxination. Clearly contains ,?, , the sum 
R P 

over electron states and th is  can be replaced by an integral. 



~ m d e d  V vo&~me, % is the W e  between the wave number vector and the 

p o h   so Also, 
rs, 

Therefore 

A t  t h i s  point we use the formula 

whlch is folloally t rue  f o r  s u f f i c i e n t u  small y and large to Hence the last 

integration vlth respect to u- vanishes if the only value whlch contributes t o  
B 

it, nameu = yr + ua , i s  smalJ.er than zero. A f inite result occurs when 
P 

wa burl , that is, when the perturbing electron has enough energy t o  excite the 

r* state. 

In  the first appmxbation, then, 7 receives contributions only from matrix 

elements I %I2 between .tat.. R and A n t h  equal energy. Tbe resvlt l a  very 

similar t o  the foxnule. for  quenching i n  Ref. 2 but contains a ammation over all 

acceaaible a.tamic states. Explicitly, 



=-J'i!FGG where kr 

end the prime on C indicates that the s ta tes  ( r  p) and (la) must have the same 

I energy, Wt ice  that C h  is  a function of Gr . 
We now study the second approximation i n  Eq. (8). It consf sts of three I ! 

teme vhfch w i l l  be 1QibeUed A, B, obnd G, oo t k e  I : 

The e m  C A is  subject t o  resonance at the seme'value , and we f ind 
P 

1 . .  the primes baring the EWE meaning as before. I f  y is  neglected amins t  

I iw 
SA ' one can define a aecond-order matrix element 

and write 

whlch looks very much l i k e  (9). 

When & B i e  treated i n  a similar vay, it is  seen t o  add t o  (u) the 

I complex conjugate t o  that expression. Vp t o  this point, then 

RbaUy, it can be shown that C C vanishes for  suf'ficiently 8mall 7 
RS 

as the r a t i o  of , 

In  the second qproxha t ion ,  Eq. (12) is the relevent expression for the 



l ine  ~Sdth,  and if it is t o  be f i n i t e  the resonances M i c a t +  by the primes 

,wt occur, since otherwiee the matrix elements are t o  be omitted fram the 

swaua3tdon over - r. The foregoing treatanent produces no y at all when the 

electrone, do not have enough energy t o  excite the higher atomic states.' The 

(1) reaeon for  t h i s  defect l ies i n  the use of an improper approximation for  dR 

cux~ % .  (*) , m c h  -1ia~ k t  these -lituacis are exactly zem a t  t =. 0. 

I n  classical %upact theories, the l ine  width arises from the fact  that 1 
the perturber moves pewt the radiating atom. But In  the e t a t i o w  eleatron I 
state employed i n  I there! is nq motion. It is clear, therefore, that q quantum 

calculation which is to  be the analog of an impact theory must operate with 
, , 

, I 
initial pertwber s ta tes  that  are superpositions of stationary states, i.e., I 
diff'wing wave packets. The subsequent analysis w i l l  bear this out. 

As Lo the i n i t i a l  s tate,  suppose that the atam has the s b r p  energy 5, ,- 

whereas the electron has a distribution of energlks ea . The i n i t i a l  mpl.itude 

d tJill therefore be of the form &a , and a is time-dependent. For fa we A - 
choose a "therntal" k v e  packet as proposed i n  a previoue paper2: 

where, aside Aom obvious symbols, f i s  the Bolt- o - a t ,  4s the wwie ' 

n&er and u the number of free-electron s ta tes  per urrit range i n  k : 
e - 

d being a e  distance i n  which bne electron is  encountered. Itn this anslysf8, I 
d = n  01/3 if n is the nuuiber 6lP electrons cc. 



We note that 
h 

Our failure t o  write the i n i t i a l  emplitules i n  the f o m  aa(t)fa implies 

that the excited atom w i l l  change, a5 e. result of the C-perturbation, in a 

manner independent of the electron state a, So long as the Interaction is 

weak this it3 a good approximation, 

As t o  the M n g  of Eq. (13) we note thse the packet 

represents a Btaussidbn function proportional t o  exg [- 3 This is not 

a st(Ebtiomry distribution, but one ~rhich dif'fuses in accozdance with the 

s c h d d h g e r  equation for  a free particle.  E q .  (13') i s  true at time t = 0; at 

earlier and later t h e s  the packet is broader. The accetion of charge a t  time 

t F 0 and its subsequent diffusion will be seen t o  correspond i n  the l ine-  

bqxdsning theory t o  a classicesl passage of a perturber past  an atom. 

