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ABSTRACT

Reservoir rocks are often saturated by two or more fluid phases

forming complex patterns on all length scales. The objective of

this work is to quantify the geometry of fluid phase distribution in

partially saturated porous rocks using statistical methods and to

model the associated acoustic signatures. Based on X-ray tomog-

raphic images at submillimeter resolution obtained during a gas-

injection experiment, the spatial distribution of the gas phase in

initially water-saturated limestone samples are constructed.

Maps of the continuous variation of the percentage of gas satura-

tion are computed and associated binary maps obtained through a

global thresholding technique. The autocorrelation function is

derived via the two-point probability function computed from

the binary gas-distribution maps using Monte Carlo simulations.

The autocorrelation function can be approximated well by a sin-

gle Debye correlation function or a superposition of two such

functions. The characteristic length scales and show sensitivity

�and hence significance� with respect to the percentage of gas sat-

uration. An almost linear decrease of the Debye correlation

length occurs with increasing gas saturation. It is concluded that

correlation function and correlation length provide useful statis-

tical information to quantify fluid-saturation patterns and chang-

es in these patterns at the mesoscale. These spatial statistical

measures are linked to a model that predicts compressional wave

attenuation and dispersion from local, wave-induced fluid flow in

randomly heterogeneous poroelastic solids. In particular, for a

limestone sample, with flow permeability of 5 darcies and an av-

erage gas saturation of �5%, significant P-wave attenuation is

predicted at ultrasonic frequencies.

INTRODUCTION

Understanding how the percentage of two �or more� pore fluids af-

fects P-wave velocities is important for interpreting time-lapse seis-

mic data, particularly for tracking fluid-front movements. Applica-

tion of Gassmann’s fluid-substitution relations �Gassmann, 1951�, in

addition to fluid-mixing equations such as those of Brie et al. �1995�

or Wood �1941�, is one approach that could make forward-modeling

estimates of P-wave velocities at different percentages of fluid satu-

ration. However, the problem with these approaches is that partial

fluid-saturation effects such as mesoscopic fluid flow are ignored

completely.

Mesoscale fluid flow arises when a passing wave induces different

fluid pressures in regions of rock saturated by different fluid types,

where mesoscale specifically refers to a length scale greater than

pore scale but less than wavelength scale. The presence of spatial

gradients in fluid pressure causes fluid to flow relative to the rock

frame. This dissipates energy and results in the attenuation and dis-

persion of a propagating waveform. A number of different patchy

saturation models accounting for the mesoscale distribution of fluid

heterogeneities have been proposed: the concentric sphere model of

White et al. �1976�, the acoustics of patchy saturation �APS� model

of Johnson �2001�, and the continuous-random media �CRM� model

of Toms et al. �2006, 2007�. These theoretical models allow us to cal-

culate dynamic-equivalent elastic moduli as a function of percent-

age of fluid saturation and wave frequency. However, one must as-

sume either a fixed geometry of the patch distribution �such as peri-

odically distributed spherical inclusions in White’s model� or fluid

distribution given by a specific correlation function �for CRM�.

Thus, the applicability of these models hinges on knowledge of the
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real spatial distribution of pore fluids in rocks. The spatial distribu-

tion is influenced by rock heterogeneity, the prior history of fluid

movement, and density and viscous effects such as viscous fingering

�Homsy, 1987�.

The most suitable tool to assist with imaging fluid distributions of

partially saturated rocks is X-ray tomography. It is already routinely

applied in petroleum engineering to image reservoir lithologies un-

dergoing secondary and tertiary recovery processes �Wellington and

Vineagar, 1987; Dunsmuir, 1991; Withjack et al., 2003�. X-ray to-

mography increasingly is used to characterize soils �Peyton et al.,

1992; De Gryze et al., 2006� and rocks �Arns et al., 2002�, to produce

input models for numerical algorithms that calculate transport prop-

erties of rocks �Arns et al., 2001; Arns et al., 2004; Arns et al., 2005�,

and to calculate elastic properties �Arns et al., 2002�. In fact, it is be-

ing used in many applications spanning the geoscience field �Ket-

cham and Carlson, 2001�.

The simultaneous acquisition of X-ray tomography images and

acoustic measurements during fluid-saturation experiments on po-

rous rock will provide the most direct means of relating velocity-sat-

uration information to pore-fluid distribution. There have been sev-

eral studies of this kind �Cadoret et al., 1995; Cadoret et al., 1998;

Monsen and Johnstad, 2005�. Cadoret et al. �1995� use X-ray tomog-

raphy images to explain why velocities at the same percentage of

water saturation may differ for drainage and imbibition experiments.

Where the velocities differ, the drainage images show the presence

of distinct gas-bearing clusters �for water saturations �80%�, but

the imbibition images show no such clustering. This suggests that

differences in fluid distribution will cause differences in velocity

measurements. The same conclusion has been drawn for attenuation

measurements �Cadoret et al., 1998�.

Although X-ray tomography images are central to the experi-

ments of Cadoret et al. �1995� and Monsen and Johnstad �2005�, the

images themselves are analyzed only qualitatively.Apart from iden-

tifying images that have clustering �Cadoret et al. 1995� or show flu-

id displacement in preferred directions �Monsen and Johnstad,

2005�, no further analysis of fluid-saturation patterns is performed.

Thus, variations in velocities and attenuation are linked qualitatively

to changes in fluid-saturation patterns; missing is a quantitative de-

scription.

We want to improve understanding of the geometric characteris-

tics of real immiscible fluid distributions in rock and to model their

associated acoustic signatures. To do so, we examine a series of

X-ray tomography images �with mesoscale resolution� obtained

from a drainage experiment performed on Mount Gambier Lime-

stone samples �Lincoln Paterson and Gregory Lupton, personal

communication, 2003�. The objective is to analyze fluid-saturation

patterns quantitatively using statistical methods, thus showing how

they can be described and how they vary as saturation changes. In

particular, the applicability and significance of correlation measures

on mesoscopic fluid-patch patterns is investigated. Moreover, we

want to develop a modeling strategy by combining the statistical

measures inferred from the X-ray tomography images and the theory

of statistical wave propagation applied to the patchy saturation prob-

lem �Toms et al., 2007�. This approach allows us, in principle, to ob-

tain reliable estimates of attenuation and dispersion.

