
Received December 3, 2020, accepted December 27, 2020, date of publication January 1, 2021, date of current version January 13, 2021.

Digital Object Identifier 10.1109/ACCESS.2020.3048706

Station-Keeping Control of a Hovering
Over-Actuated Autonomous Underwater Vehicle
Under Ocean Current Effects and Model
Uncertainties in Horizontal Plane

MAI THE VU 1, HA LE NHU NGOC THANH 2, TUAN-TU HUYNH 3,4, (Member, IEEE),

QUANG THANG DO5, TON DUC DO 6, (Senior Member, IEEE), QUOC-DONG HOANG 7,8,
AND TAT-HIEN LE9,10
1School of Intelligent Mechatronics Engineering, Sejong University, Seoul 143-747, South Korea
2HUTECH Institute of Engineering, Ho Chi Minh City University of Technology (HUTECH), Ho Chi Minh City 700000, Vietnam
3Department of Electrical Engineering, Yuan Ze University, Taoyuan City 32003, Taiwan, R.O.C.
4Department of Electrical Electronic and Mechanical Engineering, Lac Hong University, Bien Hoa 830000, Vietnam
5Department of Naval Architecture and Ocean Engineering, Nha Trang University, Nha Trang 650000, Vietnam
6Department of Robotics and Mechatronics, School Engineering and Digital Sciences, Nazarbayev University, Nur-Sultan Z05H0P9, Kazakhstan
7Institute of Mechanical Engineering, Vietnam Maritime University, Hai Phong 182582, Vietnam
8Department of Mechanical Engineering, Kyung Hee University, Seoul 130-701, South Korea
9Department of Naval Architecture and Marine System Engineering, Ho Chi Minh City University of Technology (HCMUT), Ho Chi Minh City, Vietnam
10Vietnam National University Ho Chi Minh City, Ho Chi Minh City, Vietnam

Corresponding authors: Mai The Vu (maithevu90@sejong.ac.kr), Ha Le Nhu Ngoc Thanh (hlnn.thanh@hutech.edu.vn), and Tat-Hien Le
(hienlt@hcmut.edu.vn)

This research was funded by Vietnam National University Ho Chi Minh City (VNU-HCM) under grant number B2020-20-09 and in
part by the Faculty Research Fund of Sejong University 2020-2021. The authors would also like to express their grateful thanks to
Korea Maritime University Intelligent Robot and Automation (KIAL) Lab for their support for this study.

ABSTRACT Nowadays, underwater vehicles (UVs) are applied to various tasks such as carrying objects
or maintenance of underwater structures. To carry out well these tasks, UVs should keep the position
and orientation in the water to perform the specified tasks. However, the systems used in underwater
operations are always under the influence of disturbance such as ocean currents and model uncertainties.
In this paper, the robust station-keeping (SK) control algorithm based on a sliding mode control (SMC)
theory is designed to guarantee stability and better performance of a hovering over-actuated autonomous
underwater vehicle (HAUV) despite the existence of model uncertainties and ocean current disturbance in the
horizontal plane (HP). Using the Lyapunov theorem, the stability of the proposed controller is demonstrated.
Besides, an optimal allocation control (AC) algorithm is also designed to keep the linear position and Euler
angles of the HAUV in the presence of model uncertainties as well as ocean currents and to minimize the
energy consumption of the system. Finally, a series of simulations and experiments for the HAUV system is
conducted to demonstrate the superior performance of the proposed method.

INDEX TERMS Over-actuated underwater vehicle, robust sliding mode controller, station-keeping control,
experimental result.

I. INTRODUCTION

As the oceans contain numerous natural and mineral
resources along with the depletion of resources on land, the
development of resources in the ocean has been increasingly
developed in recent years. With the development of the activ-
ities in the deep ocean, the UVs are becoming an active area
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of research, due to their various potential applications such
as in maritime security, marine economy and science, marine
security, marine archaeology, rescue, and military usage.

Moreover, the UVs are one of the intelligence motion
platforms, which can be relied on the remote control or navi-
gate autonomously and safely in the real marine environment
and complete various missions such as pipeline inspection,
environmental monitoring, underwater inspection, offshore
gas and oil exploration, and exploitation, etc. [1]–[6]. There
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are many different types of the UVs for a variety of tasks
that have been designed and developed, such as Autonomous
Underwater Vehicles (AUV) [7], [8], Remotely Operated
Vehicles (ROV) [9], [10], Underwater Gliders (UGs) [11],
[12], and so on.
To carry out all the above tasks and missions, the control

of the UVs faces several challenges due to some main factors
such as high and couple nonlinear model, the time-varying
dynamic model, model uncertainties, external disturbances
by sea current and wave, unpredicted underwater currents,
and so on. Some examples can be found in [13]–[15] for an
overview. In recent decades, various control strategies have
been proposed for improving the performances on dynamic
characters of these UVs such as linear controllers [16], [17],
fuzzy logic control [18], [19], SMC controllers [20], [21],
predictive control algorithms [22], [23], and neural network
control strategies [24].
Nowadays, dynamic positioning (DP) is applied for many

