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A mathematical technique is introduced to sum the iteration series which occurs in the
electron gas theory by Montroll and Ward. As a result summation over ring diagrams be-
comes easier to perform than the case of Montroll and Ward. The binary kernel of Lee
and Yang is expressed as a sum of kernels which are solutions of integral equations obtained
by iteration. This formalism provides a method to calculate the binary kernel. The grand
partition function is calculated by solving the integral equation and is applied to the calcula-
tion of the Debye-Hiickel equation of state.

§ 1. Introduetion

Systematic perturbation theory follows directly from an analysis of the pro-
pagator k™ (ry, By; 71, B1) =k (2,1) which has the property

§[)(r2: 52) = j;k(m (7”2, .82; 7y, 81)¢ (7‘1, ,81) d3N7‘1 .

Here 7, and 7, schematically represent respectively the values of the 3N position
coordinates of the particles §; and ($,. The parameter B is 1/kT, T being the
temperature and % the Boltzmann constant. ¢ is the wave function or character-
istic function of the Hamiltonian H. It can be shown™? that k(2,1) satisfies
the Green’s function equation

i By _ .
[ H |2 D =06 =)0 (a0, 1-1)

the operator in the parenthesis operates on the variables 7, and f,.
Let us write

H=H,+ H, (1-2)
and

k(2,1)=k((2,1) +%(2,1), 1-3)

where H, is the free particle Hamiltonian and %,(2,1) the free particle propaga-
tor which is the solution of

9 S (B B8 (rn Q.
[5§;+H0<2>]k0<2,1>—6<ﬁz B8 (r—71). 1-4)

Substitution of (1-2), (1-3) and (1-4) into (1-1) gives
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Statistical Mechanics of Interacting Systems 1193

B2, 1) = — j L [izko (2, 3) F, (3) £ (3, 1) drydlB, .
Thus '
B2 1) =k (2,1) — j L Bjko (2, 3) Hy (3) £ (3, 1) & rydls , (1-5)
which can be solved by iteration:

B
B2 1) =k (2, 1) j L ko (2, 3) Hi (3) ko (3, 1) d*rydBy

+ f fﬁz f Lﬁ”ko (2,3) FL (3o (3, 4) H, (4) o (4, 1) @i dBud™ ryd By — -+ .
(1-6)

If H, is proportional to a coupling constant A, this expansion is a power
series in 1 and therefore a perturbation series. FEach term in this expansion can
be identified by Feynman-type diagrams in (7, 8) space. Montroll and Ward?®
gave a systematic treatment of the electron gas, based on the summation of this
series.

In the following development we introduce a mathematical technique to sum
the iteration series (1-6). In this formalism, unlike that of Montroll and Ward,
wave functions and energy levels play an important role.

In §2 a propagator k(P fB,y; P, 81) for two interacting particles is calculat-
ed in terms of g(FP,, Bs; Pi, 81). The function ¢(P,, Bi; Pi, B1) is a kernel of a
certain integral equation. It is shown in §3 that the binary kernel of Lee and
Yang® can be expressed as a sum of the kernels which are obtained by iterat-
ing this integral equation. An expression for the function ¢ (P, Bs; Pi, B1) for
the Coulomb potential is also obtained in this section. In §4 the integral equa-
tion whose kernel is g (P, Bs; Pi, 81) is solved and in §5, (P, By Pi, B1) is fur-
ther simplified. Finally, in § 6, the Debye-Hiickel equation of state is calculated.
Discussion is given in §7.

§2. The propagator k(P B:; P, 81) for two interacting particles

It is easier to make calculations in momentum space representation. Let

k (7, Bys 71, o) :(2—71.1;'1)?\7 j " jdszldszz exp [i(pa-ra— 1) 1k (s, Bas P1s B).,
(2-1)
then the partition function®
Z= (kG g5 0 a7 = (2,850, 00@%. @2-2)

The free particle momentum space propagator is

ko (2 B3 p1> Br) =0 (pa— p1) exp[ — (Ba— ) pi*/2m], 2-3)
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1194 ' P. C. Trived:

where 0(p,—p1) is to be interpreted as

-1l .

