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Starved Lubrication of Elliptical
EHD Contacts
This paper focuses on the lubrication behavior of starved elliptical Elasto-HydroDyna
(EHD) contacts. Starvation is governed by the amount of lubricant available in the
region and can result in much thinner films than occurring under fully flooded conditi
Therefore, it would be desirable to be able to predict the onset and severity of starv
and to be able to relate film reduction directly to the operating conditions and lubric
properties. The aim of this work is to explore the influence of these parameters on
vation. A combined modeling and experimental approach has been employed. Th
merical model has been developed from an earlier circular contact study [1]. In
model, the amount and distribution of the lubricant in the inlet region determines
onset of starvation and predicts the film decay in the contact. Numerical simulations
uniform layer on the surface show that a single parameter, characteristic of the
length of the contact in the fully flooded regime, determines the starved behavior.
thickness measurements under starved conditions were performed to validate this t
For a circular contact excellent agreement was found. In theory the same mecha
applies to elliptic contacts, however, the behavior is more complicated.
@DOI: 10.1115/1.1631020#
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1 Introduction
The past century has seen a considerable improvement in

performance of machine elements. The average pressure, s
temperature, accuracy and life have increased as the size, we
and cost have decreased. This has been accomplished thr
improved design and manufacture, and advances in lubricatio
second factor however is the reduction of safety margins. O
consequence of this reduction is that increasingly accurate pre
tions of all operational parameters are required, including lu
cant performance, to prevent component failure.

The foundation of modern quantitative lubrication theory w
laid by Dowson and Higginson in 1959@2# and Hamrock and
Dowson in 1976@3#. They studied the lubricant film generate
between the contacting bodies. The main characteristic of this
is its thickness which plays a crucial role in determining the life
the contact. Hamrock and Dowson studied the film thickness
function of speed, load, geometry, material, and lubricant prop
ties under fully flooded conditions. The ensuing relation has b
validated experimentally on many occasions. However un
more realistic conditions, for example with rough surfaces or
der nonsteady state conditions, the film behavior is more comp

One of the most important aspects still to be understood is
problem of starvation, where the amount of lubricant available
insufficient to fill the inlet conjunction. Under these conditions t
film thickness is often much less than predicted by fully flood
theory. Starvation can be due to excessive speeds, high lubr
viscosity or a limited amount of lubricant present. In all cases t
contributes to a reduction in the amount of lubricant replenish
the rolled track. Thus starvation is common in grease lubrica
high speed or large bearings.

Starvation is usually studied in a ball-on-plate optical dev
@4#. In these tests, film thickness is measured as a function
speed~Fig. 1!. The film thicknessh increases initially with speed
u according to the classical~fully flooded! relationship (h}u0.67

for a point contact!. But from a certain critical speed onwards, th
film thickness starts to decrease with increasing speed (h}u21);
the starved regime. In this regime, insufficient lubricant is av
able in the inlet of the contact, resulting in reduced film buildu

Contributed by the Tribology Division for publication in the ASME JOURNAL OF
TRIBOLOGY. Manuscript received by the Tribology Division May 8, 2002 revis
manuscript received October 8, 2002. Associate Editor: L. Chang.
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Starved lubrication has been studied by Wedeven@4#, Pemberton,
Evans, and Cameron@5#, and Kingsbury@6#. Experimental obser-
vations show that under these conditions, the air-oil menis
moves closer to the Hertzian radius as the speed increases. H
the position of the inlet meniscus was used as the parameter
erning starvation. There are two disadvantages concerning
criterion. Firstly, this length is difficult to measure in an industr
application, as it is hidden by the rolling element. Secondly, wh
the contact becomes heavily starved the inlet meniscus coinc
with the hertzian radius, thereby rendering this inlet criterion
little use.

Theoretical studies include the work by Chiu@7#, Kingsbury
@6#, and more recently Guangteng@8# and Chevalier@1#. Chevalier
used the thickness of the oil layer on the track as a primary
rameter. This parameter relates more directly to the thicknes
the film in the center of the contact. They are of the same or
under heavily starved conditions~neglecting oil compressibility!.

