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ABSTRACT

In this paper the state space realization results of [ 1] for causal

2-D systems are generalized to a much larger class of 2-D systems. We
introduce a generalized motion of a state space realization for which
the state can still be recursively evaluated. The results include a
realization method for a class o§>NSHP filters. In the second part

we introduce inverse 2-D systems with inherent delay. Some results
concerning existence of an inverse with inherent delay for a 2-D system
will be given. It will be shown that, in general, a causal 2-D system
cannot have a causal inverse (with inherent delay). Furthermore it

will be shown that a causal 2-D system always has an inverse with

inherent delay in the larger class of 2-D systems mentioned aboves.



1. INTRODUCTION

In this paper the results concerning state space realization of a causal 2-D
system (as described in [1]) will be generalized to a larger class of 2-D sys—
tems. These systems, which will be called weakly causal, are closely related
to the so called Non Symmetric Half Plane filters (NSHP filters). For the use
of NSHP filters see for instance [2]. The proposed method gives us a genera-
lized notion of a state space realization for which the state and therefore
the output, can still be evaluated in a recursive way. In the second part of
the paper inversion of 2-D systems is considered. Also inversion with inhe-
rent delay will be treated and there weakly causal systems arise in a natural
way. Inverse systems or inverse filters are tools for the restoration of de-
graded images, although there are many problems concerning the applicability.
For instance if the degradation is due to noise then certainly inverse fil-
tering is not advisable as a restoration method. However, if noise is not
important as a degradation source, then inverse filtering can give reasonable
good restorations in many situations. Many aspects of image restoration are
treated in [12] and [13]. These papers certainly provide more motivational
material to study inverse 2-D systems. The paper will be concerned with sca-
lar systems but the realization part can be modified in an obvious way to in—
clude the multivariable case. The state space model for a causal system will
be Roessers model. This model is equivalent (conceptually) to the model in
[1]. It is preferable for us in this paper because it contains less matrices.

Let us now describe a 2-D I/0 systems ([1])

C0,0G

1. 1. Yih =

2 F__ ., .u.. k,h=0,1,2,...
=0 3=0 k-i,h-771]

where Yih® Fm,n’ uij are reals such that

1.2. F =0 form<QOorn=<0.
m,n

Using a formal power series approach (or 2-D Z-transform) defined by
k=0,h=0 K

(1.1) becomes after transformation

?(s,z)ﬁ(s,z)

o o0
2

§(s,2)
where
-n —m
yA

F(s,z) -
2

m=0,n=0
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We will assume that §(s,z) is a real rational function in the variables

s and z. Thus ﬁ(s,z) = P(s,z)/Q(s,z) where P(s,z) and Q(s,z) are polynomials
in two variables (see also [1]). Now it is clear that F(s,z) can also be
seen as a rational function in z where the coefficients are polynomials

in s. We then have a condition, equivalent to (1.2),for a rational

F(s,z),which we will state without proof.

1.3 Lemma.

Suppose F(s,z) = P(s,2z)/Q(s,z) is a rational functiom in s and z

such that

F(s,z) = 2 Ii‘khs—h;k
(k,h)e2?

then (1.2) is equivalent to

1° deg_(Q) = deg, (P)

2° the degree in s of the coefficients of the highest power

in z of Q is not less then than the degree in s of all
the other coefficients of P and Q. O

As in [1] a rational f(s,a) satis%ying {1.2) will be called a causal
transfer function.

1.4 Theorem [1].

Every causal transfer function has a state space realization which

can be written in the form (Roesser)

I.5.a. Xk+1,h AL Al ¥y B
= -+ uk
h
3, b1 Ay AL 3 B,

*kh
g, * Dy

4h

1.5.b. = [C

Ykh

The vector {%kh is called the (local) state. The matrices have appropriate

3h
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dimensions and the initial conditions are
XO,h = 0, ak;@ =0 k,h = 0,1,2,..4.