When v is finite §(p:—p;) is to be replaced by the quantity in the bracket.

In the presence of interactions we can find the momentum representation
of our fundamental integral equation (1-5) by employing (2-1), (2-3) and us-
ing the Fourier transform of the interaction energy #(q). That is, setting

u(q) :(2—;@ fu(r)exp[-mq-r)/fz]d%, (@5

with
w(r) = ju (@) expliq-r/H]dq , 2-6)

one finds

B (b o s 1) = o (s B s 1) — L [@pag 3

>k
% J‘ko (Pg, 182; P3(1)’ ) Pi’v(k) =g p3(j) + aq, s P?,(N)s 33) u (Q> k (Psa 83; P Bl) dsq .
(2-7)

The conservation of momentum is apparent from the fact that through an in-
teraction the momentum of the jth particle has been increased by ¢ and that of
the kth particle has been decreased by gq.

For two interacting particles (2-7) is written as

B9
k(P Bas Pry B) = ko (P B Pry B2) — L jd‘"'Psdﬁa

% jkoaz, Bos 20 — @y pu® + ¢, B (D k(P Bs; Po B da,  (2-8)
where

Pi=A{p®, p:P}; Po= {1, 220} Po= {52, ps®}.
On iteration (2-8) gives

| | 5
E(Py By Py B) = ko (Pyy Bas Pry Br) — L j PPy,
X Jko (P, Bs; Pa(l) — s, Psm +qs, Bs) u (gs) ko (Ps_, Bs; P, B1) dqs
Bg lga
+ f f L f 4" Puafsd'Pdp, f ko (P, Brs 55 — oo 25 + s Bs) . (a2) s
81 1

X J‘ko (Pa, Bs 5 ;bet(l) — Q4 P4(2) + Q4 184) U (Q4) ko (P4, 34; Pl’ .81) dsfh """ . (2 . 9)
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Now L . L
Iko (3,5) ko (5, ) d*Pi= ko (3, 4),

where

ko (33 5) Eko (Ps, @s; P59 35) .
Similarly

(BB 833 P BORP B3 08 ~a0 25+ a1 B P,
=k (DPs, Bs ]34(1) 4 P4(2) +qs ). (2-10)

Let

By '
L stPsdﬁz Jko (P2, 182§ Ps(l) — (s Ps(ﬂ) +qs, 53) u (Qa) ko (Pa, Bs; Pl:- 51) dsqszg (2> 1) .
(2-11)
Similarly

B
L jdsPsdﬁa J‘kﬂ (Pz, Bz? Psm — s Pa(g) +gs, 53) u (Qa) ko (Pa, 53; P, 55) dQQS

B2
B L jdapﬁdﬂs J‘k" (Ps, Bas Ps(l) —qs 157 + g5, Bs) u(qs) ko (Ps, B33 I, 8s) d’qs
—¢(2.5), 2:12)

since

ko (2, 3) =0 (B2—PBs) ko (2, 3)

and
ko (3> 5) =6<33"35) ko (3, 5) s
where 0 (z) is the Heaviside function defined as

1 if =0,
0(x)=1_ .
0 if x<0.

Hence for ¢(2,5) to be non-zero we have 52>Ba>35. Also
By
L jd3P4dB4 J‘ko (Bs, Bs; "‘44,P4(2) +qs, B) 1 (qy) ko (Py, Be; P, B1) d’qy

8s , S
= [ @ P (1P B 52— 1 25+ 00 B)w (@ 1 (P B Py B) g
=g (5, 1), (2-13)

since

kq (5’ 4) =0 (185 - 34) ko (5> 4)
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B - - it ettt

B2 Bz Bs Bs B
Fig. 1. The B ordering.

and

ky(4,1) =0(B:— B ke (4, 1).