Most of the early work has concentrated on studying circu
contacts. However, elliptical contacts, for example in roller be
ings, are likely to be of more practical importance as such cont
are more common and more susceptible to starvation. This p
extends the circular model developed by Chevalier@1# to an ellip-
tical geometry and attempts to give a physical explanation for
observed behavior. The model has been verified by a parallel
perimental study, where film thickness under starved conditi
has been measured in a roller on disc optical test device.

The critical factor determining the onset of starvation is t
balance of lubricant loss from, and replenishment to, the inlet. T
first step in understanding this balance is to understand the e
tion of the lubricant. An experimental technique to study this ej
tion is to run the contact under conditions of negligible reflo
~high base oil viscosity and small amounts of fluid!, and to study
the film reduction. This experiment can be easily modeled num
cally, and the results compared.

The problem has been modeled both numerically and thro
an analytical approach. The numerical model simulates the dim
sionless film thickness reduction for each overrolling of the tra
The film thickness reduction law depends on a single param
~coinedg in @1#!. The analytical model gives a prediction of th
parameter, based on physical assumptions concerning the
seuille flow in the inlet.

d

004 by ASME JANUARY 2004, Vol. 126 Õ 105
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2 Theory
The model developed by Elrod@10,11# is used to describe the

lubricant flow in the contact. This model divides the calculation
domain into two sub-domains. In the first zone the gap is co
pletely filled with lubricant, the pressure is positive and the tra
tional Reynolds equation applies. In the other region, two lub
cant layers, separated by an air layer, stick to the ball and the d
The lubricant layers are moving with the surfaces and the pres
is zero. A parameteru ~filling rate! representing the ratio of the o
thickness and the gap is introduced in the Reynolds equa
which becomes valid in the entire domain using: 0<u,1, P50
or u51, P.0.
Capillary forces causing the reflow of the lubricant are neglec

2.1 Equations. Wijnant @12# studied the starved elliptica
contact and derived the corresponding dimensionless Reyn
equation~1!.

The dimensionless parameters for an elliptical contact are
fined in the nomenclature. Over the dimensionless domainD ~see
Fig. 2!, the resulting dimensionless Reynolds equation reads:

]

]X S r̄H3

h̄l

]P

]XD1k2
]

]Y S r̄H3

h̄l

]P

]YD2
]~ r̄uH !

]X
50

(1)
D:X0<X<Xe ,2Y0<Y<Y0

Fig. 1 Film thickness as a function of speed „circular
contact …—starvation occurs at 0.06 †mÕs‡, full line hÊu 0.67

Fig. 2 Elliptical contact in the dimensionless domain D
106 Õ Vol. 126, JANUARY 2004
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With the boundary conditions:

P~X0 ,Y!5P~Xe ,Y!5P~X,2Y0!5P~X,Y0!50

and

u~X0 ,Y!5Hoil~Y!/H~X0 ,Y!.

And the complementarity equation:

0<u,1 and P50 ~ incomplete film! (2)

u51 and P.0 ~complete film! (3)

The dimensionless gap between the surfaces is given by

H~X,Y!5H01SX21~12S!Y2

1
1

pK E E
D

P~X8,Y8!dX8dY8

Ak2~X2X8!21~Y2Y8!2
(4)

The dimensionless rigid body displacementH0 is coupled to the
force balance equation which, for an elliptical contact reads

E E
D

P~X,Y!dXdY5
2p

3
(5)

The viscosity pressure relation proposed by Roelands is used

h̄~P!5expH ap0

z S 211S 11
Pph

p0
D zD J (6)

with

ap0

z
5 ln h019.67 (7)

The compressibility is taken into account using the density pr
sure relation proposed by Dowson and Higginson

r̄~P!5
0.5910911.34Pph

0.591091Pph
(8)

2.2 Analytical Approach. The pressure buildup in the inle
of the contact starts far before the hertzian radius. In the E
Grubin @13,14# analysis it starts at an infinite distance. In his th
sis ~page 192 equation~6.17!! Wedeven@15# derived the relation
~9! between the inlet distances and the film thickness in the con
tact ~which is assumed to be constant in the Hertzian region
equal tohc).

hc

Rx
5

4

3 S ah0u

Rx
D 1/2S s

Rx
D 1/2

(9)

This film thickness can be equated to the film thickness~10! pre-
dicted by Moes@9#. In the Elastic Piezoviscous regime, the beha
ior of the film thickness can be approximated according to Mo
by its asymptote.

