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Abstract 

 

Static analysis of carbon nanotubes (CNT) is presented using the nonlocal Bernoulli-Euler beam theory. 

Differential quadrature (DQ) method is used for bending analysis of numerical solution of carbon nanotubes. 

Numerical results are presented and compared with that available in the literature. Deflection and bending 

moment are presented for different boundary conditions. It is shown that reasonable accurate results are 

obtained.  
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1. Introduction 

Carbon nanotubes were discovered in 1991 by Sumio Iijima [1]. Carbon Nanotubes (CNT) 

have a very basic chemical structure. It easy to think of them as small graphene sheets rolled 

into a cylinder. Carbon nanotubes (CNT) are molecular-scale tubes of graphitic carbon with 

outstanding properties (Fig. 1). It is accepted that CNT are unique nanostructures with 

remarkable electronic and mechanical properties. Since the CNT were discovered extensive 

theoretical and experimental studies on mechanical properties of CNT has been performed [2-

10]. Vibration, bending and buckling behavior of CNT has been a subject of interest in the 

past five years. Molecular dynamics or atomistic model has been used in order to look into the 

mechanics of nanotubes. Moreover, many authors have employed a continuum or structural 

mechanics approach for more practical and efficient modeling. For this purpose, rod, beam 

and shell theories have been used by researchers [11-16]. In the literature, there have been a 

large number of studies, both theoretical and experimental, of the mechanical properties of 

carbon nanotubes. Recently, much attention has been devoted to the mechanical behavior of 

micro/nano structures such as nanobeams, nanorods, nanotubes and microtubules. Beam 

theories have been always used for modeling of this kind of nanodevices. The main goal of 

this paper is to present a numerical solution of bending analysis of single walled carbon 

nanotubes (SWCNT) based on the nonlocal elasticity theory of Bernoulli-Euler beam. To the 

author knowledge, it is the first time the DQ method has been successfully applied to carbon 

nanotubes based on linear theory of Bernoulli-Euler beam for the numerical analysis of 

bending. 

2. Differential Quadrature (DQ) Method 

Differential quadrature (DQ) method is a relatively new numerical technique in applied 

mechanics. The method of differential quadrature was proposed to solve linear and nonlinear 
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differential equations and later it was introduced to solid and fluid mechanics by Bert et al. 

[17,18], Shu and Xue [19], and Civalek [20-23].  The method of DQ can yield accurate 

solutions with relatively much fewer grid points. It has been also successfully employed for 

different solid and fluid mechanic problems. 

Unlike the DQ that uses the polynomial functions, such as power functions, Lagrange 

interpolated, and Legendre polynomials as the test functions, harmonic differential quadrature 

(HDQ) uses harmonic or trigonometric functions as the test functions. Shu and Xue [19] 

proposed an explicit means of obtaining the weighting coefficients for the HDQ. When the 

)(xf  is approximated by a Fourier series expansion in the form 
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and the Lagrange interpolated trigonometric polynomials are taken as 
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for k = 0,1,2,....,N. According to the HDQ, the weighting coefficients of the first-order 

derivatives Aij
 
  for  i  j can be obtained by using the following formula: 

 

π/x jxix jP

xiPπ
Aij

]2)sin[()(

)()2(


 ; i ,j = 1,2,3,...,N,     (3) 

 

Where 

 













 





 π
x jx iN

i,jj

x iP
21

sin)( ; for  j = 1,2,3,...,N.      (4) 

 

 

The weighting coefficients of the second-order derivatives Bij
 
 for i  j can be obtained using 

following formula: 
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The weighting coefficients of the first-order and second-order derivatives Aij
(p) 

  for i = j  are 

given as 
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A natural, an often convenient, choice for sampling points is that of equally spaced point. It 

was also reported that the Chebyshev-Gauss-Lobatto or non-equally sampling grid (NE-SG) 

points for spatial discretization as; 
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performed consistently better than the equally spaced. 

