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PURPOSE: To cons ide r  the problem o f  e s t i m a t i n g  a d e c r e a s i n g  f a i l u r e - r a t e  f u n c t i o n  

from a censored  o r  t r u n c a t e d  sample.  

APPROACH AND RESULTS: I n  the "burn-in" p r o c e s s ,  i t e m s  whose f a i l u r e  r a t e  i s  a s -  

sumed t o  dec rease  w i t h  t i m e  are pu t  on t es t  (bu rn t - in )  u n t i l  a f i x e d  amount of 

t i m e  h a s  e l apsed  ( t r u n c a t e d  sampling) o r  u n t i l  a f i x e d  number o f  f a i l u r e s  have 

occur red  (censored  sampl ing) .  The purpose i s  t o  i d e n t i f y  and e l i m i n a t e  poor-  

q u a l i t y  o r  d e f e c t i v e  i t e m s .  There i s  ample ev idence  t o  show t h a t  t h e  assump- 

t i o n  of d e c r e a s i n g  f a i l u r e  rate i s  v a l i d  f o r  a v a r i e t y  o f  t y p e s  of equipment.  

The f a i l u r e - r a t e  f u n c t i o n  i s  e s t ima ted  under q u i t e  g e n e r a l  c o n d i t i o n s .  

I n  p a r t i c u l a r ,  t h e  form o f  t h e  unde r ly ing  l i f e  d i s t r i b u t i o n  need no t  be  known. 

The maximum-likelihood estimate o f  t he  fa i lure- ra te  f u n c t i o n  i s  ob ta ined  under 

t h e  s o l e  assumption t h a t  t h i s  f u n c t i o n  i s  d e c r e a s i n g .  

conf idence  bound on t h e  f a i l u r e  r a t e  a t  t h e  end o f  t h e  bu rn - in  p e r i o d  i s  de- 

r i v e d ,  assuming on ly  t h a t  t h e  f a i l u r e  r a t e  a t  t h e  time i s  no g r e a t e r  t h a n  t h e  

f a i l u r e  r a t e  throughout  t h e  pe r iod  o f  o b s e r v a t i o n .  The maximum-likelihood 

est imate  and t h e  conf idence  bound are  ob ta ined  f o r  bo th  t r u n c a t e d  and censored  

sampling.  

A c o n s e r v a t i v e  upper 

BACKGROUND: This s tudy  o f  r e l i a b i l i t y  assessment  methods w a s  done by RAND f o r  t h e  

N a t i o n a l  Aeronau t i c s  and Space A d m i n i s t r a t i o n ' s  Apollo R e l i a b i l i t y  and Q u a l i t y  

O f f i c e .  It  c o n t i n u e s  r e s e a r c h  r epor t ed  by t h e  a u t h o r s  i n  RM-4749-NASA, Maximum 

Like l ihood E s t i m a t i o n  and Conserva t ive  Confidence I n t e r v a l  Procedures  i n  

R e l i a b i l i t y  Growth and Debugging Problems, J anua ry  1966. 
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T h i s  Memorandum i s  a product of RAND'S c o n t i n u i n g  i n t e r e s t  i n  

t h e  e s t i m a t i o n  of  r e l i a b i l i t y  and r e l a t e d  q u a n t i t i e s .  The f o c u s  h e r e  

i s  on t h e  "burn-in" phenomenon. The work i s  a c o n t i n u a t i o n  of  r e s e a r c h  

on t h e  e s t i m a t i o n  of r e l i a b i l i t y  growth and of debugging r e p o r t e d  by 

t h e  a u t h o r s  i n  RM-4749-NASA [l]. 

T h i s  Memorandum should be of i n t e r e s t  t o  s t a t i s t i c i a n s ,  e n g i n e e r s ,  

and o t h e r s  concerned w i t h  v a r i o u s  a s p e c t s  of r e l i a b i l i t y .  

Two of t h e  a u t h o r s ,  Richard E .  Barlow and Frank Proschan ,  have 

been c o n s u l t a n t s  t o  t h e  RAND Corporat ion.  The Appendix w a s  w r i t t e n  

by A l b e r t  Madansky of  t h e  Market P l a n n i n g  C o r p o r a t i o n ,  former ly  a 

s t a f f  member of and now a c o n s u l t a n t  t o  The RAND Corpora t ion .  
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T h i s  s tudy  d e a l s  w i t h  t h e  "burn-in" p rocess .  In  t h i s  p r o c e s s ,  

items whose f a i l u r e  ra te  i s  assumed t o  d e c r e a s e  w i t h  t i m e  are  p u t  on 

t e s t  ( b u r n t - i n )  u n t i l  a f i x e d  amount of t i m e  h a s  e l a p s e d  ( t r u n c a t e d  

sampling) o r  u n t i l  a f i x e d  number of  f a i l u r e s  have occurred  (censored 

sampl ing) .  The purpose i s  t o  i d e n t i f y  and e l i m i n a t e  p o o r - q u a l i t y  o r  

d e f e c t i v e  i t e m s .  

