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The statistical effect of interactions which drives many-particle systems toward equilibrium
is expected to change the qualitative and quantitative features of particle creation in expanding
universe. To investigate this problem a simplified model called the finite-time reduction model
is formulated and applied to the scalar particle creation in the radiation dominant Friedmann
universe. The number density of created particles and the entropy production due to particle
creation are estimated. The result for the number density is compared with that in the
conventional free field theory. It is shown that the statistical effect increases the particle
creation and lengthens the active creation period. As for the entropy production it is shown
that it is negligible for scalar particles in the Friedmann universe.

§1. Introduction

There has been a considerable amount of work in recent years on the subject
of quantum field theory in curved spacetime, and especially on the creation of
particles in dynamical spacetime.” Most of the previous work, however, has
been concerned with noninteracting quantum fields. When we take into account
interactions of quantum fields, there appear some new phenomena. One of them
is the multi-particle production from vacuum due to the interaction terms of
Lagrangians. This phenomenon was recently studied by Birrel et al.? Another
phenomenon is the thermalization of created particles and the associated entropy
production. We study problems concerned with the latter phenomenon in this
paper.

In stationary spacetime, a closed system containing many particles generally
evolves toward an equilibrium state due to interactions after some characteristic
time whatever its initial state is. This suggests that, in dynamical spacetime,
the effect of interactions which drives the system toward equilibrium and the
effect of the dynamical change of spacetime which causes the system deviate from
equilibrium through particle creation will compete. Such non-equilibrium pro-
cesses generally produce entropy. Thus we can expect the entropy production
due to particle creation and the associated heating up of universe. Furthermore,
each quantum state (or more precicely speaking, the density matrix ) representing
an equilibrium state specified by a set of values of thermodynamical parameters
changes with time because the definition of particles changes with time in
dynamical spacetime. Hence the statistical effect of interactions, which drives
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1416 H. Kodama

systems toward equilibrium, is also expected to change the qualitative and quanti-
tative features of particle creation themselves.

The main purpose of this paper is to estimate these statistical effects of
interactions on particle creation for scalar fields in Robertson-Walker universes,
especially Friedmann universe. Since there exists no exact satisfactory formula-
tion yet which derives statistical effects of interactions from first principles,® we
study the problem by the following simplified model, which we call the finite-time
reduction model. First we divide the cosmic time into a sequence of short time
intervals [#;, ti+1], whose length called a reduction time in this paper varies from
one interval to another in general. At time ¢ = {; the scalar fields are assumed to
be in the thermal equilibrium state given by the temperature of the universe at
that time. Then the fields evolve following the free field theory in the interval [#,
ti+1]), and at f=t541 the quantum state of the fields suddenly changes to the new
equilibrium state given by the temperature of the universe at = ¢t;+1. Thereafter
the same process is repeated.

This sudden change of the state is the central point of the model, and
regarded as simulating the change of the state due to the statistical effect of
interactions during each interval which actually occurs continuously. Thus in
this model nature of interactions chiefly comes into the argument through the
length of the reduction time.

A more precise formulation is given in § 2 with some discussion on associated
various problems after a brief explanation of the motivation and the background
of the model based on the generalized master equation. In § 3 we derive the main
formulas which express the number and the entropy of created particles during
each interval by the cosmic scale factor, the temperature and the reduction time
at the interval. Then we apply these formulas to the radiation dominant
Friedmann universe and estimate the total number and the total entropy produc-
tion. In § 4 for the comparison with the result of § 3 we estimate the particle
creation from vacuum in Friedmann universe following the conventional free field
theory. The comparison is made in § 5 after the summarization of the result in
§ 3. Some cosmological implications are commented. Section 6 is devoted to
discussion. The proofs of various mathematical formulas used in the text are
given in the appendices. Throughout this paper the absolute units c=#=G=1
are employed.

§2. Formulation

In order to explain the physical background of our phenomenological model,
we first briefly review the argument which is used to show that a quantum system
containing many particles evolves in time toward equilibrium. Let H(#)= H(¢)
+ H,(t) be the Hamiltonian of the system and D(¢) be the density matrix, in the
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Statistical Effect of Interactions on Particle Creation 1417

interaction picture with respect to the free Hamiltonian H (/). We assume that
the interaction of the particles composing the system is sufficiently weak. Then
the time evolution of D(¢) is given by*

%D(t):z'IID(t), (2-1)

where ./ '/(t) is the linear operator acting on operators defined by
JBI@E_[Hu@] (2'2)

for any operator (0. Let {|v¢>} be a complete set of eigenstates of H(¢) at time
t, and let us define the projection operator &°(¢) by the action on an operator

gP(t)@Ezu:IVt><Vt|@’l/t><l/tl. (23)
In general <P(¢) should be replaced by a more general coarse grained operator.
However, since such state-coarse-graining does not play an important role in the
following, we assume the simplest form given by Eq. (2-3). After a simple

calculation we can derive from Eq. (2-1) the following generalized master
equation for D(t)=P(¢)D(¢t):*

d ~ R ~
iy D(O=L()D(1)
+H PO+ L)L ANV, 1o)(1=P(16))D(t0)
F[L)+i PO LD dt Ve, TPV +i LD,

(2-4)

where
Vit 8)=(1=P(8)| Texo [ [P0 +i0- L)L AD]at |1~ P(n)),
(2-5)
in which T denotes the time-ordered product.