 

 
 

Fig. 1. Typical single-walled carbon nanotubes 

 

For more details of the mathematical background and application of the DQ method in 

solving problems in engineering, the readers may refer to some recently published reference 

[18-23].  

 

3. Beam Modeling Of SWCNTs 

 

A typical single walled carbon nanotubes (SWCNTs) based on beam theory is depicted in Fig. 

2. In this figure, the letter d is the diameter of beam, L length of the beam. 
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Fig. 2. Single-walled CNT  

For transversely vibration of carbon nanotubes, the equilibrium conditions of Euler-Bernoulli 

beam can be written as  
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where ),( txV  and ),( txM are resultant shear force and bending moment of the beam, ρ the 

mass density, A  the area of the cross-section of the beam, ),( txw is the transverse 

displacement of the microtubules and t the time variable. We obtain the following relation 

from Eqs (8) and (9) 
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According to the linear theory of Euler-Bernoulli beam, the strain-displacements and the 

moment are given by 
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For bending analysis by writing the equilibrium equation for the vertical force for 

infinitesimal Euler-Bernoulli beam under uniformly distributed load, we obtain 
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The moment equilibrium are also written as 
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Substituting this into (13), we obtain 
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The statements for bending moment and shear force are given as 
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According to the nonlocal elasticity theory of Eringen’s [28], the stress at any reference point 

in the body depends not only on the strains at this point but also on strains at all points of the 

body. This definition of the Eringen’s nonlocal elasticity is based on the atomic theory of 

lattice dynamics and some experimental observations on phonon dispersion. In this theory, the 

long range force about atoms is considered and thus internal scale effect is introduced in the 

constitutive equation. In this theory, the fundamental equations involve spatial integrals which 

represent weighted averages of the contributions of related strain tensor at the related point in 

the body. Thus theory introduces the small length scale effect through a spatial integral 

constitutive relation. For homogenous and isotropic elastic solids, the linear theory of 

nonlocal elasticity is described by the following equations:  
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where klσ is the nonlocal stress tensor, ρ is the mass density of the body, lf  is the body 

(or applied) force density, lu is the displacement vector at a reference point x in the body, 

)(xτkl
 is the classical (Cauchy) or local stress tensor at any point x in the body, )(xεkl

 is the 

linear strain tensor at point x  in the body, t is denoted the time, V is the volume occupied by 

the elastic body, xxα   is the distance in Euclidean form, λ and μ are the Lame constants. 

The non-local kernel xxα   defines as the impact of the strain at the point x  on the stress at 

the point x in the elastic body. The value of   depends on the ratio ( lae /0 ) which is material 

constant. The value a depends on the internal (granular distance, lattice parameter, distance 

between C-C bonds as molecular diameters) and external characteristics lengths (crack length 

or wave length) and 0e is a constant appropriate to each material for adjusting the model to 

match reliable results by experiments or some other theories. For an elastic beam in the one 

dimensional case, the nonlocal constitutive relations can be written as below 
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For a uniformly distributed load the related equations can be written as  
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where ic (i=1,…,4) are constant of integration which must be determined using the related 

boundary conditions of the microtubules.  If we consider the Euler-Bernoulli beam subjected 

to a distributed load and series of concentrated loads iP  at ixx   (i=1,2,…,n), the general 

nonlocal equation for this case is given below [24] 
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where δ is the Dirac delta function and defined as 

 



 


otherwise,0

,
)(

0xx
xxδ i         (27) 

 

Three-types of boundary conditions are considered. These are: 

 

For simply supported(S) end : 0W  and 0M        (28a) 

 

For clamped (C) end:     0W  and 0/ dxdW        (28b) 

 

For free (F) end: 0V  and 0M         (28c) 

 

4. Results 

 

In this section, a number of numerical examples are given to illustrate the application of the 

present method. The material and geometric constant of CNT are taken as: L=10 nm, E=2*10
9
 