For  bo th  o f  the modes o f  obse rva t ion  d e s c r i b e d ,  w e  p rov ide  a 

c o n s e r v a t i v e  upper  conf idence  bound f o r  t h e  f a i l u r e  r a t e  a t  t h e  t i m e  

t h e  burn- in  p r o c e s s  e n d s ,  and t h e  maximum l i k e l i h o o d  estimate (MLE) 

of t h e  f a i l u r e - r a t e  f u n c t i o n .  

These r e s u l t s  are v a l i d  under q u i t e  g e n e r a l  c o n d i t i o n s .  I n  

p a r t i c u l a r ,  w e  do n o t  r e q u i r e  t h a t  t h e  form of  t h e  l i f e  d i s t r i b u t i o n  

be known. The MLE i s  ob ta ined  under  t h e  s o l e  assumption t h a t  t he  

f a i l u r e - r a t e  f u n c t i o n  i s  dec reas ing .  The conf idence  bound i s  ob ta ined  

under  t h e  even weaker assumption t h a t  t h e  f a i l u r e  r a t e  a t  t h e  t i m e  

o b s e r v a t i o n  ends  i s  no l a r g e r  than  t h e  f a i l u r e  ra te  throughout  t h e  

p e r i o d  of o b s e r v a t i o n .  
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1. INTRODUCTION 

The phenomenon of  ' ' in fan t  m o r t a l i t y "  h a s  been observed i n  t h e  

a n a l y s i s  o f  l i f e - t e s t  d a t a .  It a r i s e s  when t h e  f a i l u r e  r a t e  i s  h i g h  

d u r i n g  t h e  e a r l y  per iod  of l i f e  and lower f o r  a l ong  pe r iod  t h e r e -  

a f t e r .  The h i g h  e a r l y  r a t e  may r e s u l t  from contaminat ion  o f  t h e  

popu la t ion  o f  s t anda rd  i t e m s  by a small pe rcen tage  o f  poor -qua l i ty  

o r  d e f e c t i v e  i t e m s  t h a t  tend t o  f a i l  soon a f t e r  they  a r e  p u t  i n t o  

o p e r a t i o n .  To i d e n t i f y  and e l i m i n a t e  t h e  d e f e c t i v e  i t e m s ,  a prac- 

t i c a l  measure o f t e n  adopted i s  to "burn i n "  ( i .e. ,  pu t  on t e s t )  a l l  

i t e m s  f o r  t h e  pe r iod  o f  i n f a n t  m o r t a l i t y .  From t h e  d a t a  so o b t a i n e d ,  

it i s  o f t e n  d e s i r e d  t o  make a conf idence  s t a t e m e n t  concern ing  the 

f a i l u r e  rate t h a t  e x i s t s  a f t e r  burn-in h a s  been completed,  o r  t o  

o b t a i n  t h e  maximum l i k e l i h o o d  e s t i m a t e  (MLE) of  t h e  f a i l u r e - r a t e  

f u n c t i o n ,  o r  bo th .  

T h i s  Memorandum shows how t o  c o n s t r u c t  such a conf idence  s t a t e -  

ment and t h e  MLE based on e i ther  a t r u n c a t e d  s a m p l e  ( o b s e r v a t i o n  ends  

a t  a f i x e d  t i m e ,  say  T) o r  on a censored  sample (obse rva t ion  ends  a f t e r  

a f i x e d  number of f a i l u r e s ,  s a y  r ,  have occur red ) .  S ince  i t  i s  a 

compl ica ted  mat ter  t o  compute a conf idence  l i m i t  f o r  t h e  f a i l u r e  rate 

i n  t h e  t r u n c a t e d  s a m p l e  c a s e ,  the Appendix p r e s e n t s  a program f o r  

machine computat ion developed by A l b e r t  Madansky. Examples  are 

worked o u t  f o r  bo th  censored  and t r u n c a t e d  sampling t o  make t h e  

r e s u l t s  a s  clear as  p o s s i b l e .  To s i m p l i f y  the e x p o s i t i o n ,  a s m a l l  

s ample  s i z e  and s m a l l  (and thus  p o s s i b l y  u n r e a l i s t i c )  f a i l u r e  t i m e s  

were d e l i b e r a t e l y  chosen f o r  t hese  examples.  
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2 .  REALISM OF THE DECREASING FAILURE-RATE MODEL 

There i s  a m p l e  e m p i r i c a l  ev idence  t o  v a l i d a t e  t h e  model of  a 

d e c r e a s i n g  f a i l u r e - r a t e  f u n c t i o n  f o r  c e r t a i n  c l a s s e s  of  equipment.  

