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Abstract: In this paper, we introduce and study a new subclass of multivalent functions with respect
to symmetric points involving higher order derivatives. In order to unify and extend various
well-known results, we have defined the class subordinate to a conic region impacted by Janowski
functions. We focused on conic regions when it pertained to applications of our main results. Inclusion
results, subordination property and coefficient inequality of the defined class are the main results of
this paper. The applications of our results which are extensions of those given in earlier works are
presented here as corollaries.

Keywords: multivalent functions; starlike and convex functions; coefficient inequalities; analytic
function; univalent function; Schwartz function; differential subordination; Fekete-Szeg6 inequality

1. Introduction and Definitions

Throughout this paper, we let C, Z~ and N to denote the sets of complex numbers,
negative integers and natural numbers, respectively. Let H(a, n) be the class comprising of
all analytic functions defined in unit disc E = {z € C: |z| < 1} and having a power series
representation of the form h(z) = a + a,z" + a, 12" "1 + - - -. Furthermore, let A(p, 1)
denote the class of functions h analytic in [E and having a power series representation of
the form .

h(z) = zF + Z akzk, (p,n €N) 1)
k=p+n

and let A(1, 1) = A. Two prominent subclasses of A are the so-called families of starlike
functions and convex functions which have the analytic characterization of the form

Re(i’j&i?) >0 and Re (1 + Z:,/;S)) >0,

respectively. Here we let S* and C to denote the class of starlike functions and convex
functions, respectively. The two preceding descriptions reveal an interesting close analytic
characterization between starlike and convex functions. This says that /(z) € C if and only
if zh'(z) € S*. For detailed study and developments pertaining to various subclasses of
A(p, n), refer to [1,2]. We let the collection P of functions ¢(z) that are analytic in the unit
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disc E with ¢(0) = 1 and Re(z) > 0. Hereafter, we let ¢ € P and 1, has a power series
expansion of the form

P(z) =1+ Liz+ Lpz2> + 32 + -+, z€E, L1 > 0. )

Subordination, quasi-subordination and Hadamard product (or convolution) are the
three main tools that are predominantly used in the study of univalent functions theory. We
let <, <« and * to denote the subordination, quasi-subordination and Hadamard product,
respectively. For detailed discussion and formal definition of the quasi-subordination and
Hadamard product, refer to [3,4].

Using the principal of subordination, Ma and Minda [5] defined the classes S*(¢) and
C(1) as follows:

ywm:@eA;fg)<w@}amq@:{heAq+f£?<¢@}

where (z) is defined as in (2). They assumed the superordinate function i maps the
open unit disc E onto a starlike region with respect to 1 and symmetric with respect to the
real axis. The classes S* () and C (i) consolidated the study of several generalizations of
starlike and convex functions. By restricting the 1 to a specific conic region for example
to parabola, cardioid and Bernoulli lemniscate, several authors studied the properties of
starlike functions with respect to conic regions. Most popular among the study of starlike
functions associated with conic regions are the classes S*(1/1 + z) defined by Sokoét [6] and
followed by $*(z + V1 + z2) defined by Raina and Sokét [7]. For studies related to conic
region, refer to [8-15] and references provided therein.

The famous Janowski starlike functions and Janowski convex functions (see [16]), are
denoted by the special case of S* (i) and C(y), although they are still in spotlight due to
their versatility. We denote by S*(F, G) and C(F, G) the class of Janowski starlike functions
and Janowski convex functions, defined by

. o zh'(z)  1+Fz
S (F,G)._{heA. ) =< 11c2

—1<G<P<1},

and
zh"(z) 1+ Fz

W (z) “1ycz
respectively. It should be noted that all the classes mentioned above were extended for

h(z), which belongs to A(p, 1). Extending the well-known Janowski class of functions [16],
Aouf [17] (Equation (1.4)) defined the class ¢(z) € P(F, G, p,«) if and only if

aRGy:{hEA:lk 1§G<F§1}

_ P+ [pG+ (F=G)(p—a)|w(z)

[+ Guw(z)] , (F1<G<F<1,0<a<1) ()

t(z)
forallz € E = {z: |z]| < 1} where w(z) is the Schwartz function. Recently, Breaz et al. [18]

(Equation (4)) used the following expression to study a new class of multivalent function

1+ F)p+a(G=F)ly(z) +[(1 = F)p—a(G—F)]
[(G+D)p(z) + (1-G)] '

N(pi E,G; o i) = )
where (z) is defined as in (2). X(p; F, G; a; ¢;z) is an extension of the class P(F, G, p, a).
Refer to [18,19], for an explanation of the purpose and motivation in order to define a class
of functions superordinate to X(p; F, G; a; ;z).
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Recently, Aouf, Bulboacd and Seoudy in [20] (Definition 1) introduced a class so-called
multivalent non-Bazilevi¢ functions as follows: A function 1 € A(p, n) is said to be in
NJ(A, B,m; F,G) if it satisfies

S(p,m)zb=™m p zh(1Hm) (z) [ 8(p, m)zP—™ P14z
(1+A)< h(m) (2) >_)‘(p_m)h<m)(z)( hm) (z) > REEYe

AeC0<B<lLpneNmeNy=NU{0},p>mand —1<G<F<1),

where < denotes usual subordination of analytic functions and é(p, m) = ﬁ

Using Hadamard product (or convolution), Karthikeyan et al. [21] (Definition 1.1)
defined a class PS} (B, 6; b; ; h; F,G) of A(1, 1) subject to satisfying the condition

1+ -1

(1+itan0) l 2! MR (2))° < X(1; F,G; 0; y; 2),

b [(1-B)R(z) +pz]'

where R =h*g, -5 <0< %,6>1,0<B<1,A>0,bcC\{0}andX(p; F,G; «; ¢;2)
is defined as in (4).