Hep
M 5CepM

21/12L3/4 (10)

For each set of parameters~M and L!, the system of equations
formed by~9! and~10! determines the only unknownsf f which is
the characteristic inlet length of the fully flooded regime.

sf f

a
}S L

M D 1/2

(11)

This characteristic length represents the size of the domain w
a significant poiseuille component of the flow exists. The p
seuille flow removes the lubricant from the track. Hooke and Ve
ner @16# derived a similar length in order to characterize t
roughness amplitude reduction.

A lack of lubricant in the inlet will significantly affect the cen
tral film thickness as soon as the distance between inlet meni
and the Hertzian radius becomes smaller thansf f .
Transactions of the ASME
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The dimensionless inlet distanceS̄5sf f /a depends on the op
erating conditions and material properties and allows quantifi
tion of the side-flow. This is confirmed by Figs. 5 and 6 whi
gather the data on a unique curve.

In elliptical contacts, equating~9! and ~10! leads to:

S̄5
sf f

a
}S E

k~11Rx /Ry! D
1/2S L

M D 1/2

(12)

In @16# an elliptical inlet length similar to~12! was introduced,
allowing a single amplitude reduction curve for all ellipticities.

3 Numerical Solution
In the region filled with lubricant (u51) the equations are th

same as in the fully flooded regime with a free exit boundary. T
Multigrid/Multi Level Multi Integration technique@17#, has been
used to solve the system of nonlinear equations efficiently.
numerical details of the stationary starved point contact can
found in Chevalier@18# and for the elliptical contact in Wijnan
@12#. A first order discretization has been implemented with
distributive line relaxation to increase the stability of the solve

4 Numerical Results
The behavior of a given elasto-hydrodynamic contact across

starvation regime is characterized by the amount of oil tha
removed from the overrolled track every time the rolling eleme
pass through the contact. This behavior can be reduced to
parameter calledg by Chevalier@1#.

The aim of the present paper is to obtain the parameterg as a
function of the operating conditions. This can be done with
solver in two different ways. For a steady-state contact, from
sults obtained varyingHoil as input parameter to create a ‘‘starv
tion curve,’’ and from this curveg is derived using the formula o
Chevalier~13! and a least square fit. A second approach simula
repeated overrollings; for given conditions starting with so
Hoil , solve the problem and feed the computed layer of oil in
outlet as input for the next simulation.

Both methods allow one to evaluate, for different oil quantiti
the amount of oil removed from the track when it is overrolle
Hence, theg parameter can be derived. Basically the principle
the same in both methods~evaluate the film reduction for differen
oil layers!. For steady state contacts a number of representativ
quantities are chosen and the corresponding computations are
formed with a flat inlet oil profile. Whereas in the overrollin
method, the inlet oil profile is more physical. Nevertheless,
reach the very starved regime~i.e., tiny oil layers! many cycles
must be computed until little lubricant remains on the track. T
implies a large number of computations and makes the me
very time consuming. Furthermore, a propagation of errors in
oil profile occurs. Using calculation with different mesh sizes,
discretisation error can be estimated. In this paper, it is of
order of 1% ing.

4.1 Film Decay: Starvation Curve. Using the mathemati-
cal model allows one to impose the shape of the inlet oil pro
hoil and to deduce the position of the mobile inlet meniscus~free
boundary problem!. For each set of lubrication conditions~load,
speed, viscosity, geometry, material,Hoil), the ratioR of the cen-
tral film thicknessHc and fully flooded central film thicknessHc f f
can be computed. This parameterR5Hc /Hc f f can be plotted as a
function of the dimensionless oil thickness on the trackr
5Hoil /( r̄Hc f f), see Fig. 3. From Chevalier@1# a good approxi-
mation to this function is given by~13!.

