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State and Output Feedback Control of A Class of
Fuzzy Systems with Mismatched Membership
Functions

Hongyi Li Xingjian Sun Ligang Wu Senior Members, IEEE and H.K. Lam Senior Members, IEEE

Abstract—This paper is concerned with the problems of state
and output feedback control for interval type-2 (IT2) fuzzy
systems with mismatched membership functions. The IT2 fuzzy
model and the IT2 state and output feedback controllers do
not share the same membership functions. A novel performance
index, which is expressed as an extended dissipativity perfor-
mance, is introduced to be a generalization of H., L,—L.., passive
and dissipativity performances indexes. Firstly, the IT2 Takagi-
Sugeno (T-S) fuzzy model and the controllers are constructed by
considering the mismatched membership functions. Secondly, on
the basis of Lyapunov stability theory, the IT2 fuzzy state and out-
put feedback controllers are designed respectively to guarantee
that the closed-loop system is asymptotically stable with extended
dissipativity performance. The existence conditions of the two
kinds of controllers are obtained in terms of convex optimization
problems, which can be solved by standard software. Finally,
simulation results are provided to illustrate the effectiveness of
the proposed methods.

Index Terms—Interval type-2 fuzzy system, Fuzzy control,
Extended dissipativity, Lyapunov stability theory.

I. INTRODUCTION

VER the past few decades, the modeling and control

problems for nonlinear systems have drawn considerable
attention. Since type-1 fuzzy set was first proposed in [1], the
type-1 fuzzy logic control approach has been widely applied to
practical systems to solve the control problem of the complex
nonlinear systems [2]-[4]. It is well known that Takagi-Sugeno
(T-S) fuzzy model [5] was introduced to carry out stability
analysis and controller design for nonlinear systems [6], [7].
T-S fuzzy model can represent the nonlinear systems by a
weighted sum of some simple linear subsystems [8] and
its weightings are characterized by the type-1 membership
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functions. Recently, many stability analysis and controller
synthesis results for type-1 fuzzy-model-based (FMB) control
systems have been developed [9]-[11]. The authors in [7]
designed a FMB fault-tolerant controller for nonlinear stochas-
tic systems against simultaneous sensor and actuator faults.
It should be mentioned that the above results are based on
parallel distributed compensation (PDC) design concept [12].
Therefore, the fuzzy model and the fuzzy controllers or the
fuzzy filters share the same premise membership functions,
which assumes that the membership functions contain no
uncertainties. However, if there are parameter uncertainties
in the nonlinear plant, then the uncertain parameters will be
contained in the membership functions of fuzzy model and the
grades of membership will become uncertain in value. Then, it
is natural to bring some conservative stability analysis results
if the PDC design concept is still used.

Recently, the authors in [13] pointed out that type-2 fuzzy
sets can be very useful to represent and capture the uncer-
tainties effectively. It has been shown that the type-2 fuzzy
logic systems have the potential to provide better performance
than the type-1 one in [14]-[22]. Based on type-2 fuzzy logic
theory, the problem of the tracking controller design for the
dynamic of a unicycle mobile robot was considered in [18]. In
[23], the authors presented a novel reactive control architecture
for autonomous mobile robots that was based on type-2 fuzzy
logic controller to implement the basic navigation behaviors
and the coordination between these behaviors to produce
a type-2 hierarchical fuzzy logic controller. The authors in
[24] proposed an interval type-2 (IT2) fuzzy logic conges-
tion controller to achieve a superior delivered video quality
compared with existing traditional controllers and the type-1
fuzzy logic congestion controller. Because of the advantage of
IT2 fuzzy sets over type-1 fuzzy sets, considerable attention
has been paid to IT2 fuzzy systems in [25]-[27]. The authors
in [25], [26] used IT2 membership functions to capture the
nonlinear plants and design state feedback controllers for the
IT2 T-S fuzzy systems. When the state variables are not
measurable online, the control methods proposed in [25], [26]
are not available. In addition, it should be mentioned that the
performances of IT2 fuzzy systems has not been considered
in the literature.

This paper deals with the problems of state and output
feedback controllers design for IT2 fuzzy systems with mis-
matched membership functions based on a novel performance
index. The IT2 fuzzy systems and the IT2 state and out-
put feedback controllers do not share the same membership
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functions. Firstly, the state feedback and the output feedback
control systems are constructed. A new performance index,
referred to extended dissipativity performance, is introduced.
The extended dissipativity is a generalization of the H.. per-
formance, the Ly—L.. performance, the passivity performance
and dissipativity performance. Secondly, based on Lyapunov
stability theory, the state and output feedback controllers are
designed respectively to guarantee that the closed-loop system
is asymptotically stable with extended dissipativity perfor-
mance. The existence conditions of the two kinds of controllers
are obtained in terms of convex optimization problems, which
can be solved by standard software. Finally, simulation results
are provided to illustrate the effectiveness of the proposed
method. The rest of this paper is organized as follows. Section
IT formulates the problem and Section III presents the main
results. Section IV uses some simulation results to illustrate
the effectiveness of the proposed IT2 fuzzy control schemes
and Section V concludes this paper.

Notation: The notation used throughout the paper is fairly
standard. R" stands for the n-dimensional Euclidean space
and R"™™ stands for the set of all n x m real matrices; [A],
is used to denote A+ AT for simplicity; P > 0(>0) stands
for a symmetric and positive definite (semi-definite); Lp—
L., represents the space of square—integrable vector functions
over [0,e); diag{...} stands for a block-diagonal matrix; the
superscripts “7T”” and “—1” stand for matrix transposition and
inverse, respectively; I, and 0, denote the identity matrix
and zero matrix with n-dimensions, respectively; In symmetric
block matrices, we use an asterisk (%) to represent a term that
is induced by symmetry.