1.1. Motivation, Novelty and Discussion

Motivated by the classes ./\/’;,“(/\, B, m; F,G) and 738?(,8, 6; b; ; h; F,G), we aim to
define and study an interesting subclass of multivalent functions with respect to symmetric
points subordinate to X(p; F, G; «; 1;z). However, the present study is not a direct gen-
eralization or unification of N;‘(A, B, m; F,G) and 7383\(/5, 6; b; ¥; h; F,G), but is closely
related to the above defined function classes.

This paper is structured as follows. In this section, we will begin by illustrating that im-
pactof X(p; F,G; a; 9; z) is not same on all conic regions and it varies from region to region.
Subsequently, we define a class of multivalent functions using higher order derivatives
superordinated by N(p; F,G; a; ; z). In the Section 2, we discuss some elementary and
known results which would be used to obtain our main results. Sections 3 and 4 are devoted
to provide our main results namely solution to the Fekete-Szeg® problem and interesting
subordination conditions. Finally attempting the discretization of our results, we study the
same defined function class by replacing the ordinary derivative with g-difference operator.

In [18], the geometrical interpretation and the impact of R(p; F, G; «; 1;z) on various
conic region was not discussed in detail. Here we will consider few conic regions and
we will illustrate the impact of R(p; F,G; ; 1;z) on 1(z). For uniformity, the colour of
graphs have been based on the parameter values, which are as follows: Red colour is used
when R(1; 1, —1; 0; ¢; z); Blue colour is used if X(1; 0, —0.3; 0.9; y; z); Green colour is used if
N(1; 0.9,0.0; 0.5; ;z); and Yellow colour is used if R(1; 0.9,0.8; 0.8; ¢; z).

1.2. Comparison on The Impact of X(p; F, G; a; ;z) on Two Different Conic Regions

The behaviour or impact of X(p; F, G; «; ;z) is not same on all conic region ¢. To il-
lustrate this fact, we consider two functions which maps unit disc on to a conic region of
same shape namely

1. Cardioid region with cusp on the right hand side, (y(z) = HZZLZZ).
2. Cardioid region with cusp on left hand side, (lp(z) =1+7% (’,i#), k=1+ ﬁ)

z

We begin the illustration with the following.

1. Itis well-known that ¢(z) = W is univalent in E and maps the unit disc onto
the interior of the cardioid with cusp on the right hand side in the right half plane
(see Figure 1a). Note that while Re[(z)] = Re {%ﬁ} > 0, it does not have the

usual normalization ¢(0) = 1. The impact of X(p; F,G; «; ;z) on ¢(z) = % is

that the map is circular if F and G are chosen remotely (far off), while the curves are
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polygonal (see Figure 1d) if F and G are chosen close enough. The presence of « is
helpful in translation.

(© (d)
Figure 1. Impact of X(p; F,G; «; ¢;z) on the conic region (z) = % +z— % (a) Mapping
of E under the transformation (z) = 3 +z —%. (b) Mapping of E under the transfor-
mation R(1; 0,-0.3; 0.9; y; z) if P(z) = 3 +z— % (c) Mapping of E under the transforma-
tion X(1; 0.9,0.0; 0.5; ¢; z) if ¢(z) = % +z— % d) Mapping of E under the transformation

2

N(1;09,0.8;0.8; y; z) if p(z) = 5 +z— 5.

2. Now, if we choose

$(2) _1+i(£:) (k=1+v2),

272 27"
& +——% 4Ot

V4
vz (1+\/§>2+m (1+v2)"

We can easily see that the function has a normalization ¢(0) = 1, Re[¢(z)] > 0 and
maps unit disc on to the cardioid with cusp on the left hand side (see Ahuja et al. [22]).
From Figure 2a—d, we find that there is no major changes to the conic.
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Figure 2. Impact of N(p; F,G; «; ¢;z) on the conic region ¥(z)
ket
1+ 3 (2

1+ %(%) (a) Mapping
). (b) Mapping of E under the transforma-

of E under the transformation y(z)

tion R(1;0,-0.3;0.9; ¢; z) if ¢(z) = 1+ %(%) (c) Mapping of E under the transforma-
tion R(1; 0.9,0.0; 0.5; ; z) if y(z) = 1+ %(% . (d) Mapping of E under the transformation

N(1; 0.9,0.8; 0.8; ; z) if p(z) = 1 + g(’,@j—j)

Notice that Figures 1 and 2 have been assigned same set parameter values, the only
difference being different 1(z). Comparing Figures 1 and 2, we see that the behaviour of
N(p; F,G; a; ¢;z) on various conic regions are not same (also see Noor and Malik [19]).

