
Proc. Indian Acad. Sci. (Earth Planet. Sci.), Vol. 101, No. 3, September 1992, pp. 269-282. 
�9 Printed in India. 

Static deformation of two welded half-spaces due to dip-slip faulting 
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Abstract. Closed-form expressions for the displacements and stresses at any point of either 
of two elastic half-spaces in welded contact caused by a dip-slip line source obtained earlier 
are integrated analytically to derive the elastic residual field due to a long dip-shp fault of 
finite width. The results are valid for an arbitrary dip of the fault. The variation of the 
displacement field with the distance from the fault as well as with the distance from the 
interface is studied numerically. It is found that the displacement field is heavily dependent 
on the dip angle. Contour maps showing the residual elastic field in the two half-spaces 
caused by a vertical dip-slip fault located in one of the half-spaces are also obtained. 
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1. Introduction 

The elastic residual field of a long strike-slip fault in a layered half-space has been 
calculated by Rybicki (1971, 1973), Chinnery and Jovanovich (1972) and others. 
Freund and Barnett (1976) gave a two-dimensional analysis of surface deformation 
due to dip-slip faulting in a uniform half-space, using the theory of analytic functions 
of a complex variable. Rani et al (1991) obtained the elastic residual field in a uniform 
half-space due to various two-dimensional sources, using the Airy function approach. 
Singh et al (1992) obtained closed-form analytic expressions for the Airy stress function, 
displacements and stresses at any point of either of two homogeneous, isotropic, 
perfectly elastic half-spaces in welded contact due to various two-dimensional sources. 
Beginning with the expressions for the Airy stress function for a dip-slip line source 
given by Singh et al (1992), analytic integration over the width of the fault yields the 
Airy stress function for a long dip-slip fault of arbitrary dip placed in a half-space in 
welded contact with another half-space. The expressions for the displacements and 
stresses follow immediately. These analytic closed-form expressions are used to study 
the variation of the displacement field with the distance from the fault and with the 
distance from the interface. Contour maps showing the residual displacement and 
stress field in the two half-spaces due to a vertical dip-slip fault located in one of the 
half-spaces are also obtained. The modelling of the crustal deformation field should 
be done with a model consisting of a layer (representing the lithosphere) overlying a 
viscoelastic half-space (representing the asthenosphere). However, analytic closed-form 
solution for a dip-slip line source in such a model does not seem feasible. We have, 
therefore, considered the problem of a dip-slip dislocation in a model consisting of 
two elastic half-spaces in welded contact. This model brings into focus the effect of 
a structural discontinuity, but ignores the effect of the free surface. The viscoelasticity 
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of the asthenosphere can be taken into consideration by an application of the 
correspondence principle of viscoelasticity (Singh and Rosenman 1974; Singh and 
Singh 1990). 

2. T h e o r y  

Let the Cartesian co-ordinates be denoted by (x 1, x 2, x3 )=  (x,y,z), with the x3-axis 
vertically downwards. Consider two homogeneous, isotropic, perfectly elastic half- 
spaces that are welded along the plane x3 = 0. The upper half-space (x3 < 0) is called 
medium I and the lower half-space (x3 > 0) is called medium II, with elastic constants 
21, #1 and 22, #2, respectively. In the following, the superscript (1) denotes quantities 
related to medium I and the superscript (2) denotes those related to medium II. 

Consider a plane strain problem parallel to the x2x3-plane so that 

ul = O, a/axx = o. (1) 

We define the Airy stress function U (Sokolnikoff 1956) through the relations 

P22 = U,33, P23 = - U,2a, P33 = U.22, (2) 

V 2 V 2 U = 0,  (3)  

where Pu are the components of stress and U.33 = d2U/Ox], etc. 
As shown by Singh et al (1992), the expressions for the Airy stress function in the 

two half-spaces due to a dip-slip line source parallel to the xl-axis and passing through 
the point (Y2, Ya) in the lower half-space (medium II) are: 

Cl + Dt 1 

- R2 + sin 26 2 

+(Dlya+CIx3)(Ya-X3)}]  
R2 , (4) 

where 

U(2'=(~21~2bds/n)Ic~ + Y3 ] 

+ C2(x2 - Y2)(X3s 2 - Y3) 4C2x3Y3(x2~Y2)(x3 + Y3) } 

J 

+ sin26 (x3 a) 2 2 2 
--- D 2 In S $2 

4C2y3xa(x3+Y3)2}] 
§ S 4 

b = displacement discontinuity (slip), 

(5) 

ds = width of the line source, 
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6 = dip angle (figure 1) 