Mast [8] g i v e s  f a i l u r e - r a t e  c u r v e s  f o r  s e v e r a l  t y p e s  of  subassembl ies .  

H i s  d a t a  f o r  a i r l i n e  e l e c t r o n i c  and e l e c t r o m e c h a n i c a l  subassembl ies  

y i e l d  a d e c r e a s i n g  f a i l u r e  r a t e .  I n  a comprehensive s u r v e y ,  von Alven 

and Blakemore [ll] conclude t h a t  semiconductors  e x h i b i t  a d e c r e a s i n g  

f a i l u r e  r a t e .  Holden [ 6 ]  s ta tes  t h a t  p r e s e n t l y  a v a i l a b l e  d a t a  i n d i c a t e  

t h a t  i n t e g r a t e d  c i r c u i t s  have a f a i l u r e  r a t e  c l o s e  t o  t h a t  o f  a Weibul l  

d i s t r i b u t i o n  w i t h  a shape f a c t o r  of 0.5; i . e . ,  t h e  f a i l u r e  ra te  f o r  

i n t e g r a t e d  c i r c u i t s  a p p a r e n t l y  d e c r e a s e s  w i t h  t i m e .  
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3 .  CONFIDENCE BOUNDS 

T h i s  S e c t i o n  d e r i v e s  confidence bounds on t h e  f a i l u r e  r a t e  of  

i t e m s  s u r v i v i n g  t h e  burn- in  per iod .  

f a i l u r e  r a t e  a t  t h e  t i m e  burn-in ends  ( a t  t i m e  T i n  the  t r u n c a t e d  

sampling case, o r  a t  t h e  t i m e  of t h e  rth f a i l u r e  i n  t h e  censored 

sampling c a s e ) ,  w e  may make a s ta tement  of  t h e  form 

That  i s ,  i f  w e  d e n o t e  by h t h e  

The s t a t i s t i c  U ,  a f u n c t i o n  of  the o b s e r v a t i o n s ,  i s  c a l l e d  a conserva-  

t i v e  1 0 0 ( 1 - ~ ~ )  p e r c e n t  upper  confidence bound on A. 

The f o l l o w i n g  r e s u l t s  w i l l  b e  needed. 

THEOREM: L e t  (a )  be a n  o b s e r v a t i o n  on a random v a r i a b l e  ( i n  

g e n e r a l ,  vec tor -va lued)  having  d i s t r i b u t i o n  f u n c t i o n  G(y,0), w i t h  0 

a one-dimensional  parameter ;  (b) Q(YJ be a one-dimensional s t a t i s t i c  

based on t h e  observed v e c t o r  y; ( c )  p(;(YJ) be a lOO(1-CY) p e r c e n t  

upper  conf idence  bound on 0, where p(u) i s  a d e c r e a s i n g  f u n c t i o n ;  

(d) 5 be a n  o b s e r v a t i o n  on a random v a r i a b l e  (vec tor -va lued)  having  

d i s t r i b u t i o n  f u n c t i o n  F(x,0) ; and ( e )  g(YJ be s t o c h a s t i c a l l y  l a r g e r  

than ;(a. Then 

t h a t  i s ,  p ( g ( 9 )  i s  a c o n s e r v a t i v e  lOO(1-a) p e r c e n t  upper conf idence  

bound on 0, t h e  parameter  of the d i s t r i b u t i o n  F.  
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A 

C o r o l l a r y :  (1) I f  p(u) i s  an  i n c r e a s i n g  f u n c t i o n  and e(XJ i s  
A 

s t o c h a s t i c a l l y  l a r g e r  than Q(3, t h e  same r e s u l t  f o l l o w s .  (2)  I f  

p(u) i s  a d e c r e a s i n g  f u n c t i o n ,  p ( G ( 3 )  i s  a lOO(1-CY) p e r c e n t  lower 

confidence bound on t h e  parameter  8 of G ,  and g ( X J  i s  s t o c h a s t i c a l l y  

l a r g e r  than g ( 3 ,  then  p ( g ( 3 )  i s  a c o n s e r v a t i v e  lOO(1-CY) p e r c e n t  

lower conf idence  bound on t h e  parameter  8 of  F.  (3)  I f  p(u) i s  an  

i n c r e a s i n g  f u n c t i o n ,  p(i(YJ) i s  a l O O ( 1 - C Y )  p e r c e n t  lower conf idence  

bound on t h e  parameter  8 o f  G ,  and i(XJ i s  s t o c h a s t i c a l l y  smaller 

than  g(YJ, then  p ( i ( X J )  i s  a c o n s e r v a t i v e  lOO(1-a) p e r c e n t  lower 

confidence bound on t h e  parameter  8 of  F .  