The paper is organized as follows. We briefly describe a recent

X-ray tomography experiment of partially saturated limestone sam-

ples. Then we explain the construction of gas-saturation maps and

their associated binary maps based on X-ray tomography results.

This is followed by a statistical analysis of the binary maps. We in-

troduce the concept of indicator and correlation functions for mesos-

copic heterogeneity. The spatial correlations as a function of satura-

tion and rock type are analyzed in detail. Two characteristic length

scales, the Debye correlation length �Debye and Bueche, 1949� and

the mean length, are evaluated for the gas-saturation maps. Then we

show how these statistical measures can be incorporated into a mod-

el of acoustic signatures of partially saturated rocks. We evaluate es-

timates of P-wave attenuation and velocity dispersion to be expected

in these partially saturated rocks. Finally, we present conclusions

and recommendations for future research.

GENERATING GAS-SATURATION

MAPS USING XRT

Experimental setup

Paterson and Lupton �personal communication, 2003� have per-

formed a series of drainage experiments on Mount Gambier Lime-

stone samples. The experimental setup is shown in Figure 1.Acylin-

drical core sample encased in polyvinyl chloride �PVC� pipe is con-

nected to piping that controls pressured fluid injection of nitrogen

gas and subsequent water extraction. The medical X-ray imager is

shown in the background; at various stages during the saturation ex-

periment, images are taken of the core sample.

The experiment proceeds initially by taking an image of the dry

core sample. The core sample is then fully saturated with water. A

vacuum is applied to ensure uniform saturation of the water through-

out the pore space and to draw out remaining air. An image is then

taken of the fully water-saturated sample. Fluid replacement begins

by injecting pressurized nitrogen gas into the end of the core. The

flow rate is kept at a constant pressure �but not at a constant rate�

throughout the experiment. Images are taken at different times.

The core samples are Mount Gambier Limestone �MGL� from the

Bruhn quarry in SouthAustralia �Bruhn Building Stone, 2008�. They

generally have a high permeability �around 5 darcies� and typical ef-

fective porosities in the range of 36%–44%. Although the saturation

experiments were performed on a number of different core samples,

only one experiment �performed on sample MGL 2a� is suitable for

thorough analysis, as images are taken at both low and high gas satu-

rations.
Figure 1. Experimental setup for imaging the core sample during the
fluid-replacement experiment.
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Imaging of pore spaces and individual mineral grains requires the

use of high-resolution tomography machines. Typically, pore-scale

imaging of most materials requires resolutions of 3–5 �m �Olafuyi

et al., 2006�. When combined with a typical field of view of 512

�512 or 1024�1024 pixels, this limits the size of the scanned sam-

ple to 5 mm � 1 cm. In Figure 2, we show a pore-scale image of a

typical sample of MGL containing no saturating fluids. The MGL

samples have a very complicated microstructure composed of

macroporosity and microporosity �not resolvable at this scale�. Vari-

ations in rock porosity have a significant effect on the distribution of

different pore fluids.

Pore-scale images of a drainage experiment performed on a Berea

sandstone and monodisperse bead pack show that the wetting fluid is

present as pendular rings, bridges between adjacent grains, and lens-

es in pore throats �Turner et al., 2004�. This degree of detail is not

visible in the images obtained during the Paterson and Lupton exper-

iments because the resolution of the medical imager utilized was

poorer but the field of view was larger. The relatively large core sam-

ples have a radius of 0.050 m and a length of 0.24 m and were im-

aged with a minimum pixel size of 0.36 mm. Hence, to visualize

changes in fluid distribution, the images must be processed as speci-

fied in the following section.

Basic X-ray computed-tomography theory

The X-ray computed-tomography �CT� method was developed

originally for medical applications — specifically, the imaging of

bones and soft tissue �Hounsfield, 1972�. Typical medical X-ray to-

mography machines, such as the one shown in Figure 1, use a single

source rotated around the scanned object. The source is an X-ray

tube that emits a beam of photons received by a fixed set of detectors

ringed around the object. The detectors measure the intensity of the

received X-ray, which is related to the intensity of the source X-ray

for homogeneous materials by Beer’s law �Wellington and Vinegar,

1987�:

I � I0 exp���x� ,

where � is the linear-attenuation coefficient of the scanned material

and x is the distance traveled through the material. When the material

is heterogeneous, Beer’s law is

I � I0 exp���
i

�ixi� ,

where �i is the linear-attenuation coefficient of each material and xi

is the distance traveled through each material i.

Different types of heterogeneities �materials� in a porous rock,

such as saturating fluids and mineral grains, can be imaged, provided

there is sufficient contrast in the linear X-ray attenuation coefficient

of each type of material. The linear-attenuation coefficient, in turn,

depends on how atoms in a material absorb and scatter energy �see

Wellington and Vineagar, 1987�.

Although the detectors measure the intensity of the received

X-rays, the output of a CT scanner is in Hounsfield units �HU�.

Hounsfield units come from the reconstruction of linear-attenuation

coefficients from the measured X-ray intensities using methods such

as the Shepp-Logan filter �Shepp and Logan, 1974�. In general, med-

ical imagers are calibrated such that the CT value of water is zero HU

and the CT value of air is �1000 HU. However, other types of cali-

bration �Johns et al., 1993; Orsi andAnderson, 1999� can be adopted

that relate CT values linearly to a materials bulk density; this is espe-

cially useful for geologic applications.

Our approach relates CT values to the percentage of gas saturation

by assuming that the CT value can be related linearly to the CT val-

ues of water, gas, and mineral grains in proportion to their respective

volume fraction. This approach is outlined in the next section.