B ordering is shown in Fig. 1.
Substitution of (2-10), (2-11), (2-12) and (2-13) in (2-9) yields

B2 1) =k (2 1) —g (2, 1) + fg (2,5)¢ (5, 1)d°P,

- ”g(z, 5)9 (5, 6)9 (6, 1) *Pyd®P, + - . (2.14)
Now consider the integral equation
20, (2) = jg 2, 1)0,(1)d°P, (2-15)
where
0,(2) =0,(P,, 3,
0,(1)=0,(P, )
and

9(2, 1) Eg(Pz, Ba; Py, Bl)

{0,} and {1,} are the normalized characteristic functions and associated charac-
teristic values respectively. It is known that

From (2-16) and (2-14) we have

k(2,1)=ky(2,1) =2 20,(2)D,* (1) + 323 D f/lﬂim@,, 2)0,*(5)0.,(5) 0,,* (1) d*P;

-2 2] z; j J Adadin (2) 0% (5) B, (5) B, * (6) B,(6) B* (1) d*Pyd® Py --- .
Since
J‘ @n*mmdsp == 6'n.m )

£(2,1) =k (2,1) =2 (a— 2+ 15— +) 0,(2) 0, * (1), (2-17)

=k (2,1) =% 1% 0,(2) 0% (1). (2-18)

ks v
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Thus the iteration series (1-6) has been expressed as a geometrical series which
can be summed in a closed form.

§3. The g(Py, B3 P, B:) function and the binary kernel

In this section we shall obtain an expression for the ¢ (P, 8:; P, 1) function
for the Coulomb potential. It is defined by (2-11),. viz.

By
9 (P, Ba; P, 1) = L fdﬁsdsps J‘ko (P, B2 5 —q, ps® + q, Bs)

Xu(q) ko (B, Bs; P, f1)d’q . (2-11)

Using (2-3) and integrating over P, we obtain
By _
g (B, 2 Py, 1) = L dps stqﬁ (2" =P+ @) 0 (= pi® —q)
X exp{— (Ba—p) Pi*/2m}exp[ — (B — (3s) q: {q -+ (Pl(z) _le) Y/mlu(q),
3-1
where
P :lez -+ Pl(z)z-

The Coulomb interaction is characterized by the potential energy function u(7)
=e'/r. Its Fourier transform is obtained by taking the limit of vanishing screen-
ing constant (§—0) in

1
(2rh)’

u(q) = J% exp(—é&ryexp(—ig-rh Y dr

é et

= 2k (qz + Sth) i anhqz :

(3-2)

Substitution of #(g) from (3-2) into (3-1) and its integration over g and f5,
yields '

9 (P B3 Poy ) = 700 (0 + s = pi = p ) exp {— (8= Bi) P/ 2m)

1 1
8 (pa® — py @) 1 {;-2;12' (p:® — @) - (pu® _pl(i)j

% [1 —exp { _ <B2 - 31) (P2(2) __pl(?)) . (p2(2) _Pl(l)) }:] . (3 . 3)

m .

- We introduce the relative momenta and the center of gravity momenta as
follows:

2 =50 =p®),  p=5(pP ),
P/ =p,® 4 p, Y, Py =p,® + py®. (3-4)
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1198 . P. C. Trivedi

Using (3-4) in (3-3) we obtain

. :me2 ' __ps — (Ba—PB) p
9 (B B3 Py ) = 7250 (B Pyyexp{= (8= prof

| (35

We can also express k(B 8:; Pi, f1) in terms of the binary kernel.®®

k(Py, Bas Py Br) = ko (Pa, a3 Poy B1) + Us (P, e P, 1), (3-6)

where U, is the binary kernel and can be represented as in Fig. 2. Compari-

Yy 9 Y 2 Y 21 s

uw= M-

12 12 12 12

Fig. 2. The binary kernel.

son of (3:6) and (2-17) shows that U, can also be expressed in terms of ¢
functions,

U= —¢:+9:—gs+ -+,

where g,=¢(2,1) which is the kernel of the integral equation (2-15), ¢, is the
kernel of the integral equation obtained by iterating (2-15) once and has the
eigenvalues 1., §; has eigenvalues 1,° and is the kernel of the integral equation
obtained by iterating (2-15) twice etc. Thus we have a simple method of cal-
culating the binary kernel.