If p € P, then X(p; F,G; a; ;0) = p and Re(X(p; F,G; o; §;z)) > 0. We say that
N(p; F,G; a; ¢;z) € P(F,G, p,«) if and only if it satisfies (3). We denote by S; (F, G; «; ¢)

2 (z) < N(p; F,G; «; ¢;2)

and C,(F, G; a; ), the classes of functions satisfying the condition

h(z)
and 1+ Z,’:,(g) < X(p; F,G; a; ¢;z), respectively. Additionally, S;(1,—1;0; ¢) := S*(¢)

and C1(1,—-1,0; ¢) := C(¢).
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The function p, (), that plays the role of an extremal function related to the conic
domain, is given by

w, ifv=0
Hz(l—a) (1 og L2, ifv =1
Pro(z) = 142 1 1/2 [(% rccos )urctanh\f] fo0<v<i ©®)
u(z)

1

1+ g v2)51n< TE)IT V1—x2 \/ ) V2-17

where u(z) = 12__\\/%, t € (0, 1) and ¢ is chosen such that v = cosh(zllg((:))), R(t) is Legen-

dre’s complete elliptic integral of the first kind and R’(t) is the complementary integral of
R(t). Clearly, py,¢(z) is in P with the expansion of the form

ifv>1,

Pro(z) =14+1z+ 022+, (j=pjv,0),j=123,...), (6)
we obtain ,
8(1— .
Mgl ifo<v<l,
5 ={ 800 ifr=1 7)
(1-0) ifv> 1.

4/H2-1)R2(£) (1+1)”

To avoid repetition, we let once for all throughout this paper

—1§G<F§1,0§a<1,—g<9<§,p,n€N,m€No.

Additionally, let
x(z) =do+diz+dz?+--+ (dg#0) and |do| < 1. ®)

Motivated by the study of Tang, Karthikeyan and Murugusundaramoorthy [23] and
definition of N, ;} (A, B,m; F,G), we now introduce the following class of functions:

Definition 1. For t € C, with |[t| < 1, t # 1, A > 0, and x(z) is defined as in (8), we
say that the function h € A(p, 1) belongs to the class &} (b; ;a; A; F; G;0) if it satisfies the
subordination condition

1+ itan6 Yﬁ(m; 1)z A p=m) (1) ()

—p+m| < X(p; F,G; a; ¢;2) — 9
’ W) P R EGEEDp O

where p is an odd integer, Y! (m; t) = (1 — tp)(1=A) [6(p, m)] " and R(p; F, G; a; y; z) defined
as in (4).

Remark 1. Now we will present some special cases of our class.

(i) Letp=b=1a=m=60=A=0 x(z) =1and ¢ = pys(2) (see (5) in
Definition 1, then the class 6’;,1(b; Y;a; A, F; G; 0) reduces to class k —US(F, G, o, t) de-
fined by Arif et al. [24] (Definition 1.3) (also see [25]).

(i) Ifwereplacep = b =1, a =t =0 = A =0, x(z) = 1and p(z) = pyo(z) in
6’;:(%7; Y, a; A F; G;0), where pyo(z) is defined as in (5), we can obtain y — ST[F, G| and
11 —UC[F, G| classes defined by Noor and Malik in [19] (Definition 1.3 and Definition 1.4)
by choosing m = 0 and m = 1, respectively.

(iii) Ifweleta =A=m=0=0,b=1,p=1F=1andG = —l,thenGZ(b;tp;oc;)\;F;G;G)
reduces to the classes S5 () defined by Shanmugam, Ramachandran and Ravichandran [26]
(Definition 1.3).
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(iv) Ifwelett=0=m=a=0,p=b=1,F=1G=—1land ¢(z) =1+2z/1—z, then
the class &3 (b; ; a; A; F; G; 0) reduces to well-known class Bazilevic function defined by

1-Ay,/
B(A) = {h € A(1,1); Rew > 0}.

Apart from the above classes of functions, several classes of functions which were defined in
earlier works are closer to the class of functions defined in Definition 1, for example see [21,27-33].

2. Preliminaries

In this section, we will state some results, which we will be using to establish our main
results namely subordination properties and coefficient inequalities.
o
Lemma 1. Ref. [34]If0(z) = 1+ ¥ %z € P, then || < 2 forall k > 1, and the inequality
k=1

14z
<1
1_VZ,|V|_1

is sharp for 9, (z) =
Lemma 2. Ref. [5] Let 9(z) =1+ f Oz" € P and also let v be a complex number, then
k=1
18, — v8?| <2 max{1, |20 — 1|},
the result is sharp for functions given by

1422 14z
1—22 0z =1

0(z) =

Lemma 3. Ref. [35] Let r be convex in E, with r(0) = a, § # 0and Red > 0. Ifk € H(a, n) and

n zk(s(z)

=< r(z),

then
k(z) < q(z) <r(z),
where 5 .
_ ((5/71) 1
10) = —75 [ r0 £

The function q is convex and is the best (a, n)-dominant.

Throughout this paper, we let

[((1+F)p+a(G=F)lyp(z) +[(1 = F)p — a(G = F)]
[(G+1)p(z) + (1-G)]

N(p; F,G; a; ;2) = (10)

From [18] (Theorem 2), with

1 1
w(z) = 519124- 2(192 — 192)2 + = (193 — o+ 1.91) -, z€E,

we can obtain

d
1+1tan9{N(p/F G a; p;w(z)) —p} = %&Mz—k

G—w—wmlﬂz_ﬁl<c+l>“”< )> Y -
do

4(1+itanf)
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3. Fekete-Szegt Inequalities for the Class &' (b; ¢;a; A; F; G; 0)

Obtaining the solution to the Fekete-Szeg6 problem has been a main focus of re-
searchers in this field, as it plays an very important role in obtaining the algebraic proper-
ties of a function. It continues to remain in spotlight to date, refer [36-38] where authors
have obtained the Fekete-Szego inequality for classes of functions with respect to symmet-
ric points.