Processing X-ray CT images

As the resolution of our medical imager is not sufficient to image

the interface between gas, water, and mineral grains, the CT value of

each pixel is assumed approximately equal to the average of CT re-

sponses because of the different percentages of mineral grains, pore

spaces, and pore fluids. Thus, dry-map pixels have CT values �see

Figure 3a� given by

CTdry � �1 � ��CTgrain � �CTair, �1�

where � is rock porosity, and CTgrain and CTair are the CT values of

the grains and air-filled pore space, respectively. Pixels belonging to

the fully water-saturated map have CT values �see Figure 3b� given

by

CTfull sat � �1 � ��CTgrain � �CTwater. �2�

Pixels of the partially saturated maps have CT values �see Figure 3c�

given by

CTpart sat � �1 � ��CTgrain � ��v2CTwater � v1CTgas� ,

�3�

where CTwater and CTgas are the CT values of water and nitrogen and

v1 and v2 are the percentages of water and gas occupying the pore

space, respectively. To increase contrast, an X-ray dense solute is of-

ten added to experimental fluids. In these experiments, sodium io-

dide was dissolved in the water to 5% by weight.

Essentially, equations 1–3 assume that the CT value of a pixel at

mesoscale resolution is related linearly to the CT values of its con-

stituents in proportion to volume fractions. Thus, for large differenc-

es in CT values, which may occur at interfaces between mineral

grains and pore space, these approximations can have considerable

error. Ketchom and Carlson �2001� suggest the errors can be ignored

because mineral-grain interfaces are rotated randomly relative to the

Figure 2. Higher-resolution SEM image of a typical MGL sample
having no fluid saturation.
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plane of the scan; however, when the interfaces are parallel to the

plane of the scan, errors can be as high as 10%.

In general, the CT value �at mesoscale resolution� does not change

greatly as the relative percentage of gas to water in the pore space al-

ters. The change in CT value associated with changes in the percent-

age of gas saturation is much less than the CT values of the rock

frame itself. Thus, to identify regions of the core sample that contain

gas, the processing procedure of Cadoret et al. �1995� is implement-

ed. Cadoret’s procedure involves creating three different types of

maps:

1� Porosity map � �fully water saturated image� � �dry image�

2� Gas-content map � �fully water saturated image� � �partially

water saturated images�

3� Gas-saturation map � Gas-content map/porosity map

The pixels in each of the created maps have CT values as follows:

CTporosity � CTdry � CTfull sat � ��CTwater � CTair� , �4�

CTgas cont � CTfull sat � CTpart sat � �v1�CTwater � CTgas� ,

�5�

CTgas sat �

CTgas cont

CTporosity

�
v1�CTwater � CTgas�

�CTwater � CTair�
. �6�

These maps are displayed in Figure 3d-f. In theory, equation 4 can be

used to estimate spatial fluctuations in rock porosity �in addition to

the average rock porosity�. However, it cannot be utilized in

the present study because the CT value of the doped water was not

measured.

Binary gas-saturation maps

Determination of the percentage of gas saturation of each pixel

comes from equation 6, where we assume the CT value of nitrogen

gas is close to the CT value of air. If this assumption is accepted, then

maps generated using equation 6 show the spatial location of gas-

saturating pores and the percentage of gas saturation in those pores.

Pixel values range from zero to one, where zero indicates fully wa-

ter-saturated pores and one indicates fully gas-saturated pores; inter-

mediate pixel values indicate the pore space is of mixed gas-water

composition. The average gas saturation �v1	 of the core sample is

calculated from the gas saturation of each pixel by

�v1	 �
1

N
�
i�1

N

v1�i� , �7�

where N is the total number of pixels.

To convert the images into binary media �necessary to extract cer-

tain types of quantitative statistics�, a simple global-threshold tech-

nique is applied. Pixels having CT values below a certain threshold

value are designated as water-saturated pixels; pixels having CT val-

ues above the threshold are counted as gas-saturated pixels. The

threshold value is the mean CT value of the statistical distribution of

pixel CT values. Thus, the threshold value represents the CT value of

an average pixel that contains some percentage of gas and water. Pix-

els having CT values below �or above� the threshold are understood

to contain less �or more� gas relative to the average pixel.

In Figure 4a-i, the gas-saturation maps are shown for the drainage

experiment on MGL 2a �only the inner square of the core sample is

shown�. During the initial stages of the experiment �Figure 4a and b;

gas saturation is less than 20%�, distinct patches of gas-bearing

pores exist. Once average gas saturations �Figure 4c-i� exceed 20%,

distinct clusters of gas-bearing pores are no longer visible.
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Figure 3. �a� X-ray images of dry core; �b� fully water-saturated core; �c� partially water-saturated core; �d� porosity map; �e� gas-content map;
and �f� gas-saturation map.
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In Figure 5, the gas-saturation map �left� is compared with its cor-

responding binary map �right�. It shows that applying a threshold

around the mean produces a binary map that preserves the main fea-

tures of the full gas-saturation map. This is true for most scans; how-

ever. more elaborate thresholding techniques such as indicator krig-

ing could be used �Oh and Lindquist, 1999�.

STATISTICAL ANALYSIS OF BINARY MAPS

AND CORRELATION PROPERTIES

The drainage experiment proceeds, and the saturation maps �Fig-

ure 4a-i� become more complicated as more of the pore space be-

comes affected by the presence of gas. To characterize the fluid dis-

tribution �and changes in fluid distribution� of each mesoscale im-

age, descriptive statistics �such as correlation function and correla-

tion length� are extracted from the binary images using Monte Carlo

methods. By comparing statistics derived from each map, it is possi-

ble to characterize changes in fluid distribution caused by changes in

gas saturation.

Indicator functions

For each binary map, an indicator function is defined that de-

scribes the segmentation of the map into different subdomains

�Torquato, 2002�. The indicator function is defined as

I�i��r;�� � 
1 if r � Vi���

0 otherwise
� , �8�

where I�1� is the indicator function for the gas-saturated domain V1

and I�2� is the indicator function for the water-saturated domain V2.