II. PROBLEM FORMULATION
A. IT2 T-S Fuzzy Model

Consider the following IT2 fuzzy model with r rules that
represents a continuous-time nonlinear system:
Plant Rule i : IF fi (x(z)) is W;; and --- and f, (x(r)) is Wjp,

THEN
x(t) =Aix(¢t)+Biu(t)+Dyw(1),
z(t) =Cix(t) + Dayw (1), ()
y (1) = Cyix(1),

where W, stands for the ith IT2 fuzzy set of the function
fsx(6), i=1,2,---r, s=1,2,---p; p is the number of
premise variables; x (1) € R" is the system state vector, u(t) €
R™ is the input vector, w (t) € R" denotes the disturbance input
which belongs to L;[0, ), z(t) € R? is the control output
and y(¢) € R¢ is the measure output; A;, B;, C;, Dy;, D»; and
C,; are the known matrices with appropriate dimensions. The
firing interval of the ith rule is as follows:

~ p )4
6i(x@) = |I]ny, (fs(X(l)))aIlﬁ%(fs(X(f)))
= [8:(x(1)), 8i(x(1))], )
where 6, (x(r)) denotes the lower grades of membership

and 0;(x(¢)) denotes the upper grades of membership,
By, (fs (x(7))) stands for the lower membership functions and

Ky, (fs(x(1))) stands for the upper membership functions.

Here, Ty, (f(x(1)) = p,, (fs(x(1))) > 0 and 8;(x(1)) >
0;(x(z)) >0 for all i. Then ‘the overall IT2 T-S fuzzy system
is represented by

=
&

I
£~

0; (x (1)) [Aix () + Biu(t) + D1jw (t)],

Il
—

i (x (1)) [Cix (1) + Daiw (1)], 3)

2
pag
Na)

I
™-
S

<
=
=
I
™-

Il
—_

6i (x (1)) Cyix (1),

Lox)=1. )

0<2;(x(t)) <1, Vi, (6)

0<A;i(x(1) <1, Vi, (N

A (0)+ T (x(1) =1, Vi ®)

with A, (x(¢)) and A;(x(r)) being nonlinear functions, and

0; (x (7)) denote the grades of membership of the embedded
membership functions.

B. IT2 Fuzzy State Feedback Control

In this subsection, we first construct an IT2 fuzzy state
feedback controller [27] for the following control design.
It is worth mentioning that the IT2 fuzzy system and the
IT2 fuzzy state feedback controller do not share the same
membership functions. The jth rule of the fuzzy controller
is of the following form:

Controller Rule j: IF g (x(r)) is Mj; and ---
is M;,, THEN

and g, (x(1))

u(r) = Kjx(t), ©)

where M stands for the jth fuzzy set of the function g (x(¢)),
j=12,---r, s =1,2,---p; p is the number of premise
variables; K; € R™*" is the state feedback gain matrix of rule
Jj. The firing interval of the jth rule is as follows:

7y (1) [Hl 1, (g (1)), IjuM,.s (2 (x (r)))]
= [n, (), W),

(10)

(t)) denotes the upper grades of membership,
(1))) stands for the lower membership functions and
(1))

) stands for the upper membership functions.
Here, Ty, (85 (x(1))) = 1, (85 (x(1))) = 0 and 7; (x(1)) =

ﬂj( x(t)) >0 for all j. The overall IT2 fuzzy state feedback

control law is represented by

= i n; (x (1)) Kjx (1), (11)
j=1
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where

n; (x (1)) = rx (()n; (x(£))+v(x(r )ni( (1) >0, Vj. (12)

El (vi (), (x()+V (x(0) T (x(1))
Zl nj(x@) =1, (13)

=

0<v;(x(t) <1, V), (14)
0<V;(x(1) <1, V), (15)
vi(x()+Vi(x (@) =1, Vj (16)

with v;(x(¢)) and V;(x(¢)) being predefined functions, and
n; (x(z)) stands for the grades of membership of the embedded
membership functions. For a simple description, we use the
following notations: 6; (x(t)) = 6; and 7, (x(¢)) £ 1, where
i,j=1,2,---r. Applying the IT2 fuzzy controller (11) to
system (3), the resulting IT2 fuzzy closed-loop system can
be expressed as follows:

0im; [(Ai + BiK;)x(t) + Dyiw (t)] ,

=
=

I
-
[\’J*

I
-
~.
Il
-

A7)

A\l
<
=

I
-
M*

Il
—_
~.
Il
—_

6:m; [Cix () + Daiw (1)],

=
=
a
5]
M~
D>
I
M~
3
||

229771—1

i=1j=1

i=1

~.
I

C. IT2 Fuzzy Output Feedback Control

In this subsection, we will construct an IT2 fuzzy output
feedback controller in the following form:
Controller Rule & : IF £y (x(¢)) is Ny and ---
is Nip, THEN

and Ay, (x(1))

£(0) = A (1) +Bay (1), s
u

(t) = Cck)?(t) )

where £(r) € R" is the state vector of the dynamic output
feedback controller; N, stands for the kth fuzzy set of the
function Ay (x(¢)), k=1,2,---r, s=1,2,--- p; p is the number
of premise variables; A, Bx and Cg, are control gain matrices
with appropriate dimensions. The firing strength of the kth rule
is the following interval set:

Hmv ) [Ty,
= @ (x(0), Be(x(0)],

where @, (x(¢)) denotes the lower grades of membership

and @y (x(¢)) denotes the upper grades of membership,

Ky, (hg (x(2))) stands for the lower membership functions and
)

t
Hy,, (hs(x(t))) stands for the upper membership functions.
(

Here, iy, (hs (x x(1))) =y (s (x(2))) = 0, and @ (x(1)) >
@, (x(t)) >0 for all k. The overall IT2 fuzzy output feedback
control law is represented by

=i@umm
i JCat (),

o (1) +Bay (1)),
19)

where

@ (x () = — Lck(x(t))Qk(x(l)>+?k(x([>)5gx(’)) > 0,Vk, (20)

P (16 (x(0) @, (x(0))+Fp (x(1)) B (x(1)) )
Lim1 @ (x(1)) = @21
0<Kk(x(1) <1, Vk (22)
0<% (x(r) <1, Vk, (23)
Ky (x (1)) + K (x (1)) = 1, VK, 24)
in which x; (x(¢)) and % (x(f)) are predefined functions,

@y (x (7)) denotes the grades of membership of the embedded
membership functions. For a simple description, we define
wk( ()) oy, where k=1,2,---r. Under the property of

2 0, = Z o, = Z Z 0, = 1, it can be seen from (3) and
(19) that the followmg closed-loop system is obtained:

6,@; [Aui (1) +Diw (1)]

=%
=
Il
™-
01~

z:rlkil 25)
2(t) =Y. Y 6@ [Cix (1) +Daw (1)]
i=1k=1
where X () = { ; 3 is the state vector of the closed-loop
T A;  BiCy AN T T
system (25), Ay = [ BuCy  Au } , D1 = [ Dy; 0O ] ,

Ci=| G 0 ] and Dy; = Dy; are the system matrices.