purposes in ocean engineering such as drilling, underwater
pipe-laying, resource exploitation, diving support, etc. The
DP systems generally consist of a motion controller (MC)
module and an AC module. Most DP controlled vehicles
are HAUV systems with multiple thrusters, in which the AC
module is adopted to distribute the specified control forces
to each thruster based on mechanical or operational con-
straints. Using multiple active thrusters, DP control systems
automatically keep the desired linear position and vehicle
heading subjected to environmental disturbances and model
uncertainties [25], [26]. Various control techniques have been
proposed for the DP control in recent years, with many
results shown in the literature. Among them are Proportional-
Integral-Differential (PID) control [27], neural network con-
trol [28], adaptive control [29], fuzzy control [30], SMC [31],
and so on. However, most aforementioned studies on the DP
control did not mention the thruster saturation constraints into
account in the DP control design. In practice, the command
control input is subject to saturation constraints because of
the physical limitations of the propulsion system.
Obviously, the UVs are the complex and highly nonlinear

models, therefore, it is impossible and difficult to define their
accurate kinematic and kinetic models.With the development
of various control algorithms, the SMC is one of the control
strategies that has been successfully applied to the control of
the UVs due to its strong robustness to uncertain parameters
and external disturbances [32]–[34]. Thus, considering the
complexity of the HAUV in the HP, the SMC is selected
as a DP control of the HAUV for the horizontal motion in
this paper. Generally, the main goal of the overall control
system of the HAUV is to provide a suitable compensa-
tion to the system, even despite the existence of the model
uncertainties and external disturbance while also minimizing
power consumption. Selecting wisely both the MC module
and the AC module within the overall control system is an
important step to achieve these objectives. Based on these,
this paper describes a procedure to design a robust controller
for the DP system of a HAUV subjected to the influence

of the ocean current and model uncertainties. The proposed
DP control system, including an MC module and an AC
module, is designed. First, an MC module is designed to
generate the generalized force in three degree of freedoms
based on current and desired states by using the SMC law.
Then, based on the generalized force, an AC module is
designed by applying the Lagrange Multiplier (LM) method
to distribute this generalized force amongst the thrusters of
the HAUV. Numerical simulations and experimental studies
are conducted to illustrate the performance of the proposed
controller for SK of the HAUV under the effects of the model
uncertainties and ocean currents. Both simulation and exper-
imental results demonstrate the effectiveness and practicality
of the proposed system and controller and its robustness to
external disturbances.

The paper is constructed as follows. Firstly, Section 2
introduces the mathematical model of the HAUV including
the effects of the ocean current. The detailed kinematics and
kinetics of the HAUV are discussed in this section. Next,
Section 3 explores the dynamic position system of the HAUV
which has two cascade control modules: MC module and AC
module. In this section, the MC module is established using
robust SMC whereas we use the LM method to linear the AC
module. Then, Section 4 presents some numerical simulation
results and experimental results using the designed HAUV
system and proposed SK system. Finally, Section 5 provides
conclusions of this paper.

II. MATHEMATICAL MODEL OF A HAUV UNDER THE

OCEAN CURRENT EFFECTS

A. COORDINATE SYSTEM DEFINITION

Generally, the HAUV is modeled as a body moving freely in
six degree of freedoms. The dynamic model for the HAUV
consists of two parts: one is a kinematic model, and the
other one is a kinetic model. First, two coordinate systems
are used: one coordinate is fixed to the HAUV to define its
translational and rotational movements and another one is
located on Earth-fixed (EF) coordinate to describe its position
and orientation as illustrated in Fig. 1.

Since the HAUV moves slowly in the water, the EF coor-
dinate system can be defined to be inertial. The EF frame
EXEYEZE has its origin is fixed at the water surface and three
axes are respectively defined as: the Z-axis direction points
down into the water while the X-axis and Y-axis directions
complete a right-handed system. On the other hand, the Body-
fixed (BF) frame is represented by BxByBzB with its origin
located at the gravity center of the HAUV, in which the x,y,z-
axes point forward, starboard side, and down the HAUV,
respectively.

When the horizontal motion of the HAUV is discussed,
three motions of the heave, roll, and pitch can be neglected
in this study. According to SNAME [35], the motions of the
HAUV in HP can be described as follows:
η =

[

x y ψ
]T

∈ ℜ3 : linear position and Euler angles of
the HAUV in EF coordinate system.
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FIGURE 1. Coordinate systems of a HAUV.

v =
[

u v r
]T

∈ ℜ3 : linear and angular velocities of the
HAUV in BF coordinate system.