(x2, xa) = receiver location, 

R 2 = (x2 - y2) 2 + (x3 - y3) 2, 

S 2 = (x  2 - y2 )  2 -I- (x 3 W y 3 )  2, 

/~ = # 1 / / ~ 2 ,  

~1 = (21 +/~1)/(21 + 2/~1), 

~2 = (22 +/~2)/(22 + 2#2), 

C1 = 2fli-~2(1 - fl - 2/~1)]-1, 

C2 = (/7 - 1)(1 - / 7  + 2/~/~(2)- 1, 

Dl = 1 + C2, 

D2 = - (C1 + D1)/2. 
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Figure 1. Two half-spaces in welded contact with a long dip-slip fault in the lower half-space. 
The Cartesian coordinates of a point on the fault are (Y2, Y3) and its polar coordinates (s, 6), 
where 6 is the dip angle and Sl ~< s ~< s2. 

We put (see figure 1) 

Y2 = S COS 6, Y3 = S sin 6. (7) 

Inserting the values of Y2 and Ya from (7) into (4) and (5) and integrating over s 
between the limits (st,s2), we obtain the following expressions for the Airy stress 
function for a long dip-slip fault of finite width L = s 2 -  Sl: 

(~2/z2 b/2~)I(C1 - D 1)(x a cos 6 - x2 sin 6){In R} - C1 U(1 ) =  sin 26 {s} 

+ (C1 + D1) sin 26 {s In R} + (C1 + D1)(x3 sin 6 + x2 cos 6) 
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x{tan-1(s--x2c~ 
x2 sin 6 - x3 cos 6 ) J 

_(C, + D1)cos26{stan_X(x2_scos6_ ~ .2 
, x 3 _ s s i n 6  ) } ] . ,  (8) 

= (~2 #2 b/g) [ (x2 sin 6 - x3 cos 6) {In R} + (C2 + D2)(x2 sin 6 - x3 cos U(2) 6) 

x {In S} + (1 + C2 + 2D2) sin 6 cos 6 {s} - D 2 sin 26 {s In S} 

-D2c~ s tan- ' ( x2 - sc~  + ssin6 ) J 

x3sin6)ftan_ , (s + x3 sin 6 -- x2 cos 6 ~"~ D2(x2 cos 6 + ( 

{,}ii - 2C2x3sin6(x2sin6 + x3cos6) -~ . ,  (9) 

where now 
R 2 = (x2 - s cos 6) 2 + (x 3 - s sin 6) 2, 

S2 = (x2 - s cos 6) 2 + (x3 + s sin 6) 2. (i0) 

3. Stresses and displacements 

From equat ions (2), (8) and (9), we get the following expressions for the stresses 

22 = (e2~2 b/2g Cl (5x3 cos 6 - 3x2 sin 6 

I'} -Dl(x2sin6+x3cos6) + 2D1 sin26 ~ -  

+ 4C i x3 ( x2 sin 6 - x3 c~ 6) { x 3 - s sin 6 

+ 4D1 sin 6(x2 sin 6 -- x3eos6)Is(x3 
$ sin 6) ]1" 

JJl., 
- D  s . 1 

xI.X,-'sinq 
~t-g + 4[D1 sin 6(x2 cos 6 + xs sin 6 ) -  Clx3] 

- s sin 6) 

~z 'JJl.,' 

(xl) 

(12) 
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3 ~ = (0t2/12 b/2~) (D 1 - C 1 )(x2 sin 6 + x a cos 6) 

{s} { -2Dls in26  ~ +4Clx3(x3cos6-x2sin6) x 3 - s s i n 6 ~  
R" J 

sin 6(x3 cos 6 - x 2 sin 6) [~ s(x3 - s s i n  6) ~'] ~ + 4D1 
R4 J J l , , '  

(13) 

22 --~-- (0t2/./2 b/7[ X2Sln6--3xacos6 + s i n 2  

(x3 - s sin 6) 2 --2(x2sin6-xaCOS6){-~ }-D2(x2sin6+xacos6){S--i } 

1 26 s Is } 
- -  2C2(x 2 sin 6 - x3 cos 6) {(xa + S 4s sin 6) 2 } 

{s} 
+ 4C2x 3 sin 6(3x2 sin 6 + 5x3 cos 6) ~-i 

+ 8C2 sin 2 6(2x3 cos 6 + x2 sin 6) ~i 

�9 ~.fs(x3 + ssin6) 2 ] 7  -16C2x3sin6(x2sin6"t" x3c~176 -S-6 f i l l '  (14) 