Furthermore, to every state space realization (1.5) corresponds a causal
transfer function. O
s and z can also be given an interpretation in terms of shifts in the

following way

2By = ®e g s 8@y T8 1y
se (1.5.a) can be written as

2@l 121 A % B
- '*‘ ukh k,hgo,l,z,....
S@in| A M [3a] B2

In this paper the realization technique of [1] will be generalized
to a larger class of transfer functions and a generalized version
of (1.5) will be obtained. Furthermore it turns out that, investigating

inverse 2-D systems with inherent delay [3], [4], [5], one may not

hope for state space equations of t&pe“(l.S) and one has to admit

a more general class which we will call weakly causal systems.



2. WEARLY CAUSAL 2-D SYSTEMS

Consider the 2-D I/0 system

2
Yo = X F,o ., _.u,. (kyh)y e J < 2
kh (i,3)ed k=-i,h~3 "ij
The index set J will be specified later on.
As usual the double sequence F = (Fm n)’ (m,n) € 22 is called the impulse
H
response (also point spread function) (Z denotes the set of integers)

The support of F is the set

Sp = {(m,n) | (m,n) € Zz, Foa # 0}

3

A cone C is a subset ofiRz such that if (x,y) € C then (Ax,Ay) ¢ C
for all A 2 0. (R denotes the field of reals). The closed first quadrant
of R will be denoted by Q- V

2.2, Definition

The I/0 system (2.1) will be called weakly causal if

SF cC,JcC
for some closed convex cone C satisfying
2.3 I:Cn (~C) = {0}

II: QI c C

From now on C will always denote a closed convex cone satisfying T and II.
In the next it will be shown that under certain conditions we can construct
a generalized local state space model. This state space model will be such that
states ‘and therefore outputs can recursively be computed. The main idea in
this procedure is to "mowe" the impulse respomse of a weakly causal 1/0 sys-
tem into the first quadrant in such a way that its structure, important for
the proposed realization method, is kept unaffected. The obtained impulse
response is then the point spread function of a causal 2-D system. For this
system a state space realization can be constructed (see [1]) and can be gi-
ven an interpretation as a generalized state space realization for the weak-
ly causal I/0 system. Therefore we will be interested in invertible mappings ¢

P c;wz? > ernz?

such that the origin is a fixed point (¢(0,0) = (0,0)).

This map ¢ will "move" the impulse response of the weakly causal I/0 system
into Ql' Because we are primarily interested in a state space model for the
weakly causal I/0 system this map ¢ has to be one~one and onto. This can be
achieved if we define such a ¢ for a somewhat larger set than C nZ3. A use-

ful wav to do this is to introduce the notion of causality cone.



2.4, Definition

A causality cone CC is the intersection of two halfplanes Hp r and H .t where
]

2
i, = () | (x,y) e R, px + ry 2 0}
2
Hq £ = {(X,Y) i (X9y) ceR", gx + ty =2 0}
2
where p, r, ¢, t are nonnegative integers satisfying qr - pt = -1l.

Lemma

Every causality cone has the properties I and II (see (2.3)).

Proof
The proof is straightforward and will be deleted. g
Remark

. . . 2,
Every causality cone induces a partial order on Z in the same way as
Q1 (the causality cone for a causal system) does. (see [10]). The impulse
response of a weakly causal I/0 system is an example of a function

with past-finite support (see[6]).

2.5, Lemma

Suppose that C is a closed convex cone satisfying I and II. Then there

exists a causality cone CC such that C c Cc'

Proof

C © C' where C' is the intersection of two halfplanes Hp, < and Hq, e
> 3

such that q'r' - p't' < 0 and p' and r' are coprime. Then there

exists integers 4, and t, such that qlr' - p't, = -1 and thus

A 1 1
(q + np")r' - p'(t1 + nr') = -1 for all n € Z. Because of q'/t' < p'/r’
0 that q'/t' < (q1 + nop')/(t1 + nor').

= = ! = ' = ' = H n R
Now take p = p', r = r', ¢ = q  +np', t =t +nyr' and C, Pt q,t

is a causality cone satisfying C < C.- a

we have for sufficiently large n

Remark
(2.5) is a lemma on existence of Cc. In fact Cc is not unique at all.