B. HAUV KINEMATIC AND DYNAMIC MODEL IN

HORIZONTAL PLANE

In this work, we concentrate on the SK problem in HP, that
is the surge, sway, and yaw motions. The three degree of
freedoms relationship between the BF coordinate BxByBzB
and the EF coordinate EXEYEZE can be described as follows:

η̇ = R (η) v (1)

where, the rotation matrix R(η) = R(ψ) is the function of the
heading angle of the HAUV is defined as:

R(ψ) =





cosψ − sinψ 0
sinψ cosψ 0
0 0 1



 , R−1(ψ) = RT (ψ)

(2)

Finally, the kinematic equations of the HAUV can be re-
arranged as:









ẋ = u cos(ψ) − v sin(ψ)

ẏ = u sin(ψ) + v cos(ψ)

ψ̇ = r

(3)

By reducing three motions of the HAUV: heave, roll, and
pitch in the vertical plane motion, the horizontal motion
dynamics in the BF frame can be represented as [36]:

Mv̇+ C(v)v+ D(v)v+ G(η) = τ (4)

where M ∈ ℜ3×3 > 0,C(v) ∈ ℜ3×3,D(v) ∈ ℜ3×3

are the inertia matrix, the Centripetal and Coriolis matrix,
the damping matrix of the HAUV, respectively, G(η) ∈ ℜ3

represents the gravitational forces, it can be assumed that
gravitational forces are negligible in HP, thus, G(η) = 0, τ =
[τX , τY , τN ] ∈ ℜ3 is the control input.

In Eq. (4), all matrices M, C(v), and D(v) can be expressed
as:

M = MRB +MA

=





m 0 −myg
0 m mxg

−myg mxg Izz



 +





−Xu̇ 0 0
0 −Yv̇ −Yṙ
0 −Nv̇ −Nṙ





=





m− Xu̇ 0 −myg
0 m− Yv̇ mxg − Yṙ

−myg mxg − Nv̇ Izz − Nṙ



 (5)

C(v) = CRB(v) + CA(v)

=





0 0 −m(xgr + v)
0 0 −m

(

ygr − u
)

m(xgr + v) m
(

ygr − u
)

0





+





0 0 Yv̇v

0 0 −Xu̇u
−Yv̇v Xu̇u 0





=





0 0
0 0

(Yv̇ − m)v+ mxgr − (m− Xu̇) u+ mygr

(Yv̇ − m)v− mxgr

(m− Xu̇) u− mygr

0



 (6)

D(v) = DL + DNL(v)

=





−Xu 0 0
0 −Yv 0
0 0 −Nr





+





−X|u|u |u| 0 0
0 −Y|v|v |v| 0
0 0 −N|r|r |r|





=





−Xu − X|u|u|u| 0 0
0 −Yv − Y|v|v|v| 0
0 0 −Nr − N|r|r |r|





(7)

Inserting Eqs. (5)-(7) into Eq. (4), the expanded form of
three degree of freedoms equations of the HAUV’s motion
is:

(m− Xu̇)u̇− mygṙ + (Yv̇ − m)vr − mxgr
2 − Xuu

−X|u|u |u| u = τX (8)

(m− Yv̇)v̇+ (mxg − Yṙ )ṙ + (m− Xu̇) ur − mygr
2

−Yvv− Y|v|v |v| v = τY (9)

−mygu̇+ (mxg − Nv̇)v̇+ (Izz − Nṙ )ṙ − (Yv̇ − m)vu

+mxgru− (m− Xu̇) uv+ mygrv− Nrr

−N|r|r |r| r = τN (10)

C. CONFIGURATION OF HORIZONTAL THRUSTERS

The HAUV’s six degree of freedoms motions are controlled
by using four horizontal thrusters and three vertical thrusters
as shown in Fig. 2. However, in this paper, the motions of
the HAUV are analyzed on the HP only. Thus, the sim-
plified HAUV has four thrusters is adopted in this section.
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FIGURE 2. Thruster arrangement of the HAUV.

By installing these horizontal thrusters at the bow and the
stern parts of the HAUV with a fixed inclined angle θT , the
surge, sway, and yaw motions of the HAUV are operated
simultaneously.
Assume Eri = (xci, yci, zci)i=1,2,3,4 is the center point

of each thruster which located on the HAUV, the moment
induced by four horizontal thrusters Ti=1,2,3,4 can be respec-
tively obtained as:

Er1 × EF1 =





xc1
yc1
zc1



 ×





F1 cos θT
F1 sin θT

0





=





df
−ds
0



 ×





F1 cos θT
F1 sin θT

0





= (df F1 sin θT + dsF1 cos θT )Ek (11)

Er2 × EF2 =





xc2
yc2
zc2



 ×





F2 cos θT
−F2 sin θT

0





=





df
ds
0



 ×





F2 cos θT
−F2 sin θT

0





= (−df F2 sin θT − dsF2 cos θT )Ek (12)

Er3 × EF3 =





xc3
yc3
zc3



 ×





−F3 cos θT
F3 sin θT

0





=





−df
−ds
0



 ×





−F3 cos θT
F3 sin θT

0





= (−df F3 sin θT − dsF3 cos θT )Ek (13)

Er4 × EF4 =





xc4
yc4
zc4



 ×





−F4 cos θT
−F4 sin θT

0





=





−df
ds
0



 ×





−F4 cos θT
−F4 sin θT

0





= (−df F4 sin θT + dsF4 cos θT )Ek (14)

where the inclined angle θT is set to be 300 in this paper.