In this section, we obtain the solution to the Fekete-Szeg6 problem for functions
belonging to the class 6;1(17; ;0 A F;G;0).

Theorem 1. Ifh(z) = zF + E ajzj, peN={1,23,...}andh(z) € 6’;,1(17;1/1;&;/\;1-”; G;9),
j=p+1
then for odd values of p + m we have

< Li|b|(F = G)(p — &) (T

’ 12
[ap4] < 2(p+1)sech (12)
n Lybl(F—G) (p—a) Ty (G-t
—G)(p—« d . +
|aP+2‘ < : 2sec : [d%) +maxq1; 2 :
L,  bdg(F=G)(p—a)L,T3T3 (13)
L 4(1+itan®) ’

where I'y, T'p and T'3 are given by

(p—m+1)(1—1tF)
(p—m+1)(1 =)+ (p—m)(A=1)(1 - )
r, = (p—m+1)(p—m+2)(1—1tF)
(P+D(p+2)[(p—m+2)(1=tP) + (p—m)(A = 1)(1 - tPF2)]
1t D2(p—m+1)(1 = #)(A=1) + (p —m)(A = 1)(A = 2)(1 — /*1)]
(p—m+1)2(1—1tr)? ’

r =

~—

r3:(

~—

In addition, for all y € C we have

< Li|b|(F-G)(p—wa)|T2|[|d1

— ud? “1
p+2 Ha”"‘l‘ - 2sec { do

+ max{1, |2H; — 1|}] ,

where H is given by

Lz) _ bdo(F—G)(p — a) L1115

1
H1_4{(G+1)L1+2<1_L1 2(1 + itan6)

pbdy(F — G)(p — @) L1}
(r+1)2(1+itanb)I;

The inequality is sharp for each u € C.
Proof. By Definition 1, h(z) € 6;1(b; Y; ;A F; G; 0) implies

1+itan6 | TF (m; )21~ Mp=mp(m+1) ()
b o) —nen )]

where R(p; F,G; «; ;w(z)) is defined as in (10). For odd values of p, the left hand side
of (14) is given by

—p+m| = x@z)R(p; F,G; a; p;w(z)) — p), (14)
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P
Ty

(m; t)zlf)x(pfm)h(mﬂ) (Z)
[0 (2)—n(m) (£2)] '

1
=(p— ){1+ {f}pl 1(157111 (11 ti; ) }ﬂp+1z
A=1)(p+1)(p+2 p+2 (p+1)(p+2
( A=D)(p+1)(p+2) (1 ¢ >+ ppmH(P ))>up+2 (15)

T
o[ A-Da-2) (417 (1—tn+1)2+

21(p—m—+1)2 -7
A1) (p+1)? _tptl
1!((P—m§((§—m)+l) (11;? ))azzﬂﬂ 24 }

From (15) and (11), the coefficients of z and z? are given by

+

1 (p—m+1)(p—m+2)

bio(F — G)(p — )Ly 94T,
4(p+1)(1+itand)

aerl = (16)

and

- bdo(F — G)(p — a)L1T, [192 o2 <L1(G ‘1) +2<1 - Z) _ bdg(F—G)(p - zx)Llr{ra) . d1191]. a

4(1+itan®) 4 2(1+itan®) do

Applying Lemma 1 on (16), we can obtain (12). Using (17) together with Lemma 1,
we have

82 L,
0= <(G+1)L1 +2(1 — L1>

_ bdo(F=G)(p— a)L1r§r3> L 4ty

lap4] = | b | |do|(F—G)(p—a)|L1]T
pt2 4sech

2(1+itan®) do
Ib[(F = G)(p—a)|L1|T2 | |da (G+1)L; L,
< — o Pt/ S
- 2secf dy maxql; 2 Ly
_ bdy(F = G)(p — &) LiT{T3
4(1+itan®) ‘
Hence the proof of (13).

Now to prove the Fekete-Szeg0 inequality for the class GZZ (b; Y; ; A; F; G; 6), we consider
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2
‘al’+2 - Vaerl‘ -

4(1+itanf)

bdg(F—G)(p—a)L1T {192 . %%((G +1)L, _|_2( _ %)

B pd3b?(F—G)?(p—a)2 139212
16(p+1)2(1+itan 0)2

_ bdo(F=G)(p—a)L1TT3 LAty
2(1+itan®) do

— | bo(F=C)(p—a) 1T, [192 —~ ‘97% + %% <2LL2 —(G+1)Ly
1

4(1+itan®)
Ly blo(F=C)(p=)LiTiTs _ pb(F=G)(p=w)LiTT | | dyy 1%
2(1+itan0) (p+1)2(1+itan6)I, dy
S S (R
bdy(F—G)(p—a)LaTT3  pbdg(F—G)(p—a)L,T] d
+= 2(1+itan) = - (p+1)2(1+itan9)r21 —2)+2 % )
Denoting
2L bdo(F — G)(p — a) L T3T bdo(F — G)(p — &) L1
e |22 -Gy + o )(P a)L4T7Ts  pbdo( . )(R o)L
Ly 2(1+itan6) (p+1)2?(1+itan0)I;
If H < 2, from (18) we obtain
| b (F=G)(p—a)|L1|Ta|dy
‘u’”H - W%’“‘ = 2secf do| (19)