We now have the following

2.6. Theorenm

If CC is a causality cone, then there exists a (one-one and onto) map ¢

such that

P CC n 22 -+ Ql n 22



@(k1-+k2, hl-rhz) = m(kl,h]) + @(kz,hz) .

Proof.

Suppose C = H n H then the ma defined b
PP e D, T q,t P9 y

9(k,h) = (pk + rh, gk + ht)
is a possible omne. 0

We will now take a formal power series point of view for (2.1) (or apply the
2-D Z-transform to (2.1)) although, strictly speaking, the series are not
formal power series in the sense that only nonnegative powers of s-1 and z_l
occur. However in the following it will become clear that we may call the se-
ries expansions under conmsideration formal power series, because of the iso-

morphism result of theorem (2.7). Then we obtain
9(s,2) = F(s,2)0(s,2)
It follows that

2.7. Theorem

For any CC = H n H

D, T a4t the set
bl b

-~

= o * h
Sp,r,q,t {F(s,z) | there exist F,, such that
F(s,z) = } o F.s.z and S, < C}

(k,h)dzz kh™; F c

is a ring with the usual addition and multiplication.

Furthermore § is isomorphic to 3

P.T,q,t 1,0,0,1°

Proof

Define the ring homomorphism

-~ ~

s -+ S
P,r,q,t 1,0,0,1

.
.

by

(el e
o(F) (a,B) = Y F_, o B
=0,n=0 ¢ (n,m)
where ¢ 1s the same as in (2.6). Now the proof is just a matter of verifica-

tion that ¢ is indeed a ring isomorphism. 0

The above theorem gives us the possibility of transforming a weakly causal
I/0 system into a causal I/0 system. Causality is one of the requirements for
applying the realization method of [1]. Rationality of the formal power se-
ries, associated with the impulse response, is another requirement. The next
theorem states that this feature is automatically conserved by a transforma-

tion as is applied in theorem (2.7).



2.8, Theorem

Let ¢ be the ring isomorphism defined in the above theorem.

Then @(ﬁ}(a,e) is rational iff F(s,z) is rational.

Proof

The equality

F » L P . Fkh a—qk-ht B-pk—rh - Fkh(O‘tsr)“h (aqap)-k
¢ (n,m)

implies
o(F) (a,8) = F(a"8", o%6P)

from which the result follows. | ]

2.9, Definition

A ratiomal ﬁ(s,z) corresponding to a weakly causal I/0 system will be

called a weakly causal transfer function.

For a causal transfer function we have that the formal power series expansion
is unique. For weakly causal transfer functions we can state a somewhat modi-
fied result. It is not quite une%pected that uniqueness of a series expansion
is closely related to the causality cone associated with the I/0 system under

consideration. This result is stated in the next theorem.

2.10. Theorem

Suppose §(s,z) is a weakly causal transfer function and that

a ~h -k -h -k
F(s,z) = E ) Fkhs z X ) Gkhs z
(k,h)eZ (k,h)ez
Furthermore, suppose that SF c Cc, SG c CC where Cc is a causality
cone. Then Fkh = Gkh for all k,h.
Proof.

Let ¢ be defined as in (2.7). Now @(?)(a,s) is a causal transfer
function. The formal power series expansion for ¢(§)(a,8) is unique
(see [9 ch I]).

This proves the theorem. O
Notice that a weakly causal ttansfer function may have more than one
formal power series representation with support in a (different by

(2.10)) causality cone.



Example
— =17 &Fvithc =Gy | y20, x2 -y}
s=z s S [
k=0
_.._l =—_!. T ik 1 C = 2 z -
o= 5 L @ with T o= {Guy) [ x20,y2-x}

k=0

2.11. Lemma

The isomorphism ¢, as defined in (2.7), can also be described by

the substitution

s = atBr s 2 = aqsp

with inverse

o = sz-r s, B = s—qzt
Proof
This follows from the proof of theorem (2.8). O

The fact that the inverse of the substitution in lemma (2.11) can also be gi-
ven in the above form, with integer exponments, is due to the condition

qr — pt = -1 which in factis the reason for the one-one character of 9.