As a result, the resultant force and moment of the propul-
sion system induced by four horizontal thrusters can be
expressed by:

Fthrust = FTxEi+ FTyEj

= (F1 + F2 − F3 − F4) cos θTEi

+ (F1 − F2 + F3 − F4) sin θTEj (15)

Mthrust = MTz
Ek

= (df F1 sin θT + dsF1 cos θT − df F2 sin θT

− dsF2 cos θT − df F3 sin θT − dsF3 cos θT

+ df F4 sin θT + dsF4 cos θT )Ek (16)

From Eqs. (15) and (16), the horizontal thruster allocation
in the matrix form can be defined as follows:

τv = TU (17)

τv =
[

FTx FTy MTz

]T
(18)

U =
[

F1 F2 F3 F4
]T

(19)

T =





cos θT cos θT
sin θT − sin θT

ds cos θT + df sin θT −ds cos θT − df sin θT

− cos θT − cos θT
sin θT − sin θT

−ds cos θT − df sin θT ds cos θT + df sin θT





(20)

where, τv ∈ R3×1 is the control forces and moments acting
on the HAUV due to four horizontal thrusters, U ∈ R4×1 is
the individual thruster force; and T ∈ R3×4 is the thruster
configuration matrix of the propulsion system.

D. OCEAN CURRENT MODELLING

In marine engineering, the motion and stability of the HAUV
are significantly affected by the ocean current. As the ocean
current creates a relative speed between the fluid flow and
the HAUV, thus, a hydrodynamic effect on the HAUV needs
to be considered. According to Gauss-Markov process [37],
the ocean current speed can be modeled as the following
form:

V̇c + µcVc = wc (21)

where, µc > 0 is a suitable constant, and wc is Gaussian
white noise. In order to limit the ocean current speed in the
simulation, the bounded ocean current is set as:

Vmin ≤ Vc(t) ≤ Vmax (22)

It is possible to assume that the fluid is irrotational, the
ocean current speed vector in the EF coordinate is obtained
as:

vEc =
[

vx vy 0
]T

(23)

where Vc =
√

v2x + v2y , and the components of the ocean

current in North and East directions are defined as:

vx = Vc cosψc (24)
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vy = Vc sinψc (25)

where, ψc is the horizontal ocean current angle.
Using the rotation transformation, the relationship between

the EF coordinate ocean current speed and the BF coordinate
ocean current speed can be obtained as:

vBc =
[

uBc vBc 0
]T

(26)

vBc = diag
[

RT (ψ)
]

vEc (27)

where uBc and v
B
c denote the ocean current speeds in the surge

and sway motions, respectively. As a result, the relative speed
of the HAUV including the effects of the ocean current is
given by:

vr = v− vBc =
[

ur vr r
]T

(28)

E. HAUV DYNAMIC MODEL INCLUDING OCEAN CURRENT

EFFECTS

In Eq. (4), the dynamic model of the HAUV did not consider
the ocean currents acting on the vehicle. First, we assume
that wave-induced currents are neglected because a HAUV
is deeply submerged. This section shows how to include the
effects of the ocean current in the dynamic equations of the
HAUV motions.
The relative speed of the three degree of freedoms- HAUV

including the effects of the ocean current in Eq. (28) can be
rewritten as:

vr =
[

u− ubc v− vbc r
]T

(29)

The dynamic model of the HAUV including the ocean
currents expressed in the BF coordinate is in the form as:

MRBv̇+ CRB(v)v
︸ ︷︷ ︸

Rigid−Body Part

+MAv̇r + CA(vr )vr + D(vr )vr
︸ ︷︷ ︸

Hydrodynamic Part

+ G(η)
︸︷︷︸

Hydrostatic Part

= τ (30)

It is also possible to assume that the ocean current speed is
slowly varying, which means that v̇r ≈ 0. Thus, the dynamic
model in Eq. (31) can be simplified as:

Mv̇+ CRB(v)v+ CA(vr )vr + D(vr )vr + G(η) = τ (31)

As a result, the kinematic and kinetic models for the HAUV
including ocean current are:

η̇ = J (ψ)vr + vEc

Mv̇+ CRB(v)v+ CA(vr )vr + D(vr )vr + G(η) = τ (32)

III. DYNAMIC POSITIONING SYSTEM OF THE HAUV

To systematically handle challenges on the control perfor-
mance and power of an HAUV, the whole control system
consists of two cascade modules such as an MC module
and an AC module as shown in Figure 3. The MC mod-
ule is responsible for generating the generalized forces and
moments based on current and desired states for each degree
of freedom that is necessary for achieving the desired position

FIGURE 3. A whole control system including the MC law and AC module.

and heading angle of the HAUV. After that, the AC module
helps to distribute these generalized forces and moments to
the individual thruster of the propulsion system in such a
way that the overall system consumes the least power. These
two modules of the whole control system are respectively
explained below.

A. CONTROLLER DESIGN USING ROBUST SLIDING MODE

As the SMC is a well-know and robust control when it applies
tomodeling uncertainties, system parameters variation, exter-
nal disturbance, the control system is designed using the SMC
strategy to drive η asymptotically converge to its desired
value ηd .