The main purpose of this paper is to design the IT2 fuzzy
state feedback controller (11) and output feedback controller
(19) such that the closed-loop system is asymptotically stable
with the H., Lr—L., passive and dissipativity performance
indexes. In [28], the authors introduced a new performance
index, referred to extended dissipativity performance index,
which is a generalization of H.., Lr—L.., passive and dissipa-
tivity performances indexes. In addition, the authors presented
some new conditions for filter design of Markovian jump
delay systems based on the new performance index. In the
following part, we introduce the new performance index from
the reference [28]. Firstly, the following assumption is given
for developing the new performance index.

Assumption 1: [28] Let ®, ¥{,W,and W3 be matrices such
that the conditions below are satisfied

) ®=o" ¥ =¥ and ¥; = ¥I;

2) ®>0and ¥, <0;

3) |IDa|]-[|®[|=0

4) (I [+ [[E2[]) - @l =0

5) DLW Dy + DIW, + W1 Do +¥5 > 0.

Definition 1: [28] For given matrices ®, ¥1, ¥, and W3

satisfying Assumption 1, system (17) (or system (25)) is said
to be extended dissipative if there exists a scalar p such that

the following inequality holds for any ¢ > 0 and all w(t) €
L2 [0, 00)1

/Otl(t)dt—z(t)bez(t) >p, (26)

where J (1) =z (t)" W1z (1) + 2z (t)" Waw (£) +w (£)T W3w (1).
It can be seen from Definition 1 that the following perfor-
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mance indexes hold.

1) Choosing ® =0, ¥; = —1, ¥, =0, ¥3 =%*I and p =0,
the inequality (26) reduces to the H. performance [29].

) Let ®=1, ¥, =0, ¥ =0, ¥3 =y and p = 0,
the inequality (26) becomes the Lr,—L., (energy-to-peak)
performance [30].

3) If the dimension of output z(7) is the same as that of
disturbance w(¢), then the inequality (26) with & = 0,
Y =0,%¥, =1, Y3 =17I and p =0 becomes the passivity
performance [31].

4) Let®=0,¥Y1 =0,¥,=5,¥Ys=R—al and p =0, the
inequality (26) reduces to the strict (Q, S, R)-dissipativity
[32].

5) When ® =0, ¥ =—¢l, ¥, =1, ¥3=—0l with € >0
and o > 0, the inequality (26) becomes the very-strict
passivity performance. In the definition of the very-strict
passivity performance, the scalar p is not required to be
zero. It was shown in [33] that p should be a non-positive
scalar. This fact can also be seen from Assumption 1 and
Definition 1. Indeed, when w (t) = 0, from (26), it follows
that

p§/Ote(t)T‘Ple(t)dtfe(t)TCDe(t).

Note from Assumption 1 that ® > 0 and ¥; < 0. Thus, the
above inequality implies that p <0, and there always exist
matrices ® and ¥; such that

- TP, W, — I,

27)

(28)

Remark 1: The first item of Assumption 1 guarantees that
the inequality (26) is well defined. The second item enables
one to derive linear matrix inequality (LMI) based condition
for the investigation of the dissipativity analysis problem. The
conditions of Assumption 1 similar to 1), 2) and 5) were used
in [32], [34], [35]. On the other hand, when considering the
Lr—L.. performance, it is well known that the output of the
considered system should not include disturbance inputs [36].
Therefore, it should be assumed that Dy; = 0 when & # 0,
which justifies the need of the third item of Assumption
1. Finally, the fourth item of Assumption 1 is technically
necessary for the development of our analysis and design
methods.

In this paper, our objective is to design the state feedback
controller in (11) and output feedback controller in (19) for
system (3) such that: i) the closed-loop system (17) (or (25)) is
asymptotically stable with w(z) = 0; ii) the closed-loop system
(17) (or (25)) guarantees the new performance index (26).

III. MAIN RESULTS

This section is concerned with the controllers design prob-
lem for IT2 T-S fuzzy system. The existence conditions of
the controllers are given in the following theorems. We first
present IT2 fuzzy state feedback controller design results.

Theorem 1: For given matrices d, ¥, ¥, and ¥, satisfy-
ing (28) and Assumption 1, the system in (17) is asymptoti-
cally stable and satisfies the performance index in Definition 1,
if there exist matrices G= G >0, 0=07 >0, AT A, M;
(i,j=1,2,---r) with appropriate dimensions, and under the

condition N; —0;0; >0 (0 <o;<1) forall j=1, 2,---, r
such that the following LMIs are satisfied,
0, < 0, 29)
0, < 0, (30)
Q,’j A < 0, 3
o;Qii— oA+ A < 0, (32)
O'jQ.,‘j + G,'.Q.ji — Gin — Gl‘Aj +A,’+AJ' < 0,i<j,33)
where
Qi Qi Qi3
Qij=| x Qn Qp 7(’31:[ *Q GQZI}’
* * —1I
-G (Cro’ ~ ~ ~TG
©; = [ . ] L Gi=Gi0, Qi3 =CT¥,
Qi1 =[AiQ+BiMj] , Qi =Dy — /¥y,
Qp=— [DzT,'lPZL — ¥, Q3 = D;‘PIT

Then the IT2 fuzzy state feedback controller gain matrices are
given as
Kj=M;Q"".

