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Summary. - I t  is {ound that in the presence of the cosmic field, ~vhich singles out a t ime-l ike 
direction, a s tat ic  closed homogeneous isotropic universe of the Eins te in  type is possible, 
provided mat ter  is present. On the other hand~ a universe of  the de Si t ter  type is not  
permit ted by the field equations. 

Recently- [1] it was pointed out that, if one tries to set up a model of 
the universe which is homogeneous and isotropic and which oscillates without 
passing through a singular  state, one is led to the existence of a scalar 
field, referred to as a ~ cosmic field >>, which is a special case of the C-field 
of HOYLE and •ARLIKAR [2]. The gradient of this cosmic field singles out 
a t ime-l ike  direction in space-time. The presence of such a field requires 
the introduction of terms in the field equations which are somewhat analogous 
to the cosmological h - t~rm which was introduced by EI~s~, I~  [3] when he 
was looking for a closed static nniverse. The field equations can be written 
in the form 

(1) 

where X is a function describing the cosmic field and satisfying the equation 

A is the cosmological constant, and the other symbols have their usual  mea- 
nings. 

A question which arises is: what is the nature of the solution of the 
field equations for the case of a homogeneous, isotropic, static universe ? 

Let  us consider the form of the line element in the static, spherically 
symmetric case. With  a suitable choice of coordinates, it can be writ ten 

(3) d82 - -  ~ eXdr 2 _ r2d02 _ r2 sin 20d~ 2 q-  evdt 2, 

(*) Entrata in Redazione il I febbraio 1970. 
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where ~--) . ( r ) ,  v = v(r). If  the three-dimensional  space is homogeneous and 
isotropie (i.e., a space of constant curvature), one has 

1 
(4) e t --  , 

1 - - - -  
R 2 

t 
w h e r e ~ c a n  be taken to be positive, negative, or zero, according to the sign 

1 
of the curvature  of the space. The case ~ > 0 corresponds to a closed universe.  

If we assume that the mat ter  (and radiation) in the universe can be 
described by a constant density ~ and a constant pressure p, the mat ter  
being at rest in our frame of reference,  then we can write for the energy-  
momentum density tensor (with x 1, x2, x 3, x . z = - r ,  0, % t), 

~5) - -  T 2 - -  T 3 - - - - p ,  T ~ - ~  9, ~ =  

For the line element of Eq. {3), the solution of Eq. (2) which satisfies 
the condition of isotropy is simply 

@ 

so that 

(6a) 

× = ~t + ~ (~, ~ = const.), 

X. .~ = ~, X, k : O tk = l , 2, 3). 

The field equations (1) give three relat ions:  

v' 1 ) 1 
(7) e-~ r "+" ~ - -  ~72 -}- A -+- ~2e-~ -- 8~p, 

(Ta) 
Vu ~,Vr ,,'2 V t __ ~(~ 

e-~ \ 2 4 + -J: + - - 2 r -  ] + A + ~e-~ = ST:p, 

(Tb) e -~ - - ~  ÷ ~ - - A + ~ 2 e - ~ = 8 ~ p ,  

corresponding to the cases, (~t, v ) -  (1, 1), (2, 2), (4, 4). Here  primes denote 
derivatives with respect to r. 

Let us first take v - - 0 .  Then the solution of Eq. (7) is given by Eq. (4) 
with 

1 
(8) R -~ _. ~2 4- A - -  8T:p. 
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One that  f inds  Eq. (7a) is then also sat isf ied.  I f  one subs t i tu t e s  (4) into Eq. 
(7b), one gets  the re la t ion  

3 
(8a)  L, ~ - A + :~ = 8~:~. 

F r o m  Eqs. (8) and (Sa) one gets  

1 
(9) a 2 - -  4rt(9 - { -p )  R2 , 

2 
(9a) A = 4~ (p  - -  ~) + ~ .  

[ f  we cons ide r  the case of an EINSTEIlq universe ,  cha rac te r i zed  by v - - - - 0  

1 
and )~ given by  Eq. (4) w i t h ~ >  0, then we see f rom Eq. (9) that  one mus t  
have  

(10) ~ < 4z:(e + p), 

so that  the EINSTEII~ un iverse  cannot  be empty .  
For  the sake  of s impl ic i ty ,  let  us take  h -  O. Then  one gets  

1 
(11t R-~ = 2~:(e - -  p), 

(1 la) a 2 - -  2r:(p -]- 3/9). 

W e  see that  one can  then obta in  a stat ic ErNSTEII~ un ive r se  for  any va lues  
of ~ ancl p ,  prov ided  9 > P (which is a condi t ion  that  mus t  hold on the bas is  
of phys ica l  considerat ions}.  

I f  we now let  A be d i f fe ren t  f rom zero and cons ider  the case of an 
empty  universe ,  with p - - p -  0, we see f rom Eq. (9) that  

1 (12} ~2 = ____  /~2, 

i 
so t h a t ~  < 0, and we do not  have  a c losed universe .  

DE SITTER [4] found  a solut ion of the E~SS~EIX f ield equat ions ,  corre.  
sponding  to a closed, empty  universe ,  for which  k is g iven by  Eq. (4), and 
v is g iven by  

r 2 
{13} e ~ - -  1 - - -  
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with 
1 A 

(14) R~ = ~ ,  

1 
so tha t  one can take  ~--{ > 0. 

In  the presence  o[ the cosmic field, 
I f  we subs t i tu te  (4) into (7b), we get 

the s i tua t ion  is quite di f ferent .  

3 
(15) ~e-~  = S=e --  ~ + A, 

so that ,  wi th  ~ =4:0, v is constant ,  and Eq. (13) cannot  be sat isf ied.  I f  v is 
constant ,  it can be taken  to vanish,  wi thout  loss of general i ty ,  and we are 
then  back to the case d iscussed  previously .  

W e  see then  that,  with the cosmic f ield present ,  a de SITTER universe  
is not  possible.  The only closed stat ic  universe  is of the EI~s~EI~ type and, 
as we have seen, this is possible only if ma t t e r  is present .  
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