In the case in which the Hamiltonian is conservative, we can assume that ¢
is time-independent. Then it follows from Eq. (2-4) that

%ﬁ(t)zz'g’@fz(t)f(/(t, t)(1—P)D( to)

+i§PI1(t)[tdt':V(t, YL (YD), (2-6)
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1418 H. Kodama

In the lowest order with respect to ./ ;, we can put ~¥/(¢, t')=~1—¢P in the second
term. Further we can show® that ./ ;(¢#)./ /(t’) vanishes for t—t"> 7, in which
7c is a characteristic time scale of the duration of particle collisions, if 7¢ is much
shorter than the relaxation time scale 7, in which the density matrix D(1)
changes significantly. Thus by the time coarse graining of the scale ¢, Eq. (2-6)
can be written as

%ﬁ(x)zﬁf%mﬁ(t) i P LTV, 8)A—P)D 1), (2-7)

where
R=i PL D) [V, O)iL ()ar (2-8)

In the usual argument in the quantum statistical mechanics,? it is assumed that
(1—P)YD(t)=0. Then since R (t) is a dissipative operator, Eq. (2-7) suggests
that D(t) approaches one of the zero-eigenvalue states of R representing an
equilibrium state, though this has not been exactly proved yet.

In ordinary systems, the assumption (1—%)D(#%)=0 is acceptable since
systems are regarded to be constantly measured with a certain spacetime ac-
curacy. However, for the systems such as the quantum fields in dynamical
spacetime we are interested in, this assumption is no longer valid. For example
consider the situation in which a universe which has been stationary experiences
an abrupt expansion during a short period and then becomes stationary again.
In this case, since the definitions of particles in the two stationary regions do not
coincide, the density matrix describing the state of quantum fields does not satisfy
the condition (1—¢P)D =0 shortly after the abrupt expansion even if this condi-
tion was satisfied before the expansion. Nevertheless this system is expected to
evolve toward some equilibrium state after a sufficiently long time as long as it
contains many particles per unit volume.

This observation suggests that the operator~l/(¢, f) has a damping property,
namely, “V(t, to)~0 for t—t>7~¥ This implies that the non-diagonal com-
ponents of the density matrix with respect to {|[v>} are smeared away by the
interaction in the time scale 7r. The central point of the arguments in the
present paper is to assume that V/(¢, ¢’) really has this property at least effec-
tively and to investigate the influence of this assumption on the particle creation
in expanding universe. Under this assumption Eq. (2-4) is written as

Fa;'pU(l‘)zg(SRUU’(t)+gyu’(t))py'(f)

St b POV, 1) PN el (2-9)
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Statistical Effect of Intevactions on Particle Creation 1419

where
()=l D()|ve> (2-10)

and R (t)=<velR(t)|v:'>, and € w-(t) denote the matrix components of the
terms linear in & in the last term of Eq. (2+4). These terms linear in & represent
the particle creation directly induced by the existence of interaction terms in the
Hamiltonian. Since we are chiefly interested in the statistical effect of interac-
tions on particle creation, we neglect these terms in the following. On the other
hand, the last term of Eq. (2-9) quadratic in P represents the genuine particle
creation due to the change of the particle definition with time and survives even
if ./ ;=0. As is seen by the comparison with Eq. (2-4), this term represents the
particle creation rate per unit time for the case in which the initial state is set at
time ¢ — 7r so that the density matrix at that time satisfies the condition (1—%)D
=(. Thus the statistical effect of interactions produced by the damping property
of “V(t, ') erases the history dependence of particle creation over time scale
longer than 7r, hence is expected to affect the essential features of particle
creation.

Unfortunately we cannot solve Eq. (2-9) directly. Thereupon we instead
study the problem by a simplified model formulated in the following which
incorporates the essential features of Eq. (2+9). Since ./ ;(¢) becomes important
only for t—t= - in “V(¢, ¢'), the last term of Eq. (2:9) can be interpreted as
representing that the particle creation occurs freely during the time scale z» and
then after this time scale the non-diagonal components of D(#) produced by this
particle creation become negligible through interactions. This means that we
can incorporate the statistical effect of interactions by simply diagonalizing the
density matrix with respect to {|v¢>} in every time interval zr. Hence we replace
Eq. (2-9) by the following model. We divide the time into a sequence of intervals
[t;, ti+1] (85t = tis1—t; ~ T is called the reduction time in this paper), and assume
that the state of the system at = is represented by a density matrix D; which
is diagonal with respect to {|ve,>}. Djii is related with D; by

Dj+1:£P(tj+1)V(j+1, j)DjV(j+1,j)_l, (2'11)

where

t;

V(j+1,j)zTexp—z'f “H(t)dt . (2-12)

tj

Hence the change of the expectation value of a physical quantity O (¢) which is
diagonal with respect to {|ve>} is given by

8 0>=<0;11>—< O
=8;0+Tr O;(V(j+1,7/)D:V(j+1, ) — D), (2-13)
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1420 H. Kodama

where
CO»p=Tr @ij, (2-14)
8,0=Tr 0;..D;—Tr O;D; . (2-15)

The first term 8; O in Eq. (2-13) represents the change of < 0> due to particle
creation and the second term represents the change due to interactions. To study
the particle creation following this model in detail we must specify the types of
fields and the spacetime structure of universe, assign the well-defined operators to
physical quantities concerned, and introduce further simplifications.

In the present paper we only consider scalar fields in a spatially flat Robert-
son-Walker® universe with a metric

ds®=R(7)*(— dy*+ dx?). (2-16)

From now on we always work with the conformal time 7 unless otherwise stated,
which is related with the physical time ¢ by

t:f"R(v’)drz’. (2-17)

We assume that there exists sufficiently abundant background matter in the
universe compared with the scalar particles concerned. Hence the interactions
of the scalar particles with the background matter play the central role, and
consequently the reduction time 8#(=R67) is determined by these interactions.
Further we assume that the thermal equilibrium of the scalar particles with the
background matter is reached within the reduction time, and D; is expressed as

D;=Z;' exp[— (H;— 1:N;)/ T5];
Z;=Trexp[— (H;—1:N;)/T5], (2-18)

where N is the number operator for the scalar fields, ¢ is the chemical potential
of the scalar particles and 7T is the temperature of the universe. Then if the
chemical reaction is sufficiently slow, Eq. (2:13) can be written as

855K O>=8;0 +(N;—T< O>;)85¢, (2-19)

where A, and I'; are the creation and the annihilation rate of the quantity < 0>
through the chemical reactions. In contrast if the chemical reaction is very
rapid, we can assume the chemical equilibrium at each time ¢= ¢ and 8;< O has
no relation with &; O.

