
S ta tio n a ry  e lec tro n  sw arm s in  e le c tro m ag n e tic  fields

B y  D . Ga b o r , D r .I n g ., F .I n s t .P .

( C o m m u n ica ted  b y  8 .  R .  Milner, F .R .8 .— R ece ived  12 J u n e  1944)

E le c tr o n  c lo u d s  ro ta tin g  in  a x ia lly  sy m m e tr ic  m a gn e tic  fie ld s h a v e  b e e n  k n o w n  for  a  lon g  

t im e , b u t  th e  agre em en t  b e tw e e n  th e o r y  a n d  e x p e r im e n t  is  s t i l l  v e r y  u n sa tis fa c to r y . T h e  

d iscr ep an c y  app ears to  b e  d u e  to  th e  in te r a c tio n  o f  e le ctro n s. B e fo re  ap p roa ch in g  th is  

d ifficu lt p rob lem  i t  is  d esirab le  to  p o sse ss a  m ore  co m p le te  th e o r y  o f  s ta t io n a r y  sw arm s  

w ith o u t  in te r ac tion . I n  th e  p r e se n t  p ap er  th e  d is tr ib u tio n  d e n s ity  is  c a lc u la te d  o n  th e  b asis  

o f  c la ssica l s ta t is t ic a l m ec h an ic s. I t  is  sh ow n  th a t  e lectro n s  in je c te d  a t  a n y  p o in t  w ith  v e r y  

sm all in it ia l v e lo c it ie s  w ill  d is tr ib u te  th e m se lv e s  w ith  a  d e n s ity  in v e r se ly  p rop o rtion a l to  

th e  d is ta n c e  from  th e  a x is , in  a  cer ta in  an n u lar  sp ac e . O n ly  th e  lim its  o f  th is  sp a ce , n o t  th e  

d istr ib u tio n  in sid e  it ,  w il l b e  d e p e n d e n t o n  th e  e lec tr ic  or m a g n e tic  fie ld s. T h e  u n iform  or  

n e a r ly  u n iform  d istr ib u tio n s  c a lc u la te d  b y  p rev io u s  au th or s are s in gu lar  so lu tio n s , in c o n ­

s is te n t  w ith  a n y  d egree  o f  s ta t is t ic a l d isorder. O ther  la w s o f  d e n s ity  d is tr ib u tio n  c a n  b e  

rea lized  b y  sim u lta n e ou s in je c tio n  o f  e lectro n s a t  seve ra l p o in ts . T h e se  offer a  p o ss ib il ity  to  

realize  d isp ersin g  e lectro n  len ses  a n d  corrected  e le c tr o n  o p tic a l sy s te m s . I t  is  sh o w n  th a t  th e  

r in g  cu rren t p rod u ce d  b y  th e  ro ta tin g  e le c tr o n  c lou d  c an  red uce  th e  m a g n e tic  fie ld  a t  th e  

a x is  v e r y  con s id er ab ly  in  d e v ic e s o f  p ra cticab le  d im en sion s. I t  ap p ears a lso  p o ssib le  to  

p rod u ce  c lo u d s  o f  free e le c tr o n s  w ith * d en sit ies  su ff ic ien t for  o b ser va b le  o p tic a l e ffe cts .

T h e  th e o r y  o f  th e  s ta t io n a r y  m o t io n  o f  e le c tr o n  a sse m b lie s  in  e le c tr ic  a n d  m a g n e t ic  

fie ld s is  o f  in te r e s t  in  tw o  fie ld s o f  a p p lie d  e le c tr o n ic s . I t  ar ises in  th e  th e o r y  o f  th e  

m a g n etro n , an  e le c tr o n ic  d e v ic e  w h ic h  so  far  h a s  d e fie d  a ll  a t te m p ts  a t  a  q u a n t ita t iv e  

th e o r e tic a l e x p la n a tio n . T h e  se c o n d  fie ld  is  e le c tr o n  o p t ic s , w h ic h  suffers from  th e  

fu n d a m e n ta l lim ita t io n  t h a t  le n s  corre ction  is  im p o ss ib le  so  lo n g  a s  o n ly  e le c tr o ­

m a g n e t ic  fie ld s free  o f  sp a ce  ch arge  are  e m p lo y e d . H e n c e  th e  a p p lic a tio n  o f  e le c tr o n  

c lo u d s offers on e  o f  th e  v e r y  fe w  p ro sp e c ts  for  fu rth e r  d e v e lo p m e n t  o f  e le c tr o n  o p t ic a l  

d e v ic e s , e sp e c ia lly  o f  th e  e le c tr o n  m ic ro sco p e .

T h e  fu ll-a n o d e  m a g n etro n , a  d io d e  w ith  a  c y lin d rica l a n o d e  a n d  a  c o a x ia l fila m en t  

a s  c a th o d e , w a s  firs t c o n s tr u c te d  a n d  in v e s t ig a te d  b y  A . W . H u ll  in  1920, a n d  h a s  

b e e n  e x p lo r ed  th e o r e t ic a lly  a n d  e x p e r im e n ta lly  b y  n u m e rou s a u th o r s.*  A n  e sp e c ia lly  

th o ro u g h  th e o r e tic a l s tu d y  is  d u e  to  L . B r illo u in  (1941 , 1942). T h ese  in v e s t ig a t io n s  

h a v e  r ev e a le d  a  s tr ik in g  d iscre p a n cy  b e tw e e n  th e o r y  a n d  th e  e x p e r im e n ta l r e s u lt s .f  

H u ll’s  s im p le  th e o r y  le d  to  th e  c on c lu s io n  th a t  cu rren t co u ld  flow  to  th e  a n o d e  o n ly  

a b o v e  a  ce r ta in  cr it ica l v o lta g e , w h ic h  in cr eases  q u a d r a tic a lly  w ith  th e  m a g n e t ic  

fie ld  in te n s ity . B e lo w  th is  v o lta g e  th e  cu rren t o u g h t to  b e  c u t  off, a n d  a n  e le c tr o n  

c lo u d  o f  u n iform  ch arge  d e n s ity

Snm c2 ^

sh o u ld  r o ta te  in  th e  m a g n e tro n  lik e  a  so lid  b o d y , w ith  a n  an gu lar  v e lo c ity

eH

(1>H ~  2 m c ’
( 2 )

* A .  W . H u l l  (1 9 2 1 , 1 9 2 4 ) . F .  B .  P id d u c k  (1 9 3 6 ) .  E x t e n s iv e  b ib l io g r a p h y  in  A . F .  H a r v e y  

(1 943 )*
f  S e e  e s p e c ia l ly  H a r v e y  (1 9 4 3 , p p .  8 3 - 1 1 3 )  a n d  a ls o  t h e  F o r e w o r d  b y  E .  B .  M o u llin .
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w h ic h  is  o n e - h a l f  o f  t h e  ‘L a r m o r  f r e q u e n c y ’. T h o u g h  t h e  e x p e r im e n ts  c o n f irm e d  

th e  e x is te n c e  o f  a  c r i t i c a l  v o l ta g e ,  t h e  q u a n t i t a t i v e  a g r e e m e n t  w a s  v e r y  u n s a t i s ­

f a c to r y .  C u r r e n t  s t a r t s  f lo w in g  c o n s id e ra b ly  b e lo w  th e  c r i t ic a l  v o l ta g e  a n d  r e a c h e s  

i t s  s a t u r a t i o n  v a lu e  o n ly  v e r y  g r a d u a l ly ,  w h e re a s  o n  H u l l ’s th e o r y ,  e v e n  m a k in g  a n  

a l lo w a n c e  fo r  t h e  in i t i a l  v e lo c i t ie s  o f  t h e  e le c tro n s ,  t h e  r is e  o u g h t  t o  b e  c o n f in e d  

w i th in  a  few  t e n t h s  o f  a  v o l t .  T h o u g h  l a t e r  w o rk e r s  a d d e d  s o m e  r e f in e m e n ts  t o  H u l l ’s 

th e o r y ,  t h e y  w e re  u n a b le  t o  a c c o u n t  f o r  t h e  w id th  a n d  s h a p e  o f  t h e  c u t-o f f  c h a r a c t e r ­

is t ic .  A n  e x c e p t io n  is  a n  in v e s t ig a t io n  b y  E .  G . L in d e r  (1938  a ,  b), w h o  fo u n d  e x p e r i ­

m e n ta l ly  t h a t  in  a  r o t a t i n g  e le c t ro n  c lo u d  r a n d o m  m o t io n  d e v e lo p s  w i th  a  v e r y  h ig h  

e le c t r o n  t e m p e r a t u r e ,  o f  t h e  o rd e r  o f  10 V . O n  th i s  b a s is  h e  c o u ld  a c c o u n t  fo r  t h e  

w id th  o f  t h e  c u t-o f f  c u rv e s .

S e v e ra l  o b je c t io n s  c o u ld  b e  r a is e d  a g a in s t  L i n d e r ’s r e s u l ts .  H e  fin d s  b y  p r o b e  

m e a s u r e m e n ts  a  p a r t i c u l a r ly  h ig h  e le c t ro n  t e m p e r a t u r e  w h e n  t h e  c u r r e n t  is  e n t i r e ly  

c u t  off, w h ic h  is  a  th e r m o d y n a m ic a l  im p o s s ib i l i ty .  H is  m e th o d  o f  c a lc u la t in g  th e  

c u r r e n t  f ro m  a n  e le c t r o n  c lo u d  to  a  p l a t e  is  a ls o  o p e n  to  o b je c t io n ,  a s  h e  u se s  a  fo r m u la  

w h ic h  is  s t r i c t l y  v a l id  o n ly  in  t h e  a b s e n c e  o f  a  m a g n e t ic  f ie ld . N e v e r th e le s s ,  i t  a p p e a r s  

v e r y  l ik e ly  t h a t  L in d e r  h a s  c o r r e c t ly  lo c a te d  t h e  r o o t  o f  t h e  d is c r e p a n c y . T h e  n e w  

d if f ic u l ty  a r is e s ,  h o w e v e r , t h a t  th e o r y  c a n n o t  a c c o u n t  fo r  t h e  e x p e r im e n ta l ly  f o u n d  

r a p i d  d e v e lo p m e n t  o f  r a n d o m  m o tio n  in  a n  e le c t ro n  c lo u d . T h is  p h e n o m e n o n  is  

c lo se ly  r e la te d  to  t h e  in e x p l ic a b ly  r a p id  e s ta b l i s h m e n t  o f  e le c t ro n  t e m p e r a t u r e  in  

g a s  d is c h a rg e s  a t  v e r y  lo w  p re s s u re s ,  w h ic h  w a s  d is c o v e re d  b y  I .  L a n g m u ir  a n d  

H .  M o tt -S m ith ,  a n d  d is c u s s e d  in  d e ta i l  b y  L a n g m u ir  (1927 , 1928). A s  t h e  p ro b le m  

o f  e le c t ro n  in te r a c t io n  is  o n e  o f  e x t r a o r d in a r y  m a th e m a t i c a l  d if f ic u lty , i t  a p p e a r s  

d e s ir a b le  t o  o b ta in  f i r s t  a  re l ia b le  e x p e r im e n ta l  e s t im a te  o f  t h e  e ffe c t. T h e  f i r s t  s te p  

to w a r d s  th i s  m u s t  b e  a  m o re  c o m p le te  in v e s t ig a t io n  o f  t h e  p ro b le m  w ithou t i n t e r ­

a c t io n .  I t  w ill' b e  s h o w n  t h a t  n o  s a t i s f a c to r y  b a s is  fo r  t h i s  h a s  e x is te d  u p  to  n o w , a s  

t h e  c o r re c t io n s  w h ic h  h a v e  to  b e  a p p l ie d  to  H u l l ’s r e s u l ts  a re  v e r y  m u c h  la rg e r  t h a n  

th o s e  fo u n d  b y  a n y  o f  t h e  l a t e r  a u th o r s  w h o  t r i e d  to  im p ro v e  o n  th e m .