The theorem and i t s  c o r o l l a r y  a r e  proved i n  Barlow, Proschan ,  

and Scheuer [l]. 

bounds. We c o n s i d e r  both censored and t r u n c a t e d  sampling p l a n s .  

These r e s u l t s  w i l l  now be used t o  o b t a i n  t h e  d e s i r e d  

3 . 1  CENSORED SAMPLING 

Under a censored sampling p l a n ,  n i t e m s  a r e  p u t  on t e s t  ( o r  b u r n t - i n )  

and s u c c e s s i v e  l i f e - l e n g t h s  X1 S X2 S . .. S X 

s p e c i f i e d  i n  advance. ( I f  r = n ,  then  t h e  f u l l  s a m p l e  h a s  been observed.)  

a r e  observed ,  where r i s  r 

I n  t h e  censored sampling p l a n  f o r  e x p o n e n t i a l l y  d i s t r i b u t e d  

l i f e t i m e s  w i t h  f a i l u r e  rate A ,  it i s  w e l l  known ( E p s t e i n  and Sobel  [3]) 

t h a t  an  upper lOO(1-CY) p e r c e n t  conf idence  l i m i t  f o r  t h e  f a i l u r e  rate,  

based on t h e  censored  o b s e r v a t i o n s  Y1, Y2, ..., Y is given  by r 

3 

2 Here, a s  u s u a l ,  X (m) d e n o t e s  t h e  loopth p e r c e n t i l e  of  t h e  c h i - s q u a r e  

d i s t r i b u t i o n  w i t h  m d e g r e e s  of  freedom. 
B 
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Now i f  X i s  a random v a r i a b l e  w i t h  d i s t r i b u t i o n  F(*) and f a i l u r e -  

rate f u n c t i o n  h ( * )  such t h a t  h ( t )  2 X ,  then X i s  s t o c h a s t i c a l l y  sma l l e r  

t han  Y ,  a random v a r i a b l e  having t h e  exponen t i a l  d i s t r i b u t i o n  w i t h  

f a i l u r e  rate 1. F u r t h e r ,  the  weighted sum x5xi + (n-r)Xr] i s  

s t o c h a s t i c a l l y  smaller than  t h e  cor responding  weighted sum 
c 

r/[zf., + (n-r)Xr i s  s t o c h a s t i c a l l y  [ c y Y i  + (n-r)Yr , so t h a t  8(XJ = 1 1 
l a r g e r  than  g(YJ. 

l e t  

To use  the  n o t a t i o n  of t he  theorem and i t s  c o r o l l a r y ,  

Then by p a r t  1 of  t h e  c o r o l l a r y ,  p(Q(XJ)  i s  a c o n s e r v a t i v e  lOO(1-cy) 

p e r c e n t  upper conf idence  bound on 1. 

To sum up ,  i f  X1 < X2 C . .. < X a r e  censored  o b s e r v a t i o n s  from r 

a d i s t r i b u t i o n  w i t h  d e c r e a s i n g  f a i l u r e  ra te  a t t a i n i n g  t h e  v a l u e  X 

a t  time X then r y  

( 4 )  

i s  a c o n s e r v a t i v e  lOO(1-cy)  percent  upper  conf idence  bound on 1. T h i s  

r e s u l t  does  n o t  r e a l l y  r e q u i r e  t h a t  t h e  f a i l u r e - r a t e  f u n c t i o n  be 

d e c r e a s i n g  -- only t h a t  i t  be bounded below by h over  the  t i m e  i n t e r v a l ,  

[O,Xr] , i n  which o b s e r v a t i o n s  a r e  t aken .  

EXAMPLE: Consider  t h e  f i r s t  6 t i m e s  t o  f a i l u r e :  4 ,  9 ,  11, 18, 

2 7 ,  3 8 ,  assuming n = 10 i t e m s  a r e  p u t  on tes t  i n i t i a l l y .  A c o n s e r v a t i v e  

95% upper  conf idence  bound f o r  the f a i l u r e  rate a t  t i m e  38 i s  given by 
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2 

- 21*026 = -0406; 
x. 95 (12) 

2[4+ 9+ 11+ 18-t 27 + 38+ 4(38)]  - 518 

a c o n s e r v a t i v e  go"/, upper  conf idence  bound i s  g iven  by 

n 

3.2 TRUNCATED SAMPLING 

I n  a t r u n c a t e d  sampling p l a n ,  n i t e m s  a r e  p u t  on t es t  ( o r  b u r n t - i n )  

and success ive  f a i l u r e  t i m e s  X 

a f i x e d  t r u n c a t i o n  ( o r  burn- in)  t i m e  T. The number r of f a i l u r e s  

S X2 S . .. 5 X 1 r are observed p reced ing  

observed i s  random. 