§4. Solution of the integral equation

In this section we consider the integral equation (2-15). Wave functions
can be written as follows:

0. (P ) = exp (BT g, 40,

m
0.7, 8) =exp( = P07 6.0y, (41
We wﬁte'(z-15) as
0 (Py, Bs) =™ j 9 (Py, Bs; Pry B Do (P B) &P, (2-15)

Substitution of g(P, Bs; Py, f1) from (3-5) and integration over P’ gives:

0 (Ps, Ba) ="

me ()
2k 4m

20z 1snbny |z uoysenb Aq 6269.81/261 L/S/yv/9101He/d)d/wod dnoojwapeoe//:sdjy Wwoij papeojumoq
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< Jon [P e B o -0

m
X du (1) d'py.
Thus ’
ooy =a [LORCap?) Zexp(Caply (0 gy, (4-2)
’ : { (Pz’ _Pl,)z + éth} (Pa’z —Pllz) / ‘
where
a= <B2“£1)/m s xvz,:lvz_lgTTeh . (43) |

For the convenience of notation let
x=p/, t=p/ .
Then (4-2) becomes

b (2) =1 fk (2, ) o (£) dt | (4-4)

where

v ) = &XP (—at’) —exp(—ax?) _
S (A YO 9

k(x,t) is a symmetric kernel of the homogeneous equation (4-4). We can use
Hilbert-Schmidt theory to solve it. The Fredholm determinant D (") is defined
as” '

D@y =1+ (1A,
n=1 n!

where

k(tly 51) “'k<t1: tn)

.....................

A e devdtn (>0

Thus
k(4 ¢ k(ty, t

( 1) (1 2) dtldl'z"'. <4'6)
k(tg, tl) k(tZa t?)

Let 1, be a value of 1 for which D(4,”) =0. It is known in the Fredholm’s
theory of homogeneous integral equations that if D () =0 and D (x, vo; ) Z0,
then for a proper choice of yq, u(x) =D(x, yo; A’) is a continuous solution of

D) =1-u fk(z, z)dz+-’21-»'; ff
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u(z) = j b B u ) dt,

and u (x) #£0, where D(x, yo; 4’) is Fredholm’s first minor and is defined in (4-8).
From (4-5) we have

. g 4t2
Jk &, )dt=rna J; dt exp(—at®)log <1_|_.$_2%_2>

~4r a .
_ 3 SzthF,
where pp is the cutoff momentum. Using the above theorem and Eq. (4-3) we
have -

_2¢ 5 _p\PF .
ho= 2 BB s (4-7)

Fredholm’s first minor is defined as
-] 7+l
D(a,y; ¥) =Xk 9) + 3 (=" "B, 9),

where

k(x’ y) k<x’ tl) k(x> tn)
B.(z,5)= J‘j Bty y) k(tyt) - k(ty ty) Gtodt | 4.8)

...........................

k(tny) k(tats)  k(tn 2a)

Thus the above theorem gives

¢'n(x) =D<x: Yo lo/),
k(x, E(x,t

() @D,
k (t, yﬂ) k(t: t)
="k (x, y,). 4-9)

The electrons in the plasma are capable of displaying both collective and
independent particle behavior, with the Debye length functioning as an indicator
of the kind of behavior which might be anticipated.” For phenomena involving

distances greater than the Debye length, the system behaves collectively and
is best characterized by a set of harmonic oscillators representing the plasma

)

: :].0//3 (x, yo> “‘I?.(),2 J‘ |

oscillations. For phenomena involving distances less than the Debye length, the
electron gas is best described as a collection of independent electrons interact-
ing rather weakly via a screened Coulomb force. High electron density and strong
interaction favor the collective behavior whereas high temperature opposes it.
Let pp denote the momentum for which we begin to get an effective transition
from collective to individual particle behavior then at high temperature

Zz0z 1snbny Lz uo1senb Aq 6.69.81/261 L/S/vi/e1onie/did/woo dno-olwepese//:sdny wouy papeojumoq
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pD<P<pF ’

or if we use a screened potential

0<p<pr.