As the physical quantities we only consider the number and the energy of
particles. One important problem we are interested in is how much the universe
is heated up by the particle creation. To study this problem, as is shown below,
it is convenient to take Q=RH as the basic quantity in stead of H itself.
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Statistical Effect of Interactions on Particle Creation 1421

Suppose that the background matter is composed of only massless particles,
and let H®® and D®® be their Hamiltonian and density matrix, respectively.
Then, since the total energy is conserved through interactions, it follows from
Eq. (2-13) that

Tr(Hj+1Dj)+Tr(HJB+Gl ?G):Tr(Hj+le+l)+Tr(H]Bf1D?El . (220)

Noting that Tr(H?P¢D3%) can be written as CR;*7;* with a constant C, we can
rewrite Eq. (2:20) as

(Qj+1>“<Qj>+C(Rf+1Tf+1_Rj4Tj4):3jQ, (2'21)

where R;=R(7;). From this equation we find that the sum of &8;Q over all
intervals is related only with the initial and the final state of the universe.
Furthermore the third term in the left-hand side, the background matter part, is
directly related with the change of entropy of the background matter.” From
these facts, we call d;Q the entropy production due to particle creation.

If the number production and/or the entropy production due to particle
creation is sufficiently large, they affect the temperature and the expansion of the
universe. In this case we must determine 7Tj+1, #;+1 and Ri+1 from 7y, ¢#; and R;
step by step. The prescription for this is given by Eq. (2:19) for O =N,
Eq. (2:21) and one of the Einstein equations, [(Ri+1— R;)/07 ~ R;*=(87/3)R;*0;
(where p is the total energy density of the universe).?

The remaining task in the formulation of our model is to specify the oper-
ators H and N, and the eigenstates {|v:>} explicitly. For that purpose we first
recapitulate the fundamental formulas for the quantum free scalar fields in a
Robertson-Walker universe. For the sake of simplicity we write down the
formulas only for a single neutral scalar field in this section. If we want to
discuss multiple fields and/or charged fields, we only have to sum up the quan-
tities corresponding to each component field in the final expressions.

The Lagrangian density of a neutral scalar field ¢ in a curved spacetime with
a metric gw is given by

L =—5/=g| a0+ (m+ 55 )8), (2-22)
where m is the mass of the field, & is the Ricci scalar of the metric g, and £ is
the coupling parameter of the scalar field with the geometry. In the spatially flat
Robertson-Walker universe given by (2-16), ./ is written as

L =L RIF7 0,806 — (m*R*+ ER )], (223)

where the dot denotes the differentiation with respect to the conformal time 7.
We quantize ¢ following the usual canonical scheme.” In order to avbid the
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1422 ‘ H. Kodama

familiar difficulty® associated with infinite volume, we limit the field in a finite
coordinate volume V =L® by the periodic boundary condition in the intermediate
stage of calculation and take the V -0 limit in the final expressions. Then we
can express ¢ by creation and annihilation operators, ¢, ' and g, as follows:

¢(n, x)=R(7)™" %(fk(v)‘yk(x)ak + /(7)Y p(xHa,"), (2-24)

where & runs over the lattice points given by (2#/L)n with integer vectors n, and
Yy(x)=V 12k, (2-25)
The mode functions {f,(7)} in Eq. (2-24) are a set of solutions of the equation
[t 07, =0; (2-26)
Q=P +m R+ (E-DR'R,  (k=|kl) (2-27)
and satisfy the normalization condition
fefe = e fa=t. (2-28)

Each choice of a set {f,(7)} determines one Fock representation of ¢.

Since H and N should commute with each other in order that the chemical
potential is well-defined, the specification of H entails that of N and {jv,>}.
Namely it is the most natural to take as {|v,>} the Fock basis diagonalizing H(7)
at time 7, and as N the corresponding number operator. Thus we only have to
give H. As is clear from the above consideration, H should be the canonical
Hamiltonian. However, as is well known, this requirement does not determine
H uniquely in dynamical spacetime due to the freedom of the choice of the
canonical variable.” In spatially flat Robertson-Walker universe this freedom is
represented by the momentum dependent canonical transformation

61 (1)=A, (1), (1), (2-29)

where ¢, (7)=lvd®x¢(n, 2) Y, (x). Let us specify the mode functions {f ey (7)}
corresponding to the Fock basis at 7=7", {|vs>}, by the ratio of f ,(7") to f,(n"),
—ipty, 7, (1, >0 and 7, is real):

S = (it ¥ 7)) fuiy at =7 (2-30)

Then we can easily show that the Fock representation which diagonalizes the
canonical Hamiltonian corresponding to ¢, is characterized by the following
choice of y, and 7,:%

=R PR ERTR A, A, 2R AL (RAL T +(R7'A, YAy , (2:31)
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Statistical Effect of Intevactions on Particle Creation 1423

VkZ_R/lk_l(R_l/ik)', (2-32)

where A, represents the contribution to the Hamiltonian from the total deriva-
tive term of the Lagrangian which can be added arbitrarily.

What is interesting is that we can limit the freedom of the choice of A, (#7) and
A,(7) by the general conditions resulting from the requirement that our for-
malism is consistent. One condition is that the Fock bases {|v,>} at different
times should span the same Hilbert space. The other condition is the finiteness
of the entropy production 6@ at each time interval. The first condition imposes

the following constraint on 7, :'”

Ye=0(k).  (k~) (2-33)
Applying this constraint to Eq. (2-32), we obtain
Ap=R+o(£'?). (f~00) . (2-34)

On the other hand, as is shown in Appendix A, the second condition yields the
constraint on A, :

A,=0(1). (k~o) (2-35)

Since we can unfortunately find no principle to determine the small- £ behavior of
A, and A,, we will take from now on the simplest choice, suggested by Eqgs. (2-
34) and (2-35):

A, =R, A,=0. (2-36)

Another problem associated with the specification of H is the well-known
divergence problem.'” In general in curved space time the regularized
Hamiltonian is composed of the normal material part and the vacuum polariz-
ation part.'® The latter part becomes important only in the era in which the
spacetime curvature scale is of the order of Planck length.'® However, as will
be discussed later, our model is not applicable to such an era. Thereupon we
neglect the vacuum polarization part and assume that the normal-ordered
Hamiltonian with respect to the Fock representations which diagonalize the
Hamiltonian at each time yields a good approximation of the genuine regularized
Hamiltonian henceforth.