R5
r

Ag 11r g
(13)

Knowing g and the thicknessr of the oil layer,~13! allows one to
predict the film thickness in the center of the contact. The rem
ing characteristic parameter of this approximation is th
Journal of Tribology
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g(w,u,Rx ,Ry ,E8,h,r). The two straight lines in Fig. 3 represen
the asymptotic behavior ofR. On the starved asymptote (R5r
for r !1) all the lubricant available on the track passes throu
the contact. On the fully flooded asymptote (R51 for r @1) the
excess oil layer (hoil2r(ph)hc f f) will flow around the contacting
bodies. Only in two specific cases does a general contact fo
these two asymptotes: a line contact or a point contact withg
5`. Thus the dimensionless parameterg can be considered as
resistance to side-flow.g5` means no side-flow.

The dimensionless fully flooded film thicknessHc f f and the
compressionr̄5r/r0 are known through the numerical solutio
of the fully flooded problem~Reynolds equation, elasticity equa
tion, force balance equation!. The three points of Fig. 3 are ca
culated by the starved code forr 5Hoil /( r̄Hc f f) close to 1. The
value of g is deduced by a least squares approximation of
calculated points with the function~13!.

In this way gamma has been computed for many different ca
~characterized byM and L!. In Fig. 4 the results obtained for
circular contact are shown. It can be seen thatg varies between 2
and 5. According to the theoretical model presented in Sec
2.2, the parameter gamma should be a function of the 1/S̄, and
thusg5 f (AM /L). This implies that when presented as a functi
of M /L the results should fall on a single line. This is illustrate
by Fig. 5. The small deviations from the straight line that can
seen in this figure can be ascribed to numerical inaccuracy of
computed values. Furthermore, it should be kept in mind that

Fig. 3 RÄf „r … for a circular contact with MÄ10 and LÄ20,
gÄ2.66

Fig. 4 g as a function of M for a circular contact for LÄ2, 5, 10,
20, r¶1
JANUARY 2004, Vol. 126 Õ 107
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relation betweeng and M /L is only valid in the piezoviscous
elastic region, away from the isoviscous-elastic, isoviscous-r
asymptotes.

The results plotted in Figs. 4 and 5 were obtained for a circu
contact for various conditions ofM and L. In the same way, the
value ofg has been determined for elliptical contacts for differe
values ofM, L, andk. These results are presented in Fig. 6.

According to the theoretical model, the computed values
gamma, when presented as a function of (M /L)1/2, should form a
family of lines with the slope depending on the ellipticity param
eterk, which is indeed the trend shown by the results. Regard
the dependence ofg on the ellipticity it can be seen that for
given value of the parameterM /L, the value ofg increases with
decreasingk ~increasingly wide ellipses!. This means that the sid
flow is reduced when the ellipticity increases. This can be
plained as follows: increasing ellipticity~reducingk! reduces the
pressure gradient in they direction and increases the distan
travelled by the lubricant to be ejected from the track.

The g values presented in Figs. 4, 5, and 6, were obtai
aroundr .1. However, the same analysis performed with sma
amounts of oil (r !1) provides differentg values. Some results
for the elliptical and the circular contact obtained with large a
small amounts of oil are given in Table 1. This table shows t
for a circular contact (k51), g does not depend significantly o
the amount of oil available on the track. However, a signific
influence is obtained for the elliptical contact (k50.14). The dif-
ference between theg obtained with an oil layer ofr .1 and r
.0.2 for the elliptical contact approaches a factor 2.