H u l l ’s r e s u l t s  (1) a n d  (2) c a n  b e  d e r iv e d  f ro m  th e  c o n d it io n  o f  ze ro  r a d ia l  c u r r e n t .  

I n  g e n e ra l  a  z e ro  c u r r e n t  w o u ld  b e  t h e  r e s u l t a n t  o f  tw o  e q u a l  a n d  o p p o s ite  c u r r e n ts ,  

o n e  flo w in g  in w a rd s ,  t h e  o th e r  o u tw a rd s .  I f  th e  e le c tro n s  s t a r t  f ro m  th e  c a th o d e  w i th  

z e ro  in i t ia l  v e lo c i ty , a s  a s s u m e d  in  t h e  s im p le  th e o r y ,  r e v e r s a l  o f  th e  sen se  o f  m o t io n  

c a n  t a k e  p la c e  o n ly  a t  t h e  o u te r  b o u n d a r y  o f  t h e  e le c tro n  c lo u d . B y  fo rm u la t in g  th e  

c o n d it io n  o f  e q u a l  a n d  o p p o s i te  c u r r e n ts ,  c o m b in in g  th i s  w i th  th e  d y n a m ic a l  e q u a ­

t io n s  a n d  s u b s t i t u t in g  i t  in to  P o is s o n ’s e q u a t io n ,  a  d if f e re n tia l  e q u a t io n  fo r  t h e  

s p a c e -c h a rg e  d is t r ib u t io n  is  o b ta in e d .*  T h e  r e m a rk a b le  r e s u l t  fo llow s, t h a t  th i s  

e q u a t io n  h a s  a  s o lu t io n  free  o f  s in g u la r i t ie s  o n ly  in  t h e  ca se  w h e n  b o th  th e  o p p o s i te  

c u r r e n ts  a re  ze ro , t h a t  is to  s a y , i f  th e r e  is  n o  r a d ia l  e le c tro n  m o t io n  a t  a ll. T h is  m e a n s  

t h a t  o n e  m u s t  im a g in e  th e  e le c tro n s  c irc lin g  a r o u n d  th e  c a th o d e  in  c o a x ia l  c ir c u la r  

o rb i t s .  T h e  q u e s t io n  im m e d ia te ly  a ris e s  h o w  s u c h  a  s t a t e  o f  m o t io n  c o u ld  e v e r  

e s ta b l is h  its e lf . S o m e  a u th o r s  h a v e  th o u g h t  t h a t  i t  c o u ld  b e  ju s t if ie d , a s  t h e y  fo u n d  

t h a t  s m a ll  r a d ia l  v e lo c i t ie s  p ro d u c e  o n ly  in s ig n if ic a n t d e v ia t io n s  fro m  H u l l ’s la w  o f

* C f. e .g .  B r il lo u in  (1 9 4 1 ).
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4 3 8 D . G a b o r

d i s t r ib u t io n .  I t  w ill  b e  s h o w n , h o w e v e r ,  t h a t  a n y  i n i t i a l  v e lo c i t ie s ,  h o w e v e r  s l ig h t ,  

r e q u i r e  a  f u n d a m e n ta l  m o d if ic a t io n  o f  t h e  p ic tu r e ,  a n d  t h a t  H u l l ’s  r e s u l t s  m u s t  b e  

c o n s id e re d  a s  a  s in g u la r  s o lu t io n  o f  t h e  p ro b le m , w h ic h  c o u ld  n e i th e r  e s ta b l i s h ,  n o r  

m a i n t a i n  i ts e lf .

T h is  is  o f  g r e a t  im p o r ta n c e  f ro m  t h e  p o i n t  o f  v ie w  o f  t h e  o t h e r  f ie ld  m e n t io n e d  a t  

t h e  b e g in n in g , t h e  e le c t r o n  o p t ic a l  a p p l ic a t io n s  o f  s p a c e  c h a rg e s .  E l e c t r o n  o p t i c a l  

s y s te m s  c a n n o t  b e  c o r r e c te d  a t  p r e s e n t  f o r  s p h e r ic a l  a b e r r a t i o n  a n d  o t h e r  d e f e c ts ,  

b e c a u s e  n o  d is p e r s in g  e le c t r o n  le n s e s  c a n  b e  r e a l iz e d  w i t h o u t  (n e g a t iv e )  s p a c e  

c h a rg e s . A  s p a c e  c h a rg e  a c c o rd in g  to  e q u a t i o n  (1) w o u ld  b e  u s e le s s  f o r  t h i s  p u r p o s e .  

A s  e x p la in e d  a b o v e , t h i s  d i s t r i b u t io n  s a tis f ie s  t h e  c o n d i t io n  t h a t  e le c t r o n s  a r e  e v e r y ­

w h e re  in  r a d i a l  e q u i l ib r iu m . H e n c e ,  i f  a n  e le c t r o n  b e a m  is  s h o t  t h r o u g h  s u c h  a n  

e le c t r o n  c lo u d , t h e  c o n c e n t r a t in g  e ffe c t o f  t h e  m a g n e t ic  f ie ld  w o u ld  e x a c t ly  b a la n c e  

t h e  d is p e r s in g  e ffe c t o f  t h e  s p a c e  c h a rg e , a n d  t h e  r e s u l t in g  le n s  e f fe c t  w o u ld  b e  

B u t ,  a s  i t  w il l b e  s h o w n  t h a t  s t a t i o n a r y  e le c t r o n  c lo u d s  a r e  p o s s ib le  i n  w h ic h  r a d i a l  

e q u i l ib r iu m  e x is t s  o n ly  in  t h e  a v e r a g e ,  b u t  n o t  a t  e v e r y  r a d iu s ,  t h e  p r o s p e c t  o f  

e le c t r o n  o p t ic a l  a p p l ic a t io n s  is  n o t  c lo s e d . T h e  p ro b le m  w il l th e r e f o r e  b e  f o r m u la t e d  

in  s u ff ic ie n t  g e n e r a l i ty  t o  c o v e r  b o t h  t h e  m a g n e t r o n  a n d  t h e  e le c t r o n  o p t ic a l  

a p p l ic a t io n s .

T h e  g e n e r a l  m e th o d  to  b e  fo llo w e d  w il l b e  t o  t r e a t  t h e  p r o b le m  a s  o n e  o f  s t a t i s t i c a l  

m e c h a n ic s .  F i r s t  t h e  d i s t r i b u t io n  la w  w il l b e  d e r iv e d  o n  t h e  b a s is  o f  c la s s ic a l  s t a t i s t i c s ,  

g iv in g  t h e  d e n s i ty  a s  a  f u n c t io n  o f  t h e  p o s i t io n  a n d  o f  t h e  e le c t r o m a g n e t ic  p o t e n t i a l s .  

T h e  s e c o n d  s te p  w il l b e  t o  s u b s t i t u t e  t h e  d e n s i ty  i n t o  P o is s o n ’s e q u a t i o n  a n d  f in d  t h e  

d e n s i t y  d i s t r ib u t io n ,  a n d  t h e  p o te n t i a l  c o n s is te n t  w i th  i t ,  a s  a  f u n c t io n  o f  p o s i t io n .  

F o r t u n a t e l y ,  t h e  f i r s t  s te p  le a d s  t o  a n  e x t r e m e ly  s im p le  la w , so  t h a t  t h e  s e c o n d  s t e p  

a n d  t h e  d is c u s s io n  o f  t h e  s o lu t io n  w il l p r e s e n t  n o  d if f ic u l ty .

1. Th e  d y n a m i c a l  pr o b l e m

A s s u m e  a n  a x ia l ly  s y m m e tr ic a l  e le c t r o m a g n e t ic  f ie ld , s p e c if ie d  i n  c y l in d r ic a l  

c o - o r d in a te s  ( z ,r ,d )  b y  a n  e l e c t r o s ta t i c  p o t e n t i a l  (}>{z,r) a n d  a  v e c t o r  p o t e n t i a l  

A  (z,r). A s  th e  v e c to r  p o t e n t i a l  h a s  o n ly  a  t a n g e n t i a l  c o m p o n e n t ,  i t  w il l  n o t  b e  n e c e s ­

s a r y  t o  w r i t e  i t  a s  a  v e c to r ,  o r  t o  d i s t in g u is h  i t  b y  a  su ffix  t l ik e  t h e  o t h e r  t a n g e n t i a l  

c o m p o n e n ts .  T h e  u n i t s  w il l b e  G a u s s ia n .  T h e  m a g n e t ic  f ie ld  fo llo w s  f r o m  A  b y  t h e  

r e la t io n s

H r =  curly  A  =  ~ ~ d z ’=  =  (3)

I n  t h e  s p e c ia l  c a se  o f  a  h o m o g e n e o u s  m a g n e t ic  f ie ld , H r =  0, =  H 0

A  =  \ H Qr  +  , (4)

w h e re  C  is  a n  a r b i t r a r y  c o n s ta n t .  A s  i t  d o e s  n o t  f ig u re  in  t h e  d y n a m ic a l  e q u a t io n s  

i t  c a n  b e  p u t  z e ro  f ro m  t h e  s t a r t .