Bartholomew [2] h a s  g iven  t h e  d i s t r i b u t i o n  of t h e  MLE, 6, of t h e  

mean, 8 ,  of an  e x p o n e n t i a l  d i s t r i b u t i o n  based on a sample of n 

t r u n c a t e d  a t  t i m e  T ,  assuming a t  least  one observed  f a i l u r e .  The 

MLE i s  given by 

* 

= [ x 5 X i  + (n-r)T]/r 

where r i s  the  number of observed f a i l u r e s .  H i s  r e s u l t  i s  

* 
Bartholomew u s e s  t h e  e x p r e s s i o n  " t ime-censored sample" i n s t e a d  

of " t runca ted  sample. 
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where p2,(*) i s  t h e  c h i - s q u a r e  d e n s i t y  w i t h  2k d e g r e e s  o f  freedom and 

2k 
e 0 

X = - max[O,B -T(n-k+i) /k]. (7) 

A l b e r t  Madansky h a s  w r i t t e n  a computer program t o  implement 

Bartholomew's r e s u l t  (see Appendix). 

gram i s  a lower conf idence  limit f o r  t h e  mean l i f e  of a n  e x p o n e n t i a l  

d i s t r i b u t i o n ,  based on a t r u n c a t e d  s a m p l e .  T h a t  i s ,  i f  8 (9) 

sa t i  sf ie s 

The o u t p u t  of Madansky's pro-  

0 

-1 and i f  Q (.) e x i s t s  and i s  an i n c r e a s i n g  f u n c t i o n ,  then  
0 

o r  

-1 A 

Equat ion  (9) s ta tes  t h a t  eo (0) i s  a lOO(1-cy) p e r c e n t  lower c o n f i d e n c e  

l i m i t  on 8.  S i n c e ,  f o r  t h e  e x p o n e n t i a l  d i s t r i b u t i o n ,  t h e  mean, 8 ,  

and t h e  f a i l u r e  ra te  1, a r e  mutua l ly  r e c i p r o c a l ,  E q .  (9) can be 

r e w r i t t e n  t o  y i e l d  a lOO(1-a) p e r c e n t  upper  c o n f i d e n c e  l i m i t  on 1: 

Thus , Madansky's computer program p r o v i d e s  conf idence  l i m i t s  f o r  

t h e  mean o r ,  a l t e r n a t i v e l y ,  f o r  t h e  f a i l u r e  ra te  o f  a n  e x p o n e n t i a l  

d i s t r i b u t i o n ,  based on a t r u n c a t e d  sample. 
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To our knowledge, Madansky's program i s  t h e  f i r s t  t o  p rov ide  

t h e s e  limits p r e c i s e l y .  The computa t iona l  d i f f i c u l t y  of  s o l v i n g  

E q .  (9)  h a s  i n  t h e  p a s t  f o r c e d  dependence on approximate s o l u t i o n s  

whose accuracy i s  n o t  known. The program, t h e n ,  i s  u s e f u l  f o r  

t r u n c a t e d  sampling from e x p o n e n t i a l  d i s t r i b u t i o n s ,  b u t  ou r  i n t e r e s t  

i n  i t  stems from i t s  a p p l i c a b i l i t y  t o  more g e n e r a l  s i t u a t i o n s ,  a s  

w e  w i l l  now show. 

From E q .  ( 6 )  w e  see t h a t  Pe[g 2 eo] i n c r e a s e s  w i t h  8. From the 

d e f i n i t i o n  of e o ( e )  ( E q .  (8)) w e  see that f o r  8 < e ' ,  

Since  CY = P ' [6  2 8 ( e ' ) ] ,  then  e o ( 8 )  s e o ( e ' ) ;  t h a t  i s ,  8 ( - 1  is an  e 0 0 

i n c r e a s i n g  f u n c t i o n .  The f o l l o w i n g  diagram may c l a r i f y  t h i s  argument. 

t 

0 
0 
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-1. -1 Thus eo (.) ex i s t s  and i s  an  i n c r e a s i n g  f iunct ion,  and hence l / B o  ( - )  

ex i s t s  and i s  a d e c r e a s i n g  func t ion .  