The cutoff momentum pp is determined by

o (Tap=n
(2ﬂh)3 o P—' ’

or

pr=1(6n"0)"",
where N/v=p, the electron density.

§ 5. Calculation of k(P 8.3 P, )

In this section we wish to simplify further Eq. (2-18), viz.

k(P2>.825P1931) kO(P2;62;P1:BI

/1 B2) 0u* (P, By) -

From (4-1) and (4-9) we get an orthonormal set of wave functions

0, (P, By) =exp <——;§%> Wk(p, Vo) »

_ 72
0, (P, B) = €xXp <‘M> o'k (s yo) .
4dm

Substituting (5-1) in (2-18) and using (2-4) we obtain

_ 72
E(Po 5 Py 82 =ha(Po 633 P ) = 33 - _exp (=B 87
” 1 Zn 4772 /

X lo,k (22”5 y0) exp <Bl 5 > LW'R* (s o) O‘Pl'Pz'

:/30 (Pz, 52; Pl; 31) — €XP {;(Bz;%f—hl)iﬁ}a(})z' ~—P1’)

X ; (—Zzﬁ I-/:—L}W,Aolzk (27, y0) ke (yo, p1”) -

1201

(4-10)

(2-18)

(-1

(5-2)

Dropping the primes, and separation of the center of gravity and relative mo-

menta contributions yield respectively

ko(Pz,Bz;Pl,ﬁl):é\(Pz P)eXp{ (82 31)P2}

and

(5-3)
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1202 P. C. Trivedi

2 ”
ko s 8 = CE0 53T 2 () k). (5-4)

- Fourier transforms of (5-4) and u(q) are

k(ra Bas 71, B1) = j‘ J pid’prexp{—i(py 1y —pr- ) B R (o P1, Br)

(5-5)

(2n ﬁ)a

and
w(ri=r) = [w@expi—ia (n—r)h g (5-6)
We shall use (5-5) and (5:6) to obtain a propagator for the ring diagrams.
§ 6. The Debye-Hiickel equation of state

In this section we shall apply our formalism to the study of equation of
state of an assembly of charged particles in the regions of high temperatures
and low densities. This subject is of interest in physical chemistry regarding
the properties of solutions of strong electrolytes, astrophysics and plasma physics.
The first correct theoretical calculation of the correction due to interactions be-
tween charged particles to the classical perfect gas law, which must hold in the
limit of very low densities, was made by Debye who derived the well-known
formula

MIi__ 1 ipyapn s 3/2] s

o7 0[1 FEASCPA (6-1)
The thermodynamic properties of an electron gas are functions of the five

independent parameters; the electron mass m, the charge e, the density p, #i and

B=1/kT. The only dimensionless parameter which can be constructed from

these for a classical gas (—0) is €Bp"" Then since as e—0 the perfect gas

law P/kT=p must remain true, the correction must be contained in the form

ﬁ =p[1—S(B0*) ], (6-2)

where f is some function such that Lim ., f=0. Now

. v
2L oy f & (6-3)

Substitution of (6-3) in (5-4) gives

kCow Bas s BY) = 1—-"710'2 jk(po, o) (yey 20) s
0

1+ 2

A ks (s, P1) - (6-4)
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Combining (5-5) and (6-4) we obtain

k(rza 323 71, 51) —W j fdsgb d’p, eXP{*“Z(Pz ro—p1- r)h” 1} _}_Zolowkz(;bg, pl).
(6-5)
Equation (6-5) along with (5-6) gives

k(ry, r1; Bo— B u (ry—ry) = Jf Spid’prexp{—i(pa-ra—pr-r) B}

(2n h)?'
xiﬁxﬂkz(m,pou(ql)exp{—qu-<rz—n>ﬁ“1}d3q“
L (@pdndiat oy p)ut@)
(2nh)31+lo
xexp[—i{(pr+q) = (prta) -r}t']. (6-6)

(’1)“‘“’("1) ) Ry Rz g Ry

SN qx ' g2 qa - qN—2 qN—! c’N

R P

Fig. 3. The open-ended ring cluster which is formed by combining many 1-torons.