Next we will derive a state space realization for a weakly causal transfer
function. For this purpose we transform this weakly causal transfer
function into a causal one. Then we construct a state space realization
for this causal transfer function like is done in [1]. Now the ring
isomorphism ¢ can also be defined for the obtained state space realizationm.
This is done by means of lemma (2.11). We will now describe the

procedure in more detail.

Suppose F(s,z) is a weakly causal transfer function and let F(s,z) € S
Suppose T(a,B) = F(a"8",a%8P).

Then T(a,B8) is a causal transfer function. Now, by Theorem (1.4)

P:r$q’t.

T(a,B) has a state space realization with dynamical equations

2.12.a B(x)kh A1 A2 Xeh B1
= + ukh
a(a)y A3 4 |%kn B,
2.12.b y, = [c | C, 1 |xq| * Dy
4h
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and

BI-A, -A Bl

172
T(a,8) =D + [C, | C,] B

-A3 aI-A&

Since B = s-qzt, a =Pz T equation (2.12.a) can be written

as ~q t
s Tz (Kl (A Aylixy B
oo = o+ uk.h
sz @)l 1Ay Ayl 3 By
or
e, . 1 L .4 . T[R9
z (x)kh AIS Azs xkh Bls
= + ukh
P r r r
s” (@) Lf?z A2 13 B,z
i.e.
= A + A a + B,u
Tert,h 1%, heg T “2%K,htq T T17k,hg th+pk20
2.1
3 th + gk =z 0

4 htp - A3%ker,h T A4%er,h T B2%er,h

Instead of the initial condition for (1.5) we now have the following

x =0 m=0,1,2,...
-rm, pm
n,~qn 0 n=0,1,2,... e
See als; figure 1
(k-t,h+q)
(k.h)
(-r.p)
(k+r,h-p)
Fig.1
1 it
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Observe that, in order to compute the (local) state at (k,h), only the states
in the shaded area have to be known. From this we can also see that the state
can be evaluated in a recursive way and for every state a finite number of
steps is necessary.

Although the model is not a first order model, as is the case for causal 2-D
systems, the recursive character is maintained. This, of course, is one of
the most important features of any state space model. An advantage of the mo-
del is that there is a link with causal state space models through the trans-
formation in lemma (2.5). Therefore, properties of causal state space systems
and causal I/0 systems may carry over to the weakly causal case and in fact
do. However we will not be concerned with these aspects. The use of the pro-
posed model will become clear when we are dealing with inversion of 2-D sys-

ftems.

Remark
Because there are many ring isomorphisms transforming a weakly causal I/0

systems into a causal one we may not expect uniqueness results.

The derived realization technique can also be applied to a class of NSHP

filters, (Non Symmetric Half Plane filters).

2.14, Definition
An NSHP filter is an I/0 system with support in an NSHP, i.e. a subset of

Zz of the following kind .

{(k,h) | (k,h) ez?, k>0 or (k=0andh > 0)} .

For more details on NSHP filters we refer to [2]. Now, consider an NSHP fil-
ter with support in a set Hq where

Hq = {(k,h) } (k,h) ¢ 22, k =2 0, h 2 =gk for some positive integer ql}.

It is clear that Hq is in fact a causality cone so that the above method can

be applied.

Remark

Al the above results can immediately be generalized to the multivariable case.
We have chosen not to do so in this paper because in the sequel we will only
be concerned with the scalar case.

Remark

By allowing transformations like o = s—l, B = z—1 one can realize transfer

functions having their support in a closed convex cone C containing another

quadrant. C still has to satisfy C n (=C) = {0}.
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3. INVERTIBILITY OF 2-D SYSTEMS

We will now be concerned with the invertibility of weakly causal 2-D

systems. To this end we consider the ring § and we have
p,r’q’t

3.1. Theorem

Suppose f(s,z) e 8 . Then

P>T,q,t

17, 1f ﬁ(s,z) has a weakly causal inverse F_l(s,z) then
ﬁ-l(s,z) € S

PsTq>t’
2°, f(s,z) has a weakly causal inverse iff F0 0 #0
2
Proof
Sp,r,q,t is 1somofph1c to Sl,O,O,l’ the isomorphism being the above
defined ¢. Now &(F)(o,B) is invertible iff F0 0 # 0 (see [8 ch VII]).
?
From this 1° and 2° follow immediately. g