The role of the indicator function can be found by considering all

points rg � ��x,y�:�x,y��V1 belonging to the gas-saturated do-

main and the values assumed by the different indicator functions.

For this set of points, the indicator function for the gas-saturated do-
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Figure 4. Gas-saturation maps at different stages of the injection experiment. Dark blue means zero gas saturation; dark red means full gas satu-
ration.
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main I�1��rg� � 1; the indicator function for the water-saturated zone

I�2��rg� � 0. For all points belonging to the water-saturated do-

main,the reverse is true. Hence,

I�1��r� � I�2��r� � 1 ∀ r � �x,y� � V � V1 � V2. �9�

The average of either indicator function I�i��r� is equal to the volume

concentration of that domain: �I�i�	 � �i. This is equivalent to the

probability P that a randomly chosen point on the map will belong to

the gas-saturated �or water-saturated� domain. In other words, �I�1�	
� P�I�1��r� � 1 � �1 and �I�2�	 � P�I�2��r� � 1 � �2. It is not

necessarily the case that the volume concentration of the gas-saturat-

ed domain is equal to the average gas saturation of the partially satu-

rated core sample, or ��1�v1 � �2�v2�.

Autocorrelation functions and correlation length

The autocorrelation function 	 �r� of the binary map is related to

the indicator functions of the gas- and water-saturated domains by

	 �dr� � �I�1��r� � �1	�I�1��r � dr� � �1	 � �I�2��r� � �2	

� �I�2��r � dr� � �2	 , �10�

where dr is the scalar distance separating two points �the correlation

lag�. Equation 10 is appropriate for isotropic maps, where 	 �r� does

not vary with line orientation. Because the indicator function of each

domain is equivalent to the probability of a random point residing in

that domain, the correlation function can be determined from

	 �r� � S�1��r,r � dr� � �1
2

� S�2��r,r � dr� � �2
2, �11�

where S�1��r,r � dr� and S�2��r,r � dr� are the two-point probability

functions for the gas- and water-saturated domains, respectively.

The two-point probability function refers to the probability that

two random points displaced by a scalar distance dr reside in the

same domain. Thus, S�1��r,r � dr� is the probability that two ran-

dom points will reside in the gas-saturated domain and S�2��r,r

� dr� is the probability that two random points will reside in the wa-

ter-saturated domain. Clearly, as the distance separating the points

reduces to zero, the two-point probability functions reduce to one-

point probability functions accordingly:

limdr→0 S�i��r,r � dr� � S�i��r,r� � S�i��r� � �i. �12�

Moreover, if no long-range order exists, the two-point probability

function converges to

limdr→
 S�i��r,r � dr� � �i
2. �13�

Substituting equations 12 and 13 into equation 11 shows that the cor-

relation function has limiting values of 	 �0� � �1�2 and 	 �
� � 0.

To determine the correlation function for each binary map, we ex-

tract the two-point probability function using Monte Carlo methods.

From equation 11, it is clear that the correlation function can be de-

termined using two-point probability functions for either the gas- or

water-saturated domain. We choose to extract the two-point proba-

bility function corresponding to the gas-saturated

domain. The two-point probability function of

the water-saturated domain can be calculated

from the two-point probability function for the

gas-saturated domain using

S�2��r,r � dr� � S�1��r,r � dr� � �1
2

� �2
2

� S�1��r,r � dr� � 1

� 2�1. �14�

The one-point probability function for the gas-

saturated domain is determined by randomly

sampling the image at one point and recording the

times that one point corresponds to the gas-satu-

rated domain. This total is divided by the points

sampled to give the one-point probability density

function. It is equivalent to the volume fraction of

the gas-saturated domain in the binary map.

The two-point probability density function of

the gas-saturated domain is obtained by random-

ly sampling the image at two points separated by

scalar distances dr. A record is made of the times

both sample points simultaneously reside in the

gas-saturated domain for each scalar distance dr.

To determine the two-point probability density

function, the record is divided by the times the bi-

nary map is sampled at each scalar distance.
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Figure 5. Example of global thresholding applied to gas-saturation maps of �a� scan 11
and �b� scan 15 to create the corresponding binary maps �c� and �d�.
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Correlation function versus relative percentage fluid
saturation

Correlation functions are extracted from the maps of sample MGL

2a. The objective is to assess whether the correlation function is sen-

sitive to changes in the percentage of fluid saturation. By visual in-

spection of the shape of the correlation functions, two predominant

sets are identified �Figure 6�. The first set contains correlation func-

tions that have an exponentially decreasing appearance; the second

set contains correlation functions of a different shape.

In Figure 6a, the first group of correlation functions is plotted. The

relative percentage of fluid saturation is shown in the legend �gas sat-

urations �23%�. There are only small observable differences in

each correlation function. Also plotted is the average of these corre-

lation functions �thick dashed line�, obtained by taking the mean of

this group. The unnormalized variance is shown in Figure 6d �dotted

line with circles�. In Figure 6b, the second group of correlation func-

tions are plotted �gas saturations �23%�. There are no observable

differences in each correlation function. The average correlation

function of this set �thick dashed line� is plotted, and the variance is

shown in Figure 6d �dotted line with crosses�. Comparison of the av-

erage correlation functions for each group �Figure 6c� shows that the

shape of each curve is different.

On the basis of Figure 6a-d, it appears that correlation functions

are only sensitive to changes in fluid saturation below a critical per-

centage �here, approximately 23%�. Above this value, there are only

minor changes in the correlation function as gas saturation is in-

creased �the variance shows that small changes occur around the De-

bye correlation length, as explained below�. However, at greater

X-ray tomography resolutions, the correlation functions may show

an increased dependence on gas saturation �when percentages are

high�.

Correlation function versus rock type

Percentage fluid saturation influences the shape of the correlation

function �Figure 6a-d�, but it is not the only influencing factor. In

Figure 6e and f, the average correlation function and variances �for

gas saturations greater than the critical percentage� are shown for

three different types of rocks: MGL8 �crosses�, MGL6 �circles�, and

MGL 2a �triangles�. The average correlation functions �Figure 6e�

differ in shape.