To simplify the complexity of designing the proposed con-
troller, the dynamic model equation of the HAUV in the EF
coordinate E-XYZ needs to be defined. For this, the following
kinematic transformations are used:

η̇ = J (ψ)v ⇔ v = J−1(ψ)η̇ (33)

η̈ = J̇ (ψ)v+ J (ψ)v̇ ⇔ v̇ = J−1(ψ)
[

η̈ − J̇ (ψ)J−1(ψ)η̇
]

(34)

By substituting Eqs. (33)-(34) into Eq. (32) and re-
arranging the results, the dynamic model of the HAUV in the
EF coordinate can be expressed:

ME η̈ + CE η̇ + DE η̇ + GE (η) = τE (35)

where, the transformed systemmatricesME ,CE ,DE ,GE and
τE are obtained as:

ME = J−T (ψ)MJ−1(ψ)

CE = J−T (ψ)
[

C(vr ) −MJ−1(ψ)η̇
]

J−1(ψ)

DE = J−T (ψ)D(vr )J
−1(ψ)

GE (η) = J−T (ψ)G(η)

τE = J−T (ψ)τ (36)

As a dynamical system established using Lagrangian
mechanics, the dynamic equations for the HAUV expressed
in Eq. (35) have some following assumptions:
Assumption 1: The inertia matrix ME = MT

E > 0 is
symmetric and positive definite, and therefore: xTMEx > 0
and all eigenvalues of the matrix ME satisfy the following
condition:

0 < λmin(ME ) ≤ ‖ME‖ ≤ λmax(ME ).
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Assumption 2: Matrix ṀE − 2CE is the skew symmetric,
therefore it satisfies the following formula:

sT
[

ṀE − 2CE
]

s = 0 ∀ s ∈ R3, η ∈ R3, v ∈ R3.

Assumption 3: The matrix DE is positive definite:
DE > 0 ∀ v ∈ R3.
Assumption 4: Assume that the model uncertainties in

matrices ME ,CE ,DE ,GE of the HAUV and external distur-
bance Fdis are bounded by some known functions as follows:

∥
∥
∥M̃E

∥
∥
∥ =

∥
∥
∥ME − M̂E

∥
∥
∥ ≤ δME < ∞;

∥
∥
∥C̃E

∥
∥
∥ =

∥
∥
∥CE − ĈE

∥
∥
∥ ≤ δCE < ∞;

∥
∥
∥D̃E

∥
∥
∥ =

∥
∥
∥DE − D̂E

∥
∥
∥ ≤ δDE < ∞;

∥
∥
∥G̃E

∥
∥
∥ =

∥
∥
∥GE − ĜE

∥
∥
∥ ≤ δGE < ∞;

∥
∥
∥F̃dis

∥
∥
∥ =

∥
∥
∥Fdis − F̂dis

∥
∥
∥ < F̄dis < ∞

where, ∧ and ∼ represent the estimated system matrices, the
estimation error matrices, respectively.
Assumption 5: The following inequality is satisfied for a

positively bounded diagonal matrix.

0 ≤ λmin(Kr ) ‖s‖ ≤ sTKrsgn(s); Kr > 0

where λmin means the smallest eigenvalue of the correspond-
ing matrix.

Proof:

sTKrsgn(s)

=
[

s1 s2 . . . sn
]

×








Kr1 0 0 0
0 Kr2 0 0
...

...
. . .

...

0 0 0 Krn















sgn(s1)
sgn(s2)
...

sgn(sn)








= Kr1s1sgn(s1) + Kr2s2sgn(s2) + . . .+ Krnsnsgn(sn)

= Kr1 |s1| + Kr2 |s2| + . . .+ Krn |sn|

≥ λmin(Kr ) (|s1| + |s2| + . . .+ |sn|)

≥ λmin(Kr ) ‖s‖ ≥ 0

Let ηd =
[

xd yd ψd
]

be the vector of the desired position
of the HAUV. Then, the tracking error is defined as:

e(t) = ηd − η (37)

Differentiating with respect to time, Eq. (37) becomes:

ė(t) = η̇d − η̇ (38)

Now, we introduce the sliding surface function as:

s = ė+3e = η̇d − η̇ +3e, 3 > 0 (39)

where 3 > 0 is the constant control gain which determines
as a diagonal positive matrix.
According to the SMC design strategy, a control law τ for

the HAUV is constructed as:

τ = τeq + τsw (40)

where, τeq is the equivalent term which merges the system
states toward the sliding surface, and τsw is the switching
term which compensates for the effect of the uncertainties
and disturbances. Both the equivalent control τeq and the
switching control τsw can be obtained as:

τeq = M̂E (η̇d +3ė)+
(

ĈE + D̂E

)

(ηd +3e)

+ ĜE − F̂dis (41)

τsw = −βsign(s) (42)

in which, β is the positive definite matrix of gains, and the
sign function of the sliding surface is denoted by sgn(s). This
sign function can be expressed as:

sign(s) =









1 if s > 0

0 if s = 0

−1 otherwise

(43)

From Eqs. (41) and (42), the robust SMC law for the
HAUV in Eq. (40) can be rewritten as follow:

