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Abstract The main goal of this paper is to prove inequalities on the reconstruction er-
ror for kernel principal component analysis. With respect to previous work on this topic,
our contribution is twofold: (1) we give bounds that explicitly take into account the em-
pirical centering step in this algorithm, and (2) we show that a “localized” approach al-
lows to obtain more accurate bounds. In particular, we show faster rates of convergence
towards the minimum reconstruction error; more precisely, we prove that the conver-
gence rate can typically be faster than n~!/2. We also obtain a new relative bound on the
error.

A secondary goal, for which we present similar contributions, is to obtain convergence
bounds for the partial sums of the biggest or smallest eigenvalues of the kernel Gram matrix
towards eigenvalues of the corresponding kernel operator. These quantities are naturally
linked to the KPCA procedure; furthermore these results can have applications to the study
of various other kernel algorithms.

The results are presented in a functional analytic framework, which is suited to deal
rigorously with reproducing kernel Hilbert spaces of infinite dimension.

Keywords Kernel principal components analysis - Fast convergence rates - Kernel
spectrum estimation - Covariance operator - Kernel integral operator

Editor: Nicolo Cesa-Bianchi

G. Blanchard (D<)
Fraunhofer FIRST (IDA), Kékuléstr. 7, D-12489 Berlin, Germany
e-mail: blanchar @first.fhg.de

O. Bousquet
Pertinence, France
e-mail: oliver.bousquet @tuebingen.mpg.de

L. Zwald
Département de Mathématiques, Université Paris-Sud, Bat.425, F-91405, France
e-mail: andre.elisseeff@tuebingen.mpg.de

@ Springer



260 Mach Learn (2007) 66:259-294

1 Introduction
1.1 Goals of this paper

The main focus of this work is principal component analysis (PCA), and its ‘kernelized’
variant, kernel PCA (KPCA). PCA is a linear projection method giving as an output a
sequence of nested linear subspaces which are adapted to the data at hand. This is a widely
used preprocessing method with diverse applications, ranging from dimensionality reduction
to denoising. Various extensions of PCA have been explored; applying PCA to a space of
functions rather than a space of vectors was first proposed by Besse (1979) (see also the
survey of Ramsay and Dalzell, 1991). Kernel PCA (Scholkopf et al., 1999) is an instance of
such a method which has boosted the interest in PCA, as it allows to overcome the limitations
of linear PCA in a very elegant manner by mapping the data to a high-dimensional feature
space.

For any fixed d, PCA finds a linear subspace of dimension d such that the data linearly
projected onto it have maximum variance. This is obtained by performing an eigendecom-
position of the empirical covariance matrix and considering the span of the eigenvectors
corresponding to the leading eigenvalues. This sets the eigendecomposition of the true co-
variance matrix as a natural ‘idealized’ goal of PCA and begs the question of the relationship
between this goal and what is obtained empirically. However, despite being a relatively old
and commonly used technique, little has been done on analyzing the statistical performance
of PCA. Most of the previous work has focused on the asymptotic behavior of empirical
covariance matrices of Gaussian vectors (e.g., Anderson, 1963). Asymptotic results for PCA
have been obtained by Dauxois and Pousse (1976), and Besse (1991) in the case of PCA in
a Hilbert space.

There is, furthermore, an intimate connection between the covariance operator and the
Gram matrix of the data, and in particular between their spectra. In the case of KPCA,
this is a crucial point at two different levels. From a practical point of view, this con-
nection allows to reduce the eigendecomposition of the (infinite dimensional) empirical
kernel covariance operator to the eigendecomposition of the kernel Gram matrix, which
makes the algorithm feasible. From a theoretical point of view, it provides a bridge between
the spectral properties of the kernel covariance and those of the so-called kernel integral
operator.

Therefore, theoretical insight on the properties of kernel PCA reaches beyond this partic-
ular algorithm alone: it has direct consequences for understanding the spectral properties of
the kernel matrix and the kernel operator. This makes a theoretical study of kernel PCA all
the more interesting: the kernel Gram matrix is a central object in all kernel-based methods
and its spectrum often plays an important role when studying various kernel algorithms;
this has been shown in particular in the case of support vector machines (Williamson et al.,
2001). Understanding the behavior of eigenvalues of kernel matrices, their stability and how
they relate to the eigenvalues of the corresponding kernel integral operator is thus crucial for
understanding the statistical properties of kernel-based algorithms.