To summarize, we take as H the canonical Hamiltonian obtained by taking
# =R¢ as the canonical variable. Then the mode functions {fri(m)}
corresponding to the Fock representation diagonalizing this Hamiltonian at 7
= p; are specified by the conditions

1y = 2e(n5), 7, =0. (2-37)
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1424 H. Kodama

Let a}) and ag;) be the creation and the annihilation operators corresponding to
these mode functions. Then the particle number operator at 7=17;, N;, and the
Hamiltonian at 7 =7;, H;, are expressed as follows:

Nf:% Ny s N 1)= Qo @ri) » (2-38)

}I_;':Rj_1 % Qk(”j)Nk(j) . (2'39)

Finally for later applications let us express 6N and 8@ in terms of the
Bogoliubov transformation coefficients,” @) and B, between the two Fock
representations at #=»; and 7=7;+1. These coefficients are defined by the
relation

Jre0(7) = @riy o) (1) + Brin fran(n)* (2-40)

which is equivalent to the relation
Ay +10= Qo) Ay~ B @) - ‘ (2-41)

Substituting Eqgs. (2-38), (2-39) and (2-41) into Egs. (2-15) for N and Q, we
obtain the following expressions for the basic quantities:

ajN = %lﬂk(i)'z [1+2 TI‘( Dij(j))], (2 42)
5:‘Q:%[-Qk(%+1),,8k(j),2{1+2 Tr(DiN p;))} +(8:2:)Tr(DiN p;))], (2-43)

where 6;82:.=Qu(75+1)— 2x(7n;). The first terms in Eqgs. (2-42) and (2-43) cor-
respond to the particle creation from vacuum, and the second terms to the induced
creation due to the existénéé of particles.? In contrast, the third term in Eq.
(2-43) represents the kinematical entropy production due to the time dependence
of 2x(7), and has no relation with particle creation.

§ 3.  Particle creation in the finite-time reduction model

In this section we evaluate the number and the entropy production of created
particles in expanding universe by the finite-time reduction model formulated in
§ 2. First of all we remark on the applicable range of this model. In this model
it is assumed that newly created particles come in thermal equilibrium with the
background matter of universe within the reduction time scale. This assumption
holds only when the reduction time &¢, which is the order of the characteristic
time scale of interactions, is much shorter than the cosmic expansion time scale
Texp = R/(dR/dt), namely, the condition

5t/fexp<<1 (3'1)
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Statistical Effect of Interactions on Particle Creation 1425

is satisfied. Thus our model is applicable only to the period in which this
condition is satisfied. In the period in which 8#/zexp>1 interactions of particles
are effectively frozen and the particle creation should be evaluated by the
conventional free field theory.
First we evaluate the particle creation during each reduction time interval

[7,7+ 87n] without specifying the expansion law of the universe. We omit the index
of intervals from now on. In order to eliminate the artificial volume dependence,
we rewrite Eqgs. (2-42) and (2-43) into the density forms. Let us write N and
8Q as VO(R*ne) and VS (R*ec). Further we replace X2, by the integration
(27)*Vid*k. Then after a short calculation we obtain the following formulas:

(o= gk [ e [ BT

a(R‘pc):—Z% f0 ”dkkzgklﬁkl%% fo " AR Qul B (eI T — 1)

(8R2e) (™ ™IT—1)7", (3-3)

where
=RZQ* =R+ m*+(E—1)R°R . (3-4)

Since we assume the condition (3+1), we only consider the lowest order effect
in 0t/rexe. In this approximation the Bogoliubov coefficient Bx in the interval
[7, 7+87] is given by (see Appendix A)

Ib’kfzz—*——smz(Qk&i) (3-5)

where 87 =38#R. Substituting this equation into Egs. (3-2) and (3-3), and chang-
ing the integration variable from £ to x =.2./mR, we obtain

S(R¥ne)=L+1L; (3-6)
2
1 mR f dx smz(mRé‘ﬂx) (3-6a)
2
1 mR f dxr——— smz(mRam)(e'”/T—l)‘l, (3-6b)
and
3(R4Pc):[3+14+[5; (3'7)

. oo S a2
L= m2R2f1 dele—sinz(mR&?x), (3-7a)

1
8r?
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. 0 /a2
14:4—71rz—m2R2f1 dx—x;z—l sin®(mRSOnx (™' T —1)7", (3-7b)
lsz}%m‘Rakap[”dx\/ﬁﬂ (em=T—1)" . (3-7¢)

We have set #=0 in these equations because we assume that the scalar particles
are in chemical equilibrium with the background matter for 7> m, and I, 1. and
Is can be neglected compared with L and Iz for T<m in the first order approxi-
mation. It is not difficult to write down the corresponding formulas for the
general case ¢ +0 in the following.

In order to estimate the integrals we consider the following three cases. The
necessary mathematical formulas are given in Appendix B.

(1) T>m and mRSn<1
From Egs. (B+5), (B-9), (B-12), (B-13) and (B-15) it follows that

8(R3WC) ~ 1,3 < 1 l) ’ .
op SRR\t a7 0, )07 (3-8)
5(R4.00) ~ 4 D2 D2 (i__ _ ) L_T
o RR{Sn r=In(mRdn) )+ 557 m}a”
. 2
+1—12m‘R3R(—£> . (3-9)

where 7 is the Euler constant.