"~2)=(~2#2b/n) (x2cos6 + x3sin6) + ~ - j -  [ ~ - j  F2.~ 

6 + x3 sin 6) [ R4 } ~ ' ( x 3  - s sin 6)2 + 2 _f s(x3 -R~ } s  sin 6) 2 2(x2 cos 

+D2(x2cos6_xasln6) _ ( C 2  + D 2 )  s 

((xa + ssin6) 2 ] {s(xa+ssin6) 2 } 
-- 2C2(x2 cos 6 + x3 sin 6)~ ~ ; +  2C2 S 4 

. . . . .  fs(x2-sc~ ~ 

�9 ~.[s(x3 +ssin6) 2 ] + 16C2xasin6(x2cos6-x3 sin o) ~ -S~- ; 

16C2x3sin6f s2(x3 + s sin 6)2 ~'l 
S-6 J J i i '  (15, t 
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[ �9 f s t  -(2) - -  (Qt2~2b/Tt ) ( X 2 s l n t ~ W x 3 c o s t ~ )  - - s i n 2 ~  ~ -  //33 - -  

+2(x2sin6-xac~ (xa-ssin6)2 } R "  - C2 sin 26 {S}s_~ 

+ 2C2(x2 sin 6 - x3 cos 6) f (x3 
+ $ 

s, } 
sin 6) 2 

f } - 4C2x3 sin 6(x2 sin 3 + 3x 3 cos 6) ~i  - 4C2x3 sin 6 sin 26 ~i 

~,(S(X3 + sin t~)2 } ]  .2 + 16C2xasin6(x2sin6+x3c~176 = -~ s," (16) 

Corresponding to the stresses given by equations (11)-(16), the displacements are 
found by integrating the stress-strain relations Sokolnikoff 1956; Singh and Garg 
1985): 

#2 b/21t) I(Ct - D 1 - 2C1/ctl) sin t~ {ln R} 2#1 U(21) (~2 

--(Cl+D1)c~ s-x2cOstS-x3sin3~-x2~n-~Z~ j}  

+ (2Cl#q)cos6{tan-l(x2 - sc~ ~ 

+ 2 { (c lx ,  + D1ssin,~)(s- x~ cos,~- x3 sin,~) l ] l '~ ' 
R2 (17) 

3 - 1 1 s t  

2/,llU~31) = (o~2g2b/2x)I(Dt_ - C1 + 2C1/~1)cos~5{lne} 

-(C1 +D1)sintS{tan'l( s-x2c~ ~ )} 

-(2C1/Ctl)sintS{tan-l(~2-ssintS~s~os~/]J 

+ 2(x 2 sin 6 - x3 cos 6) {Ct x3 + Dt s sin 6 

2#2 u~ 2) = (e2~2b/~)[- (1 - 1/e2)sin ~ {In R} -- (C2 + D2 - C2/e2)sin 6 {In S} 

-(~176 t~-'~-~~176 
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--(C2/~176176 ssin6 

+ D2c~ tan-l(s+~, ~srx3  sin 6 - x3 co-~ x2 c~ t5 ~/J ~ 

1 C 2 

+ 2C2x3 sin 6 ~-~ + (2/e2)C2 sin 3(x2 cos 3 - x3 sin 6) ~-~ 

{s2} 
- (2 /e2)C2sin6 ~-~ +4C2x3sin3 

x {s(x3+ssin6)(x3sin6-x2c~ :i '  (19) 

= (ot2# 2 b/z 0 I(1 - 1/0t2) cos 6 {In R} + (D 2 + C2 - C2/ot2) cos 6 {In S} 2/.t2 ut32) 

+ (sin 6/ct2) { tan-  1 ( x_2-- s sin 6_'~ 
\x -scos6/3 

+ (C2sin6/a2){ tan-'( x 2 --s-~os~] s s i n 6 ~  

+ D2sin6{tan-l( s +__x3 sin_fi --_ x_2 c~ 
~, x2 sin6 + xacos6 6 ) }  

--(x2sin6--x3cos6){ x3-ssin6-R- r + C2(x3+ssin6)}S2 

+ 2C2sin6(x2sin6 + 2x3cos6){S2 } 
{s} 

- (2/e2)C2 sin 6(x2 sin 6 + x3 cos 6) ~ 

- 4C2 x3 sin 6(x2 sin 6 + x3 cos 6) {s(x3 + s sin 3) ~ ~ S~- JJl~l" (20) 

We have verified that the stresses and the displacements given in equations (12)-(20) 
satisfy the necessary continuity conditions 