Chain integral ‘for Fig. 3 is obtained by iterating (6:6)

bx (i Ry )= [ [ 11 4 Ruoss Rvs )2 (Rus = R}

X k(Rl, 7y, CKN) U (Rl —“7”1) de"'dRN_.ldaﬁ'“daN

:J;B{(ijh)?’l—lrlo } j .[

X d°prd’prd’qikes (1, ) u (@) exp[—i{(pa+q) - Ro— (1 +q0) - R} ]d*Riday
X d’pad’ psd’qskes (P2, ps) 0 (gs) exp[ —i{(ps+ q2) - Rs— (pr+qa) - R} i ]d*Rod
X d*psd’pud’qsks (s, po) 1 (gs) exp[ —i{(ps+qs) - Ri— (ps+qs) - R} A1 d*Red s
X d*pyad’prr1d°qry—oks (Pryr—a> Prv—1) 0 (qa—-2) exp[ —i{ (pw-1+ qa-2) Ry

~ (Pw—2tqu-s) Ry o} i ]d’Ry_adaty-,
X A ysd*p A’ wsles (Pav—1> D) 0 (qar-1) €XP [—i{(prtaw-1) Ry

— (py-1tay-1) Ry " ]d Ry sday o .

X d'py' A’ prd’qwks (px’s pr)u(gx) exp[ —i{(p1+aqw) -Ri— (px' +aw) -riy i ]day
' (6-7)
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Introducing 0,,/p, = {(274)°/v} 0 (px"—px) in (6:7) one obtains

8 l N
kzv(’“l, Ry; /J)) = J {(Z;h)3<l _}:/1 0,2} J‘ jdﬁRl"‘d3RN~1dCK1"'CZCKN
0

Xdlqy- dPqnd’py-- ‘dGPNu (qv) -u(gw)k, (pl: P3) kz (P PS)
X ky (Pss po) ke (pw-1, pw) ks (px”, pr) exp[ —i{((py+gw-1) Ry
— (b’ +aw) 1) +(gv—q) - Rit (@1 —q0) "Ry +

b (@ra—ans) Ry ] (275@——6% —pw). 6-8)

R integration yields

0(gw—a1)0(q1—qs) -0 (gx—2—qn-1) eXP[“i{(PN“F gn-1) ‘Ry— (py+aqw) -riph]
so that

Also
CK1=CK2—— ‘Ay=A .

We close the chain by putting =Ry and integrating over Ry, obtaining .

kaueN, ary= [P} ava jdsq{u(q)}”d‘*pl---dﬁpzva(pﬂ'—pN>

1+ 4,
X k2 (])1, Pz) kz (Pz, Ps) ' "kz (PN—I’ PN) kz (PN: Pl) . ) (6 : 9)
Now
J‘kz (D1 P2) Ra (Pas P5) ks (Pyy D) APy -dPpy= ko (P, 1)1) .
Also

W j‘kzz\r(ﬁl, ])1) d’py=1.

Equation (6-9) reduces to

jkN(RNs B)dRy= (é}) j[%zppa j;ﬁ <1 j:]q) dawu (q):lNdsq. (6-10)

In computing the contribution of a particular ring integral to the log Zg
where Z; is the grand partition function, we must assign the appropriate stati-
stical weight to that ring.” In this case the weight factor is (1/N!) {(&N—-1)!/2.2}
X (—1)"2" where z is the fugacity. The contribution of ring integrals to log Zs

is then (using Eq. (6:10) with the appropriate weight)