Further, if H > 2 from (18) we deduce

B -G+,

) (20)

Equality of (19) will be attained if &1 = 0, ¥, = 2 and dy = 1. Equivalently,

1 2
11—7;. Therefore, the extremal function of the class

2 [bI(F=G) (p—a)|L1|T,
‘ap+2 - Vaerl‘ < 2sech

bdg(F—G)(p—a)L1T3T3  pubdg(F—G)(p—a)L,T3

+ — 4
2(1+itan®) (p+1)2(1+itan6)T,

do

+

by Lemma 2 we have ¢(z2) = ¢ (z) =
Gg(b; Y;a; A F; G; 0) is given by

1+itan@ | T (m; )21 -AP=mp(m+1) (z) i
b @) —nm))
_ [+ F)p+a(G-PF)y(®) +[(1-F)p—a(G-F)]
[(G+1)¢(z2) + (1 - C)] P

Similarly, equality of (20) will be attained if &, = 2. Equivalently, by Lemma 2 we

14z
have ¥(z) = ¢1(z) = 1=,
in 6;”(19; Y; ;A F; G; 0) is given by

and x1(z) = 1+ z + 2%+ - - -. Therefore, the extremal function

1+ 1+itana Z 7 H (2) 1
v [(1—B)H(z) + Bz
—(2) [(A+F)p+a(G—-F)g1(z) + [ -F)p—a(G-F)] p]
' (G+Dya(z) + (1-G)] /
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and the proof of the theorem is complete. [J

Ifweletp=b=1,a=0=A=0,x(z) =1and ¢ = p,»(z) and m = 0 in Theorem 1,
we obtain the following result.

Corollary 1. Ref. [24] (Theorem 2.3) If h(z) € k —US(F, G, 0, t) (see Remark 1 (i), then we have

(F = G)|n]

<
o2l < S

and
lag| <

(F-G)|n]
L
2|2—t—t2|]max

In addition, for all y € C we have

G+h)u o (PG)Tl(l+t)‘}
2 7 200—1) ’

F-G)|m
‘{13 — uas| < (21—t)—|t;| max{1, |2H1 — 1|}
where H is given by
_1 o\ (F-Gu(i+) up(F-Gup—t-F]
7—[1—4{(G+1)n+2(1 Tl)+ s " e :

The inequality is sharp for each u € C.

Ifweletp =b=1a=0=A=0,x(z) =1, F=1G = —-landm = 0in
Theorem 1, we obtain the following result which was obtained by Shanmugam et al. [26]
for real valued y.

Corollary 2. Ref. [26] (Theorem 2.1)
Ifh(z) € S5(y) (see Remark 1 (iii)), then we have

laz| < Ly,

and

L
=2 41,4

Ly
< = .
las| < 5 max{l, I,

},

L
=2 —2L1(1+y)‘}.
Ly

In addition, for all y € C we have

‘a3 — ‘ua%‘ < % max{l,
The inequality is sharp for each u € C.

Some Applications Involving Bernoulli Lemniscate and Shell Shaped Region

Raina and Sokét [7] (also see [39]) defined the class S*(z + v/1 + z2). The function
P(z) = z+ V1 + 22 maps the unit disc onto the interior of lune-shaped (shell-shaped)
starlike region (see Figure 3a). The impact of X(p; F, G; a; 1;z) on the shell-shaped region
is illustrated in Figure 3. It could be seen that if the distance between F and G are increased,
then the mapping of unit disc becomes convex. If they are closer to each other, then the
mapping is starlike. Furthermore, notice that in Figure 3, we have shown by the varying
parameters involved that a shell-shaped region with corner —2i is rotated to 7r radians in a
counterclockwise direction and corner +-2i is rotated to 7 radians in clockwise direction.
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() (d)

Figure 3. Impact of X(p; F,G; a; ¥;z) on the conic region ¥(z) = z+ Vv1+z2. (a) Mapping
of E under the transformation §(z) = z+ v1+22. (b) Mapping of E under the transforma-
tion N(1; 0,—0.3; 0.9; ¢; z) if ¥(z) = z+ V1+z2 (c) Mapping of E under the transforma-
tion R(1; 0.9,0.0; 0.5; ¢; z) if ¥(z) = z+ V1+2z2. (d) Mapping of E under the transformation
R(1; 0.9,0.8; 0.8; ¢; z) if (z) =z + V1 + 22

Corollary 3. Ref. [32] If h € S*(z+ V1+22), then |az] < 1, |as| <
max{%,|y—%|}.

Proof. The function (z) = z + /1 + z2 has a Maclaurin series expansion of the form

3

1 and |az — pa3| <

72

=1 i
+z+5

7710 B 21212
256 1024

528

128

Z4 26
— 4+ = —

13
s T 16 +O0lz] ™.