In this case, the scalar p involved in Definition 1 can be chosen
as

p=-V(x(0). 34)

Proof: Choose a quadratic Lyapunov function for the
stability analysis of system (17) as follows:

V(x(6)) =x (1) Px(1),

where P = PT > 0. Then the time derivative of V (t) is given
by:

(35)

Vix(t) = 2x(t)" Pi(r)
= LL om0 (Pt BK)L) )
+2x(7) PDliw(t)} :
Let g(t) = Q 'x(t), C; = C;Q and Q = P~!. Then, it can be
obtained that
ZZ n; [0 (100 +BiM)) g (1)
+2g(0)" Diw (1)]. (36)
From ¥, <0, it can be seen that
2(0) ¥z (1)
r r T
= lZZij (éig(f)JrDzl'W(t))] k3!
i=1j=1
X [i Zr: 0imm (Cig (¢ +D21W(f))]
I=1m=1
> Y Y om; (G )+ Daw (1)),
i=1j=1
x [(Cig (t) + Dy (1))] - (37
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Then

V(x(0) I (1) < & (r)Ti Y 6m;0iE (1)

=1j=1

where

EN =[e@0)" wi)" ],

J(t)=z()" W1z (t) + 22 (1) Waw (1) +w (1) W3w (1),
o, = | Qi Qo

= [ o Q)7

Qlij = [AiQ+B,‘Mj]Y 76{‘}'16,',

Qsij =Dy — C[ W Dy — C[ W,

Qj,ij = 7Dgiq‘1D2,' — [Dgi\yz]s —¥;.

Consider Z Z 0;(6; —
i=1j=1
arbitrary matrix with appropriate dimensions. Then

n;)Ai = 0, where A; = Al is an

-
™~

Il
-8
~
Il
-

Ginjgl]

elanl] + Z Z 9

i=1j=

Il
™-
M\

I
~.
I

I
-
-

6,—11,-+G,-6,~—0,~9,-)A,~

Il
N
~

Il

+
M- <
- -

6:(n;+0,0;—0;6;)

Il
—_
.

Il
—_

9,-6j (O'j.Q,'j - O'in+Ai)

I
| Rl
M-

I
~.
Il

+
.M\:
M\: —

6: (n; —0;6;) (Lij — Ai)

—_

Il
_
-

r—1 r
~(GiQii—GiAi+Ai)+Z Z 6,-9j

I
1~
M-

i=1j=1 i=1 j=i+1
X (Gj.Q. — Gin + A+ Gl'QJ',' — GiAj +Aj)
r r
+X Y 61— 0;6)) (R4~ A). (38)
i=1j=1
It can be seen from (31)—(33) that
r r
Z Z Bin.,-Ql-j <0.
i=1j=1
By Schur complement, one can have
Z Z 6i,;Qij < 0.
i=1j=
That is to say
V(e)—J()<E@)T" (Z ) 9#1;@‘;‘) & (1) <.
i=1j=1

Therefore, there is always a sufficiently small scalar ¢ > 0 such
that €;; < —cl. This means that
V(x(r)—J () <

—clE(). (39)

Thus J () >V (¢) holds for any ¢ > 0, which means

l/O.IJ(s)ds >V (x (1)) -V (x(0)).

It is shown from (G—1)G~

(40)

(G —1)>0 with G > 0 that

-G '<G-2rI (41)
From (29) and (41), we know that P > G, which means
V(x(1) =x()" Px(t) > x(1)" Gx(1) > 0.
For the inequality (40), it is derived from (34) that
t
/J(s)dst(t)TGx(t)+p,Vt20. 42)
0

According to Definition 1, we need to prove that the following
inequality holds for any matrices ®, ¥, ¥, and W3 satisfying
Assumption 1:
t
/J(t)dtfz(t)TCI:'z(t) > p. (43)
0
To this end, we consider the two cases of ||®|| =0 and ||®|| #
0, respectively.
Firstly, we consider the case when ||®|| = 0. It follows from
(42), for any ¢ > 0,

/OZJ(s)ds > () Gx (1) +p > p.

This implies (43) holds by noting that z ()" ®z () = 0.
Secondly, we consider the case of ||®|| # 0. In this case,
it is required under Assumption 1 that |[¥q|| + |[¥2|| =0
and ||Dy,|| = 0, which 1mphes that ¥, =0, ¥, =0 and
W3 > 0. Thus, J(s) = w(s)” W3w(s) > 0. Then, using Schur
complement to the condition (30), it can be obtained that
CT®C; < G. For any t > 0, the following inequalities hold:

/'J(s)ds—z(z)Tcpz(t)

(44)

> /J ds—ZZGn,[Cx +Dyw (1)) @
x (Cix (1) +Daw (1))]
= [0 Y ¥ o, (s0) CToc)
11]
> /J )ds— Y Zemx "Gx(t) > p.

i=1j=

Based on the two cases of ||®|| =0 and ||®|| # 0, we know
that the closed-loop system (17) is extended dissipative in the
sense of Definition 1.

When w(r) =0, it follows from (39) that

V() <z(t)"Wiz(t) —c|& (1))

Noticing that ¥; < 0 under Assumption 1, we obtain that
V(1) < —c|& (1)|*. Then, we can show that the closed-loop
system (17) with w(f) = 0 is asymptotically stable. This
concludes the proof. [ ]

In the following part, we will solve the problem of IT2 fuzzy
output feedback controller synthesis for the IT2 fuzzy system
(3). By following the same line as the proof of Theorem 1,

(45)
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the following theorem is obtained directly.

Theorem 2: For given matrices ®, ¥,, ¥, and ¥; satis-
fying (28) and Assumption 1, the close-loop system in (25)
is asymptotically stable and satisfies the performance index
in Definition 1, if there exist matrices P = PT >0, G> 0
and /~\IT =A; (i=1,2,---,r) with appropriate dimensions, and
under the condition @ — 6;6; >0 (0 < 6 < 1) for all k, such
that the following LMIs hold,

G-P < 0, 46)
® < 0, (47)
I —A < 0, (48)
Gill; — 6;A+A; < 0, (49)
6illy + 611 — 6k A — Gih + A+ Ay < 0, i<k,
(50)
where
[PA_ikL PDy; — C_‘ITIPZ C_‘lT‘PlT
I = * — [DIW,], —¥; DLYT |,
* * —1I
@_[f7§f}.

In the following theorem, the control gain matrices A, By
and C, in (19) will be solved.