N o w  a s s u m e  a  c a th o d e  in  t h e  fo rm  o f  a  c i r c u la r  f i l a m e n t  w i th  n e g lig ib le  th ic k n e s s ,  

w i th  a  r a d iu s  a  a t  a  p o s i t io n  w h e re  t h e  v e c to r  p o t e n t i a l  h a s  t h e  v a lu e  A 0. F ig u r e  1
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i l l u s t r a t e s  a n  e x a m p le .  T h e  c a th o d e  is  p la c e d  in , o r  n e a r  to ,  a  p o s i t io n  o f  z e ro  m a g n e t ic  

f lu x . I n  t h e  c a s e  i l l u s t r a t e d ,  t h e  fie ld  a t  t h e  a x is  h a s  t h e  la w

H (0 ,z )  =  c o n s t .  ( |  +  t a n _ 1 z),

so  t h a t  a t  g r e a t  d i s t a n c e  f r o m  t h e  c a th o d e ,  in  e i t h e r  d i r e c t io n ,  t h e  fie ld  b e c o m e s  

h o m o g e n e o u s , t h e  fie ld  a t  t h e  r i g h t  b e in g  th r e e  t im e s  s t r o n g e r  t h a n  t h e  f ie ld  a t  t h e  

le f t ,  w h ic h  p la y s  o n ly  t h e  p a r t  o f  a n  a u x i l ia r y ,  w i th  t h e  p u r p o s e  o f  a d ju s t in g  A 0 t o  

a  s u i t a b le  (s m a ll)  v a lu e .  T h e  m a g n e t ic  f ie ld  is i l l u s t r a t e d  b y  t h e  fie ld  lin e s , i.e . t h e  

m e r id ia n s  o f  t h e  t u b e s  o f  c o n s t a n t  f lu x  W  =  2 =  c o n s t .  T h e  f lu x  in c re a s e s  b y

e q u a l  s te p s  f ro m  o n e  l in e  t o  t h e  n e x t .  T h e  fie ld  l in e  p a s s in g  th r o u g h  t h e  c a th o d e  is  

s h o w n  in  d o t t e d  lin e s . I t  a p p r o a c h e s  a  r a d iu s  r0 a t  t h e  f a r  r ig h t ,  w h e re  t h e  fie ld  

b e c o m e s  h o m o g e n e o u s . T h is  a r r a n g e m e n t  is  s u i ta b le  fo r  e le c t r o n  o p t ic a l  a p p l ic a t io n s ,  

a s  i t  le a v e s  t h e  a x is  fr e e . T h e  c a th o d e  h a s  t o  b e  p la c e d  a t  o r  n e a r  t h e  lin e  W  0, a s  

o th e rw is e  t h e  e le c t ro n s  c o u ld  n o t  g e t  n e a r  t h e  a x is .

'+'=0

S ta t io n a r y  electron  sw a r m s  in  e lec trom agnetic  f ie ld s  4 3 9

L I N E S  O P  C O N S T A N T  M A G N E T IC  F L U X ,  V  *  C O N S T .

M A G N E T IC  I N T E N S I T Y  H0 O N  THE A X I S .

F i g u r e  1 . E x a m p l e  o f  m a g n e t i c  f i e l d .

T h e  d y n a m ic a l  e q u a t io n s  a r e  m o s t  e a s ily  f o r m u la te d  in  th e  H a m i l to n ia n  fo rm .*  

T h e  l in e a r  m o m e n tu m  o f  th e  e le c t ro n  in  a n  e le c tro m a g n e tic  fie ld  is d e fin e d  a s

P =  Y flV  — ( 5 )

I n  a n  e le c t ro m a g n e t ic  f ie ld  o f  r o ta t i o n a l  s y m m e tr y  i t  is a d v a n ta g e o u s  to  w r i te  t h e  

c o m p o n e n ts  o f  th e  l in e a r  m o m e n tu m  p z, p r a n d  p 6/r, w

tu m . T h e  H a m il to n ia n  is

2m  [ j P l+ P 2r + (6)

T h e  p o te n t ia l  ^  is to  b e  m e a s u re d  fro m  th e  c a th o d e  a s  ze ro  lev e l.

* R .  B e c k e r  ( 1 9 3 3 ,  p .  9 6 ). T h e  e q u a t i o n  ( 5 ) i s  d u e  t o  K .  S c h w a r z s c h i l d  ( 1 9 0 3 ) .

2 9 - 2
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4 4 0 D . G a b o r

T h e  p ro b lem  h a s  tw o  in teg ra ls , =  c o n s t , a n d  p e =  c o n s t . B o th  ca n  b e  im ­

m e d ia te ly  o b ta in e d  from  th e  c a n o n ic a l e q u a tio n s . M ark ing  v a lu e s  r e la t in g  to  th e  

c a th o d e  w ith  a  suffix  0 , th e  m o m e n tu m  in teg r a l is  w r it te n

p 0 =  r lm p f- ^ A j  =

F ro m  th is  p o in t  o n  i t  w ill b e  c o n v e n ie n t  to  m e a su r e  th e  v e lo c i ty  in  p o te n t ia l  u n its .  

T h erefore  v  is  rep laced  b y

u  =  (< J[m /2e])v. . (8)

I t  w ill a lso  b e  c o n v e n ie n t to  in tro d u c e  a  q u a n t ity , w h ic h  co u ld  b e  ca lle d  th e  v e c to r  

p o te n t ia l r e la t iv e  to  th e  c a th o d e , d e fin ed  b y

r s 4  is  a  m easu re  o f  th e  flu x  w h ic h  p a sse s  b e tw e e n  th e  c a th o d e  (a , a n d  th e  c ircle  

(r, z ) .  $ 0  h a s  th e  sa m e  d im en sio n s  a s u .  W ith  th e s e  n e w  s y m b o ls  e q u a tio n  (7) b eco m es

a u #, rs tf . (7-1)

T h e  e n erg y  in teg r a l is , in  th e  n e w  u n its ,

v% + u *  +  u f —</> =  ( V y  +  u % + u f)0. 

A  c o n d it io n  w h ic h  e lec tr on s  h a v e  to  fu lfil in  ord er  t o  h a v e  a c ce ss  to  a n  e le m e n t  

in  p h a se  sp ac e  can  n o w  b e  fo r m u la te d  b y  e lim in a tin g  b e tw e e n  th e  e q u a tio n s  

(7*1) a n d  (10 ). I t  w ill b e  c o n v e n ie n t t o  in tro d u ce  a  d im en sio n le ss  p a ra m ete r

x  =  r /a  (11)

for  th e  ra d iu s , i.e . to  m ea su re  r  in  u n its  a .  T h u s

u l  + u l- (aj2 - l ) ^ - ^ - ^ j / J  =  ^  +  ^ > 0 .  (12 )

T h is  is  th e  cr ite r io n  o f  a c c e s s ib il ity . I t s  g e o m e tr ica l in te r p r e ta tio n  in  v e lo c ity  

sp a ce  is  sh o w n  in  figure 2. Q  =  0  is  a  q u ad ric  su rface  o f  r o ta tio n a

to  th e  wr a x is . I t s  ty p e  is  g iv e n  b y  th e  fo llo w in g  ta b le :

0  >  X^s/^Kx* — 1) 
</><x 2j f *l(x 2- l )

< 1

r e a l  e l l ip s o id  

im a g in a r y  e l l ip s o id

> 1

o n e - s h e l l  h y p e r b o lo id  

t w o - s h e l l  h y p e r b o lo id

T h is  c la ssifica tion  is  i l lu s tr a te d  in  figure  3 in  th e  sp ec ia l ca se  o f  a  h o m o g en eo u s  

m a g n e tic  fie ld , in  w h ic h

x 2 - l
srf2 =  K 2(x2 — 1), (13 )

w h er e  K  == a*J(eH 2j8 m c2).

 D
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4 4 1

N o w  c o n s id e r  e le c t r o n s  w h ic h  h a v e  J e f t  t h e  c a th o d e  in  t h e  v e lo c i ty  i n t e r v a l  

u 0, u o +  d u 0.T h e y  w il l a r r iv e  a t  s o m e  p o in t  (z, r) w i th  a  v e lo c i ty  u ,  a n d  in  a n  i n t e r v a l

d u ,  c o n n e c te d  w i th  t h e  in i t i a l  d a t a  b y  t h e  r e la t io n s

S ta t io n a r y  electron  sw a r m s  i n  e lec trom agnetic  f ie ld s

u 2 — u l  + (j), = (14)

C o m b in in g  th i s  w i th  e q u a t i o n  (12) i t  is  s e e n  t h a t  e le c t ro n s  w h ic h  h a v e  a c c e s s  t o  

(z, r) w il l a l l  b e  c o n ta in e d  in  t h a t  s e g m e n t  o f  t h e  s p h e r ic a l  s h e ll  w i th  r a d i i  u , u  + d u  

w h ic h  is  (s e e n  f ro m  t h e  a x is )  outs id e  t h e  q u a d r ic  s u r f a c e  0 . T h is  s h e ll  s e g m e n t  is  

t h e  a c c e s s ib le  v o lu m e  in  v e lo c i ty  s p a c e . I t  m a y  b e  n o te d  t h a t  i t  g iv e s  a ls o  a  m e a s u r e  

o f  t h e  v o lu m e  o f  m o m e n tu m  s p a c e , a s , b y  e q u a t i o n  (5),

P v iJ * A  — =  c o n s t .  (15)
d(vx, .vv,vz)

F i g u r e  2 . C o n s tr u c t io n  o f  t h e  a c c e s -  F i g u r e  3. T h e  q u a d r ic  s u r fa c e  Q.

s ib le  v o lu m e  o f  m o m e n t u m  s p a c e .

2. Th e  l a w  o f  v e l o c i t y  d i s t r i b u t i o n

B y  L io u v il le ’s  th e o r e m  t h e  d e n s i ty  D of  a  g ro u p  o f  e

s a m e  a s  th e  o r ig in a l  d e n s i ty  w h ic h  th i s  g ro u p  h a d  a t  t h e  c a th o d e .  H e n c e  i f  i t  w e re  

k n o w n  t h a t  t h e  w h o le  a c c e ss ib le  v o lu m e  o f  m o m e n tu m  o r  (v e lo c ity )  s p a c e  c a lc u la te d  

in  t h e  p re v io u s  s e c t io n  w o u ld  b e  a c tu a l ly  fil led  w i th  e le c tro n s , t h e n  th e  v e lo c i ty  

d i s t r ib u t io n  a t  a n y  p o in t  w o u ld  a lso  b e  k n o w n , a n d  f ro m  th is  t h e  d e n s i ty  in  c o n ­

f ig u r a t io n  s p a c e  c o u ld  b e  c a lc u la te d .  T h is  c o n d it io n  is  fu lfi lle d  in  a n  i m p o r t a n t  

s p e c ia l  ca se , in  t h a t  o f  t h e  in f in i te ly  lo n g  m a g n e t r o n  w i th  c y lin d r ic a l  c a th o d e ,  t h e  

o n ly  o n e  c o n s id e re d  b y  p re v io u s  a u th o r s .  I n  t h i s  ca se  t h e r e  is  n o  f u r th e r  l im i t a t i o n  

o f  t h e  a c c e ss ib le  v o lu m e , a s  i t  is  e a s y  to  see  t h a t  a  t r a j e c t o r y  c o n t in u e d  b a c k w a rd s  

f ro m  a n y  p o in t  o f  i t  m u s t  a c tu a l ly  re a c h  t h e  c y lin d r ic a l  c a th o d e  a t  so m e  p o in t .
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4 4 2 D . G a b o r

I n  th e  genera l ca se  L io u v ille ’s th eo re m  b y  i t s e l f  is  n o t  su ffic ien t to  d e te rm in e  th e  

v e lo c ity  d is tr ib u tio n , for  tw o  reason s. F ir s t , in  th e  case  o f  lim ite d  c a th o d es  in  g en era l, 

o n ly  a  p a r t o f  th e  ac ce ssib le  v o lu m e  w ill b e  r e a lly  filled . T h is  d ifficu lty  ar ises e sp e c i­

a lly  in  th e  case  o f  an  ‘ o r d e r e d 5 flow  o f  e lec tr o n s . H u l l’s  d is tr ib u tio n  w ith  e le c tr o n s  

c irc lin g  in  circular  or b its  is  a n  e x tr e m e  e x a m p le  o f  su c h  a n  * ordered  ’ flow . B u t  th is  

u n ce r ta in ty  w ill e x is t  a lso  in  a ll  ca ses o f  m o tio n  in  ‘sh o r t tr a je c to r ie s ’, i.e . i f  th e  

e lec tr on s  retu rn  to  th e  ca th o d e  a fter  sp en d in g  o n ly  a  sh o r t t im e  in  th e  c lou d . T h ere  

is , h ow e ver , a lso  a  sec on d  so rt o f  d if fic u lty , w h ic h  ar ises e sp e c ia lly  in  th e  case  o f  