(ii) T>m and mRSn>1
From Egs. (B-4), (B+11) and (B-13) it follows that

S(Rne) . mR*( 1 1 l)i (3-10)
o7 R \256x ' 607° m/dn’

8(R4.Oc) - 2 .2< 1 1 T) 1 " ( T)Z . .
51 MR\ T as6x m)on T 12 B (31D

(ii1) T<m and mRon>1

In this case the temperature-dependent terms become negligible due to the
factor (e™*'T—1)7" even in the chemical equilibrium case and only the first terms

of Egs. (3-10) and (3-11) survive:

S(R°ne) 1 mR* 1
87 2567 R 07’ (3-12)

5(R4PC)~ 1 252 L
Sp  48x° m'R* 5 877 (3-13)
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To sum up the contributions from each time interval [7;, 7;+1] given by Egs.
(3-8)~(3-13) to obtain the total amount of the number and the entropy produc-
tion of created particles, we must specify the expansion law of universe. As
explained in § 2, exactly speaking, the change of the cosmic scale factor is coupled
with the particle creation through the Einstein equation. Hence R and 7 (and
¢ if necessary) are determined step by step taking into account the effect of
particle creation. However, when we only want to estimate whether such
backreaction effect of particle creation is negligible or not, it is sufficient to
calculate neglecting the backreaction on R and T and assuming that the back-
ground matter is closed itself. If the resultant total energy and the entropy
production of created particles are negligible compared with the energy of the
background matter, this assumption is justified and the corresponding result of
calculation can be considered to give a good approximation. Following this idea
we next evaluate the particle creation in the fixed radiation dominant Friedmann
universe.

The cosmic scale factor R{(#7) for the radiation dominant Friedmann universe
is given by® "

RZ%O, (3-14)

normalizing R as unity at Planck time #=1 (7 =2), where the physical time ¢ is
related with the conformal time 7 by

t=—n%. (3-15)

The temperature of the universe at time 7 is given by®
T=T«/R=2Tx/n, (3-16)

where T4 is the temperature at Planck time, which is expressed by the number of
particle species g at that time as
1

7;222Z<

2773 )—1/4

45 g (3‘17)

We assume that the reduction time 6¢ is equal to the characteristic interac-
tion time 7t of the scalar particles with the background matter. Furthermore
we assume that the interactions are of the gauge field type with a universal
coupling constant ~+v'a, following the recent trend of particle physics. Then zint
(=1/<ov>mes; mec denotes the number density of the background particles in-
teracting with the concerned scalar particles) is given as
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— T‘zlx i az}sz for T>m (3-18a)
Tint == 1 2
T s for T<m, (3-18b)

where % denotes the number of particle species which have masses smaller than
the temperature 7 and participate in the interactions. We assume that ka®< go?
< 1. Thus the condition (3-1) is in the present case expressed as

1 )

ZhTwn <1 for T>m, (3-19a)
Z'lnt/Z’ex;:»2 2

Z%@ for T<m . (3-19b)

In general the statistical weight % changes with time. In most cases we can
safely put =g for T>m and h=hn (the value of h at T~m) for T<m in
Eq. (3-19). Thus we find that our model is applicable in the period

1 461/21’Lm T*3 —

UiEang* 7« e =7r. (3-20)

Especially from this we obtain the constraint on the mass:
m<<M52a/2v ghm T*220.4Q2V l’lm . (3'21)

Taking ¢=10"% and &»=10% for example, Eq. (3:21) yields the condition m<5
X10" GeV. Particles with mass m > M never come in thermal equilibrium with
the background matter and their creation can be evaluated by the conventional
free field theory.

Now we evaluate the total amount of particle creation in the Friedmann
universe. Since 6t =R07< zexs, We can replace the summation of 6(R*xnc) and
8 (R*oc) at each time interval by the integration of & (R*#nc)/07 and 8 (R*0c) /07 in
terms of 7. According to the cases (1)~ (iii) in the estimation of §(R*n¢) and
0(R*o:) we divide the period (3:20) into three sub-periods. Then the total
amounts of the number and the entropy of created particles in each sub-period are
given as follows:

(i) 7:=(a®gT«)'Ky<2a’ i T+/m
(A is the value of % at the time mRoyp=1)

U Y 1 .
A(R’ne)= 1287[61/ hTem+ 1872 Tim, (3-22)
A 4 ~ 1 5 4 2 2 ] 2 2 1 4 2 4

(R0c)= 827\ 6 7 7)e h*Ts*m +1287z'a Juu T » m+_*48a/ AT, (3-23)
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Statistical Effect of Interactions on Particle Creation 1429

In order that this sub-period exists, m must satisfy the condition
m<2a*gh T+*>=0.40" /g . (3-24)
(ii) 2&*I Tx/m<n<2T./m

4.\~ 2 _1 ) _ 1 )

A(R* ne)~z15—a hzT*mln< =)+ o= Tem, (3-25)

A(R*0e) =gy @® o T? m+—k athm1n< 1 )+iT‘(1— I’
)= 9612 s Mt plox @ Pl ath ) Tag T l—a' ),

(3-26)

where /4. is the mean value of % in this sub-period. In the case in which
m>2a*gh: T** and the sub-period (i) does not exist, we should replace In(1/a?/)
by In(2a’gT+*/m) in Egs. (3-25) and (3-26).

(ili) 2T «/m<n<K4a’hnT®Im*=7s

5, vy~ 1 2 .
A(R %c)—1024”a hnTsm , (3-27)
1
A(Rspc )= 9672 ahm Tim . (3‘28)

In order that this subperiod exists, m must satisfy the condition

m<L2a* hm T+* . (3-29)

Note that the major parts of 4(R*nc) and 4(R*pc) in this subperiod are created
around T ~ m since 6 (R*nc)/87 and 8 (R*p.)/S7 are monotonic decreasing func-
tions of 7 as is seen from Eqgs. (3-12) and (3-13).

§4. Free particle creation in Friedmann universe

For the later comparison with the result in the finite reduction-time model, we
evaluate the scalar particle creation in the radiation dominant Friedmann
universe in the conventional free field theory.” We assume that the field is a
neutral scalar field and that the definition of particles at each time is given by the
simultaneous Hamiltonian diagonalizing one given in § 2. Furthermore in this
section we only consider the particle creation from vacuum, i.e., we assume that
the initial state of the field is the vacuum state at the starting point of the
universe.