Because the average correlation functions for each rock type are

obtained from maps having gas saturations greater than the critical

percentage, the shape differences are not caused by different per-

centages of gas. Rather, it is a consequence of each rock having dif-

ferent fluid-transport properties, i.e., porosity and permeability vari-

ations �wettability characteristics do not play a role here because all

rocks are composed of the same type of mineral grain�. Unfortunate-

ly, experimental measurements of rock porosity and permeability

are not known for these rock samples.

Debye and mean correlation lengths

A host of different types of length scales can be derived from a

correlation function. Two common ones are the Debye and mean-

length scales. The first length scale can be derived from the correla-

tion function by assuming that the binary map is a Debye random

material �Debye and Bueche, 1949�. For structures in which one

phase consists of random shapes and sizes, the correlation function

obeys

	 �r� � exp���r�

a
� , �15�

where a is the Debye correlation length, defined as 	 �a� � 1/e.
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Figure 6. �a, b� Correlation functions for different scans for the MGL2a sample. �c–f�Averages and variances of 	 �r� for samples MGL2a, MGL
6, and MGL 8. The correlation lag is given in number of pixels.

Characterization of patchy saturated rocks WA57

Downloaded 18 Feb 2010 to 134.7.248.129. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



The second length, termed the mean length, is derived from the

correlation function as

lm � ��
0




r	 �r�dr�
1/2

. �16�

This length scale arises in rigorous bounds on the fluid permeability

and trapping constant of 3D isotropic random porous media �Berry-

man and Blair, 1986; Torquato, 2002�. If the correlation function in

equation 11 is an exponentially decreasing function, the mean length

is equal to the Debye length lm � a.

Any length scale derived from a correlation function produces a

length scale representative of the average spatial properties of the

medium �a consequence of equation 11�. That is, the Debye or mean-

length scales are measures of how coarse or fine the material is, rath-

er than indicating an average size of either phase. Thus, either length

scale �defined in equation 15 or 16� derived from the correlation

function will not indicate the size of the gas or water patches in the

binary map.

In Figure 7, the Debye correlation length is extracted from the cor-

relation functions of MGL 2a �circles�, MGL 6 �asterisks�, and MGL

8 �crosses�. The Debye correlation length of MGL 2a decreases ap-

proximately linearly as gas saturation increases. The Debye length

of MGL 8 also decreases approximately linearly with saturation, and

a similar trend can be observed with MGL 6. Noting that, the vari-

ances extracted in the previous section indicate that small changes in

the correlation functions occur around the Debye correlation length.

Thus, these results are consistent with the observation that the corre-

lation function is mostly insensitive to the percentage of fluid satura-

tion at large gas saturations.

By analyzing the mean correlation functions for MGL 2a at both

low and high gas saturations, an interesting observation can be

made. It appears that the mean correlation function for small gas sat-

urations �solid line� is approximated well by a Debye correlation

function �dotted line� with correlation length of a � 3.5 �see Figure

8�. On the other hand, at high gas saturations, there is a good corre-

spondence only between the mean correlation function �dashed line�

and the Debye correlation function �dashed-dotted line� at small off-

sets.

In Figure 9, the mean correlation function for large gas saturations

�MGL 2a� is approximated well by two Debye correlation functions:

one that models small-offset behavior 	 small and one that models

large-offset behavior 	 large:

	 2�r� � 	 small � 	 large

� bS exp��
r

aS

� � bL exp��
r

aL

�
� bS exp��

r

aS

� � �1 � bs�exp��
r

aL

� , �17�

where bS, bL are weighting coefficients of the correlation functions
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�with 1�bS �bL �0�, and where aS, aL are the usual Debye correla-

tion lengths �with aL �aS �0�. In Table 1, parameters specifying

	 2�r� according to equation 17 are given for the mean correlation

functions for large gas saturations of samples MGL 2a, MGL 6, and

MGL 8.

On the basis of the statistical analysis presented here, three con-

clusions can be made regarding fluid distribution versus saturation.

First, the correlation length decreases linearly as gas saturation is in-

creased. Second, for small gas saturations, say, v1 � 20%, the corre-

lation function can be well approximated by a single Debye correla-

tion function. Third, for large gas saturations, say, v1  20%, the

correlation function can be approximated reasonably well by a su-

perposition of two weighted Debye correlation functions.

MODELING P-WAVE ATTENUATION AND

PHASE-VELOCITY DISPERSION

A number of theoretical approaches �White, 1976; Gist, 1994;

Mavko and Mukerji, 1998; Johnson, 2001; Müller and Gurevich,

2004� aim at modeling the physical effect that partial fluid saturation

has on compressional-wave propagation. These studies reveal that

for low-frequency seismic waves, there is enough time for induced

fluid pressures to equilibrate at a constant pressure. In this quasi-stat-

ic limit, the saturation can be considered homogeneous; hence, the

rock can be viewed as saturated by a homogeneous mixture of the

fluids. For this case, the bulk modulus of the saturated rock can be

determined from the Gassmann equation using an effective fluid

bulk modulus K f given by Wood’s formula �saturation-weighted har-

monic average of the bulk moduli of fluids K f1, K f 2�:

K f � � S1

K f1

�
S2

K f 2
��1

. �18�

This is known as the Gassmann-Wood limit. However, fluid-pres-

sure equilibration throughout the rock will occur only for very low

frequencies or very small patches. Specifically, it occurs when the

characteristic patch size is small compared to the fluid diffusion

length �Norris, 1993�:

�d ���N

��
, �19�

where � is the rock permeability, � the fluid viscosity, � the angular-

wave frequency, and N is a combination of poroelastic moduli speci-

fied below.

On the other hand, when wave frequencies are sufficiently high

�or there are very large patch sizes greater than diffusion length�,

there is insufficient time for fluid-pressure equilibration to occur.