‘lon g  tr a je c to r ie s ’. T h e  sa m e  grou p  o f  e lec tr on s  m ig h t  retu rn — an d  b y  th e  th eo rem  

o f  P o in ca re  an d  Z erm elo  w il l  r e tu rn — a n  in d ef in ite  n u m b e r  o f  t im e s  to  th e  sa m e  

e lem en t in  p h ase  sp ace , i f  i t  is  a llo w ed  to  sp en d  a  lo n g  t im e  in  th e  c lou d , a n d  th e  

n u m b er o f  t im e s  th is  w ill h a p p e n  is  n o t  k n o w n . B o th  d iffic u lties  are re so lv e d  i f  th is  

t im e  can  b e  a s su m ed  to  b e  v e r y  lo n g , b y  th e  ergod ic  theorem — lo n g  k n o w n  as th e  

ergod ic  h y p o th e s is , u n t il  G . D . B ir k h o ff a n d  J .  v .  N e u m a n n  p r o v e d  it— acco rd in g  

to  w h ich  th e  w h o le  ac ce ssib le  p h a se  v o lu m e  w ill b e  filled , w ith  u n ifo rm  d e n s ity .*  

M oreover, th is  r e su lt  is  in d ep en d e n t o f  th e  in it ia l co n d it io n s , in  th e  sen se  th a t  th o u g h  

or ig in a lly  (a t  th e  ca th od e)  D  m ig h t  h a v e  b e e n  a  fu n c t io n  n o t  o n ly  o f  b u t  a lso  o f  

th e  d ire ction , u lt im a te ly , o ve r  lo n g  in te r v a ls  i t  ca n  b e  a  fu n c t io n  o f  u  o n ly .

O ne can  th erefore  a p p ly  th e  la w  o f  u n ifor m  d is tr ib u tio n  in  th e  a c ce ssib le  p a r t  o f  

p h a se  sp a ce  to  b o th  th e  p r in c ip a l ca ses u n d er  con s id era tio n , to  th e  m a g n e tro n  a n d  

t o  th e  sp ace-ch arg e  e le c tr o n  len s , a s  sh ow n  in  figu re  1, th o u g h  for  d ifferen t rea so n s . 

I n  th e  first ca se  i t  is  ju stifie d  b y  L io u v ille ’s  th eo rem , in  th e  sec o n d  b y  th e  ergo d ic  

th eo rem . T h e a ssu m p tio n  o f  v e r y  lo n g  tr a je cto r ie s  a p p ear s w e ll  ju stifie d  in  th is  

sec o n d  case , a s  th e  c a th o d e  can  b e  m ad e  v e r y  sm a ll in  com p ar ison  t o  th e  r e s t  o f  th e  

v o lu m e , w h ic h  th e  e lec tr o n s  w ill tr a v e rse  in  g en e ra l m a n y  t im e s  u n t il  th e y  retu r n  

to  th e  c a th o d e .

I t  m a y  a ga in  b e  e m p h a sized  t h a t  th e  p ro b le m  is  t o  b e  tr e a te d  d y n a m ic a lly  a s  a  

one-e lectron  p ro b lem , a n d  th a t  e le c tr o n  in te r a c tio n  m u st  b e  e x p e c te d  t o  m a k e  i t s e l f  

p a r ticu la r ly  fe lt  in  th e  case  o f  lo n g  tra je cto r ie s . I t  m a y  b e  r e p ea ted  t h a t  th e  p r e se n t  

p u rp ose  is  n o t  to  e s ta b lish  a  g en e ra lly  v a lid  th e o r y  o f  m a g n etro n s  an d  sim ila r  d e v ic e s , 

b u t to  b u ild  a  b a s is  fo r  su ch  a  th e o r y  b y  first in v e s t ig a t in g  th e  co n c lu s io n s  o f  a  

th eo r y  w ith o u t  in ter a c tio n .

3. Th e  l a w  o p s pa c e -c h a r g e  d i s t r i b u t i o n

O n th e  b a s is  o f  th is  a ssu m p tio n  th e  v o lu m e  o f  th e  a c ce ssib le  m o m e n tu m  (or  

v e lo c ity )  sp ac e  a sso c ia te d  w ith  a n y  p o in t  is  a  m ea su re  o f  th e  sp a ce-ch a rg e  d e n s ity  

a t  th is  p o in t. T o  ca lc u la te  th is , o n e  p u ts , a s  in  figu re  2,

wf =  'R2c o s2a , v% +  =

* I t  a p p e a r s  t h a t  t h e  p r e s e n t  a p p l ic a t io n  is  p r o o f  a g a in s t  t h e  w e ig h t y  a r g u m e n t s  w h ic h  

h a v e  b e e n  a d v a n c e d  a g a in s t  c o n s id e r in g  t h e  e r g o d ic  o r  t h e  q u a s i-e r g o d ic  t h e o r e m  a s  t h e  

b a s is  o f  c la s s ic a l  s t a t i s t i c a l  m e c h a n ic s .  C f. R .  C . T o lm a n  (1 9 3 8 ) , p . 7 0 .
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S ta tio n a r y  electron sw a r m s  in  e lectrom agnetic  f ie ld s  4 4 3

S u b s t i t u t i o n  i n to  e q u a t i o n  (10) (w ith  t h e  e q u a l i ty  s ig n ) g iv e s  t h e  fo llo w in g  e q u a t io n  

f o r  t h e  in te r s e c t io n s  o f  t h e  s p h e r e  o f  r a d iu s  u  w i th  t h e  q u a d r ic  Q — 0 :

(u cos  ot— st f )2 = (m2— = • (17)

P h y s ic a l ly  t h i s  m e a n s  t h a t  t h e  e x t r e m e  e le c t ro n s  r e a c h in g  a  p o in t  w il l b e  th o s e  w h ic h  

s t a r t e d  a t  t h e  c a th o d e  in  t a n g e n t i a l  d i r e c t io n .  T h e  l im i t s  a r e  b e in g  c o n s id e re d  

a lw a y s  a s  p o s i t iv e )

u  cos  a  =
r

(17*1)

F o u r  c a se s  m u s t  n o w  b e  d is t in g u is h e d ,  w h ic h  g iv e  f o u r  d if f e r e n t  la w s  fo r  t h e  

s p a c e -c h a rg e  d i s t r i b u t i o n :

(a) T h e  e q u a t io n  (17) h a s  tw o  re a l  r o o ts ,  a 1} a 2. T h e  c o n d i t io n  fo r  t h i s  is

2

<  U 2  = (j) +  Wjj. (a)

I f  t h i s  c o n d i t io n  is  fu lf il le d  (a s  in  fig u re  2), t h e  v o lu m e  o f  t h e  s h e ll s e g m e n t  is , a p a r t  

f r o m  a  f a c to r  2n,

(cos otx — cos

C o m b in e d  w i th  (17-1), w h ic h  g iv e s

w (c o s a x — c o s a 2) 2 (17-2)

a n d  t a k in g  in to  c o n s id e ra t io n  t h a t  u d u  = u 0d u 0, o n e  o b ta in s  fo r  th e  c h a rg e  d e n s i ty ,  

a p a r t  f ro m  a  c o n s ta n t  f a c to r ,  w h ic h  m a y  b e  in c lu d e d  in  th e  p h a s e  d e n s i ty  D ,

dP = ~ I ) (u o)u od u o- ( 18 )

T h is  m e a n s  t h a t  i f  e le c tro n s  a r e  e m i t t e d  o n ly  in  a n  in f in i te s im a l  e n e rg y  in te r v a l  

(‘ m ic ro c a n o n ic  a s s e m b ly ’) th e  d e n s i ty  w ill b e  in v e rs e ly  p r o p o r t io n a l  to  th e  d is ta n c e  

f ro m  th e  a x is ,  in d e p e n d e n t ly  o f  th e  e le c tr ic  a n d  m a g n e t ic  f ie lds , w h ic h  d e te r m in e  

o n ly  t h e  l im i t s  in s id e  w h ic h  i t  is v a l id , b u t  d o  n o t  in te r f e r e  w i th  th e  d is t r ib u t io n  

i ts e lf .  T h is  s t r ik in g ly  s im p le  law  h o ld s  a lso  i f  t h e  p r im a r y  e m is s io n  is  n o t  h o m o ­

g e n e o u s , u p  to  a  c e r ta in  m a x im u m  in i t ia l  v e lo c i ty . T h is  law  is th e  m o s t  im p o r t a n t ,  

b u t  fo r  c o m p le te n e s s  th e  o th e r  ca ses  w ill a lso  b e  d is cu ssed .

( b )  T h e  e q u a t io n  (17) h a s  o n ly  o n e  re a l  ro o t .  T h e  c o n d it io n  fo r  th i s  is

< 0  +  w2 < ^  +  % oj  . (6)

I n  th i s  ca se  th e  s p h e r ic a l  s e g m e n t b e co m e s  a  s p h e r ic a l  c a p . T h e  a cc e ss ib le  

v o lu m e  is

(1 — cos a )  u
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4 4 4 D .  G a b o r

an d  th e  d e n s ity  w ill fo llo w  th e  law

d p 4 ( $  + u l ) - s /  +  ̂  w0J  D ( u 0) u%duc (19)

U n lik e  (a) th is  d ep e n d s e x p lic it ly  o n  <j> an d  $ 4 .

I f  eq u a tio n  (17) h as  no  rea l roo ts , th is  can  m e a n  tw o  th in g s:

(c) T h e  w h o le  v o lu m e  o f  th e  sp h erica l sh e ll  is  a cce ssib le . T h e  la w  o f  d e n s ity  is

d p  =  4(<!> +  u l)  D ( u o) (20 )

T h is  is  th e  case i f  th e  w h o le  sp h ere  is  o u ts id e  th e  q u ad ric , w h ic h  in  th is  ca se  m u st  

b e an  e llip so id .

(d) I f,  on  th e  o th er  h an d , th e  w h o le  sp h ere  is  in sid e  th e  q uadric, th e  a cce ssib le  

v o lu m e  is  zero, an d  so  is  th e  d e n s ity . T h erefore  in  th e  fo llo w in g  th is  ca se  w ill  b e  

referred to  a s  (o).