Fig. 5 g as a function of AMÕL for a circular contact for r¶1,
LÄ2, 5, 10, 20, and MÄ10, 30, 100, 300, 1000, r¶1

Fig. 6 g as a function of AMÕL for different ellipticities: k
Ä0.14, 0.22, 0.35, 0.63, 1.00, r¶1
108 Õ Vol. 126, JANUARY 2004
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4.2 Film Decay: Repeated Overrolling. In Sec. 4.1
‘‘single pass’’ calculations were performed to characterize star
tion. In this section ‘‘multiple pass’’ calculations are performe
that closely resemble the experimental procedure. Equation~13!
relates the central film thickness to the thickness of the oil la
available on the track. Applying this equation recursivelyn times
gives the reduction of the film thickness as a function of the nu
ber of passesn. Hence, in the model, the parameterg controls the
film reduction behavior.

It has been obtained numerically by computing fifty times t
film thickness in the center of the contact using in the inlet the
profile found in the outlet of the previous pass. Reference@1#
determines the relation between the oilr in the inlet and the outlet
R. Between the passes:r n115Rn with n the number of disk
revolutions. An asymptotic behavior to~13! is found whenn tends
to infinity:

lim
n→`

R~n!5 lim
n→`

1

Ag 1/r 0
g1n

>n21/g (14)

The parameterg can be determined experimentally or numerica
from plots R5 f (n) on a logarithmic scale by a least squar
approximation. The slope of the curve using a logarithmic scal
21/g ~see Figs. 8 and 9!.

For the circular contact, theg obtained numerically by the re
lation ~14!, with only two or with fifty passes considered, differ
by less than 4%. These results are very close to those obtaine
the three point approximation~Table 2! for every oil layer thick-
ness. The difference in the value ofg between the three poin
approximation and the film decay is 6%. Taking a closer look,
g profile across the contact width is almost constant.

For the elliptical contact, theg profile across the contact width
shows larger variations. Theg obtained from the three point grap
approximation withr .1 is close to theg obtained by the film
decay during the first few passes. The difference is less tha
percent.

However, theg value obtained after fifty cycles differs signifi
cantly from the one obtained after two cycles and by the 3 po
approximation with large amounts of oil. Theg obtained by a film
decay analysis with large number of cycles is close to those
tained by the three point approximation with thin oil layers. T
difference found between both is less than 20%. Furtherm
these values are closer to the experimentalg which is obtained
with a large number of passes (10,n,200).

5 Experimental Approach
An ultrathin film optical interferometry technique was used

measure the EHD film thickness under starved conditions. Un

Table 1 g values obtained with different amounts of oil r

k M L
g

0.5<r<1.5
g

0.1<r<0.3

1 30 20 2.64 2.64
1 1000 20 3.36 3.03

0.14 100 20 9.19 4.75
0.14 1000 20 10.6 5.34

Table 2 g obtained with different models

k51 k50.27
M5100 M550.6
L510 L56.26

3 point approx.r .1 2.97 5.72
overrollings 2 passes 2.91 6.08
overrollings 50 passes 2.8 4.26
experimental 2.8 3.55
Transactions of the ASME
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conventional interferometry, which has a lower measurement l
of around 80 nm, the ultrathin film technique can measure fi
down to a few nm. Details of this technique have been repo
elsewhere@19# and only a short description will be given her
The contact is formed between a 19.05 mm diameter steel ro
~in the rolling direction! and the flat surface of a glass disc. Th
contact is loaded through the roller which is mounted on a sh
supported on bearings and driven via a flexible coupling by
electric motor.

The glass disc is coated on the underside with a chrom
semi-reflecting coating, on top of which a ‘‘spacer layer’’ of tran
parent silica is deposited. The film thickness in the contac
measured using an optical interferometry method@19#. Film thick-
ness measurements are normally taken from the center of the
tact.

A CCD camera attached to a frame grabber was also mou
on the optical system so that images could be taken from
contact region. Tests were run for a circular~ball on disc! and
elliptical ~crowned roller on disc! geometry. The same lubricant,
high-viscosity poly-a-olefin was used in all experiments. Table
summarizes the conditions for both sets of tests.