Theorem 3: Considering the IT2 fuzzy system (3), for given
matrices P, ¥, ¥, and W5 satisfying (28) and Assumption 1,
system (25) is asymptotically stable and satisfies the perfor-
mance index in Definition 1, if there exists matrices AiT =A;
i=1,2,r G=| gz >0, Z>0, S >0, o, %

3
and %; with appropriate dimensions, and under the condition
O, —0:6, >0 0<or<1)forall k=1, 2,---, r, such that
the following LMIs hold:

72 |
[ 7 y > 0, (28
72 |
[ 1 ] < 0, (52)
-G @z
{ Ny < 0, (53)
Iy —A; < 0, (54)
C_Fl‘ﬁi,' — GiAi + A,‘ < 0, (55)
Iy — 6 Ai — GiA +Ai+ Ay < 0, i<k,  (56)
where
[ Eia :E“Zik ?31'1( Xk Kok X3ik
* Eak Zsik 0 0 0
~ * * E6ik 0 0 0
I_Ii = )
k * * * E7ik 0 0
* * * *  Hgx O
L * * * * * ESik
[ Zyi Eoi Eai X
. < < A A; 0
I; = * 24 %Sii , Ai= |: Ol 02 5 :| ,
L * * Eéii (n+ m)

[ Eia $2ik \?3ik ik Xoie X
* ek Zs 0 0 0
E * * E6ik 0 0 0
M, =
ik * * * E7,‘k 0 0 ’
* * * *  Egx O
| * * * * *  Egir
8, - [ #Cl®" | « [ Di—2C'Y,
S e X Rl B0 TR o O
o _ (,%1,:23?-+>l?z‘i§7() s A‘\i + <9372?"
—1lik I * (yAl +%kcw'>s
~ [ %cheT | -
ik = i Cirlqllr ] s ik [D21IP2} - Y3,
s = DLP], Bei = —In, E1ix = GiZ 10 + 6% 14y
Bor = GiEai+ 6w, Zan = 6kEsu + 6:Eau,
Egie = OrZaik + Gi%4ki, Esik = OxZsik + 0i%si,
A _ NS - -1, O
Zeik = (Ok+ 0;) Ziiy “7ik = )
6ik ( k l) 6ii Tik l: 0 —1I, :|
- [t 0], [0 Z@A-4a)
=8ik = 0 -1, y Xlik = 7 0 )
_ [ o % (Ai —Ap)"
Xlik = I (Gk _ 6[_) S 0 )
o _ [0 Zz(ci-cu)
Xoik = | % 0 )
] 0 74
X3:k - | y (Bl _ Bk) O bl
" [ 0 Z(Cyi—C.
Xk = _ _ (Ci —Co) ;
L O'kf@k — Gi%i 0
5 [ 0 6 6r — 66T
A3k = ) .
i < (B;—By) 0

Then, the IT2 fuzzy output feedback controller gain matrices
are given as follows:

Co =Gt ", (57)

B.i=N"'%;, (58)

A= N WA~ S AR — BiCyR — S BiC) M, (59)
where .# and .4 are nonsingular matrices satisfying:

MNT =1-RS . (60)

Proof: Using Schur complement, it can be seen from (56)
that

=

ik Z2ik E3ik ) o
* Egik Esi | — Ok — O A+ A+ A
* * Eﬁl‘k

+ Y (x] +0;9]) <0, Vi, k,

~.
—

where
0 0
1 =| (Gk—6)S |, 0= | cPB— 6% |,
02x1 0251
N %(Ai_Aj)T Ny — %(Cyi_cyk)T
(Pl = 7¢2_ 5
031 031
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0
oy = | S (Bi—By)

66! — 667 ]
0251

03><I

7(53:[

It is easy to see that
> T | A AT > AT | A AT
Y, (G5 +6;0]) = ) (50] +6;57)
j=1 j=1

which means

ik

?fZik $3ik B B o
* o Baie Zsik | — Ok — Gilde+ A+ Ay
* * Eéik
3 ~ A~
+ (28] +¢;27) <0, Vi, k. 61)
j=1
Similarly, for (54), one can see
ik ?21‘1( ?3;’/( B 3 5 5
x Ea Esi | A+ Y (6] +9;5]) <0, Vi, &,
* * Eéik J=1
(62)
where
o )
m=| ,élz{ﬁ(fg_f‘k) }7
0 3x1
[ YV2x1 |
"o .
= % |, @:{%(Cg—cyk) ]
i 0551 | 3x1
i 0
. v T
= | S (Bi—B) ,¢3=[0k }
0 3x1
2x1

In order to solve the parameters of the IT2 fuzzy output
feedback controller, the matrix P is partitioned and inverted

as
p_ s N pl_ x M
T | At 7
Consider that PP~! = I, the inequality (60) holds. From (51),
it is obvious that

-% I
-1 -

<o

which shows that Z —.%~! > 0, this is to say [ —Z.7 is
nonsingular. This ensures that there are always nonsingular
matrices .# and .4 such that (60) is satisfied. Setting

x 1 1 7
Xl—[t%T 0:|7X2_|:0 JVT:|’ (63)
Then, it obtained from (63) that
PX, =X,. (64)
It follows that
72 |
XITPXl_XlTXz_[ | y}

which means that X; and X, are positive definite and P
can be expressed as P =XpX| '> 0. Consider the following

equations:

FAR+ BiCyi R+ S BiCi+ N A M
= SMR+BCpR+ I BCi+ N A"
“!‘y (Ai _Ak)%"_ggk (Cyi - Cyk) %4‘5” (Bi _Bk) (fjﬁ

and

Gi (S MR+ BiCy R+ S By + N A M)
+6; (LA + BiCyiR + 7 Bity + N Ag ")
= 6;(SNR+ BCyR+ S BC+ NAq M)
+6i (S AR + BCy R+ S By G+ N Ag M)
+(6k— 6;) S (Ai — A) B+ (61 By — 6:%;) (Cyi — Cor) #
+. (Bi — Bi) (€ — Cr) -

By performing congruence transformation by diag{X," VLI }
to (61) and (62), we know that conditions in (50) and (48) hold.
On the other hand, we perform congruence transformation to
(52), (53) and (55) by X, !, diag{X, ', I} and diag{X, ', 1,1},
respectively. We can see that the conditions in (46), (47) and
(49) hold. Therefore, all the conditions in Theorem 2 are
satisfied. The proof is completed. [ ]

Remark 2: The main contributions of this paper can be
summarized below: 1) A new performance index, including
the H. performance, the Lr,—L.. performance, the passivity
performance and dissipativity performance. 2) Based on the
new performance index, a novel IT2 fuzzy state feedback
controller is designed for IT2 fuzzy systems with mismatched
membership functions. 3) A new IT2 fuzzy output feedback
controller is also designed for IT2 fuzzy systems with mis-
matched membership functions under a unified frame.