O ne m u st n ow  d e te rm in e  th e  ran ge  o f  v a lid ity  o f  th e se  la w s , in  te r m s  o f  <f>, s / ,  u 0 

a n d  r  (or x ). T h e  d iscu ssio n , th o u g h  e le m en ta r y , is  ra th er  co m p lica te d , a n d  o n ly  

th e  resu lts  w ill b e  g iv e n . T h e  v e lo c ity  ran g es  in  w h ic h  d ifferen t so lu tio n s  (a ) - (d )  

are  v a lid  are sep ar a ted  b y  ro o ts  o f  th e  e q u a tio n

w h ich  are
%> U% =  x ^ l  I s *  ± “  ( * * : 1) (0  “  J^ 2)}]*

( 2 1 )

O f th e se  roo ts , i f  th e y  e x is t , th e  sm a ller  on e  is  ca lle d  u x a n d  th e  larger on e  u %. I t  

w ill a lso  b e  c o n v e n ie n t to  in tro d u c e  th e  a b b re v ia tio n

k  =  x^K x2— 1).

T h e  fo llow in g  ta b le  g iv e s  th e  in ter v a ls  o f  u 0 in  w h ic h  th e  law s (a), (6), (c) a n d  (d) 

are v a lid :
x <  1 s / 2 ></>> K S / 2

(a) 0  — u 2 — —

(b) — —

(c) U 2 ~ O 0 u 2 — CO —

(o ) — 0  — % 0  — oo

x >  1 <}) >  K s / 2 >(j>

(a) 0  — oo 0  ~  U v  'll ̂  — oo m2 — oo

(■b ) 
(c )  

(o )

— u x — u 2 «1  — w 2

— — 0  —

T h is ta b le  is  il lu stra ted  in  figure 4 in  th e  p articu la r  case  a  r 0, i.e . i f  th e  ca th o d e  

is  in  th e  h o m ogen eo u s  p ar t o f  th e  field . I n  th is  ca se  th e  cu rves w h ic h  d iv id e  th e
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4 4 5S ta t io n a r y  electron  sw a r m s  in  e lectrom agnetic  f ie ld s

a s  g iv e n  b y  e q u a t i o n  (13). I n  t h e  g e n e r a l  c a s e  t h e  c u rv e  <j) =  k s# 2 h a s  a  d i f f e r e n t  

s h a p e ,  a s  i t  g o es  t o  ±  oo a t  x  — 1, b u t  t h e  r e la t iv e  p o s i t io n  o f  t h e  tw o  c u rv

t h e  s a m e , a n d  n o th in g  e s s e n t ia l  is  c h a n g e d .

T h e  t a b l e  d is c lo se s  t h e  e x t r a o r d in a r y  v a r i e t y  o f  e q u i l ib r iu m  s h a p e s  o f  r o t a t i n g  

e le c t r o n  s w a rm s  w h ic h  c o u ld  b e  o b ta in e d  w i th  la rg e  in i t i a l  v e lo c i t ie s .  I t  m a y  b e  

s o m e w h a t  s u r p r i s in g  t h a t  t h e  in i t i a l  v e lo c i ty  a d d s  t o  t h e  m a n ifo ld n e s s  o f  t h e  

p ro b le m , a s  o n e  m ig h t  t h i n k  t h a t  lo w e r in g  o f  t h e  c a th o d e  p o te n t i a l  w o u ld  b e  

e q u iv a l e n t  to  a n  in c re a s e  o f  u 0. B u t  u 0 a p p e a r s  in  t h e  e q u a t io n s  n o t  o n ly  in  t h e  

c o m b in a t io n  (j)4- u \,but a ls o  in  t h e  c o m b in a t io n  T h is  is  a  c o n s e q u

m o m e n tu m  in te g r a l ,  a n d  m e a n s  p h y s ic a l ly  t h a t  a  v e lo c i ty  u 0 a t  t h e  r a d iu s  a  is  

‘ w o r th  ’ a  v e lo c i ty  a u j r  a t  th e  r a d iu s  r . T h in g s  b e c o m e  s im p le  o n ly  a t  s m a l l  in i t i a l  

v e lo c i t ie s ,  a s  in  th i s  r a n g e  th e r e  o b ta in s  e i th e r  t h e  s im p le  h y p e rb o l ic a l  la w  (a) o r  t h e  

la w  (o).

B e fo re  d is c u s s in g  la w  (a) in  d e ta i l ,  i t  m a y  b e  in te r e s t in g  to  c o m p a re  i t  w i th  t h e  

c o r re s p o n d in g  la w  in  a  tw o -d im e n s io n a l  m a g n e t ro n ,  t h a t  is, w i th  a n  e le c t ro n  s w a rm  

in  w h ic h  e rg o d ic  d is o rd e r  w o u ld  e x is t  o n ly  in  th e  tw o  d im e n s io n s  a n d  0, b u t  n o t  

in  th e  ^ -d ire c tio n . T h is  w o u ld  b e  t h e  ca se  i f  th e  fie ld  w e re  a b s o lu te ly  c y lin d r ic a l ,  a n d  

i f  th e  e le c tro n s  h a d  d e f in ite , e .g . ze ro , in i t ia l  c o m p o n e n ts  u ^ .  I n  th i s  ca se  t h e  p h a s e  

v o lu m e  c h a n g e s  in to  a n  a re a ,  w h ic h  is

F i g u r e  4 . D o m a i n s  o f  s o l u t i o n s  a ,  6 , c , o.

J  u d u ,  (22)

a n d  se rie s  d e v e lo p m e n t  g iv e s  th e  a p p r o x im a te  fo rm u la  fo r  th e  d e n s i ty

P -  K  -  a 2) ^
l

—  s t f 2 +  2 a ii0'8 /jr ]  —  [̂<j> — j / 2 —  2  ( 2 2 - 1 )

s /  +  a u j r

 D
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446  D. Gabor

I f  $ —s / 2p (2 a /r )  U y tf,  t h i s  c a n  b e  f u r t h e r  s im p lif ie d  a n d  g iv e s

p  =  c o n s t . / r  V (0 — (22*2)

T h is  is  a  la w  e n t i r e ly  d i f f e r e n t  f ro m  a n y  o f  t h e  p r e v io u s  o n e s . S u c h  s u d d e n  c h a n g e s  o f  

la w  w i th  t h e  n u m b e r  o f  d e g re e s  o f  f r e e d o m  a r e  f a m i l ia r  i n  c la s s ic a l  s t a t i s t i c a l  

m e c h a n ic s ,  a n d  a r e  a  w a rn in g  t o  b e  c a u t io u s  i n  t h e  a p p l ic a t io n  o f  s t a t i s t i c a l  p r i n ­

c ip le s . B u t  in  t h e  p r e s e n t  c a s e  t h e r e  is  g o o d  r e a s o n  t o  t h i n k  t h a t  t h e  a x ia l  d e g re e  

o f  f r e e d o m  c a n  b e  c o n s id e re d  a s  ‘fu l ly  e x c i t e d ’. I n  t h e  c a s e  o f  t h e  m a g n e t r o n  w i th  

in f in i te  c y l in d r ic a l  c a th o d e  th i s  fo llo w s  w i th o u t  a n y  a p p l ic a t io n  o f  s t a t i s t i c s  f ro m  

L io u v i l le ’s th e o r e m ,  a n d  t h e  a r r a n g e m e n t  in  f ig u re  1 c a n n o t  b e  r e a l iz e d  w i t h o u t  

d e p a r t in g  f r o m  c y l in d r ic i ty .

I t  m a y  b e  m e n t io n e d  t h a t  a  f u r t h e r  s t e p  in  t h e  s a m e  d i r e c t io n ,  i.e . r e s t r i c t i n g  t h e  

d is o rd e r  o f  t h e  s y s te m , w o u ld  l e a d  to  H u l l ’s s o lu t io n ,  w i th  t h e  c o r r e c t io n s  a p p l ie d  

b y  B r i l lo u in .

4. Se l f -c o n s i s t e n t  s t a t i o n a r y  e l e c t r o n  s w a r m s

T h e  m a in  r e s u l t  o f  t h e  fo re g o in g  d is c u s s io n  is  t h a t  f o r  v e r y  s m a l l  i n i t i a l  v e lo c i t ie s  

t h e  d e n s i ty  w il l fo llo w  t h e  s im p le  la w  1 /r  in  t h e  r e g io n  in  w h ic h  <f)>stf2, a n d  w il l b e  

z e ro  o u ts id e  i t .  T h e  m o re  c o m p lic a te d  la w s  (6) a n d  (c) c o m e  i n t o  a c t i o n  o n ly  w h e re  

H e n c e ,  a p a r t  f r o m  tw o  s h e a th s  n e a r  t h e  e d g e s  o f  t h e  e le c t r o n  c lo u d , t h e  1 /r  

la w  w il l o b t a i n  n o t  o n ly  f o r  e le c t r o n s  e m i t t e d  in  a n  in f in i te s im a l  e n e r g y  in t e r v a l ,  

b u t  a ls o  fo r  e le c t ro n s  e m i t t e d  b y  th e r m io n ic  c a th o d e s .

I n  o r d e r  t o  o b t a i n  t h e  p o t e n t i a l  d i s t r i b u t io n  o n e  m u s t  s u b s t i t u t e  t h i s  la w  in to  

P o is s o n ’s  e q u a t io n

dz2 dr2 ’

w h e re  C is  a  c o n s t a n t ,  t o  b e  d e te r m in e d  l a t e r .  T h e  s o lu t io n  w il l b e  d is c u s s e d  o n ly  

in  t h e  c y l in d r ic a l  c a se  d2(f)jdz2 =  0, w h ic h  a p p l ie s  a ls o  a p p r o x im a te ly  t o  a r

l ik e  t h e  o n e  in  f ig u re  1, a t  s o m e  d i s ta n c e  f ro m  t h e  e n d s  w h e re  t h e  m a g n e t ic  i n t e n s i t y  

fa l ls  off. H e r e  t h e  e le c t r o n  c lo u d  c a n  b e  p r e v e n te d  f ro m  e s c a p in g  b y  tw o  s u f f ic ie n t ly  

n e g a t iv e  e n d - p la te s .

T h e  g e n e r a l  s o lu t io n  in  t h e  c y l in d r ic a l  c a se  is

(j) =  C r + cx +  c2 lo g  r / r 0, 

w h e re  cx a n d  c2 a r e  c o n s ta n ts ,  a n d  r0 is  a s  d e f in e d  in  f ig u re  1.