6 Experimental Results
Figure 7 shows a moderately starved elliptical contact. The i

meniscus is seen to the left of the contact. The film decay exp
ments ~Figs. 8 and 9! were repeated for a number of differe
lubrication conditions. The fact that these are straight lines imp
that reflow is negligible as explained by Cann et al.@20#. Figure
10 which showsg5 f (AM /L) combines all experimental results
As expected from the analytical approach,g increases with
AM /L}1/S̄ and with larger ellipticities~smallerk!.

7 Discussion
In Figs. 11 and 12, the filled points show the experimen

results whereas the lines and the open symbols show nume
results. The difference between theory and experiments is sm
than 20% for the circular contact. For the elliptical contact,

Fig. 7 Starved elliptical contact
Journal of Tribology
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Fig. 8 Experimental film decay for a circular contact kÄ1
„u mÄ96.6 mms À1

…

Fig. 9 Experimental film decay for an elliptical contact k
Ä0.270 „u mÄ39.8 mms À1

…

Fig. 10 Experimental g values as a function of AMÕL for a cir-
cular „kÄ1… and elliptical „kÄ0.27… contact.

Table 3 EHL test conditions

Geometry Circular Elliptical

test piece ballk51 roller k50.27
Rx59.525 mm Rx59.525 mm
Ry59.525 mm Ry570.0 mm

ph 0.51 GPa 0.33 GPa
speed 0.01–1 m/s 0.1–0.32 m/s
T° 25°C 25°C
h0 0.8 Pa.s 0.8 Pa.s
a 18 GPa21 18 GPa21
JANUARY 2004, Vol. 126 Õ 109
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difference between experimental and numerical results is less
25 percent considering that the numerical simulation must be
formed with small amounts of oil since the experiments are c
responding large numbers of passes: 10,n,200.

As expected from the asymptotic behavior~line contact: g
5`), g increases with increasing ellipticity~k decreases!, ~see
also Fig. 6!. Both the experimental and numerical results show
same trend. The quantitative variations ofg across the contac
width depend on the degree of ellipticity. As the configurati
becomes more circular theg variations across the contact d
crease. For very large ellipticities on the contrary, each part of
contact is virtually independent of its neighbor.

Figures 11 and 12 show the differences ing between the dif-
ferent numerical simulations and the experimental results for
circular and the elliptical contact. As expected, the numer
simulations with small amounts of oil are in good agreement w
the experimental results: less than 20% difference for the circ
contact and less than 25% for the elliptical contact.

8 Conclusion
This paper quantifies starved lubricant film formation as a fu

tion of the amount of oil available, the contact conditions and
ellipticity. The ratioM /L proved to be a determinant parameter
predict the side flow. The dimensionless starvation parametg
derived by Chevalier et al.@1# was used to characterize starvatio
under different lubrication conditions in the piezoviscous-elas
regime. This starvation parameterg was linked to the dimension
less inlet lengthS̄. The experimental, analytical, and numeric
results, show that the dimensionless parameterg ~side flow resis-

Fig. 11 g as a function of AMÕL for a circular contact kÄ1.
Lines and open symbols are numerical predictions.

Fig. 12 g as a function of AMÕL for an elliptical contact k
Ä0.270. Lines and open symbols are numerical predictions.
110 Õ Vol. 126, JANUARY 2004
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tance! depends on the ratioM /L and is also a function of the oi
thickness. A more detailed analysis shows a clear dependenceg
on the amount of oil. As applied by Chevalier in@1# and in Sec.
4.1, theg behavior in the approximation~13! R5 f (r ) is gov-
erned by the large amounts of oil (r .1). This value ofg corre-
sponds to the first few cycles. For all operating conditions~M, L,
and r! the values ofg can be gathered on one single curve. A
cording to the numerical results and the experimental results
the roller, the curve linkingg to AM /L seems to be a straight lin
depending on the ellipticity and the amount of lubricant. T
maximum difference ing between experimental and numeric
results is about 20 percent for circular and elliptical contact. T
value ofg proved to be more dependent on the parameterr for the
elliptical contact, and as such Eq.~13! looses some of its appea
for elliptical contacts.
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Nomenclature

a 5 ellipse axis in rolling direction,
a5(3wR/E8)1/3(2kE/p)1/3

b 5 ellipse axis perpendicular to rolling direction,b
5a/k5(3wR/E8)1/3(2kE/p)1/3/k