τ = M̂E (η̇d +3ė)+
(

ĈE + D̂E

)

(ηd +3e)+ ĜE − F̂dis

−βsign(s) (44)

To avoid chattering by the use of the sign function sgn in
Eq. (44), we can replace the sign function with a saturating
function as follows:

sat(
s

φ
) =









sgn(
s

φ
) if

∣
∣
∣
s
φ

∣
∣
∣ > 1

s

φ
otherwise

(45)

As a result, the SMC law in Eq. (44) now becomes:

τ = M̂E (η̇d +3ė)+
(

ĈE + D̂E

)

(ηd +3e)+ ĜE − F̂dis

−βsat(s) (46)

Theorem 1: Let us assume that all model uncertainties and
disturbance satisfy Assumption 4 and the switching control
gain β is selected by Eq. (47).

λmin(β) ≥ δME ‖η̇d +3ė‖ + (δCE + δDE ) ‖ηd +3e‖

+ δGE + F̄dis (47)

The sliding surface, s, asymptotically converges to zero if
a control τ is designed by Eq. (44).

Proof: Let us consider the following Lyapunov positive
candidate:

V =
1

2
sTMEs > 0 (48)

By differentiating the proposed Lyapunov function V with
respect to time, we obtain the following equation:

V̇ =
1

2
sT ṀEs+ sTME ṡ (49)

The first-order derivative of the sliding surface in Eq. (39)
is in the form:

ṡ = η̈ − η̈d +3ė (50)
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Using Eq. (50), Eq. (49) can be rewritten as follows:

V̇ =
1

2
sT ṀEs+ sTME η̈ − sTME (η̈d −3ė) (51)

The second-order derivative of η can be obtained from Eq.
(35) as:

η̈ = −M−1
E [(CE + DE ) η̇ + GE (η)− τE − Fdis] (52)

Substituting Eq. (52) into Eq. (51) results in:

V̇ =
1

2
sT ṀEs+ sT [− (CE + DE ) η̇ − GE (η)+ τE + Fdis]

− sTME (η̈d −3ė) (53)

From Eq. (39), we can define the first-order derivative of
η as:

η̇ = s+ η̇d −3e (54)

Inserting Eq. (54) into Eq. (53) yields:

V̇ =
1

2
sT ṀEs+ sT [− (CE + DE ) (s+ η̇d −3e)

−GE (η)+ τE + Fdis] − sTME (η̈d −3ė)

=
1

2
sT ṀEs− sT [CEs+ DEs+ (CE + DE ) (η̇d −3e)

+GE (η)− τE − Fdis] − sTME (η̈d −3ė) (55)

By using Assumption 2, Eq. (55) can be rewritten as:

V̇ = −sTDEs− sT [(CE + DE ) (η̇d −3e)

+GE (η)− τE − Fdis] − sTME (η̈d −3ė) (56)

Substituting the designed robust SMC law in Eq. (44) into
Eq. (56) yields:

V̇ = −sTDEs− sTβsgn(s) + sT
[

M̃E (η̇d +3ė)

+
(

C̃E + D̃E

)

(ηd +3e)+ G̃E − F̃dis

]

(57)

Applying Assumptions 1 and 3 and β is positive matrix,
the first-order derivative of the proposed Lyapunov function
V can be upper bounded as follows:

V̇ ≤ −λminDE ‖s‖2 − λmin(β) ‖s‖

+
∥
∥
∥s
T

[

M̃E (η̇d +3ė)+
(

C̃E + D̃E

)

(ηd +3e)

+G̃E − F̃dis

]∥
∥
∥ (58)

By combining Assumptions 4 and 5, the inequality can be
re-arranged as:

V̇ ≤ −λmin (DE ) ‖s‖
2 − λmin(β) ‖s‖ +

(∥
∥
∥M̃E

∥
∥
∥ ‖η̇d +3ė‖

+
(∥
∥
∥C̃E

∥
∥
∥ +

∥
∥
∥D̃E

∥
∥
∥

)

‖ηd +3e‖ +
∥
∥
∥G̃E

∥
∥
∥ +

∥
∥
∥F̃dis

∥
∥
∥

)

× ‖s‖ (59)

V̇ ≤ −λmin (DE ) ‖s‖
2 − λmin(β) ‖s‖ + (δME ‖η̇d +3ė‖

+ (δCE + δDE ) ‖ηd +3e‖ + δGE + F̄dis
)

‖s‖ (60)

Obviously, V̇ ≤ 0 if the switching gains β satisfy
the condition in Eq. (47). Therefore, we can conclude that the
designed control system is asymptotically stable based on the
Lyapunov stability.