The equation for the mode functions (2-26) is expressed in this case from Eq.
(3-14) as
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fk+(k2+%m2;72)fk:o. (4-1)

Note that this equation has no singularity at 7 =0, the big-bang point of the
universe. This is the reason why we can set the initial condition for the field at
7=0. By setting x=+v'm7n and a=— k¥ /m, Eq. (4-1) is transformed to

f£’+<711—x2~'a)fk:0, (4-2)

where the prime denotes the differentiation with respect to x. Solutions of Eq.
(4-2) are written as linear combinations of the parabolic cylindrical functions
E(a,x) and E(a, x)* (see Ref. 14)). Let Xu(7) be the solution of Eq. (4-1)
expressed by E(a, x) as

Xw(n)=(E(a, x)/E(a,0))*, (4:3)

and define ox by
0x=iXx(0)=ivm(E (a, 0)/E(a, 0))* . (4-4)

Then the Bogoliubov coefficients B:(7) between the mode functions at 7 =0 and
7 specified by Eq. (2-30) with u¢a®>=Q.*=F+ m*5?/4 are given by'”

Iﬂk(ﬂ)lzzﬁ'gl’%lmy (4-5)

where Re o denotes the real part of 6. and 9 is given by

D =—i(on— BN Xe*+i2: X2*)— i(0x* + E)( X+ Q0 X2). (4-6)

The number density of created particles at time 7 is given by the first term
of Eq. (3-2) in the present case. Unfortunately we cannot perform the k-integra-
tion exactly. Therefore we ought to be satisfied with a rough estimate obtained
by replacing |B:]> by its asymptotic expansion for 7>1/vm. After a little
elaborate calculation using the asymptotic formulas for E(e, x) and E'(a, x),**
we find the following approximate expression for |8:/:

4,2
Zo6ay  for k>mn, (4-7a)
|Bs/* =~ 8m1277“ for m**n'? < k< my , (4-7b)
1/2
Zlk gla) for E<m**p"?, (4-7¢)

where
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_ 4How/v'm|X|0x/v'm—]d]|
g(ﬂ)‘ (1+62na)1/2(Re O.k/my . . (48)

Note that g(a) is regular at a¢=0.

Substituting Eq. (4-7) into the first term of Eq. (3-2) and performing the
integration, we obtain the estimate for the number density # of created particles
at 7>1/m:

Ranzz—}ﬁfowdwlﬂklz

N 1 m 1 m m3/2 Yy _
153677 7 19277 ,7+16,,sz d(—a)g(a), (4-9)

where each term corresponds to the contribution from each range of 42in Eq. (4-7)
in order. Noting that g(«) has the asymptotic behavior

1 ~_ .
g(a) 128|al7/2 , ((l OO) (4 10)

we can see that the particle creation stops for 7>1/v'm (¢£>1/m), and eventually
R?®n approaches a constant:

3/2

R*u— m*? X const . (7—00) (4-11)

This result for the total number of created particles coincides with the one
obtained by Audretsh and Schifer for a different initial condition,'® though the
spectra are different. We can find the era during which the particle creation is
most active from the comparison with Frolov et al.’s calculation for the case
7<€1/vm.'*® They showed for this case

Rn~gism’R’. (4-12)
The right-hand side of Eq. (4:9) is a decreasing function of 7 for 7>1/v'm and the
right-hand side of Eq. (4-12) is an increasing function of 7, and both give the same
order of values at 7~1/v'm, which is proportional to m*?. Thus we can con-
clude that, in the conventional free field theory, the particle creation of scalar
particles in the Friedmann universe is most active around 7~1/vm, namely
around the compton time ¢~ 1/m.

§ 5. Statistical effect of interactions on particle creation

First we summarize the characteristic features of particle creation in the
finite-time reduction model estimated in § 3. Equations (3-8)~(3-13) with Eqgs.
(3-14) and (3-16) show that the particle creation occurs most actively around
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mRSn~1 (9 ~2a®h T+/m) and makes its pace down slowly in the period (ii)
(2a%h: T /m<p<2Ts«/m), and ceases when 7T<m. Note that a comparable
amount of particles are created in the period (iii) { 7<m) compared with the
previous periods, as is seen from Eqgs. (3:22)~(3-28). Some implication of this
fact will be discussed later. Another feature we can notice from these equations
is that as for the number the contribution from the induced particle creation (the
second terms in Eqgs. (3:22) and (3-25)) is greater than that from the vacuum
creation (the first terms) by the factor 1/e*# in the stage T > m.

Concerning the total amount of created particles, both the number 4(R*nc)
and the entropy production 4(R*oc) are proportional to the mass of the scalar
particles (see the first and the second terms of Eqgs. (3-22)~(3-26), and Eqgs. (3-27)
and (3:28)). Especially the entropy production due to particle creation is much
smaller than the kinematical entropy production (the third terms of Egs. (3-23)
and (3-26)) under the constraint on the mass (3-20). This kinematical term is
further smaller than V'R Tr(HB D*)=R*0"°=(222/15)gT+* since a?h<l.
Therefore from Eq. (2-21) we can conclude that the entropy production due to
particle creation, hence its effect on the temperature, is negligible for scalar
particles in the radiation dominant Friedmann universe.

In the stage T > m, this means that the effect of particle creation on the time
evolution of the universe is negligible since in this stage the temperature com-
pletely determines the energy density of the universe including the contribution of
the scalar particles concerned. In contrast, in the stage 7 <m, the scalar
particles go out of chemical equilibrium with the background matter within some
time after 7~ m. Hence there is a possibility that the particles created after T
~m survive and make the universe matter dominant even when the universe is
matter-anti-matter symmetric. In the real universe with a small baryon excess,
however, we can show that such an effect does not become importantsin any stage.
In fact, after short calculation, it is shown that the mass of the scalar particles
must be larger than 10° GeV in order that the mass density of the surviving
created particles exceeds the mass density due to the baryon asymmetry. We
can show that these massive particles decay away before their energy density
exceeds the radiation energy density unless the decay life is extraordinarily long.
Therefore we can conclude that the created particles affect the cosmic expansion
only through the entropy production even in the stage T <m, hence such effect is
negligible.