In order to show the advantages of the proposed results over
the existing type-1 fuzzy control results, we give the following
lemma. In [29], the authors investigated robust H.. control
problem of T-S fuzzy systems with state and input time delays.
To compare with our results, we consider the following type-1
fuzzy system with k fuzzy rules (75):

i(1) = Y hi(x(t)) [Aix(t) + Biu(t) + Daiw(1)]
i=1 (65)

k
2(t) = Y hi(x(t)) (Cix(t) + Dow(t)),
where £;(x(7)) has been defined in [29]. Based on PDC design

concept, the following state feedback fuzzy controller can be
obtained:

u(t) = Y hi(x(t))Kix(r).

i=1

(66)

Under (66), the resulting closed-loop system can be repre-
sented as follows:

i(x(1)) 1 (x(2)) [(Ai + BiK)x(2) + Duiw(t)],
(67)

P
=
I
-
01~
=

I
~.
I

i(x(£))hj (x(2)) [Cix() + Daiw ()]

Ia\|
<
=

I
-
yle
=

Il
—_
.
Il
—_
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Based on the method proposed in [29], the following lemma
can be easily obtained.

Lemma 1: For given scalar ap # 0, system (67) is asymptot-
ically stable with an H. norm bound y > 0, and the feedback
gain matrices are given by

Ki:Fl'Xila i= 1727"' ,k7

if there exist matrices P > 0 and X such that the following
LMIs hold, for 1 <i, j<k:

II; < O, (68)
I;; +I1; < 0,i<}, (69)
where
@ &, Dy XCTI.T
m=| 7 qf _fj,zD]” D02i , @1 = [AX +BiFj],
* ok * —1

b, = —X+a2XAiT —l—aszTBiT —|—]3, D3 = —apX —arX.

IV. SIMULATION EXAMPLES

To validate the effectiveness and the practicality of the
proposed control design schemes, two simulation examples
are provided in this section. In Example 1, the effectiveness of
both the IT2 fuzzy state feedback and output feedback control
schemes are testified. The inverted pendulum application is
employed to illustrate the practicability of the proposed results
in Example 2, in which the IT2 fuzzy state feedback controller
is applied to control the pendulum system.

Example 1: Consider the following 3-rule IT2 fuzzy sys-
tem:

Plant Rule i: IF x;(¢) is W;;, THEN

x(t) =A,-x(t)—|—Bl-u(t)+D1,~w(t),

70
2(t) = Cx (t) + Dyw () ,i = 1,2,3, (70)
where
A = 2778 —5.63 A, — 02 -—3.22
! 001 033 7271035 012 |’
14 —6.63 r
0.15 }’Bl:[z -1],

8 0], Bs=[ -14 -1 ]T,
0.1 00117, D=[01 001],

T
—-0.01 0.1 ] , C1 = [ 0.01 0.1 }7
0.01 0.1 ], C3=[—-0.02 02 ],
—0.01, Dy =—0.02, Dy3; = —0.01.
The lower and upper membership functions are chosen in
Table I. Fig. 1 shows the membership functions of the IT2

fuzzy system according to the representation in (70).
It is assumed that the disturbance w(z) is

0.1sin(57), 0<r <5,
w(t){ 0 (51)

else.
Under the initial condition x(0) = [ =10 -5 ]T, Fig. 2
depicts the state responses of the open-loop system in (2),

(71)

TABLE 1
THE MEMBERSHIP FUNCTIONS OF THE PLANT

Lower membership functions

Upper membership functions

0.925 e 0.925
6 (x1)=095- ~(x143) 61 (x1) =0.95—- ~(x135)
I+e g l+e — 8
0y (n) =0.025+ —25 Gy (x)) = 0.025+ —2
I+e 8 l4+e 8

03(x1)=1-61(x1)—02(x1) 63(x;)=1-6;(x1)—6,(x1)

State response

Membership functions.

KO S N S S S

2 3
(0 Times(s)

Fig. 1. Membership functions of the
IT2 fuzzy system.

Fig. 2. State responses of the open-
loop system.

which indicates that the open-loop system (70) is not stable.
In this case, we design the IT2 fuzzy state feedback controller
in (11) to stabilize this unstable system in (70).

TABLE II
THE MEMBERSHIP FUNCTIONS OF THE CONTROLLER

Lower membership functions Upper membership functions

x1)=1- L x1)=1- L
771( 1) e 1 m (x1) e b
n, (x1) = 711]75 My (x1) = 71»]74

I+e 72 I+e” "2

Membership functions
e o o o o 9o
n w B (5, (2] ~
T T T T

o

0
x(0

Fig. 3. Membership functions of the IT2 fuzzy controller.
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Next, according to the description in (9) and (10), the lower
membership functions and the upper membership functions
in (10) of the IT2 fuzzy controller are defined in Table II.
From (12), by choosing the constants v;(x(t)) = 0.5 and
Vj(x(r)) =0.5 (j=1,2,3), we can obtain the membership
functions of the IT2 fuzzy state feedback controller, which
are shown in Fig. 3. In this control scheme, we consider
the L,—L., performance index for the system in (70). Based
on Definition 1, by setting ® =1, ¥; =0, ¥, =0 and
W3 = 0.1/, and according to Theorem 1, with the parameters
0 (k=1,2,3) chosen as 61 = 0.1, 6, = 0.9, 63 = 0.1, by
solving the conditions (29)-(33), we can obtain the L;—L.
performance index y = 1.1364, and the controller gain matrices
are obtained as follows:

Ki=[ —0.6620 —0.1275 |, K3 =[ —0.3458 0.0656 |,
Ky=[ —0.7283 —0.1808 |.

Thus, under the same initial state condition, we can obtain
the state responses of the closed-loop system in (70), which
are plotted in Fig. 4. Obviously, the unstable system has
been effectively stabilized by the designed IT2 fuzzy state
feedback controller. Therefore, the whole simulation in this
control procedure has demonstrated the effectiveness of the
designed IT2 fuzzy state feedback control scheme.