B. LINEAR QUADRATIC CONTROL ALLOCATION USING

LAGRANGE MULTIPLIERS

The AC module is responsible for delivering the forces and
moments calculated by the MC law onto the available set of
thrusters in a way to minimize power consumption. For the
AC, the Lagrange multiplier method is used in this section.
The relationship between the equivalent control input τ and
the actual thruster action U can be assumed as a linear model
in the form as:

τ = TU (61)

where, the matrix T is not a square matrix and has full row
rank and/ or a non-trivial null space. As the result, there is an
infinite number of control vectors U that satisfies Eq. (61).
To compensate for the thruster redundancy, the Moore-

Penrose pseudo-inverse method is used. Firstly, a least-square
cost function can be defined as:

U∗ = arg min
(

UTWU
)

subject to τ = TU (62)

where, W is a positive definite matrix weighting the thruster
cost. Eq. (62) means that the AC will seek the solution that
achieves the desired generalized force τ while minimizing
the control effort which is represented by objective function
UTWU .
Next, the quadratic energy function is considered as:

J =
1

2
UTWU (63)

which can be minimized subject to

τ − TU = 0 (64)

Thus, we select the Lagrangian function, expressed as:

L(U , λ) =
1

2
UTWU + λT (τ − TU ) (65)

where λ denotes the Lagrange multiplier. By differentiating
Eq. (65) with respect to U, we obtain the following equation:

∂L

∂U
= WU − T Tλ = 0 (66)

Using Eq. (64), Eq. (66) can be rewritten as:

τ = TW−1T Tλ (67)

Finally, the optimal solution for the Lagrange multiplica-
tion can be obtained as follows:

λ =
(

TW−1T T
)−1

τ (68)

Substituting Eq. (68) into Eq. (67), the generalized inverse
T
†
W can be generated as follows:

T
†
W = W−1T T

(

TW 1T T
)−1

(69)

Using Eq. (69), thus, U can be calculated as:

U = T
†
W τ = W−1T T

(

TW 1T T
)−1

τ (70)
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FIGURE 4. Simulation program using Matlab-Simulink.

TABLE 1. All simulation parameters.

IV. RESULTS AND DISCUSSIONS

According to the established HAUV modeling and the
designed control strategy, the numerical simulations for the
SK control of the HAUV are presented based on the MAT-
LAB/Simulink Software. The block diagram of this sim-
ulation program is shown in Fig. 4. The main simulation
parameters and hydrodynamic coefficients of the HAUV are
shown in Table 1 and Table 2, respectively.

A. SK CONTROL OF THE HAUV IN THE HORIZONTAL

PLANE

To validate the robustness of the designed controller to elimi-
nate the ocean current disturbances and the model uncertain-
ties, the simulation for a SK control of the three degree of
freedoms-HAUV on the HP is carried out. In this simulation,
we assume that a random value between −35% and 35% is
applied as the model uncertainties of the HAUV operating
under the water such as in the mass, the inertia tensor, and
the hydrodynamic coefficients. Moreover, Fig. 5 shows the
average velocity and the direction angle of the ocean current
during this simulation. In this case, it is possible to assume

TABLE 2. Hydrodynamic coefficients.

FIGURE 5. Ocean current form applying to SK control simulation of HAUV
in a horizontal plane: (a) ocean current parameters; (b) ocean current
vector w.r.t Earth fixed coordinate EXYZ.

that the ocean currents are irrotational fluid, slowly varying
with respect to the time, and thus the first Gauss-Markov
process is used to simulate the ocean currents expressed in
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FIGURE 6. SK control simulation results of HAUV using SMC controller in
horizontal plane: (a) 2D trajectory of HAUV; (b) 2D shape diagram of
HAUV.

two dimensions model. The behaviors of the ocean currents
are shown in Fig. 5a with an average velocity of the ocean
current is 0.5 m / s (about 1 knot) and the angle of attack
is 60◦. Meanwhile, the velocity vector of the ocean current
expressed in the EF coordinate system EXYZ is shown in
Fig. 5b.
In this simulation, the HAUV is requested to stay at point

(0, 0) [m] while tracking the specified heading angle in a case
where the average velocity of the ocean current is 0.5m/s and
initial direction angle of the average ocean current is 60◦. The
trajectory of the HAUV in horizontal motion can be observed
in Fig. 6. As shown in Fig. 6a, the HAUV is taken out of its set
point in the x and y coordinates about 4 cm along the direction
of the ocean current due to the effects of the ocean current,
however, the HAUV rapidly converges to the initial position
(0,0) [m] thanks to the designed controller. Fig. 6b shows that
the HAUV in the HP rotates according to the target heading
angle while keeping the initial position during the simulation.
Fig. 7a shows the linear position x, y and heading angle

ψ of the HAUV with the changing time. As can be seen

FIGURE 7. State variables of HAUV in horizontal plane: (a) position and
heading angle; (b) errors of state variables.

from the results, the HAUV maintains the initial position
(0, 0) [m], and the heading angle follows the desired heading
angle of 90 ◦ from the initial heading angle of 0 ◦. At the
beginning of the simulation, a slight push appears in the x and
y-directions due to the effects of the ocean current, however,
the HAUV quickly moves back to the initial position thanks
to the designed robust SMC controller. Also, it is observed
that the heading angle of the HAUV is well driven with the
lapse of the time despite the existence of a big error between
the initial and the designed heading angles whereas the linear
position (0, 0) of the HAUV kept without large error. Fig. 7b
shows the errors of the state variables of the HAUV during
the simulation.