Now we compare these features with those in the conventional free field
theory discussed in § 4. The most important difference of them is the time
variation of particle creation. As shown in §4, the particle creation in the
conventional theory occurs most actively around compton time ¢~1/m (7 =7
~1/m). In contrast, it continues until after T~ m (7 =7m~2 T«/m) in our model.
Since 7=> 7. in the mass range (3-21), we find that the period in which particle
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Statistical Effect of Interactions on Particle Creation 1433

creation actively occurs is lengthened when the interactions of the particles with
the background matter are taken into account.

Next we compare the number of created particles. Since we have assumed
in § 4 that the field is initially at vacuum state, we should compare the result of
§ 4 with the first terms of Egs. (3:22), (3-25) and (3-27) (the particle creation from
vacuum). The total number of created particles is proportional to #** in the
conventional case, and to s in our model. The latter is larger than the former
from the condition (3:20). Further the first terms of 4(R*nc) in § 3 increase if
the interaction is effectively made stronger by increasing the value of @. These
observations show that the statistical effect of interactions increases the number
of created particles, and the stronger the interactions are, the larger the number
becomes.

Finally we comment on a cosmological implication of the lengthening of the
active particle creation era in the finite-time reduction model. Recently a pos-
sibility has been actively studied by many authors that the cosmological baryon-
anti-baryon asymmetry can be explained by the baryon-number nonconserving
processes in the grand unified gauge theories.'” In these arguments heavy
bosons which decay through C and CP violating interactions and produce baryon
number play an important role. Here we estimate the baryon number production
due to the decay of such heavy bosons created in the T <m stage.

Let us suppose that heavy bosons X with mass mx produce a baryon number
AB per one boson by decay. We assume that these particles are sufficiently
heavy and come out of chemical equilibrium with the background matter soon
after T~mx. Then Eq. (3:27) yields the following estimate of the baryon-to-
entropy ratio produced by the decay of X-bosons created after 7~ m:

. (1/5127)ax*h,, T«mx
ity (47%/45)g T+

X NxdB

~7X 10-4axz<ﬂ*~)<l"i>z<ﬂ)NXAB : (5-1)
g T s

where Nyx is the number of species of X-bosons. If we put, for example, ax’
=107%, hn=¢=200, mx=5%X10"*m«>=5X%X10" GeV, Nx=50 and 4B=10"% we
obtain #ns/n,=10""2. Though this value is a little smaller than the required value
us/n,=10"8~107"°, this result indicates yet that the particle creation may play an
important role in the problem of cosmological baryon number production, taking
into account the roughness of our estimation of particle creation.

§6. Discussion

In this paper we have formulated the finite-time reduction model in order to
study the statistical effect of interactions on particle creation in expanding
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universe, and applied it to scalar fields in the radiation dominant Friedmann
universe. We have shown that the particle creation increases if this statistical
effect is taken into account, and furthermore the active era of particle creation is
much lengthened, compared with the result in the conventional free field theory.
Especially we have shown that a comparable amount of particles are created in
the period 7T < m compared with the preceding period, and this result may play an
important role in the problem of the cosmological baryon number production.

The most important new aspect opened by the finite-time reduction model is
that we have become able to discuss the entropy production due to particle
creation and its backreaction on the time evolution of universe. Unfortunately
it has been shown that the entropy production due to the scalar particle creation
in Friedmann universe is small compared with the entropy of the background
matter, and hence its backreaction is negligible. However there is a possibility
that this type of entropy production may play an important role in other situa-
tions,'® such as in the exponentially expanding era of the universe suggested in
connection with the GUT first-order phase transitions.'®

In spite of these fascinating features of the finite reduction model, the validity
of this model, in other words, the reality of the statistical effect of interaction
asserted in § 2, is an open problem at present. In connection with this problem
the recent arguments'® in the measurement theory for quantum mechanics are
very interesting. In these arguments it is suggested that uncontrolable interac-
tions of macroscopic systems with the surroundings may play an essential role in
the explanation of the wave packet reduction. Since the essential features of the
problems are quite similar in the explanation of the wave packet reduction and
in our problem, these arguments indicate that our problem might be solved in the
same line as the problem of the measurement theory. Anyway the further
progress in the fundamental physics is required to convince ourselves with the
validity of our model completely.
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Appendix A

The purpose of this appendix is two-fold: one is to show that the condition
of 850 being finite leads to the choice A=0 in Eq. (2-31) and the other is to
derive the formula (3-5). Both are based on the study of the behavior of the
Bogoliubov coefficients 8. For simplicity we write the concerned interval as [7o,
7] and express the values of various quantities at 7 and 7 by the suffices 0 and
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1, respectively, and omit the momentum suffix £ Then, as shown in Ref. 10), the
Bogoliubov coefficient in this interval is expressed as

@2

2 __ .
|B, - 16/10/11902 y (A 1)

where

[9)) :Ql‘/%[gl sin @+9)2cos @+ i(Dssin @+J) s cos @)], (A-2)

1

Qo

Ql=ﬂlm+ﬂoﬁ+2uo$l , (A-2a)
D2=2(11120— 021 B1?), (A-2b)
_ 2 190 & Py Lo )
@3—2(90.{219@1 /lo,U1)+ 2 .Qo .Ql Ql .Qo , (A 2C)
P R N . :
5)4—9091 QIQOQ% 2905 -, (A-2d)

in which we have put ¥ =0 following the argument in § 2. @ is given by

o= ["Brr*emar, (A+3)
and 9 (7) is the solution of the nonlinear equation
QN Q' BY+(A+1-BHB=0; Bn)=1, B(n)=0, (A-4)
where
_._5‘ -6 2\ 2_L —4 2\ .
A—16.Q [(£2%)] 4.(2 (22, (A-5)