Remark 3: It should be noted that the IT2 membership
functions will generate uncertain grades of membership as
presented in (4). As a result, the existing type-1 stability
analysis for the T-S fuzzy system under the PDC concept
cannot be applied. According to the representation in (70), Fig.
1 shows the membership functions of the IT2 fuzzy system.
From Table I and Table II, it is obvious that the membership
functions of the plant and controller are not matched, even
though in such situation, the plant can also be controlled with
desired system performances.

) > T

—

) State response
N S S o O
4
‘
I
J
i
4
5

0 3
Times(s)

Fig. 4. State responses of the closed-
loop system under IT2 fuzzy state
feedback controller.

Fig. 5. State responses of the closed-
loop system under IT2 fuzzy output
feedback controller.

We continue to consider that the state can not be mea-
sured. Then, the IT2 fuzzy dynamic output feedback con-
troller is designed to control the IT2 fuzzy system in (70).
The measured output is given as y(¢f) = Cyx(t) (i=1,2,3),
where Cy; = [ 0.78 0.66 |, C,o =] 033 075 ], C3 =
[ 0.78 0.66 |. We consider the same membership functions
in Table II for the IT2 fuzzy output feedback controller design,
ie.,

@3 (x1) = Ny(),@3(0) ="73(x1).

In this control scheme, we consider the H. performance
index for the system in (70). From (20), we choose the
constants V;(x(¢)) = 0.5 and V;(x(t)) = 0.5 (j = 1,2,3).
Based on Definition 1, by setting ® =0, ¥| = -1, ¥, =0,
and W3 = 0.1/, and according to Theorem 3, by solving
the conditions (51)—(56), with the parameters 6; (k=1,2,3)
chosen as 61 =0.2, 6, =0.9, 63 = 0.3, we can obtain the H.
performance index y = 1.3255, and the controller gain matrices
are obtained as follows:

o [ 1.2753  —0.0723
‘07| —40.0871 13775 |’
A _ | 06287 00341
27| —22.1301 —0.4088 |’
A._ | 10100 05520
7| —34.4985 —18.1891 |’
_ T
.5 _[ 03010 [ 0.6262
B =107 x | 32673 | Cor = 0.1546 | ~°
- T
s [ 0.1457 [ 0.0438
By =10""x | 17.3723 | Ca = 0.1381 ’
- T
5 [ —0.0096 [ —0.5557
B =10""x | 140764 | 37| 06201 |

Thus, under the same initial state condition, we can obtain
the state responses of the closed-loop system in (70), which
are plotted in Fig. 5. Obviously, the unstable system has been
also effectively stabilized by the designed IT2 fuzzy output
feedback controller.

Remark 4: In our control procedure, the Matlab LMI tool-
box was used to solve the LMI-based conditions in Theorem 1
and Theorem 3, respectively. Referring to Figs. 4-5, it can be
seen that the controllers can stabilize the system in (70) with
desired performances. The main difference is that when the
system state is unmeasurable, the designed IT2 fuzzy output
feedback controller can stabilize the IT2 fuzzy system and
satisfy the designed performance index. Particularly, Fig. 5 has
shown the effectiveness of the proposed IT2 output feedback
control scheme. It should be mentioned that there are few
results about the IT2 output feedback control for IT2 fuzzy
systems in existing literature.

Remark 5: By comparing with the existing literatures on
type-1 fuzzy systems, the main significant advantage of this
study is to solve the control problem of the uncertain nonlinear
system under the performances (Lo—L., H., passive and
dissipativity performances indexes). In the following part, a
practical example will be utilized to show the effectiveness of
the proposed results.

Example 2: In this example, the inverted pendulum, shown
in Fig. 6, is used to testify the applicability of the proposed
results. In this control procedure, at first, under different initial
states, the disturbance input is considered in the pendulum
system, and then the disturbance-free case is considered. For
the limitation of the space, we only provide the simulation
results for the designed IT2 fuzzy state feedback control
scheme. The dynamic equation for the inverted pendulum [25]
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-O—1<

Fig. 6. Inverted pendulum system.

is given by

b(r) = gsin(0(t)) —am,LO(t)?sin(26(t)) /2 —acos(0(t))u(t)

4L/3 — am,Lcos?(0(t))

where 6(r) denotes the angular displacement of the pen-
dulum, the acceleration due to gravity g = 9.8 m/s’. my, €
[ Mpmin  Mpmax | = [ 2 3 ] kg is the mass of the pendu-
lum, M, € [ Mepmin - Memax ] = [ 8 16 ] kg is the mass of
the cart, a = A 2L =1 m is the length of the pendulum,
and u(r) is the control force (in newtons) applied to the cart.
The following 4-rule T-S fuzzy model is obtained to describe
inverted pendulum:

x(t) = ihi(X(t))(ArX(t) + Biu(t)), (72)
where -
T B P
om0 e[ 2]

(¢

{ 6(1)
0(r)
x(r) e[ —0.0261 —0.1765 |,
(f1(x(1))) = Mgz, (f1(x(2)))

Hyzy, (f1(x(2))) = Mz, (f1(x(2)))

_ Simax — f1 (X(f))
flmax_flmin ’
_ fl (x(t))_flmin

flmax_f]min ’

b, Ua0(0) = B, (o) = L2220
2max f2mm

My, (o(x(1)) = Mgy, (fa(x(2))) = W’
2max f2mm
__g—am Lxy(t)*cos (x1 (1)) ( sin(x1 (1))

Silx(1)) = 4L/3 —pam,,Lcos2 () ( o) ),

fHx@) = —acos (x1 (1))

~ 4L/3 —am,Lcos? (x1 (1))’
and the other considered system matrices is given by:

Dy = Dp=[-05 01]",

b

],xl(t)e[ 10.0078  18.4800 ],

10
T
D3 Diy=[05 —0.1 ],
C = G= [ —-0.01 0.03 }7
G = G= [ 0.03 —-0.01 },
Dy = Dy3=—-0.01, Dy = Dys = —0.02. (73)
Consider the following disturbance
_ ] —1/Q2+1), 0<1<5,
wit) = { 0, else. (74)

If m, and M, take the constant values then the membership
functions of the T-S fuzzy system (72) are absolutely known.
The state responses of the inverted pendulum system are
depicted in Fig. 7 under an assumed initial state condition
x(0)=[ 3z 0 }T, which indicates that the pendulum is
not stable. From system (72), it can be found that the grade

25

20+

State response
&
T

=)
T

0.‘4 0‘.6 0.‘8 1
Times(s)

Fig. 7. State responses of the system.

of membership becomes uncertain due to uncertain m, and
M_.. Obviously, it is infeasible to apply the existing results on
type-1 fuzzy system to design the fuzzy controller. However,
in order to compare with existing type-1 fuzzy control results,
we should consider the certain grade of membership. By
setting m, = mppin and M. = Meyax, applying Lemma 1 with
ar =0.11, a type-1 PDC fuzzy state feedback controller could
be designed to stabilize the system with the H. performance
level y=0.0711. The state feedback controller gain matrices
are

Ky = [ 380.5986 82.9699 |,
K> = 746.2101 190.6029 |,
K3 =[ 616.5455 145.6753 |,

Ky=[ 857.2821 227.4987 |.