Hence, there are individual patches throughout the rock having con-

stant but different fluid pressures. For this circumstance, Gass-

mann’s equation can be applied to individual patches to compute the

saturated bulk modulus of each patch. Moreover, because the satu-

rated shear modulus � is independent of the fluid bulk modulus,

Hill’s theorem can be used to determine the overall saturated bulk

modulus KH:

�KH �
4

3
���1

� S1�K1 �
4

3
���1

� S2�K2 �
4

3
���1

, �20�

where K1 and K2 are the saturated bulk moduli according to Gas-

smann’s theory for each fluid patch. This is known as the Gassmann-

Hill limit.

At intermediate wave frequencies �or intermediate patch sizes�,

uneven deformation of fluid patches by the passing wave results in

wave-induced fluid flow, which causes wave attenuation and veloci-

ty dispersion. This is the physical picture we seek to model for realis-

tic fluid distributions obtained from tomographic images of partially

saturated rock. At present, there is only one patchy saturation model

�detailed below� that can take in spatial information obtained from

tomographic images.

The continuous random media model of patchy
saturated rocks

P-wave attenuation and velocity are modeled using the CRM for

patchy saturated rocks �refer to Toms et al., 2006, 2007�. This model

assumes that rock properties such as porosity, permeability, dry-

frame bulk modulus, and grain bulk modulus are constant through-

out the rock. In other words, only heterogeneities in fluid bulk modu-

lus are considered. This model is a simplification of a more general

model developed by Müller and Gurevich �2005�, which estimates

attenuation and phase velocity for porous rocks that contain hetero-

geneities in frame and fluid properties. However, to predict attenua-

tion and velocity dispersion from tomographic images of drainage

experiments, we use the simplified patchy-saturation version, as-

suming either the porous rock used in the experiment is homoge-

neous �except for its saturating fluid� or the estimated velocities are

affected more greatly by fluid heterogeneities than by heterogene-

ities in other properties �such as porosity and permeability�.

In the CRM approach, the saturated P-wave modulus H̃ �after re-

arranging equation 15 of Toms et al., 2007� can be expressed as

H̃��� � HW�1 � � �� � 2
� �� � 1�� �� , �21�

where the complex, frequency-dependent function � is

� ��� � ksP
2 �

0




rBM�r�exp�iksPr�dr , �22�

Table 1. Parameters specifying � 2„r… according to equation
17 are given for the mean correlation functions for large gas
saturations of samples MGL2a, MGL6, and MGL8. The
Debye correlation length is given in number of pixels (pixel
length · 0.36 mm). The last column shows the rms error of
the fit.

Sample aS bS aL bL rms error

MGL2a 2.30 0.73 12.28 0.27 0.02234

MGL6 2.02 0.93 12.58 0.07 0.01357

MGL8 2.77 0.85 9.11 0.15 0.01153
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involving the slow P-wavenumber ksP � �i�� /�N and the normal-

ized �unit variance� correlation function of the pore-space modulus

BM�0� � 1 �further properties of the function � ��� are discussed in

Müller et al., 2007�. In equation 18, HW denotes the P-wave modulus

in the Gassmann-Wood limit and

� �
�HH

� HW�
HW

, �23�

where HH is the P-wave modulus in the Gassmann-Hill limit. Equa-

tion 23 ensures that the model converges to the theoretical limits giv-

en by Gassmann-Wood and Gassmann-Hill relations.

The coefficient � contains the variance of the fluid modulus fluc-

tuations � MM
2 :

� �

�2N� MM
2

�4H�
. �24�

Hence, for small fluid contrasts, the variance � MM
2 is small and � is

negligible. This reduces equation 18 to

H̃��� � HW�1 � � � ���� .

In equations 18–21, we use the standard nomenclature of linear po-

roelasticity theory: The dry and saturated P-wave moduli are L � K

� 4/3� and H � Ksat
� 4/3�sat, respectively. Gassmann’s equa-

tions relate dry and saturated bulk modulus, K and Ksat, and dry and

saturated shear modulus, � and �sat via Ksat
� K � �2M, �sat

� �.

Here, � � 1 � K/Ks, and M � ��� � ��/Ks � � /K f��1 is called

the fluid modulus. It is a function of the grain bulk modulus KS, the

fluid bulk modulus K f, and the porosity �, and N is defined as N

� ML/H. The bulk density � is computed via the density of the grain

material �S and the fluid density � f: � � �1 � ���S � �� f. The po-

roelastic moduli N and H in equation 21 involve the saturation-

weighted average of the fluid modulus M̄ � M1� 1 � M2� 2. Real

and imaginary components of equation 18 yield the effective phase

velocity

v��� ��Re�H̃
�

�25�

and specific attenuation �inverse quality factor�

Q�1
�

�Im�H̃

Re�H̃
. �26�

The CRM correlation function describes the spatial variation of

the fluid modulus M, resulting from fluctuations in fluid bulk modu-

lus. We apply the CRM model to a situation of continuous variation

in fluid bulk modulus. This may arise when the pore space is saturat-

ed partially by two types of fluids, such that mesoscopic fluid hetero-

geneities appear as regions of rock partially saturated by different

percentages of pore fluid �like irreducible water saturation�. When

this occurs, we can treat the patch as being saturated by an effective

pore fluid having an effective fluid bulk modulus, which reflects the

patch’s mixed-fluid composition.

Estimates of attenuation and velocity dispersion using
statistical information

The gas-saturation maps �Figure 4� show for a particular rock

where gas-bearing pores exist. Specifically, the CT value of a pixel

indicates the percentage of gas saturation in the pore space covered

by that pixel �via equation 6�. That is, pixel values range from zero to

one, where they indicate 0% and 100% gas saturation, respectively,

and intermediate values indicate pore space of mixed gas-water

composition. Spatial statistics such as the correlation function or

correlation length can be extracted from these maps. But, this infor-

mation describes spatial characteristics of the percentage of gas vari-

ation on the mesoscale and not spatial information on the variation of

fluid modulus M. So, it cannot be used directly in CRM theory.