By setting #=% —1, the integral equation corresponding to Eq. (A-4) is written
as
- 7 7
wlny=—+["sin(2 (s an")
X[(1+ (2 N )+ u(n ) q(uln )N]R2(7" Ydn', (A-6)

where q(u)=u(34”+8u+6)/(1+ u)

First we study the finiteness condition of 6. Since Tr D;Ney) damps
exponentially for large £ due to the factor exp(— H/T) (see Egs. (2-18) and
(2-43)), this condition is equivalent to
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St alult < oo (A7)

Here we have used the fact that the expression for 6 for the general case is
given by replacing 2 by # in Eq. (2-43). Noting that B =1+0(k*) and B
=O(k3)for large % (see Eqgs. (4:20) and (4-21) in Ref. 10)), we obtain the
following asymptotic estimate for ). :

Dr=0(F"), Da=0(k),

25 2 (02 0+ Ok,

_ 2
@2_-/104‘[11(/11 Ho ) ..Q +.Q

2o 2 .
(2= 0)+ O(K™). (A-8)

D3=2(L20"—pto®)+ (to® —11%) +

/1+/1

Since #, 2~ O(k), the condition (A7) is rewritten as |9 [*=0(1). Thus from Eq.
(A-8) we obtain the following constraint on #:

12=82%+o(1). (k~c0) (A-9)

Since u?= 2%+ A from Eq. (2-31) (note we adopted A, = R), this constraint yields
A=0(1). (k~00) (A-10)

This means that it is mést natural to put A=0.

Next we prove that |B«* is given by Eq. (3-5) in the lowest order in 8#/Zexp.
We put A=R and A=0 in Eqgs. (2-31) and (2-32), hence tx=2: from now on.
Then from Eq. (A-6) we obtain k

| B/ P1|< Q287 . (A-11)

Rewriting £,%— 2% as (£2?)67 and using Eq. (A-11), we obtain the following
estimates of & .:

D =(2°)/Q[1+ O(St/rexs)], ' (A-12a)
@2:492u[1+ O(at/fexp)], (A'12b)
D=1 lQ—’L[H Otfrexs)], (A-12¢)
9 =4[ -3 ML N5) 200+ 0(otfre?, (A-120)

where u=% —1. To proceed further we must consider the cases 672<1 and
0782 >1 separately.
(1) J8782<1 case. In this case from Eq. (A-6) it follows that
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w=—5Q* (87"

St E L )

u>2u/én . ‘ (A-14)

From these equations we find

3
92 cos @/ D sin O= (:gz). 877!2 =O< 0! ><<1,

Texp

Dssin @+Dacos P= O(( exp) )<<1 (A-15)

Estimate (A-15) means that &) =) I.Sin @ in the lowest-order approximation.
(ii) 6782>1 case. In this case, R/R>87>1/Q and

u~ 0(L2A67). (A-16)

From these we obtain the following estimates:

09 o{ G- o L)

Texp
Ds /@1~0((“Q Y )~0(m;§2 RI;><<1,

0,19~ o( G ar) ol g B2)

O( mgéez 1‘2/”R)+ 0(52(130 £f><<1. (A-17)

Thus again 9)i-term dominates in ). (i) and (ii) show that &) =), sin @ in the
lowest-order in 8#/rexs, which leads to Eq. (3-5).

Appendix B

In this appendix we estimate the integrals L1~/ which appeared in § 3.
These integrals are classified into three types:

J)= [ drE lsmz(/ix) (nz4) (B-1)
KA, B)= [ dx¥E L “1 Gin2e) e =1, (n=4) (B-2)

Low)Efl”dr/xZ—l(e“—l)* . (B-3)
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First let us consider J»(A). Since we cannot perform the integration exactly, we
seek the asymptotic behavior of J» for A1 and AK1. For A>1 we can replace
sin®*(Ax) by 1/2 and obtain

A Zfd”* ‘F< 1> (A>1) (B-4)

8 nt+t1l\"
P(z)

For AL, if n=5, we can apply Lebesgue’s theorem and obtain

e sz '(5-2)
Jn~a® [T artE 2.
)
2
For AK1 and »=4, we must make a little delicate argument. We divide the
integrand into two parts:

(A1, n=5) (B-5)

Jo= [T sint ) + [ 9x_in?(Ax). (B-6)

By Lebesgue’s theorem the first term is estimated as
[Tt 1 L sin?(Ax)~ 4" [ dx ———Vxlx 2L (B-7)

The second term is expressed by the cosine integral function Ci(x) by partial
integration. Using the asymptotic expansion formula for C; (x),'¥ we obtain

smz(ﬂx) _1 sin’A Lsin24 _ .
f xS g 51— Cild)
%-7—111(2/1), (A<1) (B-8)

where 7 is Euler constant. Equations (B+7) and (B-8) yield

JiS—y=In(24).  (A<1) (B-9)
Next we estimate K» and Le. Let Ln(8) be
Vxi-1
xﬂ

Ln(ﬁ)sffdx (ef*—1)" (B-10)

Then Lebesque’s theorem yields
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SLa(B)  for 231, (B-11)

Kn(A, B)’V{
A2Ln_2(B) for AK1. (B-12)

Thus we only have to examine the asymptotic behavior of L.(8). We are

interested only in the case 8€1. For #=2 we can apply Lebesgue’s theorem to
Eq. (B-10) directly to obtain

Lu(B)~p [ ar L —Yx )
)

B~ (BK1, n=2) (B-13)

Equations (B-11)~(B-13) yield the required asymptotic estimate of Kn(A, 8).
For »n=0 we change the integration variable from x to /=gx:

Li(®)=" [ dty/ = (e 1), (B-14)
Then again by Lebesgue’s theorem we obtain
Y . 71,2
Lo(,é’)%"zf0 dt tle' =17 ="pp". (<) (B-15)
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