T h e  e le c t r o n  c lo u d  h a s ,  in  t h e  p r e s e n t  a p p r o x im a t io n ,  s h a r p  b o u n d a r ie s  a t  r  =  rx 

in s id e  a n d  r  =  r 2 o u ts id e .  A t  b o t h  e d g e s  t h e  v e lo c i ty  is  p u r e ly  t a n g e n t ia l .  T h e  

b o u n d a r y  c o n d i t io n s  a r e

$ (r x) = j / 2(rx), <f>(r2) =  j / 2( r2),

a n d  in  a d d i t io n  a t  t h e  in n e r  e d g e  d<f)jdr =  0 ,

(25)

(26)
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S ta t io n a r y  electron  s iv a rm s  in  e lec trom agnetic  f ie ld s 4 4 7

i f  t h e r e  is  n o  c h a rg e  in s id e  r1. T h is  c o n d i t io n  is  v a l id  in  t h e  c a se  o f  f ig u re  1 b e c a u s e  

th e r e  is  n o  e le c t ro d e  a t  t h e  a x is ,  b u t  i t  is  v a l id  a ls o  in  t h e  c a se  o f  t h e  c y l in d r ic a l  

m a g n e t r o n ,  a s  t h e  fie ld  s t r e n g t h  a t  t h e  c a th o d e  m u s t  b e  z e ro  in  t h e  e q u i l ib r iu m  

c o n d i t io n .  T h e r e  a r e  th e r e f o r e  t h r e e  c o n d i t io n s  fo r  t h e  fiv e  c o n s t a n t s  cx, 

a n d  r 2, a n d  tw o  d e g re e s  o f  f r e e d o m  a r e  l e f t  o v e r .  O n e  o f  th e s e  c o r re s p o n d s  t o  t h e  

a n o d e  p o te n t i a l ,  w h ic h  c a n  h a v e  a n y  v a lu e  b e lo w  t h e  c r i t i c a l  p o t e n t i a l ,  a n d  t h e  

o th e r  to  t h e  d e g re e  o f  s a t u r a t i o n .  T h e  t o t a l  c h a rg e  in  t h e  c lo u d  m a y  a s s u m e  a n y  

v a lu e  u p  to  a  c e r ta in  m a x im u m . T h is  w il l b e  r e a c h e d  i f  — r 0 a n d  <j>(r0) 0 , w h ic h

m e a n s  t h a t  n o  f u r t h e r  e le c t ro n s  c a n  r e a c h  t h e  c lo u d  f ro m  th e  c a th o d e .

H a v in g  a s s u m e d  0  in d e p e n d e n t  o f  z, t h e  s a m e  a s s u m p t io n  m u s t  n o w  b e  m a d e  

fo r  s d . H e n c e ,  n e g le c t in g  t h e  m a g n e t ic  e f fe c t  o f  t h e  r o t a t i n g  e le c t ro n s ,  w h ic h  w ill  

b e  d e a l t  w i th  l a te r ,  a  h o m o g e n e o u s  m a g n e t ic  f ie ld  

m u s t  b e  a s s u m e d , w r i t in g

eJP  

8 m e2
(27)

S u b s t i t u t i n g  th i s  i n to  t h e  b o u n d a r y  c o n d it io n s  

(25) a n d  (26), t h e  fo llo w in g  e x p re s s io n  is  o b ­

t a in e d  fo r  t h e  s p a c e -c h a rg e  d e n s i ty  a t  a  r a d iu s  r :

p ir)
j ( r j - r f ) [ l - ( r g / r i r 2)2j

4 11 r[r2- r x( l  + lo g r 2j
(28)

F i g u r e  5. P o t e n t i a l  a n d  d e n s i t y  

d i s t r i b u t i o n .

w h e re  p His H u l l ’s s p a c e -c h a rg e  d e n s i ty ,  a s  d e ­

f in e d  in  e q u a t io n  (1). T h is  is  t h e  s o lu t io n  o f  t h e  

p ro b le m , w i th  tw o  fr e e  p a r a m e te r s  r x a n d  r 2. I t  is  

i l l u s t r a t e d  in  fig u re  5 in  t h e  s p e c ia l  c a se  r 2/ r 0 =  3 

fo r  v a r io u s  r a d i i  r x,w hich  c o r r e s p o n d  to  v a r io u s  

d e g re e s  o f  s a tu r a t i o n .  T h e  t o t a l  c h a rg e  c o n ta in e d  

b e tw e e n  r x a n d  r2is m a r k e d  o n  t h e  c u rv e s  in  p e r ­

c e n ta g e s  o f  t h e  m a x im u m  c h a rg e .

I t  m a y  b e  n o te d  t h a t  t h i s  r e s u l t  g iv e s  a n  a ju s t i f ic

T h e  la w  (a) h a s  b e e n  a s s u m e d  to  h o ld , t h a t  is  to  s a y  a n d  a lso , t h a t  a p a r t

f ro m  th e  e d g es  e x c e e d s  s u ff ic ie n tly  to  ju s t i f y  t h e  n e g le c t  o f  t h e  in i t ia l  v e lo c i t ie s .  

T h is  a s s u m p tio n  is n o w  v e r if ie d , e x c e p t  a t  100 %  s a tu r a t i o n ,  w h e re  t h e  tw o  c u rv e s  

co m e  r a t h e r  c lo se  to g e th e r ,  n e a r  t h e  in n e r  e d g e  r 0.

I n  t h e  ca se  o f  m a x im u m  s a tu r a t i o n ,  i.e . r x = r 0, t h e  d e n s i ty  a t  t h e  o u te r  e d g e  

b e co m e s , a c c o rd in g  to  e q u a t io n  (28),

[ l - ( r 0 / r 2 ) 2 ] 2

P(rz) \P h
1 -  (ro/r2) log  (

(28-1)

a n d  fo r  la rg e  r a t io s  r 2/ r 0 t h i s  a p p ro a c h e s  one-quarter o f  H u ll's  value. A p p ly in g  th i s  

to  th e  c u t-o ff  c h a r a c te r i s t ic  o f  th e  c y l in d r ic a l  m a g n e t r o n  a n  in te r e s t in g  d if fe re n c e  

a r is e s  b e tw e e n  th e  p r e s e n t  a n d  p re v io u s  th e o r ie s .  T h e  s u d d e n  ju m p  o f  c u r r e n t  w h e n  

th e  c r i t ic a l  v o l ta g e  is e x c e e d e d  o u g h t  to  b e  o n ly  a b o u t  o n e - q u a r te r  o f  th e  s a tu r a t i o n

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0

2
2
 



4 4 8 D . G a b o r

v a lu e , in s te a d  o f  th e  w h o le  a m o u n t. T h ere  are, in d ee d , m ea su red  m a g n e tro n  c h a ­

ra cter is tic s  w h ic h  sh o w  th is  p h en o m en o n ,*  b u t  i t  w o u ld  b e  p r em a tu re  to  con sid er  

th is  a s  a  con firm a tio n  o f  th e  th eo r y . T h e  p r e se n t th e o r y  c a n n o t a c c o u p t— a n d  n o  

o n e -e le ctro n  th e o r y  p o ss ib ly  co u ld  a c co u n t— for  th e  d is c re p a n cy  o f  th e  v o lta g e  a t  

w h ic h  cu rren t s ta r ts  to  flow . A lso , th e  p r e se n t th e o r y  is  v a lid  o n ly  so  lo n g  a s  th e  

c lo u d  is  s ta t ic , i.e . so  lo n g  a s  th er e  is  n o  cu rren t. T h ere  is  th e  p o ss ib ility  th a t  e v e n  

sm a ll currents m ig h t m o d ify  th e  c a lc u la te d  d is tr ib u tio n  v e r y  co n s id era b ly .

T h e  d e n s ity  a t  th e  in n er  ed g e  r x in  th e  case  o f  sa tu r a tio n  is  a b o u t |/9 s r2/r0, w h ic h  

can  far  e x c e e d  p H . B u t  th is  is  n o t  n e c essa r ily  th e  la rg es t d e n s ity  w h ic h  can  b e  

m a in ta in e d  in  a  m a g n etro n  o f  p rescr ib ed  o u ter  rad iu s. F o r  v e r y  lar ge  r a tio s  

th e  d e n s ity  a t  th e  in n er  ed g e  m a y  b e  w r it te n  a p p r o x im a te ly

*1

T h is  h as  a  m a x im u m  a t  r t  =  V (^ )ro/r2>

i.e . w h e n  r x is  1*73 t im e s  larger th a n  th e  sm a lle s t  ra d iu s w h ic h  e le c tr o n s  can  reach  

a t  a ll  a t  a  g iv e n  o u ter  rad iu s. T h e  v a lu e  o f  th e  m a x im u m  is

PM m ax. -  0 -094 (28-3)

w h ic h  can  e x c e e d  th e  v a lu e  o f  p (r x) a t  m a x im u m  sa tu

r2/r0 is  m ad e  su ff ic ie n tly  large . T h is  e ffe ct  b e g in s to  d e v e lo p  a t  a b o u t r2/r0 =  4 . I n  

th e  e x a m p le  sh ow n  in  figure 5 th e  la rg es t d e n s ity  is  s t i l l  r ea ch ed  a t  m a x im u m  

sa tu r a tio n .

I n  w h a t  l im its  w ou ld  su ch  a n  e le c tr o n  c lou d  a c t  a s a  d isp er sin g  le n s  ? T h e  rad ia l 

e lec tr ic  g r a d ie n t is

^  =  O + c2/r  = ( 7 ( 1 -  r j r )  =  -  4ny>(r1) r x( 1 -  r xjr ) .  (29)

T h is  m u s t  b e  co m p ared  w ith  th e  g ra d ie n t in  th e  case  o f  H u ll’s  d is tr ib u tio n , w h ic h  

w o u ld  ju s t  suffice  to  k e ep  th e  e lec tr o n s  in  eq u ilib r iu m

& ) „  = - 2 n p " r -

S u b s titu tin g  in  e q u a tio n  (29) th e  m a x im u m  v a lu e  o f  p ( r x) from  eq u a tio n  (28*3), th e  

fo llow in g  cr iter ion  is  o b ta in e d  for  a d isp e rsin g  len s:

A  d isp ersin g  e ffe ct  w ill th erefore  a lw a y s  e x is t  in  a  ce r ta in  in te r v a l o f  r  so  lon g  a s  

r i l r i  > 4*6 . B u t  th is  e ffe ct  is  con fin ed  b e tw e e n  tw o  lim it in g  rad ii, b e tw e e n  w h ic h  it  

reach es a  m ax im u m  v a lu e .

C f. H a r v e y  (1 9 4 3 , p . 1 0 5 , f ig u r e  4 3 a ) .
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T h i s  is  n o t  t h e  la w  r e q u i r e d  o f  a  d i s p e r s in g  le n s , e v e n  le s s  o f  a  le n s  w h ic h  c o u ld  b e  

u s e d  t o  c o r r e c t  t h e  a b e r r a t i o n s  o f  o r d in a r y  e le c t r o n  le n s e s . I n  a  c o r r e c t in g  le n s  t h e  

d e n s i t y  is  r e q u i r e d  to  s t a r t  a t  t h e  a x i s  w i th  a  v a lu e  e x c e e d in g  H u l l ’s v a lu e ,  a n d  t o  

in c r e a s e  a p p r o x im a te ly  p a r a b o l ic a l ly  w i th  t h e  d is ta n c e  f ro m  i t .