¥(2)
Nowifwelett =a =0=A=0,p=F=1G=-1,L1 =1land [, = %in
Theorem 1, we obtain the assertion of the Corollary. O
The function (z) = v/1 + z maps E onto a set bounded by Bernoulli lemniscate (see [6]).
Subigures in Figure 4 describes the impact of X(p; F, G; «; ¢;z) on Bernoulli lemniscate.
Corollary 4. Ref. [6] (Theorem 2) If h € S*(v/1+z), then |az| < %, |as| < 1 and |az — pa3| <
max{%,“t — %|}
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Proof. The function (z) = /1 + z has a Maclaurin series expansion of the form

(Z)_1+E_i+§_g+7i5_z1z6+33z7_429z8+o[z]9
¥iz) = 2 8 16 128 256 1024 = 2048 32768 ’

Now ifwelett =a=0=A=0,p=F=1,G=-1,L1; = %ansz = —gin
Theorem 1, we obtain the assertion of the Corollary. O

1 -

Remark 2. By specializing the parameters involved, we can easily obtain the coefficient inequalities

of starlike functions with respect to symmetric points associated with Bernoulli lemniscate and
Shell-shaped region.

010]

B
= //

LS
=
=
="

S

=
O

(7
(=
=

i
T
=
=

=

.

(d)

Figure 4. Impact of X(p; F, G; a; ¢;z) on the conic region 1(z) = v/1 + z. (a) Mapping of E under the
transformation 1(z) = v/1 + z. (b) Mapping of E under the transformation X(1; 0, —0.3; 0.9; y; z) if

P(z) = V1 + z. (c) Mapping of E under the transformation X(1; 0.9,0.0; 0.5; ¢; z) if ¢(z) = V1 +z.
(d) Mapping of E under the transformation X(1; 0.9,0.8; 0.8; ¥; z) if (z) = V1 +z.

4. Subordination Results for Functions with Respect to Symmetric Points

Researchers have investigated and obtained several interesting subordination condi-
tions, see for example [20,21,40,41]. In this section we follow the steps detailed in Goyal
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and Goswami [42], to obtain some sufficient conditions for functions to be in our defined
function class. We let

wy = (1+itanf) and G"(z,t) = [h(m) (z) — h(m)(tz)].
We begin with the following

Theorem 2. Let h € A(p, 1) with h™ (z), ") (2) and G™(z,t) # 0 forall z € E\ {0}.
Moreover, let N(p; F,G; a; ;z) be convex univalent in E with X(p; F,G; ;0) = p and
Re X(p; F,G; a; P;z) > 0. Further suppose that

Y? (m; t)zl—/\(p—m)h(nt+l)(z) 2 (A—1 Gm+1 )
(P + b;(d(ez) l: A Gz —p+ m:| ) 1+2 4();1(”) &

(1-1)2G"+ (z,t) [pb () — (p=m)we] [G" (z,1)] " +pbzx’ (2)[G" (z1)] ' (21)
[POX(Z)—(p—m)cg] G ()] -+eop Y] ()23 A D) (z)
weY¥ (m; £)z~Ap=m) [(lfA(pfm))h("’“) (z)+zh(m+2) ()]
[pbx(z)—(p—m)wy][G™ (z,t)]lf)L +w9Y§ (m; £)z1=AMp—m) p(m+1) (z)

zx’(Z)}
- <N(p; F,G; a; ¢;2). 22
@ (p ;z) (22)
Then
1+itan@ | YF (m; t)z1-AMp—m)p(m+1) (5
ang | Xalni 1) g <o) = Jo@-p @)
[h(m) (z) — h0m) (tz)]
where |
Qz) = g/ N(p; F,G; a; ¢;t) dt
0
and ¢ is convex and is the best dominant.
Proof. Let
; Y’ st 1—A(p—m)h(m+l)
k(Z):P+1+ltan9 Al £)z 1_)52)—p+m (zeR),
bx(z) [10m) () — 1) (¢2)]

then k(z) € H(p, 1) with k(z) # 0.

Since X(p; F, G; a; ;z) is convex, it can be easily seen that Q is convex and univalent
in E. If we make the change of the variables K(z) = k?(z), then K(z) € H(p, 1) with
K(z) #0inE.

By a straight forward computation, we have

/ wpYF (m; t)z2—Ap—m) {(1 — Mp —m))hm ) (z) 4 zh(’”H)(z)}
zK (2) _5 A
[pbx(z) — (p — m)w][G™ (2, )] + weYE (m; )21 AMp=m)p(m+1) ()

L= MNzG" (2, 1) [pbx(z) — (p — m)wy] [G"(z,B)] " + pbzx' (2)[G™ (2, 1) *
[pbx(z) — (p — m)wg][G™(z, t)]l_)‘ + ngK(m; t)z1=Ap=m)p(m+1) (z)
_zxX'(2) N (A —1)zG"*1(z,t) ‘
x(z) G"(zt)

Thus, by (22), we have

K(z) +2zK (z) < r(z) (z €E). (24)
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Now by Lemma 3, we deduce that

K(z) < Q(z) < r(z).