Now w e  c o n s i d e r  sampling from a d i s t r i b u t i o n  w i t h  f a i l u r e - r a t e  

f u n c t i o n  h ( . )  such t h a t  f o r  0 S t S T ,  h ( t )  2 h(T) = h say .  The 

argument o f  Sec.  3.1 f o r  the censored case shows t h a t ,  f o r  each  v a l u e  

of r ,  Q(3 i s  s t o c h a s t i c a l l y  smal le r  than  8(YJ. I f  w e  i d e n t i f y  p($)  

w i t h  l/Qil(e",, w e  can app ly  ou r  Theorem and conclude t h a t  p(e^(X))  - i s  

a c o n s e r v a t i v e  lOO(l-Or> p e r c e n t  u p p e r  conf idence  bound on 1, t h e  

f a i l u r e  r a t e  a t  t i m e  T .  

EXAMPLE: Suppose n = 10 i t e m s  are p u t  on test (o r  bu rn t - in )  and 

f a i l u r e s  are observed  a t  t i m e s  4 ,  9 ,  11, 18, 2 7 ,  38 p reced ing  a f i x e d  

t r u n c a t i o n  t i m e  T = 50. We compute 

1 6 = a [ 4 + 9 +  11+ 1 8 + 2 7 + 3 8 + 4 ( 5 0 ) ]  = 51.1666. 

F o r  CY = .05 and CY = . l o ,  r e s p e c t i v e l y ,  Madansky's program y i e l d s  

.03510 and .03116 a s  conse rva t ive  95% and 90% upper  conf idence  bounds 

on A, t h e  f a i l u r e  r a t e  a t  t i m e  T = 50. 
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4 .  MLE OF A DECREASING FAILURE-RATE FUNCTION 

Marshal l  and Proschan [7] have d e v i s e d  a procedure  t o  o b t a i n  t h e  
A 

mE, h ( . ) ,  o f  a d e c r e a s i n g  f a i l u r e - r a t e  f u n c t i o n ,  h ( * ) ,  based on a 

f u l l  s a m p l e .  

sampling s i t u a t i o n s ;  t h i s  s e c t i o n  rev iews  t h e s e  r e s u l t s  a s  t h e y  apply  

t o  censored and t r u n c a t e d  s a m p l e s .  

Proschan [ lo]  h a s  extended t h i s  procedure  t o  more g e n e r a l  

W e  f i r s t  d e s c r i b e  t h e  procedure t o  o b t a i n  t h e  MLE, h ^ ( * ) ,  f o r  a 

censored  sample. 

a t r u n c a t e d  s a m p l e ,  a s  w e  s h a l l  i n d i c a t e .  

Only a s l i g h t  a d d i t i o n  i s  r e q u i r e d  f o r  t h e  case of  

A 

The MLE, h ( - ) ,  i s  a s t e p  f u n c t i o n ,  c o n s t a n t  between o b s e r v a t i o n s ,  

L e t  Z i  be the  t o t a l  t i m e  on t es t  between t h e  and obta ined  as f o l l o w s .  

(i-1) 

t h e  ordered t i m e s  to  f a i l u r e  observed from t h e  s a m p l e  of s i z e  n ;  and 

s t  and t h e  ith f a i l u r e ,  i = 1, ..., r ;  X S X2 S . .. S X d e n o t e  1 r 

l e t  Xo = 0. 

..., Z r  = (n-r+l)(Xr-Xr-l) .  

then  

Thus,  Z = nX 1’ Z2  = (n- l ) (X 2 1  - X  ) ,  . .. , Z i  = (n- i+ l )  (Xi-Xi-l)  , 1 
-1 -1 -1 I f  i t  happens t h a t  Z 1 

2 Z2 2 ... 2 Z r  , 

< t 5 X i ,  i = 1, ..., r .  -1 (11) { ( t )  = z i  , xi-l 

then form t h e  -1 -1 
j 

I f  a r e v e r s a l  e x i s t s ,  i .e . ,  f o r  some j ,  Z 

a v e r a g e  

< Z j + l ,  

I f  

-1 
2 ... 2 zr , -1 -1 z1 2 ... 2 z 2 [ ( Z . + Z  ) / 2 P  2 z-1 j -1 J j+l j +2 

then  
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-1 
A 

( z i  , Xi-l  < t < x i ,  f o r  i = 1, ..., j -1 ,  j+1, ..., r 
(13)  h(t) = 

j+2 

I f  n o t  , con t inue  t h e  "averaging" procedure  u n t i l  a d e c r e a s i n g  sequence 

h a s  been ob ta ined .  The end r e s u l t  w i l l  be o f  the form 

N o  estimate of  h ( * )  i s  made beyond Xr i n  the censored  sampling c a s e  

because  no o b s e r v a t i o n s  a re  a v a i l a b l e  i n  that  i n t e r v a l .  