I t  a p p e a r s  l ik e ly  t h a t  a  d i s t r i b u t io n  s im ila r  t o  t h e  r e q u i r e d  o n e  w o u ld  e s ta b l i s h  

i t s e l f  in  a n y  a r r a n g e m e n t  o f  t h e  t y p e  a s  s h o w n  in  f ig u re  1, u n le s s  i t  is  c o n s t r u c te d  w i th  

e x t r a o r d i n a r y  p re c is io n . A t  s o m e  d is ta n c e  f ro m  t h e  c a th o d e ,  w h e re  t h e  m a g n e t ic  

f ie ld  h a s  b e c o m e  a p p r e c ia b ly  h o m o g e n e o u s , t h e  ‘a x i s ’ o f  t h e  m a g n e t ic  f ie ld  lo se s  i t s  

s ig n if ic a n c e , a n d  t h e  m o m e n tu m  in te g r a l  is  v a l id  o n ly  i f  t h e  e le c t r ic  f ie ld  is  r ig o r o u s ly  

r o t a t i o n a l l y  s y m m e tr ic  a n d  p e r f e c t ly  a l in e d  w i th  t h e  c a th o d e .  V e ry  s m a l l  d e p a r tu r e s  

f r o m  th e s e  id e a l  c o n d i t io n s  w ill  c a u s e  t h e  c h a rg e  d i s t r i b u t io n  to  d e p a r t  a p p r e c ia b ly  

f ro m  t h e  c a lc u la te d  fo rm . T h e  h o llo w  t u b e  in s id e  t h e  r a d iu s  r 1 w il l fill u p  w i th  e le c ­

t r o n s ,  a n d  o n e  m a y  e x p e c t  t h a t  w i th in  c e r ta in  l im i t s  t h e  r e a l  d i s t r i b u t io n  w il l 

a p p r o a c h  t h e  d e s i r e d  s h a p e .

/S ta tio n a ry  electron  sw a r m s  in  e lec trom agnetic  f ie ld s  4 4 9

5. Ex t e n d e d  e l e c t r o n  s o u r c e

T h e s e  p ro c e s s e s  m a y  b e  fo llo w e d  to  a  c e r ta in  p o in t  b y  a  s im p le  e x te n s io n  o f  t h e  

fo re g o in g  th e o r y ,  i f  o n e  c o n s id e rs  c a th o d e s  o f  a  c e r ta in  r a d ia l  e x te n s io n  in s te a d  o f  

f i l a m e n t  c a th o d e s  w i th  v a n is h in g  th ic k n e s s  a n d  p e r f e c t  a l in e m e n t .

T h e  d e n s i ty  c o n t r ib u te d  b y  t h e  e m is s io n  o f  a  c a th o d e  o f  v a n is h in g  th ic k n e s s ,  

w h ic h  e m i ts  in  t h e  l im i t s  u 0, u 0 +  d u 0, w a s  fo u n d  to  b e

dp - D (u 0) u ld u 0.
T

(18 )

N o w  a s s u m e  t h a t  u 0 a n d  d u 0 go  to  z e ro , w h i ls t  t h e  p r o d u c t  

t h e  r a d ia l  e x te n s io n  da  o f  t h e  c a th o d e  a p p ro a c h e s  a  f in i te  l im i t .  I t  w il l b e  c o n ­

v e n ie n t  t o  e x p re s s  a  b y  r 0 (a s  d e f in e d  in  fig u re  1) a n d  in c lu d e  i t  in  a  f u n c t io n  F (r0), 

w i th  w h ic h  th e  d e n s i ty  d u e  to  t h e  e m is s io n  o f  a n  in f in i te s im a l  s t r ip  o f  th e  c a th o d e  

is  w r i t t e n

d p  = l F (ro) d r 0 (31)

I f  t h e  c a th o d e  h a s  c o n s ta n t  e m is s io n  d e n s i ty ,  t h e  f u n c t io n  F (r 0) is  p r o p o r t io n a l  to  

t h e  c a th o d e  a r e a  c o r re s p o n d in g  to  t h e  l im its  r 0, r0 +  dr0, m u l t ip l ie d  w i th  t h e  r a d iu s  a.

A ss u m e  in  t h e  fo llo w in g , t o  s im p lify  m a t te r s ,  t h a t  t h e  c a th o d e  e x te n d s  t o  r 0 =  0, 

i.e . to  t h e  flu x  lin e  r/r = 0. I n v e s t ig a t in g  o n ly  a  re g io n  n e a r  t h e  a x is  in  w h

p a r t  o f  t h e  c a th o d e  is  .a c tiv e , t h e  a r e a  o u ts id e  a  m a x im u m  r a d iu s  r om is c u t  o ff f ro m  

c o n t r ib u t in g  to  th e  d e n s i ty  b y  th e  m o m e n tu m  in te g ra l .  T h is  g iv e s  t h e  fo llo w in g  

la w  fo r  t h e  p o te n t i a l  a n d  d e n s i ty  d is t r ib u t io n :

— 4 np —
d 2(f) 1 d(j)

dr2 r  dr

c  rr°m-
~ j  o F(r (32)
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T h e  rad iu s rom. is  d e te r m in e d  b y  0  a n d  in  a  h o m o g en eo u s  m a g n e t ic  fie ld

(e q u a tio n  (27)) th is  g iv e s

r 2om. =  r* +  y < f > .  (33)

A s a  p a r ticu la r ly  s im p le  e x a m p le  a ssu m e  F ( r 0) =  c o n st. T h is  g iv e s  a  d e n s ity  

p ro p o rtio n a l to

J ( l +  T r ^ ) -

P u tt in g  $ ~r 2 th is  b e c o m e s  a  c o n s ta n t, a n d  th e  e q u a t io n  (32) is  sa tis fie d . H e n c e , i

order to  rea lize  a  d isp e rsin g  le n s  in  w h ic h  a t  le a s t  n ear  th e  a x is  th e  ra d ia l force  is  

e x a c t ly  p ro p o rtio n a l to  th e  rad iu s, th e  c a th o d e  m u st  b e  arran ged  in  su c h  a  w a y  

as  to  m ak e F ( r Q) =  c o n st. T h is  p rob lem  ca n  e a s ily  b e  so lv e d  on c e  th e  m a g n e t ic  

fie ld  is  g iv e n . H o w  far  su ch  a  le n s  w o u ld  in  fa c t  p o sse ss  th e  d es ired  q u a litie s , a n d  

h o w  far  e le c tr o n  in te r a c tio n  w o u ld  in terfer e  w ith  it s  p erform an ce , o n ly  e x p e r im e n t  

can  sh ow .

4 5 0  D . G a b o r

6 . M a g n e t i c  e f f e c t  o f  t h e  r o t a t i n g  s p a c e  c h a r g e

U p  to  n ow , in  th e  e x a m p le s  th o u g h  n o t  in  th e  ge n e ra l for m u lae , a  h o m o g en eo u s  

m a g n e tic  fie ld  h a s  b e e n  a ssu m ed . O ne m u st  n o w  ch e ck  u n d er  w h a t  co n d it io n s  th is  

a ssu m p tio n  is  ju st ified .

T h e  r o ta tin g  e le c tr o n  sw arm  rep resen ts a  r in g  cu rre n t o f  in te n s ity  i t =  p v t. B y  a  

w ell-k n o w n  p r o p o s it io n  regard in g  th e  cen tre  o f  g r a v ity  o f  a  sp h e rica l sh e ll  s e g m e n t

v t =  |v ( c o s  ccx +  cos a 2),

a n d  in tr od u c in g  a g a in  u  in s te a d  o f  v ,  from  e q u a tio n  (17*1) th e  s im p le  re su lt

u ( =  s/(34 )

is  o b ta in e d .

O u ts id e  th e  rad iu s r 0 th e  c lo u d  r o ta te s  in  th e  d ir e c t io n  o f  th e  v e c to r  p o te n t ia l  A ,  

in s id e  i t  in  th e  o p p o s ite  d ir ect io n . I t  m a y  b e  n o te d  t h a t  th e  m a x im u m  d e p a rtu res  

from  th e  av era ge  s /  are ±  a u 0/r . H e n c e  o n  ap p ro ac h in g  th e  a x is  o n e  fin ds in c rea s in g  

ta n g e n tia l v e lo c ity  d ifferen ces, a t  th e  sa m e  t im e  a s  in cr eas in g  e le c tr o n  d e n s ity , so  

t h a t  e le c tr o n  in te r a c tio n  o u g h t to  p la y  a  p a r tic u la r ly  p r om in en t p a rt in  th is  reg ion .

T h e  r in g  cu rren t h a s  su ch  a  s ig n  th a t  o u ts id e  r 0 i t  op p o se s  th e  cu rren t w h ic h  

p r od u ces  th e  m a g n e t ic  fie ld , w h e rea s in s id e  r0 i t  in c rea se s th e  fie ld . F o r  large  r a tio s  

r2/r0 th e  sh ie ld in g  e ffe ct  far  p red o m in a te s.

C onsider n o w  o n ly  th e  m id d le  reg ion  o f  th e  m a g n etro n , in  w h ich  th e  m a g n e t ic  

fie ld  is  p a ra lle l to  th e  ^ -d irection . T h e  la w  o f  i t s  d is tr ib u tio n  is

it pV f
. „  dH„ 

— curl H  =  - ~  
,  d r c c

(35)
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S ta t io n a r y  electron  sw a r m s  in  e lec trom agnetic  f ie ld s  4 5 1

U s in g  e q u a t i o n s  (3) a n d  (34) H . a n d  vt is  e x p r e s s e d  b y  

A ,  a n d  d e n o t in g  d i f f e r e n t i a t io n  w i th  r e s p e c t  t o  r  b y  p r im e s ,

is  o b ta in e d ,  w h e re

A " +T A ' - k A = h { A ~ v A ^ \ { t ) ’

I / J L f .

2 W /

m e 2 1 /  c

(36)

(37)

A is  a  c h a r a c te r i s t i c  l e n g th ,  w h ic h  is  l /2 n * j2  =  0 -11 2

a s s o c ia te d  w i th  t h e  f r e q u e n c y  o)H . N u m e r ic a l ly

A H  =  2 4 1 0  c m .g a u s s . (37-1)

T h e  e f fe c t o f  t h e  r in g  c u r r e n t  w il l b e  a p p r e c ia b le  o n ly  in  la rg e  m a g n e t r o n s  in  w h ic li  

t h e  r a d iu s  is  o f  t h e  o r d e r  o f  A.

N o w  w r i t e  t h e  c h a rg e  d e n s i ty  i n  t h e  fo rm

P (38)

T h e  c h a r a c te r i s t ic  r a d iu s  R  w ill  a p p r o a c h  | r 2 fo r  la rg e  r a t io s  r 2/ r 0. T h e  e q u a t io n  

(36) n o w  b e c o m e s

A " A A ' - ( y ^ ) A  = - J ^ A 0. (3 6 -1 ,

T h is  h a s  t h e  p a r t i c u l a r  s o lu t io n  A  =  a A 0/r,

w h ic h  is  o f  n o  im p o r ta n c e ,  a s  i t  d o e s  n o t  c o n t r ib u te  t o  t h e  m a g n e t ic  f ie ld . T h e  s o lu ­

t i o n  o f  t h e  h o m o g e n e o u s  e q u a t io n  is

A  =  Z 2(i<J[4:Rr/V]),(39)

i.e . a  c y l in d r ic a l  f u n c t io n  o f  t h e  s e c o n d  o rd e r  w i th  im a g in a r y  a r g u m e n t .  T h e  s o lu t io n  

is  th e r e f o r e  a  s u m , w i th  c o n s t a n t  co e f fic ie n ts  o f  t h e  m o d if ie d  B e sse l a n d  H a n k e l  

f u n c t io n s  / 2(£) a n d  i f 2(£), i f  t h e  s y m b o l £ is  in t r o d u c e d  fo r  t h e  d im e n s io n le s s  

p a r a m e te r  y '(4 JR r/A 2).