We can, however, use information on the percentage of gas satura-

tion to construct a new map that represents fluid bulk modulus varia-

tion on the mesoscale. This can be used to construct a fluid modulus

map from which a correlation function consistent with CRM re-

quirements can be extracted. In transforming the gas-saturation map

into an effective fluid bulk modulus map, we assume that fluid pres-

sures of gas and water in the porespace of each pixel are equal. This

allows us to use Wood’s fluid-mixing equation to construct an effec-

tive fluid bulk modulus for each pixel. However, in principle, it is

also possible to utilize other fluid-mixing equations, such as Brie or

Voigt averages, to create an effective fluid bulk modulus.

We propose the following procedure to model attenuation and dis-

persion using the CRM model. For step 1, convert the gas-saturation

map into an effective fluid bulk modulus map K f
W using Wood’s law:

K f
W

�

1

�1 � CTgas sat

K fw

�

CTgas sat

K fg

� , �27�

where CTgas sat is a particular gas-saturation map �see Figure 4�, K fw

is the fluid bulk modulus of water, and K fg is the fluid bulk modulus

of gas.

For step 2, convert the fluid bulk modulus into the fluid modulus

M map using

M �

1

� �� � ��

Kg

�

�

K f
W�

. �28�

Continuing with step 3, calculate the mean of the fluid-moduli map

using

�M	 � mean�M� �
1

NP
�
i�1

NP

Mi, �29�

where NP is the total number of pixels in the fluid-modulus map �the

subscript i refers to the ith pixel�. Also calculate the mean M̄ of the

fluid-modulus map using

M̄ � �
j�1

n

v jM j , �30�

where M j is the fluid-modulus map divided into n partitions of width

�M. That is, if M1 � min�M i� and M2 � max�M i�, then M2 � M1

� n�M. Here, v j is the fraction of pixels having the same fluid mod-

ulus M j. The partitioning of the fluid-modulus map is acceptable if

M̄ � �M	. The partitioning step is necessary to calculate the vari-

ance.
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For step 4, calculate the normalized variance of the fluid-moduli

map using

� MM
2

�

�
j�1

n

v j�M j�
2

M̄2

� 1. �31�

In step 5, calculate normalized centered autocorrelation function of

fluid-moduli map. In step 6, calculate Wood’s limit:

1

MW
� �

j�1

n
v j

M j

,

HW � L � �2MW. �32�

Step 7 calculates Hill’s limit using

1

HH
� �

j�1

n
v j

L � �2M j

. �33�

Computation of the quantities defined by equations 27–33, together

with equation 21, yields estimates of the frequency-dependent atten-

uation and dispersion for a particular gas-saturation map. Below we

illustrate the technique for gas-saturation maps having small and

large gas saturations.

Figure 10a shows the full gas-saturation map of scan 10, which

has an average gas saturation of 4.6%. Figure 10b shows the effec-

tive-fluid/bulk-modulus map derived from the full gas-saturation

map having assumed water and light gas-pore fluids. The color bar

indicates the value of the fluid bulk modulus in pascals; regions that

are dark red have an effective fluid bulk modulus close to water, and

regions dominated by blue are affected by gas saturation. Figure 10c

displays the fluid-modulus map calculated using equation 28. Figure

10d compares correlation functions extracted from the gas-satura-

tion map and fluid-modulus M map.

An important point is illustrated here. The correlation functions in

general are not interchangeable. That is, the correlation function ex-

tracted from the gas-saturation map is not equivalent to the correla-

tion function extracted from the fluid-modulus M map. There is one

instance in which they are equivalent: when the contrast of the fluid

bulk moduli is small. Figure 10e shows the modulus M map, assum-

ing water and heavy gas as pore fluids �for rock properties, see Table

2; for fluid properties, see Table 3�. This map has a variance of � MM
2

� 0.0038. Figure 10f shows the correlation function extracted from

this map �dashed line�. It coincides almost perfectly with the correla-

tion function extracted from the gas-saturation map.

Figure 11 shows frequency-dependent attenuation and velocity

dispersion calculated using two types of statistical information ex-

tracted from the fluid-modulus map in Figure 10d. The first approach

centers on using the correlation function �Figure 10d� directly in

equation 21, from which attenuation/velocity �dashed line with dots�

can be estimated by taking real and imaginary components �equa-

tions 25 and 26�. Clearly, this requires numerical integration of the

correlation function. The second approach centers on approximating

the correlation function in Figure 10d by an exponential correlation

function �with Debye correlation length derived from the images�.

By making this approximation, we can use closed-form expressions

for the saturated P-wave modulus �see Toms et al., 2006� to derive at-

tenuation/velocity �solid line�.
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Figure 10. Based on scan 10: �a� gas-saturation map; �b� effective fluid bulk modulus map; �c� fluid-modulus map; �d� correlation functions ex-
tracted from the gas percentage fluid-saturation map �solid line� and from the fluid-modulus map �dashed line�. The correlation functions ob-
tained from each type of map are not equivalent; however, at low fluid-modulus contrast, they coincide, as illustrated in �e� and �f�.
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Clearly, there is good correspondence between attenuation/veloc-

ity of both approaches when wave frequencies are low, as can be

seen by the low-frequency asymptotes of attenuation �as shown in

Figure 11a� and by convergence to Gassmann-Wood limits on veloc-

ity in Figure 11b. However, at higher frequencies the two approaches

do not produce consistent attenuation and velocity estimates; this

arises because the numerical integration routine utilized in the first

approach becomes unstable at high frequencies, causing jagged fre-

quency-dependent behavior for attenuation and velocity. However,

the second approach is reliable over the entire frequency range.