Consider (2.12) and suppose D = Fio # 0. Then the inverse system is

1

- -1, -1
B(X) Al-BD C, A BD C,llx ., B,D
= - + y
-1, = -1 -1|7kh
ala), Ag~B,D C,v  A-B,D C,lla, B,D
w. =0-0'c, | -7l 1|®m| + 07 y
kh 1 2 kh
%kh

Theorem (3.1) gives a positive result only if Fo o # 0. In that case a weak-
’

ly causal inverse exists. If this condition is not satisfied it is possible

to introduce a generalized notion of inverse system (compare [3], [41). To

this end we will now consider inverses with inherent delay (short w.i.d.).

3.2. Definition

Suppose ﬁ(s,z) is a weakly causal transfer function. Then a weakly
causal transfer function a(s,z) is said to be an inverse with inherent

delay (M,N) if




0 . ,
1" There exists a causality cone Cc such that

Sp € Co» S5 Cn (M,N) € C_

1
M N
z's

2° a(s,z)ﬁ(s,z) =

Remark

a . . * - - * »
2 is ‘an immediate generalization of the 1-D counterpart, while I~ is ne-
cessary because otherwise the product a(s,z)ﬁ(s,z) cannot be well defined.

Compare also the last remark of this paper.

Now we have (for ¢ and ¢ see (2.7), (2.6) respectively)

3.3. Theorem

Suppose ﬁ(s,z) is a weakly causal transfer function and #(F)(a,B) = T(a,B)
is a causal transfer function. If U(a,B) is a weakly causal inverse
of T(a,B) w.i.d. (M',N'), then @GI(U)(s,z) is a weakly causal inverse

of F(s,z) w.i.d. Q—I(M’,N').

Proof

Suppose U(a,B)T(a,B) = ﬁ then
B

1 -1 -1 1
TR or e MM(s,z)e (T)(s,2) = 55
Z 8 : Z S

o (U.T) (s,2) =

where (M,N) = ¢ ' (M',N'). O

By the above theorem it is clear that we can restrict ourselves to
causal transfer functions. Now, one might expect (as in the 1-D case)
every causal transfer function to have a causal inverse w.i.d. However

this is not the case. A condition for this to be true is as follows.

3.4. Theorem

Suppose F(s,z) 1s a causal transfer function, so that

pyls) + pl(s)z + il ¥+ pm(s)zm

§(S,Z) = ,pm(s) ¢ 0, qn(s) is monic and # O,

qo(s} + ql(s)z + ..+ qn(s)z

where n 2 m and degs(qn(s) > degs(qi(s)) i=0,...,0"1,
deg_(q_(s)) = degs(pj(s)) J = 0ye0ee,m.

Then §(s,z) has a causal inverse w.i.d. iff

dEgs(Pm(S)) 2 degs(pj(s)) j=0,...,m1.




Proof

Let M = n-m and N = degs(qn(s)) - degs(pm(s)). Then F(s,z) zMsN is

invertible and the inverse is causal. Therefore ?(s,z) has a causal
inverse w.i.d. (M,N).
The '"only if" part is also clear. ¥

Observe that for every (MI’N1> such that M, =z M and Nl > N there

exists a causal transfer function which ca; serve as an inverse w.i.d.
(MI’N1>' Furthermore the inverse w.i.d. (M,N) is invertible without delay.
By theorem (3.4) not every causal transfer function has a causal inverse
w.i.d. but in the next we will show that every causal transfer function

does have a weakly causal inverse w.i.d., which is invertible without
delay. This again demonstrates that the concept of weakly causal I/0 systems

is useful and therefore also the state space model (2.13).

Suppose %(s,z) is a causal transfer function. Let SF < Q1 be its support

and define conv+SF by

+
conv SF = conv SF + Q1

where conv SF denotes the convex hull of SF (the intersection of all

convex sets containing SF). ) .