<4n3;);> I Niz( 1)—{4% J <1+/10> dazu(@)| f . (6-11)
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The summation starts at N=2 because the integral which corresponds to the
. emission and absorption of a single quantum by a single toron vanishes.
Contribution of (5-3) to log Zg is
P2
fa (P,~ P exp { NG ) @} 2P,

e R R e A

"~ (2nh) Am
v [(Arm\*? _
_(27;-;1)3(/3) ' (6:12)

Using (6-11), (6-12) and adding the result to the perfect gas contribution
(log Zg'”) we find the ring integral approximation to the equation of state:

P'v Adrm \¥?*/ 3
= log Zy=1log Zo® + ( ) < )
T BCOTB @ h)” 8/ \dzpy

[EEN e [ o] .

3 1+ |
:1 Z(o) k) 47fm 8/2 J‘ —]_ 1 O d3 , 6.13
e 2+ 5T () (o) 5 Jle—tes 1 01 (6-13)
where
0="psu(g) zg . (6-14)

Now we substitute

\ 2 3/2

log 7= 2% (-%") : (6-15)

u(q) = 2h T (6-16)
1/2 '

pr= (—?‘m;—"gz-> : (6-17)

and notice that g integral is of the form
|, ts2= g 1+ 5207y da = o2y (6-18)
0 .

Substitution of (6-14) ~ (6-18) into (6-13) and expansion of log 2 in terms of
z yield

Po_ zv_ <27rm>3’2+ 2Tv T ap
g (2nhy® 3

3/2

2/my (2 ) } . (619
kT (2nh) { @/me\g)" s (6-19)
The fugacity z is related to the density p through
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p:._z___a_logZG
v 0z

e 27rm>3/2 2 3 7 3/2{<2>1/2 P <m>3/2 }3/2
- 4 3 manl(2\E(m . 620
(2nﬁ)3< F; oy 2 37 W) %\ # (6-20)
The appropriate value of z in the limit e—0 is
3/2
z0= (21h)° <i> 0. (6-21)
2nm

When o is small but finite we substitute z=z,+ 0z in (6-20) and obtain

L . 20—5/2 12_61__77_1_3/2 3/2 :
o= {e/my h<6> 8" (6-22)

Thus
2= (21h)° (%} s {1~ 861+ 0 (0)}. (6-23)

Substituting (6-23) in (6-19) we obtain the Debye~Hﬁcke1 equation of state

P { 1 1/2 .3 }
——=p{1— =72 . 6-24
gp- 0l g eR e ( ,)

Higher order correction to the Debye-Hiickel formula (6-24) has been cal-
culated by Abe by using the giant cluster expansion theory,” and quantum and

relativistic corrections have been investigated by Ninham® by using the electron
gas theory by Montroll and Ward.”

§7. Conecluding remarks

A mathematical technique is introduced to sum the iteration series which
occurs in the electron gas theory by Montroll and Ward. As a result summa-
tion over ring diagrams becomes easier to perform than the case of Montroll
and Ward. The binary kernel of Lee and Yang is expressed as a sum of kernels
which are solutions of integral equations obtained by iteration. This formalism
provides a method to calculate the binary kernel. The grand partition function
is calculated by solving the integral equation, and its application is made to
calculate the Debye-Hiickel equation of state.

The formulation presented here can be generalized to fermions and bosons.
Higher order diagrams can be taken into consideration. Its application to cal-
culate the correlation energy and the specific heat of an electron gas is in pro-
gress. -
- The operator exp(—f3H) plays a decisive role in equilibrium statistical me-
chanics while exp(szFH/k) is the operator from which dynamics can be developed.
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That is, the real part of the complex variable §+ A" is associated with thermody-
namics and the imaginary part with dynamics while both the real and imaginary
parts find their place in the statistical mechanics of nonequilibrium processes.
Most of the theories dealing with nonequilibrium processes start with Liouville
equation which contains too much dynamical part through the Hamiltonian.”
Perhaps by adjusting statistical and dynamical parts, as is possible in the above
formulation, one might get better results. Work in this direction is under

consideration.
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