In this example, from [25], the 4-rule IT2 T-S fuzzy model
is obtained to describe the inverted pendulum system subject
to parameter uncertainties, which is given in the following
format:

Plant Rule i : IF x(7) is W;; and x;(¢) is W;z, THEN

x(r) = Aix(t) + Biu(t), (75)

where the system matrices are given in (72). The lower
membership functions and upper membership functions of the
plant are defined in Table III.
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TABLE III
LOWER AND UPPER MEMBERSHIP FUNCTIONS

Lower membership functions Upper membership functions

iy, 00D =By GO g, (A G0) = By (3 (x0))

_ -h (x(t))+f1max’ fiws, (f1(x(2)))

Simax—Fimin

— D) i By, (1(0))

Simax—Fimin

=y, A(a(0))) = B0 — gy, (i (x(0))) = S

1max—Simin

with xp (l) =0, Mp = Mpmax and with x, (t) = X2max> Mp = Mpmax

M. = M_pin and M. = Mcmin

(OO = Ry, (5(3(0)
’ g, (f(x(0))) = sy (fo(x(0)

_ _f;(x(l))‘;'ﬁmax’ fiwy, (f2(x(2)))

J2max—J2min

= *Cg(x(t))#fmax My, ((x(0)))

2max—Famin

=ty (Hx(0) = f'zf(x(t))7/2,y,f,1

Jamax—Famin = i, (H(x(1) = f;;:litgl}fi:zyl
with m, = mppa, and )
with mp = Mpmin and Mc = Mcmin

M = Mmax

The lower and upper grades of membership of rule i (i =
1,2,3,4) are defined as follows:

0, (x1(0)) =, (Fi(x(0)) x , ((x(1))),
6, (x1(1)) = B, (fy (x(1))) % f, (fo(x(1).

Fig. 8 shows the membership functions 6; (i =1,2,3,4) of the
plant. The external disturbance input (74) in the pendulum is
considered in this control procedure, and the other considered
system matrices are given in (73).

TABLE IV
LOWER AND UPPER MEMBERSHIP FUNCTIONS OF THE
CONTROLLER

Lower membership functions  Upper membership functions

Xz
By, (1) =0.3¢(~ ) By, (1) = 1y, (x1)

By, @) =03—p, (x1) iy, (1) =gy, (x1)

Xz
By, (1) =0.7¢("ms) By, (1) = 1y, (x1)

By, G0) =07 = (1) iy, (1) = By, (1)

Based on the closed-loop system in (75), similar to the
procedure in Example 1, according to Theorem 1, assuming
that o1 =04 =095, 6o =03 =0.5, =0, ¥; = —I and
Y5> = 0. Then we can obtain that the H., performance level
Ymin = 0.0711 and the controller gains:

K1 =10°x [ 1.0603 0.2413 |,
K =10 x [ 2.0408 0.4578 |,

Membership functions
Membership functions
=

-15 -1 -05 0 05 1 15 -15 -1 -05 0 05 1 15
x® x®

Fig. 8. Membership functions of the
IT2 fuzzy systems.

Fig. 9. Membership functions of the
IT2 fuzzy controller.

K3 =10’ x [ 2.0122 0.4567 |,
Ky =10 x [ 2.3213 0.5188 |.

The lower and upper membership functions of the controller
are defined in Table IV. Fig. 9 depicts the membership func-
tions n; (j =1,2,3,4) of the controller. Figs. 10-11 plot the
trajectories of the state responses of the closed-loop system
with disturbance input under various initial conditions shown
in the graphs. From Figs. 10-11, we can obtain that the IT2
fuzzy state feedback controller can stabilize the inverted pen-
dulum system better than the type-1 fuzzy controller and the
IT2 fuzzy model can deal with the uncertainties in membership
functions well.
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These graphs indicate that the designed IT2 fuzzy state
feedback controller can stabilize the inverted pendulum system
in spite of under different initial states.

On the other hand, when w(r) =0, (¢ > 0), under the
controllers designed in this example, the trajectories of the
state responses of the closed-loop system are shown in Figs.
12-13 under the initial condition [ 37 0 }T. From Figs.
12-13, it can be seen that the disturbance affects the stability of
the system, and the speed to be stable for the close-loop system
without disturbance is faster. Overall, these simulation results
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show that our proposed control schemes are effective to control
the uncertain nonlinear systems with desired performances.

Remark 6: Considering the simulation results in [37], and
Figs. 7, 10 and 11, it can be seen that the IT2 fuzzy controller
designed from Theorem 1 can always stabilize the inverted
pendulum system for different initial status. In this example,
the IT2 fuzzy system and fuzzy controllers do not share
the same premise membership functions, that is to say, the
controller cannot be obtained based on the PDC concept. Thus,
the stability conditions proposed in [37] cannot be availed in
this example.

V. CONCLUSIONS

In this paper, the problems of state and output feedback
controllers design have been solved for the IT2 T-S fuzzy sys-
tem with mismatched membership functions. Under a unified
framework, the IT2 fuzzy controllers have been designed for
IT2 fuzzy systems based on a new performance index. In this
new performance index, H., Lr—L., passive and dissipativ-
ity performances are included. By using Lyapunov stability
theory and the convex optimization technique, the existence
conditions of the state and output feedback controllers have
been expressed. Two numerical examples have illustrated the
effectiveness of the proposed designed method. In future work,
the actuator delay and fault will be considered in the IT2 fuzzy
systems and the fault-tolerant controller will be designed for
the systems with actuator delay and fault.
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