Furthermore, let (M,N) be an extremal point of conv SF (a point such
that conv+SF\(M,N} is still convex). Then it is clear that (M,N) € SF
(see also [11 ch VIII]).

Furthermore, ﬁ(s,z) = F(s,z) zMsN is a weakly causal transfer function
and HO,O # 9. Hence,by theorem (3.1),ﬁ(s,z) has a weakly causal inverse.
Therefore, F(s,z) has a weakly causal inverse w.i.d. (M,N), which

itself is invertible, namely ﬁ_l(s,z).

Summarizing we have

3.5. Theorem

-~

Suppose F(s,z) is a causal transfer function. Let (M,N) be an extremal

. + R . . . .
point of conv S_ then there exists an inverse w.i.d. (M,N) which itself

F
is an invertible (without delay) weakly causal transfer function. [1

Some geometrical insight is provided by figure 2.
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1

\
\
\
\
\
(M.N) / /

~

3,

S
~

Fig.2

The shaded area denotes conv+S the dotted lines correspéﬁ&”tém;mﬁagéiﬁiéwga‘

s
shifted cone giving rise to thz required causality cone.

The idea in the above theorem is the following. Look for a point (M,N) in

SF such that there exists a causality cone (a closed convex cone satisfying
(2.3) will also suffice because of lemma (2.5)) with the property that if

we shift it in a way such that the origin (0,0) becomes (M,N) the support SF
is still contained in the shifted causality cone. Then (M,N) is a possible
candidate for the inherent delay. Furthermore this holds for all the extremal
points of conv+SF. ‘
Remark

. + . .
The extremal points of conv SF are the analogues of the minimal delay
in the 1-D case because they give rise to inverse transfer functions

which are invertible without delay.

In the 1-D case every delay larger then the minimal delay may serve

as an inherent delay for some inverse (then this inverse is not

invertible without delay). Because of the lack of a natural order in

the 2-D case an inverse with minimal delay is not well defined. Therefore

we will characterize all the possible delays corresponding to weakly

causal inverses of some causal transfer function. The construction of possi-
ble inverses with inherent delay will be based on theorem (3.5) which is con-
cerned with inverses w.i.d. which are invertible themselves. The following
theorem enables us to construct more inverses w.i.d. whenever one inverse
w.i.d. (which is itself invertible) based on an extremal point of conv+SF

is known.

3.6. Theorem

Suppose a(s,z) is a weakly causal invertible transfer function. Let

§; < C where C is a closed convex cone satisfying (2.3).
Let (M,N) « 7’ \ (~C). Then Elsy2) 4o 4 weakly causal transfer functionm.

M N
Z S
-~ N



Proof

If G(s,z) is invertible then GO,O # 0. This means that for every (M,N)ezzz\(~c)
there exists a causality cone such that if we shift it to (M,N) it still con-
tains SG' Therefore a(s,z)/zMsN is weakly causal. The second assertion follows
from G 0,0 £ 0, D _

Now consider a causal transfer function F(s z)

Let M and N denote the sets:

= {M l M,N) ¢ conv+SF for some integer N}

N={Xx | M,N) € conv+SF for some integer M}
Let M, N be defined by

3.8 M= min M , N=minN
MeM NeN

We can now characterize the set of possible inherent delays corresponding

to some causal transfer function.

3.9, Theorem

Suppose §(s,z) is a causal transfer function. Let ﬁ, N be defined

as in (3.8). Then we have

1°, EM>Mor N> N there exists a weakly causal inverse

GM’N(s,z) w.i.d. (M,N).
If M <M and N < N and (M,N) # (M,N) there does not
exist a weakly causal inverse w.i.d.

2°. G Gy (s z) is invertible (without delay) iff (M,N) is

an extremal point of conv S .