The diffbion process goes on unt i l ,  i n  our model, the half-width of the 

"hve packet is about equal t o  d, One need not be precise on this point because - 
the resul t  t o  be obtained depends on the diffusion length only lo&thraically. 

To compute the df f fwion time t we note that a packet W s e  i n f t i e l  width is  - 

6 = /h 
a2 t2) 1/2 a t  time t. On putting this equal t o  has a width ( 8  + 

Jiz m s 
112 dms d - we find fo r  t the value 3 d($) Eence 

Erst Onler Theory 

If C hets ilia@ element8 with respect t o  the a W c  s ta tes  which are - 
large i n  comq>arison with off -diagonal terms, Bq. (1) controls the change of dA. 



I When writtan out in detail that equation reads 

The index 8 s w  over electron states, and uB 2 I = k, . The summation on the 
r 

.-iu$t ' 

right affects not only f e B 
, but also C , . But ~ince C is presuwibly 

a slowly varying hction of $ we replace it by its value at = 0, where f 5 8 
has a meudnrum. Now 

I .  with the abbreviations 

If Eq. (15) is multiplied by and summed over a, the left side becomes i.fi i, 

while the right acquims a factor which is the ccrmplex conjugate of (16). Hence 



Second-Order Theory 

Eq. (2 ) ,  when written in  explicit  form, is 
w2 

which, by virtue of (16) i s  

When t h f s  i s  Integrated and the result i s  put into Bq. (1)  , we have 

Again, we multiply by fa and sum over a, PlDd the result is 

A partial integration yields 

. 
The qpproxbation made here l i e s  i n  neglecting it against a,  which l imits  the - - 
analysis t o  tlmes during which a h m  not markedly &angel f'rom its i n i t i a l  

value, 1. ~f a C< /A\ a / u,. w I o ~ l y  the first tern on the right is inrportant, 
r P 

an8 we flnd 



a result wholly adagous t o  (IT), except that C10 is now replaced by i t s  
r 0 

second-order equivalent 

L3.m W i d t h  

In Eqs. (17) and (18) we have recovered the start ing point of aLL classical 

impact theories. The term i n  the bracket of (17) represents the phase change 

a t  t h e  t. When completed ( t > t) this phaae change is 

In view of Eq. (14) a %' = 2 ~ 1 ~ l / ~ ( ( m  e( T) 'I2/% >> 1, whence 

If Z is small in~caruparison with the free time between electron impacts 

(condensation. of wave ~ a c k e t s )  the impacts may be treated as sudden changes 

of phase, eand the following analysis may be employed. 

we M t e  (5) fn the form 

w e  jd (t) is the sum of all the phase changes that have occurred at t. Then 

~ ( u )  a 

- 00 
where 



and w '  7 w - w10 . The evaluation of the correlation function for a single 
act of emission is of course meaningless; what  is intellded is an expectation 

value for an ensemble of radiating atoms. We therefore replace C(7') by an 
. . ,  ~ 

expectation value with respect to ed. randam vqiabla  E ,  assumedl to designate 

the members of the m r i o u  time series (radiative acts.vlth perturbations) of I 

The exponent here is sinrply the number o f  impacts occurring between t and 

t .a 2 for a given E . 
Suppose now that the probability of - one phase sMf't p i n  a small time I 

i n t e d  6 is q, and that N6 ay. Clearly, line q = 0, and if s is taken BMtll 
s+o 

enough the probability that there shall be - no impact in s is p = 1 - q i 1. 
Moreover, if L) is the man number of impacts per second, q = J s . 

Brom these considerations one.finds, by using lewbnss well k n m  fozmula, I 
that the probability for the cccurence of n ehiffs in the interval is 

. - - .. . - - . - . --... . . . . - - -  - - .  . .-.. .. .-.-.. 

whence 

C(T) a e 
w -Jr(l - e ) i f 2  > 0 .  

vhem u = g ( l  - eiq 
note ( 20) that C( -q = c*(T) ; i ee;, c(T) = c*( -9 for Z< .O 



s 

( w '  - U X l 2  + u 
r 

Here q and ui are, respectively, the real and imaginary part6 of u: 

Ui = - 9 sin p 

Except for our value of 9 ,  these are the results o f  the usual imperct 

theories. They have been obtained by a number of pmvioue authors Who wed 

mtha  which were perhaps leas conpact than the gsesent. 

Tha similarity of the phase change JO glven by a. (19) vith the 
4 \ 

corresponding classical expression is  very close. Xf the potentfeJ. during a 

perturber transit across d - is C , 
/ 

xf in (19) we i d e n t i e  @ vith v , ( , K T ) ~ / ~ P ;  d t h t h a  De mve 

length K , that equation reads 
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