Cep 5 elastic piezoviscous asymptote coefficient@9#, Cep

5217/123235/4p5/6k21/12l1/24(E/(11l))5/12

D 5 domainX0<X<Xe ,2Y0<Y<Y0

E8 5 reduced modulus of elasticity, 2/E85(12n1
2)/E1

1(12n2
2)/E2

G 5 material parameter,G5aE8
h 5 film thickness

hc 5 central film thickness
H 5 dimensionless film thickness,H5h(2RE)/(a2K)

Hc 5 dimensionless central film thickness
Hc f f 5 dimensionless fully flooded central film thickness

H0 5 dimensionless rigid body displacement
Hoil 5 dimensionless inlet oil film thickness

L 5 dimensionless material parameter~Moes!,
L5G(2U)1/4

m 5 parameter of the elliptic integralsK andE, m5(1
2k2)1/2

M 5 dimensionless load parameter~Moes!,
M5W(2U)23/4

n 5 number of disk revolutions~overrollings!
p 5 pressure

ph 5 maximum Hertzian pressure,ph5(3w)/(2pab)
p0 5 constant~Roelands!, p051.96 108

P 5 dimensionless pressure,P5p/ph
R 5 reduced radius of curvature,R5(Rx

211Ry
21)21

Rx 5 reduced radius of curvature inx direction,Rx

5(Rx1
211Rx2

21)21

Ry 5 reduced radius of curvature iny direction,Ry

5(Ry1
211Ry2

21)21, Rx /Ry5k2(K2E)/(E2k2K)
r 5 relative oil film thickness,r 5Hoil /( r̄Hc f f)

R 5 central film thickness reduction,R5Hc /Hc f f
s 5 inlet length

sf f 5 fully flooded inlet length
S̄ 5 dimensionless inlet lengthS̄5sf f /a

um 5 mean velocity inx, um5(u11u2)/2
U 5 dimensionless speed parameter,

U5(h0um)/(E8Rx)
w 5 external load
W 5 dimensionless load parameter,W5w/(E8Rx

2)
X, Y 5 dimensionless coordinates,X5x/a, Y5y/b
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X0 ,Xe ,Y0 5 dimensionless domain boundaries,X05x0 /a,Xe
5xe /a,Y05y0 /b

z 5 pressure viscosity index~Roelands!
a 5 pressure viscosity coefficient
ā 5 dimensionless parameterā5aph ,

ā5L/p(3Mp2k/2(11Rx /Ry)
2/16E2)1/3

g 5 dimensionless film reduction parameter
l 5 dimensionless parameter,

l5p(128/3M416pE5/k4(11Rx /Ry)
5K6)1/3

h0 5 viscosity at ambient pressure
h̄ 5 dimensionless viscosity,h̄5h/h0

n1 ,n2 5 poisson ratio of bodies 1 and 2
r 5 density

r0 5 density at atmospheric pressure
r̄ 5 dimensionless density,r̄5r/r0
u 5 filling rate, ratio of oil film thickness and gap

height
k 5 ellipticity ratio k5a/b

K(m) 5 *0
p/21A12m2 sin2(c)dc

E(m) 5 *0
p/2A12m2 sin2(c)dc

S 5 (E2k2K)/(K2k2K)

Appendix

A Precision. An error in g induces an error in the relativ
film thicknessR. Figure 13 showsR as a function ofg andr. For
a given oil layer thicknessr and twog values, the difference inR

Fig. 13 R as a function of g and r
Journal of Tribology
can be evaluated. For a given variation ing, the maximum error in
the film thicknessR is obtained forr 51. For 2,g,6, the maxi-
mum error inR is 17 percent.
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