3. M N(s z) is causal iff (M,N) ¢ conv S and M > M, N > N.

Proof

Applying theorem (3.6) to g(s,z)zMsN,for every extremal point (M,N)
of ccnv+SF,gives the proof of 1°. The proof of 2° follows from theorem
(3.5). The proof of 3° follows from theorem (3.4). 0

Examgle

Suppose, we have a causal I/0 system with transfer function

F(s,z) = AL . Observe that F(s,z) does not satisfy the

-sz+(s=-1)z

conditions of theorem (3.4) so that F(s,z) does not have a causal
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inverse.

Now consider figure 3.

s-! 4 \‘
“\\\“\‘\“‘9‘ O

O

-

Conv+SF is the double shaded area, (M,N) = (1,0). The extremal points

of conv+SF are (2,0) and (1,1). By theorem (3.9) there exists a weakly

causal inverse w.i.d. (0,1). 2
~-sz+(s-1)z

2
szt+s

®j—

Indeed if we take 60 l(s,z) =
>

then G (s,2). f(s,z) =
0,1
and 60 q(s,z) is weakly causal, for if we substitute (see lemma 2.11)
b
s =qaf , z =8

-a6+a62-1

aB+a262

Then &0 1(aBz,B) = which is a causal transfer function.
?

By theorem (3.9), there exists a weakly causal inverse w.i.d. (1.1)
which is invertible itself without delay. The weakly causal inverse

w.i.d. (1,1) is

~

Gl l(s’z) =:_S+<S__;1)__Z_

Sz+s

61 1(s,z) is weakly causal, for if we substitute
3
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5 =0 , 2 = af

-1+(a~})8

oTaE which is causal and invertible. The shaded

then G, . (a,0B) =
1,1
area in fig. 3 denotes the causality cone of 61 1(s,z).
b ]

Let T(a,B) = ¢ (a,08). Now T(a,B) can be state space realized as

1,1

follows

B(x)kh -1 0 X i

a(a)kh 0 0 ay 1
Wy = -1 'Ij{izi},+ Ykh

and we obtain a state space realization of 6} 1(s,z) analogous to (2.13)
3

xk+1,h = —xk,h+1 + yk,h+l k=0,1,...

a4, h+l Ykh - h = ~k,~k+l,...

“eh T kb T %kn " Ykn
and Wy = uk+1,h+1 because of the inherent delay

=0, =0,h=0,1,... k=20,1,...

*0,h A,k

Observe that SF < Q1 < SGl }. At first stage Yyp 8 defined for
2

(kyh) € Ql' We have to add zero's in the sense that Yen = 0 for
(k,h) € Sg \ QI'

1,1
Remark

In an expression like $(s,z) = F(s,z){(s,z) the product is only
defined in the case where $(s,z), ﬁ(s,z), fi(s,z) have their support

in the same causality cone (belong to the same ring).
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An example of what may happen is the following

Suppose
2
oy o1 ! z z
F(S,,Z)—s___z ;+7+-—5’+...
s s
2
~ 1 _ 1 _ s s _
i(s,z) = s - 5 + 3 e
z z

Here the product of the two formal power series can not be well defined
1 P
whereas =7 s T 7

ACKNOWLEDGMENT

The author whishes to thank prof. M.L. J. Hautus for useful discussions

and suggestions.



-20 -

4., CONCLUSIONS

In this paper we introduced a state space realization for the so called
weakly causal I/0 systems (weakly causal transfer functions). It has

been shown that this considerably enlarges the class of realizable

transfer functions. Furthermore it was shown that a class of NSHP

filters can be state space realized using this method. In the latter part
we introduced inverse 2-D systems and a generalization of the concept
"inherent delay". We showed that the state space realization, obtained

in the first part, could be used for inverse systems with inherent

delay and that, in general, a causal 2-D system cannot have a causal
inverse (even with inherent delay). State space realization of a
multivariable weakly causal 2-D system can be handled in a completely
analogous way (see [1]). Although we described the 2-D case, the results

of this paper can also be derived for the multidimensional case.

The transformation of a weakly causal I/0 system, to obtain a causal one, can
be seen as a unimodular transformation of an integer lattice (compare [14]).
This observation (made by one of the reviewers) may be useful if one is in-

terested in further generalization.
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