Next, we perform the same analysis but for an average gas satura-

tion of 34%. Figure 12a shows the gas saturation map, Figure 12b

shows the effective-fluid/bulk-modulus map from which a fluid-

moduli map is constructed, and Figure 12c shows the correlation

function derived from the fluid-moduli map. Figure 13 shows fre-

quency-dependent attenuation and velocity dispersion calculated

using equations 21, 25, and 26 with numerical integration of the cor-

relation function �Figure 12c� and by having approximated the cor-

relation function with an exponent. There is good correspondence

between attenuation and velocity dispersion at low frequencies;

however, at high frequencies there are discrepancies. The discrepan-

cies can be attributed to the breakdown of the numerical routine. Rel-

ative to the previous example �Figure 11�, we see that the acoustic

signatures become less pronounced at greater gas saturation.

DISCUSSION

Statistical analysis of X-ray tomography images provides useful

information on fluid distribution and rock heterogeneity. Our analy-

sis is restricted to the construction of the two-point probability func-

tion and autocorrelation function and its characteristic length scales.

Higher-order statistical measures could be obtained in the same

fashion. In particular, the so-called cluster correlation functions �see

e.g. Torquato, 2002� might reveal additional information about the

spatial connectivity of fluid patches.

Using fluid-distribution patterns and statistics obtained during

saturation experiments on core samples to infer fluid-distribution

patterns arising in the field �on reservoir scale� is a challenging task.

However, from the laboratory we can gain small insights into which

fluid processes, such as drainage, may produce certain fluid patterns

in certain reservoir rocks. Hence, we might gain insight into which

production techniques generate different types of reservoir-scale

fluid distributions �see Sengupta and Mavko, 2003�. It may also be

possible to constrain reservoir flow simulations using statistical in-

formation such as the correlation function or length obtained from

laboratory studies.

However, one must be very careful because transport properties

�such as permeability� directly influence fluid flow and hence the

generation of fluid-distribution patterns �and so the statistical de-

scription�. In particular, one difficulty in extrapolating from the lab-

Table 2. Rock properties of Mount Gambier Limestone.

Property Value

K 26 GPa

� 15 GPa

Kg 74 GPa

�g 2650 kg/m3

� 0.25

� 5e � 12 m2

Table 3. Properties of pore fluids used in the numerical
computations.

Property Value

K fw water 2.25 GPa

K f heavy gas 0.25 GPa

K f light gas 0.1 GPa

�w 990 kg/m3

� 400 kg/m3

�g 100 kg/m3

�w 1e � 3 Pa s

� 6e � 5 Pa s

� 2 3e � 5 Pa s
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Figure 11. �a� Attenuation and �b� velocity from correlation func-
tions extracted from gas-saturation map of scan 10 with average gas
saturation of 4.1%.
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oratory to the field lies in how we scale transport properties.As illus-

trated by Ehrenberg �2007�, even laboratory measurements of poros-

ity and permeability on 10-cm-diameter whole-core samples and on

2.5-cm plugs extracted from each core sample can produce signifi-

cantly different permeability estimates �see Neuman �1994� for a

discussion on permeability scaling�. Some questions to consider are

�1� how the correlation length/function of a fluid distribution pattern

is related to the transport properties of a rock and �2� how the de-

scriptive statistics �such as the correlation length/function� should

be scaled when transport properties are scaled.

Our methodology relates gas-saturation maps to our CRM patchy

saturation model through the autocorrelation function. This method

allows us to estimate the amount of phase-velocity dispersion and at-

tenuation because of the mesoscopic flow associated with frictional

loss for realistic fluid distributions. These estimates are consistent

with our current understanding of wave attenuation in patchy satu-

rated porous rocks �Toms et al., 2006, 2007�. Only a small percent-

age of gas distributed in the pore fluid is needed to produce signifi-

cant attenuation �for the rock under investigation in the ultrasonic

frequency band; Figure 11�. Conversely, larger amounts of gas re-

duce the effect of wave-induced flow �gas saturation on the order of

35%; Figure 13�.

In future work, we plan to make acoustic measurements in addi-

tion to performing saturation experiments and taking tomographic

images. However, at ultrasonic frequencies, attenuation mecha-

nisms of a different nature such as attenuation from squirt flow �Gist,

1994� or scattering �Gelinsky et al., 1998� can occur. By comparing

experimentally derived velocity and attenuation against theoretical

estimates produced using CRM �having incorporated spatial infor-

mation extracted from tomographic images�, we may gain insight

into whether mesoscopic fluid flow is a controlling factor on the

acoustic properties of partially saturated rock. Large discrepancies

between our theoretical estimates and experimental observation

may indicate that mesoscopic fluid flow does not dominate or, per-

haps, that frame heterogeneities need to be accounted for. The ad-

vantage of using CRM for this analysis is that, unlike other patchy-

saturation models �e.g., White et al., 1976�, we have defined the fluid

distribution experimentally; thus, no parameters need to be tam-

pered with to match theoretical and experimental measurements.

CONCLUSIONS

We have used fluid-distribution maps obtained from X-ray to-

mography imaging to infer relevant statistical measures that de-

scribe fluid-saturation patterns. In a second step, we used these sta-

tistical measures to model the acoustic response of the partially satu-

rated rock. Our analysis demonstrates that the autocorrelation func-

tion can be approximated well by a single Debye correlation func-

tion or superposition of two such functions. We evaluated the
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Figure 12. �a� Gas-saturation map; �b� effective bulk-fluid modulus map; and �c� correlation function for scan 15, with average gas saturation of
34.6%.
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Figure 13. �a� Attenuation and �b� velocity from correlation func-
tions extracted from the gas-saturation map of scan 15 with average
gas saturation of 34.6%.
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characteristic length scales and showed their sensitivity �and signifi-

cance� with respect to the percentage of gas saturation. We observed

an almost linear decrease of the Debye correlation length with in-

creasing gas saturation.

We concluded that correlation function and correlation length

identified from gas-saturation maps provide useful statistical infor-

mation to quantify fluid-saturation patterns and changes in these pat-

terns at the mesoscale. Hence, models based on the theory of statisti-

cal wave propagation have the potential to simulate the acoustic sig-

natures of partially saturated rocks accurately. From the limestone

sample data analyzed, we conclude that mesoscopic heterogeneity

�fluid patches� on the millimeter scale can produce significant wave

attenuation at sonic frequencies.
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