Since Rer(z) > 0 and Q(z) < r(z) we also have Re Q(z) > 0. Hence the univalence
of Q implies the univalence of \/Q(z) and k?(z) < Q(z) implies that k(z) < /Q(z). Since
subordination is invariant under translation and using the fact that g/ x -< rimplies g < 7,
we have

1+itan Yﬁ(m; £)z = Ap=m) p(m+1) (7

b [0 (2) — h(m) (t2)] ' <k /Q(2) = p,

—p+m

and the proof is complete. [

Ifweletp =b=1, A =m =0 = 0in Theorem 2, we have

Corollary 5. Let h € Awith h(z), W (z) and [h(z) — h(tz)] # 0 forall z € E \ {0}. Furthermore,
let X(p; F,G; «; ¢;z) is convex in Ewith X(p; F,G; a; §;0) = pand Re X(p; F,G; a; ;z) > 0.
Further suppose that

<1+xé>hmfw W(iz)] })2

zW (z) + z*h"(2)
1+2{ “1)h(z) — h(t2)] + 2 (2)

+Z[h(2)—h(f2) [x(z) — 1] +zx'(z) [h(z) — h(tz)]
[x(z) = 1][h(z) — h(tz)] + zH'(2)
_z[h(z) —h(tz)]  zx(2) T e
O e ] NG )
Then W)
zh' (z B N
o 1< 9@ = Q) -1
where
Qz) = %/0 N(p; F,G; a; ¢;t) dt

and ¢ is convex and is the best dominant.
From the Corollary 5, we deduce thatonlettingp =b =1, m=a =0 =A =0,
X(z) =land ¢ = py»(z) (see (5)) in Theorem 1, then we can obtain the sufficient conditions

for functions to be in k — US(F, G, 0, t) (see Remark 1 (i)).

Corollary 6. Let h € Awith l' (z) and [h(z) — h(—z)] # 0 forall z € E\ {0}. If
, 2

zh (z)
Re{(www—m—nJ

Re

then

where (a) = [2(1 — ) - log2 + (2a — 1)]% This result is sharp

Proof. Lettingp =1, F=1,G = —1 and ¢(z) = 1= in (4), we obtain

+

14+ (2a—1)z

R(1;1,-1 a2) = 112

, (0<a<1).
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Additionally, if welet x(z) =1, p=b=1,0 = m = A = 0, in Theorem 2, we have

1 Al (e -1t
Q(Z)_E/o v

which is convex in E along with Re Q(z) > 0. Therefore

LR @: @: 2(1—a)-log2 + (2 — 1)].

Hence the proof of the Corollary. [

5. Classes of Multivalent Functions Using Quantum Calculus

Now, we give a very brief introduction of the g-calculus. We let

1]y = ;Zf’“’ 0, =0, (7€C).

Srivastava in [43] initiated the study of geometric function theory in dual with quan-
tum calculus in 1988. However, this dulaity theory was brought into the spotlight by
Ismail et al. [44] who introduced and studied the so-called class of g-starlike functions.
For detailed study of the developments and applications of this duality theory, refer to the
recent survey-cum-expository article of Srivastava [45] and references provided therein.

The g-difference operator for a function & € A(p, 1) is defined by

W' (0), ifz=0,
Dgh(z) := < h(z) —h(qz) . (25)
W, if z # 0.
From (25), if h € A(p, 1) we can easily see that D,h(z) = pzF~! + E [K]qaxzE1,
k=p+n
for z # 0 and note that lil’{l D4h(z) = h'(z). The g-Jackson integral is defined by (see [46])
=1
z 00
L) = [ (gt = 2(1-g) Y- "h(z") 6)
n=0

provided the g-series converges. Further observe that
Dylh(z) = h(z) and 1;94h(z) = h(z) — h(0),

where the second equality holds if /1 is continuous at z = 0. Ismail et al. in [44] defined the
class S; as class of functions which satisfies the condition

z94h(z) 1 < 1

h(z) _1—q “1-q (h€3).

The class Sj is the so-called class of g-starlike functions. Equivalently, a function
h € &7, if and only if the subordination condition (see ([47], Definition 7))

z94h(z) - 1+z
h(z) 1—gz’

holds.
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Let us define the g-analogue of X(p; F, G; a; 1;z) (see (4)) as

ey (EF D +a(G = Py + (1 F)lply — a(G - F)]
olps F. i g ¥:2) = TEr e -0 @)

Srivastava et al. [47-54] introduced function classes of g-starlike functions related
with conic region and also studied the impact of Janowski functions on those conic
regions. For recent advances pertaining to quantum calculus, refer to Aldawish and
Ibrahim [55] and Zhou et al. [56]. Motivated by aforementioned works on g-calculus, we
define the following class by replacing ordinary derivative with g-derivative in function
class 6’1;1(b; P; a; A; F; G; 0) (see Definition 1).

Definition 2. Let D}'h = 33;1‘1 (@%h(z)). Fort € C,with [t| <1,A>0,p,neN, me Ny

and R, (p; F, G; a; ¢; z) defined as in (27), we say that the function h € A(p, 1) belongs to the
class QS’;}(b; Y;a; A; 65 F; G; 0) if it satisfies the subordination condition

1+itan@ [ Th (m; t)Zl_)‘(p_m)CDgZHh(z)
b

T —p—mlg | =« XNq(p; F,G; a; ;) — [plg (28)
[:ogth(z) - @yh(tz)}

where T (m; £) = (1 — /) "N [Ag(p, m—1)] ™", € P is defined as in (2).