= - -  u l, = = 

at xa=0 .  
The results for the displacements and stresses in a uniform half-space can be obtained 

as a particular case on putting/~x = 0. From equation (6), we note that this implies 
fl = 0, C2 = - 1, C t = D: = D 2 = 0. It has been verified that the results obtained on 
putting #t = 0 in equations (14)-(16), (19) and (20) coincide with the corresponding 
results of Rani and Singh (1992) for a uniform half-space. 
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4 .  N u m e r i c a l  r e s u l t s  

For numerical computations we assume Poissonian (i.e. 2i = #i) half-spaces so that 

~q = -~2 = 2 / 3 ,  

C1 = - 3#/(2 + #), 

D1 = 3#/(1 + 2#). 

the following dimensionless quantities 

Y =  x z / L  , Z = x 3 / L  , 

u~" = u l ' /b ,  U~2~ = ulZ~/b, 

po)  (1) p ( 2 )  = (L/#2b)p!2), ij = (L/l~2 b ) pij , - ij 

We define 

(21) 

where b is the magnitude of the dislocation (slip). Thus, Y is the dimensionless distance 
(horizontal) from the fault, Z is the dimensionless distance from the interface (Z < 0 
for medium I and Z > 0 for medium II), U2 and U3 are, respectively, the dimensionless 
horizontal (parallel to the fault) and vertical (down) displacements and P22, P23, P33 
are dimensionless stresses. 

We study numerically the displacement field at the interface (x3 = 0) for a long 
dip angle 6 for/~1//~2 = 1/2. From these figures we note that the displacement field 
and 3 show the variation of the dimensionless horizontal (U2) and vertical (U3) 
displacements at the interface with the distance from the fault for three values of the 
dip angle 6 for/q//~2 = 1/2. From these figures we note that the displacement field 
changes significantly with the change in the dip angle. For  6 = 90 ~ U2 is symmetric 

0.4 - ~ ~ . .  I I"11 / - IJ2 = 1/2 
C 
Q; E 
,-, ~ = 60 ~ ..._o 0.2 

-~ L . .  
~ 0 ~ 
N 

-r 

- 0 . 2  - 

- 0 . 4  t t I 
-2L -L 0 L 2L 3L 

D i s t a n c e  f r o m  t h e  fault 
Figure  2. Variation of the horizontal displacement (U2) at the interface with the distance 
from the fault for #1/~2 = 1/2 for three values of the dip angle & 30 ~ 60 ~ and 90 ~ 
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Figure 3. Variation of the vertical displacement (U3, positive downward) at the interface 
with the distance from the fault for gl/#2 = 1/2 at dip angles 30 ~ 60 ~ and 90 ~ 
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Figure 4. Variation of the vertical displacement (U3) at the interface with the distance from 
the fault for c5 = 30 ~ The curve/~1/#2 = 0 is for a uniform half-space and the curve #1/#2 = 1 
is for a uniform unbounded medium. 

while U3 is antisymmetric about the origin. For  dip angles other than 90 ~ the 
displacement field is asymmetric, the degree of asymmetry depending upon the dip 
angle. Figures 4 and 5 display the variation of the vertical displacement (U3) at the 
interface for c~ = 30 ~ and 60 ~ respectively, for four values of the ratio of the rigidities 
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of the two half-spaces, namely, #1/#2 = 0, 1/2, 1 and 2. The case #1/#2 = 0 corresponds 
to a uniform half-space and the case #1/#2 = 1 to a uniform unbounded medium. 

We next consider a long vertical dip-slip fault of width L, assuming ~ = n/2, sl = L, 
s~ = 2L (figure 6). Figure 7 shows the variation of the dimensionless horizontal 
displacement (Us) with the distance from the interface at two epicentral locations, 
y = L/IO, L, for #1/#2 = 1/2. Similarly, figure 8 shows the variation of the vertical 
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epicentral locations: y = L/IO, L. Negative values of x 3 refer to medium I, positive values 
refer to medium II. 
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displacement (U3) with the distance from the interface. From these figures we note 
that the variation of the horizontal displacement is significant in the range 0 < z < 3 L, 
especially near the fault ( y =  L/10). Similarly, the vertical displacement varies 
significantly in the range 0 < z < 3L for y = L/IO. While the horizontal displacement 
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Figure 12. Contour map for the normal stress (P33) for/./1//12 = I/2. 
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is maximum near the fault ends, the vertical displacement is maximum near the middle 
of the fault. 

Contour maps in vertical planes perpendicular to the length of the fault for the 
displacements U2, U3 and stresses P23, P33 are given in figures 9 to 12 for #1/#2 = 1/2. 
The contour values for the isolines are indicated. Solid lines denote positive values 
and broken lines denote negative values. Nodal lines are also drawn. These maps 
exhibit the variation of the elastic field around the fault in the two media. 
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