Finally, to track the desired heading angle while keep-
ing the initial linear position of the HAUV, the forces and
moments of the control obtained through the robust SMC
designed in the previous section are shown in Fig. 8a. Besides,
according to the designed AC algorithm, the thruster forces
generated by the four horizontal thrusters are obtained to
optimize the energy consumption while satisfying the control
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FIGURE 8. Control inputs and thruster forces in horizontal plane:
(a) control inputs of controller; (b) horizontal thruster forces.

input as shown in Fig. 8b. It can be also seen that the thruster
force produced in individual thrusters is operated within the
limit range from −100N to 100N of the predefined thrust
according to the real technical specifications of each thruster.

B. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, we present a SK experiment of the HAUV to
confirm the performance of the proposed control system as
shown in Fig. 9.
Firstly, in order to confirm the performance of the SMC

that is robust to the effects of the ocean current and model
uncertainties proposed in this study, an ocean current distur-
bance is applied to the HAUV in a specific direction from the
outside. The effects of the tidal current with the velocity of
about 1 knot and the direction angle of 90◦ on the HAUV are
assessed. Then, a number of unknown masses are attached to
the hull of the HAUV to simulate the model uncertainties to
the HAUV system.
Under the setting environments, the first experiment is

conducted to stabilize the HAUV satisfying the constraints

FIGURE 9. SK control experiments of HAUV in horizontal plane: (a) HAUV
platform; (b) conducting experiments of HAUV.

of keeping a specific position at (0,0) m and of following
the desired heading angle of 120 degrees in 90 seconds under
ocean current disturbance and model uncertainties as shown
in Fig. 10. In this experiment, the effectiveness of the robust
SMC control in unknown perturbations of the HAUV system
is verified in this experiment by comparing it with the PD
control method. Fig. 10a shows the result of the heading angle
control of the HAUV. As shown in this figure, in the case of
the ocean current disturbances and model uncertainties, the
maximum error of about ±5◦ is included in the heading con-
trol when using the PD controller to perform the SK control of
the HAUV.On the other hand, the heading angle control of the
HAUV through the SMC ismuch better. It is observed that the
control error is maintained within±1◦ during the experiment.
Fig. 10b shows the 2D trajectory of the HAUV in the HP.

As shown in the results, it can be seen that when the PD
control is applied, the position of the HAUV is deviated from
the target position by at least 1m in the direction of the ocean
current, while its position is maintained within about ±0.2m
when the SMC is used. According to these results, we found
that using the SMC algorithm is better than the PD in the
SK control of the HAUV under the model uncertainties and
the effects of the ocean current. Lastly, Fig. 10c shows the
thruster forces generated by the four horizontal thrusters to
satisfy the control input obtained through an AC algorithm
during the experiment.

As mentioned in the first experiment, Fig. 10c shows the
result of adding the saturation condition to the actual thrusters
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FIGURE 10. Experiment results of SK control using SMC controller in
horizontal plane: (a) heading angle of HAUV; (b) 2D trajectory of HAUV in
horizontal plane; (c) four horizontal thruster forces.

after determining the control input in the SMC case. To verify
the optimization of the proposed AC algorithm in this study,
the second experiment is performed to compare with the one
in the first experiment as shown in Fig. 11. As shown in Figs.
11a and b, in the case of without considering the saturation of

FIGURE 11. Experiment results of SK control without actuator saturation:
(a) heading angle of HAUV; (b) 2D trajectory of HAUV in horizontal plane;
(c) four horizontal thruster forces.

the thruster, the heading angle of the HAUV shows an error of
up to 10◦, and the position of the HAUV in the HP shows the
result of diverging without maintaining the target position.
This is because the driving saturation phenomenon of the
thruster forces continuously occurs, which lowers the control
performance as shown in Fig. 11c. Therefore, through such
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an experiment, the effectiveness of the optimal AC algorithm
proposed in this study can be confirmed.

V. CONCLUSION

In this paper, the design of the SK control, and the experi-
mental implementation of a HAUV platform are performed.
Using four horizontal thrusters and three vertical thrusters for
the propulsion system, the hovering operation and maneuver-
ability of the HAUV are more efficiency and high capacity.
Firstly, the kinematic and kinetic equations of the HAUV
under the model uncertainties and the ocean current distur-
bances are established. Next, a SK control scheme is proposed
based on an MC module and an optimal AC module. To do
so, the SMC controller is used to figure out the appropriate
forces and moments to keep the HAUV at the fixed linear
position and the desired heading angle. Then, an AC module
allocates these forces and moments to individual thrusters
of the HAUV as the thruster commands by using the LM
method. The stability of the designed controller has been
proved thoroughly based on the Lyapunov criteria. In order to
demonstrate the performance of the proposed controller and
its robustness to the model uncertainties and ocean current
disturbance, the numerical simulation and experimental tests
have been carried out. The simulation results verified the
superior performance of the proposed algorithm under the
uncertainties parameters and the ocean current disturbances.
Especially, the results of the field experiments verify the
feasibility of the HAUV control system in the HP motion.
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