Fo r  t h e  c a s e  of a t runca ted  s a m p l e  there i s  a n  i n t e r v a l  (X,,T] 

beyond t h e  l a s t  observed f a i l u r e  t i m e ,  X,, i n  which no  f a i l u r e  i s  

observed .  

a s  f o r  a censored  s a m p l e .  

The MLE, h ^ ( * ) ,  on the  i n t e r v a l  [O,X ] i s  ob ta ined  e x a c t l y  r 
A 

F o r  t > X r ,  h ( t )  = 0. 

EXAMPLE: Consider  a g a i n  the d a t a  of  t he  examples o f  Sec. 3 .  

I n  a censored  sample,  s ix  times t o  f a i l u r e  were observed -- 4 ,  9 ,  11, 

1 8 ,  27,  38 -- from n = 10 items i n i t i a l l y  pu t  on t e s t .  We a r r a n g e  

t h e  c a l c u l a t i o n s  f o r  t h e  MLE a s  f o l l o w s .  
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i 
-1 

‘i Xi Z i  = (n- i+ l )  (Xi- Xi-1) 

4 
9 

11 
18 
27 
38 

10.4 = 40 
9.5 = 45 
8.2 = 16 
7.7 = 49 
6 .9  = 54 
5.11 = 55 

.0250 

.0222 

.0666 

.0204 

.0185 

.0182 

There i s  a r e v e r s a l  between t h e  i n i t i a l  estimates f o r  t h e  second and 

t h i r d  i n t e r v a l s ,  so w e  e l i m i n a t e  t h i s  r e v e r s a l  by forming a s  common 

e s t i m a t e  f o r  t h e s e  i n t e r v a l s ,  [(45+ 1 6 ) / 2 ] - l  = .0328. Now t h e r e  i s  

a r e v e r s a l  between t h e  e s t i m a t e  f o r  t h e  f i r s t  i n t e r v a l  and t h e  new 

e s t i m a t e  f o r  t h e  second and t h i r d  i n t e r v a l s  t h a t  w e  j u s t  combined. 

We e l i m i n a t e  t h i s  r e v e r s a l  by forming,  a s  a common e s t i m a t e  f o r  t h e s e  

t h r e e  i n t e r v a l s ,  [ (40+ 45+ 16) /3]- l  = .0297. 

a l l  r e v e r s a l s  and have a s  t h e  MLE of  h ( * ) ,  based s o l e l y  on t h e  assump- 

t i o n  t h a t  h ( * )  i s  d e c r e a s i n g ,  

We have now e l i m i n a t e d  

.0297, 0 s t 5 11 

.0204, 11 < t s 18 

.0185, 18 < t 5 27 { ( t )  = 

.0182, 27 < t s 38. 

No e s t i m a t e  of h ( . )  i s  made f o r  t 2 38, s i n c e  no d a t a  are a v a i l a b l e  

f o r  t h a t  i n t e r v a l .  

I n  the example of Sec.  3 f o r  a t r u n c a t e d  s a m p l e ,  we supposed t h e  

same sample s i z e  and f a i l u r e  times a s  a b o v e ,  w i t h  cont inued  observa-  

t i o n ,  b u t  no more f a i l u r e s ,  u n t i l  t h e  t r u n c a t i o n  t i m e ,  T = 50.  The 

MLE i n  t h i s  case i s  given by E q .  (15) f o r  t h e  i n t e r v a l  [0,38],  and 

h^(t) = 0 f o r  t > 38. 



- 13- 

Appendix 

A LOWER CONFIDENCE LIMIT FOR THE PARAMETER OF THE EXPONENTIAL 
DISTRIBUTION BASED ON TIME-CENSORED DATA 

* 
A l b e r t  Madansky 

I n  [2] Bartholomew d e r i v e d  t h e  sampling d i s t r i b u t i o n  of 6 ,  t h e  

maximum l i k e l i h o o d  e s t i m a t o r  of t h e  mean of an e x p o n e n t i a l  d i s t r i b u t i o n  

based  on t ime-censored d a t a  where a t  least one f a i l u r e  h a s  been 

obse rved .  I n  t h e  s i m p l e s t  c a s e ,  where t l ,  ..., t are independent  n 

o b s e r v a t i o n s  on a random v a r i a b l e  wi th  d e n s i t y  f u n c t i o n  

f ( t )  = - e -'e, 0 5 t < Q) e 

w i t h  t h e  r e s t r i c t i o n  t h a t  t is observed on ly  i f  t 5 T ,  t h e  maximum 
i 

l i k e l i h o o d  e s t i m a t o r  of 8 is  

where 

1 i f  t .  S T ,  i = l ,  ..., n 

0 i f  ti > T ,  i = 1, ..., n; 

a = {  1 
i 

and 

n 
r =x ai. 