F o r  t h e  c o n s ta n ts  th e r e  a r e  tw o  b o u n d a r y  c o n d it io n s . T h e  f i r s t  is  t h a t  a t  t h e  o u te r  

r a d iu s  r 2 th e  fie ld  i n t e n s i ty  Hz m u s t  a s s u m e  a  p re s c r ib e d  v a lu e . S u b s t i tu t i n g  e q u a t io n  

(39) in to  e q u a t io n  (3) a n d  u s in g  th e  w e ll-k n o w n  r e la t io n  b e tw e e n  c y l in d r ic a l  f u n c t io n s

t h e n  £2[(71/ 1(£2) +  C'2^ 1(£2)] =  2 r2^ ( r 2), (40)

w h e re  £2 is  t h e  v a lu e  o f  £ c o r re s p o n d in g  to  r 2.

T h e  s e c o n d  b o u n d a r y  c o n d it io n  is  n o t  so  o b v io u s , a s  th e  fie ld  in te n s i ty  a t  th e  

in n e r  r a d iu s  rl is u n k n o w n . T h e  c o n d it io n  is  o b ta in e d  b y  th e  fo llo w in g  c o n s id e ra t io n . 

T h o u g h  th e  s o lu t io n  d o e s  n o t  e x te n d  to  th e  a x is , b u t  o n ly  to  th e  r a d iu s  rx, i t  o u g h t  

to  b e  p o s s ib le  to  c o n tin u e  i t ,  b y  a d d in g  r in g  c u r r e n ts  in s id e , a c c o rd in g  to  t h e  s a m e
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4 5 2 D . G a b o r

law , w ith o u t  m o d ify in g  th e  so lu tio n  o u ts id e  r t , a s  cu rren ts in s id e  a  ra d iu s h a v e  n o  

effe ct o n  th e  fie ld  o u ts id e  it .  T h is  p ro cess o f  c o n tin u a tio n  le a d s  a t  th e  a x is  to  a  

m a g n etic  fie ld  o f  th e  sa m e  d ir ect io n  a s th e  o u ter  fie ld , w h ic h  g o e s  t o  in f in ity  lik e  1/r. 

T h is g iv e s  th e  c on d itio n  from  w h ic h  th e  coeffic ien t C2 o f  th e  m o d ified  H a n k e l fu n c ­

t io n  K 2 can  b e  d eter m in e d .

I n  th e  fo llo w in g , to  s im p lify  th e  d iscu ssio n , o n ly  th e  case  0  w ill b e  c o n ­

sidered , i.e . th e  ca th o d e  arran ged  o n  th e  lin e  0 , in  w h ic h  case th e  e le c tr o n s  

arr ive  a t  th e  a x is  w ith  zero  ta n g e n tia l v e lo c ity  an d  n o  s in g u la r ity  ar ises. I n  th is  

case  th e  w h o le  m ass  o f  e lec tr o n s  r o ta te s  in  on e  d ir ect io n , so  a s to  o p p o se  th e  o u ter  

fie ld  b y  i t s  m a g n e tic  e ffect. T h e  so lu tio n  in  th is  ca se  is  g iv e n  b y  th e  m od ified  B e sse l  

fu n c tio n  72(£), a n d  th e  m a g n e tic  in te n s ity  fo llo w s  th e  la w

H (r )  l / r , \

B ( U )  '■ '

F o r  sm a ll ar gu m e n ts Xi(£)/£ ap p roach es th e  lim it  H e n c e  th e  m a g n e t ic  fie ld  in ­

te n s ity  a t  th e  a x is  b ecom es, i f  H is  w r itte n  for  H (r 2),

h 0 =

a n d  as  in  th is  ca se  B  =  J r2, th is  ca n  b e  w r itte n

H„ =  £ f l( r ,/A )//1(r1/A). (41 -2 )

T h e  fo llow in g  ta b le , ca lc u la te d  from  th e  d a ta  o f  J a h n k e  & E m d e  (F u n k tio n e n ta fe ln ), 

sh ow s th e  sh ie ld in g  effe ct o f  th e  r ing  cu rren t for m a g n etro n s  o f  d ifferen t ra d iu s, 

m ea su red  in  u n its  o f  A:

r a / A 0 -2 5 0 -5 1 2 3 4

H 0/ H  % 9 9-3 9 7 0 8 8 -5 6 2 -9 3 8 -9 2 0 -5

r B/A 5 6 7 8 9 10

H 0/ H % 10-2 4 -7 8 2 -2 4 1 0 0 0 -4 3 7 0 -1 8 7

T h e effe ct b e com es  th ere fore  v e r y  s tro n g  in  large  m a g n etro n s, n o t  to o  large to  b e  

p rac tic ab le . W ith  H  =  5000  g au ss , for  in sta n ce , A is  a l it t le  less  th a n  0*5 cm .; h e n c e  

w ith  a  ra d iu s o f  5 cm . i t  o u g h t to  b e  p o ss ib le  to  red u ce  th e  m a g n e t ic  fie ld  a t  th e  a x is  

to  le ss  th a n  100 gau ss . A cco rd in g  ^o th e  p rese n t th eo r y , th ere fore , i t  o u g h t to  b e  

p oss ib le  to  p rod u ce  ex tr ao rd in a ry  co n cen tr a tio n s  o f  free e lec tr o n s , far  larger th a n  

e v e r  p r od u ced  ex p e r im en ta lly , a n d  to  s tu d y  th e m  u n d er  fa v o u ra b le  c o n d it io n s  in  a  

r e la t iv e ly  w e a k  m a g n e tic  field . I t  m a y  w e ll  b e  p o ss ib le  to  p r od u ce  co n c en tr a tio n s  

su ffic ien t for  ob serv ab le  o p t ic a l e ffects . B u t  i t  m u st b e  b orne  in  m in d  th a t  th e  h igh er  

th e  e lec tr on  d e n s ity  th e  stron ger  th e  in ter a c tio n , an d  th e  m ore rem o te  th e  p rese n t  

th e o r y  m u st b e  from  r ea lity .

I  am  in d e b te d  to  D r  C. J .  M ilner for  m a n y  d iscu ssio n s o n  th is  su b jec t. I  th a n k  th e  

D ir ec to rs  o f  th e  B r it is h  T h o m son  H o u s to n  C o m p a n y  for  p e rm issio n  to  p u b lish  

th is  paper.
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{C om m unica ted by S .  C h a p m a n , — Received  26  J u ly  1944)

T h e  m e t h o d s  o f  C h a p m a n  a n d  E n s k o g  a r e  u s e d  t o  d is c u s s  c o n d u c t io n  o f  e l e c t r i c i t y  a n d  

d if fu s io n  c u r r e n ts  in  a n  io n iz e d  g a s  w i t h  s e v e r a l  c o n s t i t u e n t s ,  in  a  t r a n s v e r s e  m a g n e t ic  f ie ld . 

T h e  f r e e - p a t h  f o r m u la  fo r  t h e  c o n d u c t i v i t y  is  c o m p a r e d  w i t h  t h a t  d e r iv e d  b y  t h e  e x a c t  

m e t h o d s .  T h e  t w o  fo r m u la e  a r e  id e n t ic a l  in  fo r m  i f  a  c o r r e c t io n  is  a p p l ie d  t o  t h e  u s u a l  fr e e -  

p a t h  m e t h o d ;  t h i s  c o r r e c t io n  r o b s  t h e  m e t h o d  o f  m u c h  o f  i t s  s im p l i c i t y .  T h e  u n c o r r e c t e d  fr e e -  

p a t h  m e t h o d ,  h o w e v e r ,  g iv e s  c o r r e c t  r e s u l t s  fo r  t h e  e le c t r o n  c o n t r ib u t io n  t o  t h e  c o n d u c t i v i t y  

in  a l l  p r a c t i c a l  c a s e s ; a n d  fo r  t h e  io n  c o n t r ib u t io n  i f  a  la r g e  n u m b e r  o f  n e u t r a l  m o le c u le s  a r e  

p r e s e n t — e .g .  in  t h e  e a r t h ’s  u p p e r  a t m o s p h e r e ,  a b o u t  5 x  105 t i m e s  t h e  n u m b e r  o f  io n s  ( o f  

b o t h  s ig n s ) .

N u m e r ic a l  v a lu e s  a r e  g iv e n  fo r  t h e  c o n d u c t i v i t y  in  t h e  s u n ’s  o u t e r  la y e r s  a n d  in  t h e  e a r t h ’s  

u p p e r  a t m o s p h e r e .  M e c h a n ic a l  fo r c e s  d u e  t o  c u r r e n ts  in d u c e d  in  m o v in g  m a t e r ia l  a r e  s h o w n  

t o  b e  v e r y  im p o r t a n t  in  t h e  s u n , a n d  in  t h e  F - la y e r  o f  t h e  e a r t h ’s  a t m o s p h e r e .  T h e  s o la r  

r e s u l t s  a r e  u s e d  t o  d is c u s s  t h e  m o t io n  o f  s o la r  p r o m in e n c e s  a n d  e r u p t io n s .  I n  t h e  e a r t h ’s  

a tm o s p h e r e ,  t h e  o b s e r v e d  c o ll i s io n  fr e q u e n c ie s  o f  e le c t r o n s  a r e  s h o w n  t o  im p ly  u p p e r  l im i t s  

fo r  io n - d e n s it ie s  in  t h e  E  a n d  F  la y e r s .  T h e  in t e g r a l  c o n d u c t iv i t i e s  o f  t h e  E  a n d  F  la y e r s  a r e  

e s t im a t e d ,  a n d  i t  is  s h o w n  t h a t ,  o n  t h e  d y n a m o  t h e o r y  o f  t h e  lu n a r  v a r ia t io n  o f  t h e  e a r t h ’s  

m a g n e t ic  f ie ld , t id a l  o s c i l la t io n s  in  t h e s e  la y e r s  m u s t  b e  b e t w e e n  1 0 0  a n d  1 0 0 0  t im e s  a s  g r e a t  

a s  t h o s e  a t  t h e  g r o u n d . D ia m a g n e t i s m  a n d  d r if t  c u r r e n ts  a re  s h o w n  t o  m a k e  n e g lig ib le  c o n ­

t r ib u t io n s  t o  t h e  lu n a r  a n d  s o la r  v a r ia t io n s  o f  t h e  e a r t h ’s  m a g n e t ic  f ie ld .

I n  a n  A p p e n d ix ,  t h e  a p p l i c a b i l i t y  o f  B o l t z m a n n ’s  e q u a t io n  t o  s t r o n g ly  io n iz e d  g a s e s  is  

d is c u s s e d .

1. In t r o d u c t i o n

I n  d iscu ss in g  d iffu s io n , a n d  th e  c o n d u c tio n  o f  e le c tr ic i ty ,  in  a n  io n iz e d  g a s  in  a  

t r a n s v e r s e  m a g n e t ic  f ie ld , so m e a u th o r s  h a v e  u s e d  th e  f r e e -p a th  m e th o d , a n d  o th e r s  

t h e  m o re  e x a c t  ‘v e lo c i ty - d is t r ib u t io n ’ m e th o d , o r ig in a lly  d e v e lo p e d  b y  C h a p m a n
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