Suppose < is replaced with < and let ¢ = ffqzz, g€ (0,1)in QS?(b; Y;a0; A6, F;G;0),

then by definition of subordination of analytic function, a function € A(p, 1) is said to be
in QS?(b; Y;a;A; 6, F;G;0) ifand only if (g € (0, 1), z € E),

ol + 1+itand [ Th(m; 1)z - P=mpmtip(z)
1 b

- — P —ml
[@},”h(z) - @;,nh(tz)}

_ {E+Dplg + 2(G — F) }w(z) +2[plg + {«(G — F) — (1 = F)[plq }qw(z)
(G+1Dw(z) +2+ (G —1)qw(z) !

where w(z) is analytic in E and w(0) =0, |w(z)| < 1.

Remark 3. Ifwelet m = o« = A =60 =0,b=1p =1 F = 1and G = —1, then
QS (b; ;5 A;6; F; G; 0) reduces to the classes Sy (i) defined by Ramachandran et al. [57]
(Definition 1).

Main Results Involving Quantum calculus

We just state g-analogue result of Theorems 1 and 2. Here we have omitted the proof,
as it could be obtained by retracing the steps of Theorems 1 and 2.

Theorem 3. If h(z) = zP + Y ajzf, pe€N=1{1,23,...}and h(z) € QS’T(b;t/J;a;/\;&;
j=p+1
F;G;0), then for odd values of p we have

[bI(F = G)(p — a)|L1 Y1
2[p +1];sech ’

|ap+1 | < (29)
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and

(G+L Ly
2 L

[ap+2| < 2secf do

 bdo(F = G)(p —a)L1Y7Y3
4(1+itan®)

[DI(F = G)(p — a)|L1 Ya| [ di

+max{1;

7

where Y1, Y, and Y3 are given by

[p—m+1];(1—1tP)

N T 1, - ) 1 [p— mly (= D — )
Y, [p—m+1]q[p—m+2]q(1—t’”)
[p+1glp 4204 [[p — m+2]4(1 = t7) + [p — m]g(A = 1)(1 — t7+2)]
vy = =Rl = g1 = )= 1)+ [p = mly(A = DA = 2)(1 = 141

[p—m+ 11— )2

Furthermore, for all y € C we have

|b|(F—G)(p—a)L1Y2|{

d
2 ‘ 1
a — ua <
‘HZ Mapt1| = 2secf

do

+max{1,|29; — 1}],

where Q1 is given by

Lz) _ bdo(F=G)(p —a)L1YTY3

L 2(1+itanb)

Q= i{(G—i—l)Ll +2<1

pbdo(F = G) (p — )14 Y3
(p+1)2(1+itan0)Y,

The inequality is sharp for each y € C.

Remark 4. Ifwe let ¢ — 17 in Theorem 3, then we obtain the solution to the Fekete-Szego problem
of the class 6’;}(%}; ¥; 0, M F;G;0).

g-analogue of the Lemma 3 (ordinary derivative replaced with a quantum derivative)
need not be true for all g € (0, 1). Itis true only if we could choose a sequence g, that tends
to 17. Thus, we will use same lemma with ordinary derivative to establish the sufficient
conditions for functions in QSZ’(b; Y;a; A6, F; G;0).

Theorem 4. Let h € A(p, 1) with D]'h(z), D+ 1h(z) and [:oth(z) - @;ﬂh(tz)} £ 0 for all
z € E\ {0}. Furthermore, let X;(p; F, G; «; ;z) is convex in E with ¥,(p; F, G; a;0) = [pl,
and Re Ny (p; F,G; a; ¢;2) > 0. Let Gi'(t;z) = D'h(z) — Df'h(tz), wp = 1+ itan® and
L(p; b; x; 0) = ([plgbx(z) — [p — m]qwg). Further suppose that
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rp (m’. t)zl—/\(p—m)gm-‘rlh(z)
[Plg+ 52| 2 2 —[p—ml,
gp(52)]

l —-A
(1= N)z|G(62)] L(p; b; 2 0) |G (52) |~ + [plgbax' (2) |67 (12)]

1+2{(A_1)Z[g31( ;Z)}/

+ =
L(p; b; x; 0) [Q,T(t;z)} A + wgl”ﬁ(m; t)zlf/\(P*m) (@Z1+1h(z))/
L ca¥hm 02707 ({1 Mp — m)}y D Hh(E) + (0 h(2)')
L(p; b; x; 6) [g]i”(t;z)} Ty wgl"f\(m; t)zlf/\(p*m)(@gﬂrlh(z))/
_Z))CC(S) } < Ry(p; F,G; a; ¢;2).
Then

where

1 /2
R@:—ANMmRQmwﬂm

z .

and ¢ is convex and is the best dominant.

Remark 5. As g — 17, the Theorem 4 reduces to Theorem 2.

6. Conclusions

The study of geometrical implications is an integral part of research in geometric
function theory. Here we have shown that a function X(p; F, G; «;z) which was defined
analytically in [18] indeed has beautiful geometric implications.

Extension and unification of various well-known classes of functions were the main
objective of this paper. We defined a new family of multivalent functions of complex
order using higher order derivatives. Inclusion relations, Fekete-Szego inequalities and
subordination conditions for starlikeness of the defined function class have been established.
Attempting discretization of the results, we extend the defined function class using g-
derivative. All the results involving quantum calculus were just stated, as the method of
proof though cumbersome but is similar to our main results.
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