i=l 

* 
The a u t h o r  wishes  t o  acknowledge t h e  s t i m u l a t i o n  o f  Harold Gruen, 

t h e  encouragement of E r n e s t  Scheuer,  and t h e  h e l p  o f  Margare t  Ryan i n  
deve lop ing  t h i s  program. 
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The d i s t r i b u t i o n  f u n c t i o n  o f  8,  g iven  r 2 1, i s  g i v e n  by Eq. (6).  
A 

To o b t a i n  a lower conf idence  l i m i t  8 f o r  8 based on t h e  d i s t r i -  L 
A 

b u t i o n  of 0 ,  one must s o l v e  the  equa t ion  

$(2[k&(n-k+i)T]/ iL ,2k) , 

where 

"X 
-t  p -1  

d t ,  i f  x 2 0 e 
(v-1) ! 

i f x < O  

and Y i s  t h e  d e s i r e d  conf idence  c o e f f i c i e n t .  

A computer program was d e v i s e d  t o  s o l v e  Eq. (18) u t i l i z i n g  t h e  

fo l lowing  f e a t u r e s  : 

1) S ince  some i t e r a t i v e  procedure  must be u t i l i z e d ,  t h e  program 

a d o p t s  t he  procedure  d e s c r i b e d  i n  [9] and programmed by W .  F rank  i n  

FORTRAN. I n  i t s  usage a t  RAND t h e  program i s  a s u b r o u t i n e  c a l l e d  GRT, 

which i n  t u r n  c a l l s  a s u b r o u t i n e  AUX, which embodies t h e  e q u a t i o n  t o  

be so lved .  
A 

2) Our program u s e s  as a s t a r t i n g  v a l u e  f o r  GRT t h e  v a l u e  o f  8. 

Perhaps  b e t t e r  s t a r t - v a l u e s ,  such a s  t h e  lower conf idence  l i m i t  f o r  

8 i n  t h e  uncensored c a s e ,  would a p p r e c i a b l y  speed up convergence ,  b u t  

ou r  expe r i ence  w i t h  t h i s  s t a r t - v a l u e  l e a d s  u s  t o  f e e l  t h a t  i t  i s  

p r a g m a t i c a l l y  adequa te .  
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3) To evaluate the chi-square integrals (19) in the computation 

of (18) we use two Hastings approximations given in [ 4 ]  and [5]. 

Their maximum error is .0003. These approximations are embodied in 

a subroutine called CHISQ. 

A listing of the program follows. 

$IHF f C  TCFDf) 

c T I M 5 - C E N S l l * t ? l ~  F X P O N F N T  I A L L Y  I ~ I S T R I f l l J T t I ~  I I A T A  
C L O ~ F R  c r i ry r I i ) fNcE I _  I M I  r F O R  REI_ I A H I L I T Y  S A S F I )  ON 

D I M t i N S  I O N  
COMMON N C A P r T H A T r I  *GAM 
R E A D  l r N * N C A P v T  
R E A D  2 v ( X (  I )  , I = l r N )  
R E A D  3 r G 4 M  
x iu = I\! 
X NC A P = NS A IJ 
T H A T  = ( X N C A P - ~ N ) : : ~  
S X I  = 0. 
00 4 I = 1 r N  

X ( 100 1 r C  ( 2 

4 S X I  = S X I  + X ( I )  
T H A T  = ( S X I  + T H A T I / X Y  
C ( l ) = l r n / T H A T  
C A L L  G R T ( l r C V I N r 0 )  
X L I M = l m / C ( l )  
P R I N T  ~ ~ N C A P I N I T I G A M T T H A T I X L I M  

1 F f l R M A T f Z I 5 r k l 0 o 5 )  
2 F O R M A T ( t 3 F 1 0 . 5 )  
3 F O H M A T ( k 1 0 . 2 )  
6 F O R M A T ( l H 0 2 1 5 ~ F 1 0 ~ 5 t ~ l ~ ~ 2 r ~ ~ Z ~ ~ 8 )  

END 
d I R f T C  A t l X  

S I I S H O I ~ T I N E  A I j X (  R T I F R T  1 
COMMON N C A P I T H A T I  [ * G A M  
I F ( R T o G T o O m )  GO TO 10 
F R T  = 10,* *20  
R E T U R N  

10 s = 0. 
XN=MCAP 
C l = l .  
c2=1 .  
DO 1 I = l r M C A P  
I I = I + l  
X I = I  
C l = C l * f  X M - X I + 1 .  ) / X I  
DO 1 K = l r I I  
X K = K - 1  
I F f K . E ( S . 1 )  GI1 T O  6 
C2=C7*! X I -  X K +  1 / XK 
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