N/m
2
, I=64,33*10

-36
 m

4
.  A uniformly distributed load has been considered for three different 

boundary conditions. For clamped CNT, deflection profile is shown in Figure 3. As expected 

maximum deflection is obtained on the center of the beam.  
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Fig. 3. Non-dimensional deflection (EI/ql
4
) of C-C SWCNT 

 

In Figure 4, non-dimensional deflection for C-C carbon nanotubes is depicted for different 

value of load. It may be concluded that decreasing the load, q will always result in decreased 

deflection. In figure 5, three-different boundary conditions are taken into consideration for 

bending of carbon nanotubes. It is clearly shown that the deflection response of C-F 

nanotubes is higher than the response of C-C and S-S carbon nanotubes.  
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Fig. 4. Non-dimensional deflection (EI/l
4
) of C-C SWCNT for different loading 
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Fig. 5. Non-dimensional deflection (EI/l
4
) of SWCNT for different boundary conditions 
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Fig. 6. Static deformation of S-S carbon nanotubes for different nonlocal parameters 

 

5. Conclusions 

 

By using the Euler-Bernoulli beam theory, DQ based numerical approach for deflection and 

bending analysis of single walled carbon nanotubes is investigated. Some numerical examples 

were provided.  Although not provided here, the method is also useful in providing nonlinear 

behaviour of single-walled carbon nanotubes [26,27]. The present study is being further 

developed to overcome the convergence problems encountered in the nonlinear static and 

buckling analysis of carbon nanotubes. 



Civalek,  Demir and Akgöz 

 

 55 

Acknowledgements 

 

The financial support of the Scientific Research Projects Unit of Akdeniz University is 

gratefully acknowledged. 

 

References 

 

[1]  Iijima, S.   Helical Microtubules of Graphitic Carbon. Nature, 354,56-58, 1991. 

[2]  Wang, C.M, Tan, V.B.C.,  Zhang, V.  Timoshenko beam model for vibration analysis of 

multi-walled carbon nanotubes. J. Sound Vib. 294, 1060-1072, 2006. 

[3]  Peddieson, J.,  Buchanan, G.R., McNitt, R.P.  Application of nonlocal continuum models 

to nanotechnology. Int. J. Eng Sci, 41, 305-312, 2003. 

[4]  Zhang, Y.Q.   Liu, G.R.   Han, X,  Effect of small length scale on elastic buckling of 

multi-walled carbon nanotubes under radial pressure. Physics Letters A, 349, 370-376, 2006. 

[5] Wang, Q. Wave propagation in carbon nanotubes via nonlocal continuum mechanics. J. 

Appl Phy, 98,124301, 2005. 

[6] Wang, Q., Varadan, V.K. Application of Nonlocal Elastic Shell Theory in Wave 

Propagation Analysis of Carbon Nanotubes, Smart Materials and Structures, 16, 178-190, 

2007.  

[7]  Wang, Q. Wang, C.M. On constitutive relation and small scale parameter of nonlocal 

continuum mechanics for modeling carbon nanotubes, Nanotechnology, 18,075702, 2007.  

[8]  Wang, L.F. Hu, H.Y. Flexural wave propagation in single-walled carbon nanotubes, 

Physical Review B, 71,195412, 2005. 

[9]  Li, C. Chou, T.W,  Vibrational behavior of multi-walled-carbon-nanotube-based 

nanomechanical resonators. Applied Physics Letters, 84,121–123, 2004. 

[10]  Falvo, M.R.  Clary,  G.J. Taylor, R.M.  Chi, V. Brooks,  F.P. Washburn, S.  Bending and 

buckling of carbon nanotubes under large strain. Nature, 389, 582–584, 1997. 

[11] Fu, Y.M., Hong, J.W.,  Wang, X.Q.  Analysis of nonlinear vibration for embedded 

carbon nanotubes. J. Sound Vib. 296, 746-756, 2006. 

[12] Gibson, R.F., Ayorinde, E.O., Wen, Y.F. Vibrations of carbon nanotubes and their 

composites: a review. Compos. Sci. Technol. 67, 1–28, 2007. 

[13] Ru, C.Q. Effective bending stiffness of carbon nanotubes. Phys. Rev. B 62, 9973–9976, 

2000. 

[14] Ru, C.Q. Elastic buckling of single-walled carbon nanotubes ropes under high pressure. 

Phys. Rev. B,62, 10405–10408, 2000. 

[15] Tserpes, K.I. Papanikos, P. Finite element modeling of single-walled carbon nanotubes. 

Compos. Part B: Eng. 36, 468–477, 2005. 

[16]  Thostenson E.T,  Ren Z. Chou T.W, Advances in the science and technology of carbon 

nanotubes and their composites:a review. Compos. Sci. Tech. 61, 1899-1912, 2001. 

[17] Bert, C.W, Malik, M, Free vibration analysis of tapered rectangular plates by differential 

quadrature method: A semi-analytical approach, J. Sound Vibr. 190(1), 41-63, 1996. 

[18] Bert, C.W.,  Jang S.K.,  and Striz, A.G. Two new approximate methods for analyzing 

free vibration of structural components, AIAA Journal  26, 612-618, 1987. 

[19] Shu, C., Xue, H. Comparison of Two Approaches for Implementing Stream Function 

Boundary Conditions in DQ Simulation of Natural Convection in A Square Cavity, 

International Journal of Heat and Fluid Flow, 19,59-68, 1998.  

http://www.aiaa.org/content.cfm?pageid=318
http://serve.me.nus.edu.sg/shuchang/Publications/IJNMHFF/Shu_Xue%20(IJHFF)%201998.pdf
http://serve.me.nus.edu.sg/shuchang/Publications/IJNMHFF/Shu_Xue%20(IJHFF)%201998.pdf


Civalek,  Demir and Akgöz 

 

 56 

[20] Civalek, Ö. Application of Differential Quadrature (DQ) and Harmonic Differential 

Quadrature (HDQ) For Buckling Analysis of Thin Isotropic Plates and Elastic Columns, 

Engineering Structures,   26(2), 171-186, 2004. 

[21] Civalek, Ö., Ülker, M. Harmonic Differential Quadrature (HDQ) For Axisymmetric 

Bending Analysis Of Thin Isotropic Circular Plates, International Journal of Structural 

Engineering and Mechanics, 17(1), 1-14, 2004. 

[22] Civalek, Ö., Ülker, M. HDQ-FD Integrated Methodology For Nonlinear Static and 

Dynamic Response of Doubly Curved Shallow Shells, International Journal of Structural 

Engineering and Mechanics, 19(5), 535-550,2005. 

[23] Civalek, Ö. Geometrically Nonlinear Dynamic Analysis of Doubly Curved Isotropic 

Shells Resting on Elastic Foundation by a Combination of HDQ-FD Methods, Int. J. Pressure 

Vessels and Piping,82(6)470-479, 2005. 

[24] Reddy, J.N. Nonlocal theories for bending, buckling and vibration of beams, Int J Eng 

Sciences 45, 288-307, 2007. 

[25] Demir, Ç., Civalek, Ö., Akgöz, B. Free Vibration Analysis of Carbon Nanotubes Based 

On Shear Deformable Beam Theory By Discrete Singular Convolution Technique, 

Mathematical and Computational Applications, (in press), 2009. 

[26] Demir, Ç. Carbon Nanotubes and Their engineering applications, M.Sc. Seminar, Institue 

of Natural and Applied Science of Akdeniz University, 2009. 

[27] Akgöz, B. Nonlocal beam modeling of carbon nanotubes, Thesis of B.Sc., Akdeniz 

University, Civil Engineering Dept., 2009. 

[28] Eringen, A.C.  On differential equations of nonlocal elasticity and solutions of screw 

dislocation and surface waves, J. Applied Physics, 54, 4703-4710, 1983. 

 