Asymptotical convergence and central limit theorems for estimation of integral oper-
ator eigenspectrum by the spectrum of its empirical counterpart have been obtained by
Koltchinskii and Giné (2000). Recent work of Shawe-Taylor et al. (2002, 2005) (see also the
related work of Braun, 2005) has put forward a finite-sample analysis of the properties of the
eigenvalues of kernel matrices and related it to the statistical performance of kernel PCA.
Our goal in the present work is mainly to extend the latter results in two different directions:
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e Inpractice, for PCA or KPCA, an (empirical) recentering of the data is generally performed.
This is because PCA is viewed as a technique to analyze the variance of the data; it is often
desirable to treat the mean independently as a preliminary step (although, arguably, it is
also feasible to perform PCA on uncentered data). This centering was not considered in the
cited previous work while we take this step into account explicitly and show that it leads
to comparable convergence properties.

to control the estimation error, Shawe-Taylor et al. (2002, 2005) use what we would call
a global approach which typically leads to convergence rates of order n~/2. Numerous
recent theoretical works on M-estimation have shown that improved rates can be obtained
by using a so-called local approach, which very coarsely speaking consists in taking
the estimation error variance precisely into account. We refer the reader to the works of
Massart (2000), Bartlett et al. (2005, 2003), Koltchinskii (2004) (among others). Applying
this principle to the analysis of PCA, we show that it leads to improved bounds.

Note that we consider these two types of extension separately, not simultaneously. While we
believe it possible to combine these two results, in the framework of this paper we choose
to treat them independently to avoid additional technicalities. We therefore leave the local
approach in the recentered case as an open problem.

To state and prove our results we use an abstract Hilbert space formalism. Its main justi-
fication is that some of the most interesting positive definite kernels (e.g., the Gaussian RBF
kernel) generate an infinite dimensional reproducing kernel Hilbert space (the “feature space”
into which the data is mapped). This infinite dimensionality potentially raises a technical dif-
ficulty. In part of the literature on kernel methods, a matrix formalism of finite-dimensional
linear algebra is used for the feature space, and it is generally assumed more or less explicitly
that the results “carry over” to infinite dimension because (separable) Hilbert spaces have
good regularity properties. In the present work, we wanted to state rigorous results directly in
an infinite-dimensional space using the corresponding formalism of Hilbert-Schmidt opera-
tors and of random variables in Hilbert spaces. This formalism has been used in other recent
work related to ours (Mendelson and Pajor, 2005; Maurer, 2004). We hope the necessary
notational background which we introduce first will not tax the reader excessively and hope
to convince her that it leads to a more rigorous and elegant analysis.

One point we want to stress is that, surprisingly maybe, our results are essentially inde-
pendent of the “kernel” setting. Namely, they hold for any bounded variable taking values in
a Hilbert space, not necessarily a kernel space. This is why we voluntarily delay the intro-
duction of kernel spaces until Section 4, after stating our main theorems. We hope that this
choice, while possibly having the disadvantage of making the results more abstract at first,
will also allow the reader to distinguish more clearly between the mathematical framework
needed to prove the results and the additional structure brought forth by considering a kernel
space, which allows a richer interpretation of these results, in particular in terms of estima-
tion of eigenvalues of certain integral operators and their relationship to the spectrum of the
kernel Gram matrix. In a sense, we take here the exact counterpoint of Shawe-Taylor et al.
(2005) who started with studying of the eigenspectrum of the Gram matrix to conclude on
the reconstruction error of kernel PCA.

The paper is therefore organized as follows. Section 2 introduces the necessary background
on Hilbert spaces, Hilbert-Schmidt operators, and random variables in those spaces. Section 3
presents our main results on the reconstruction error of PCA applied to such variables. In
Section 4 show how these results are to be interpreted in the framework of a reproducing kernel
Hilbert space and the relation to the eigenspectrum of the kernel Gram matrix. In Section 5,

@ Springer



262 Mach Learn (2007) 66:259-294

we compute numerically the different bounds obtained on two ‘theoretical’ examples in an
effort to paint a general picture of their respective merits. Finally, we conclude in Section 6
with a discussion of various open issues.

1.2 Overview of the results

Let us give a quick non-technical overview of the results to come. Let Z be a random variable
taking values in a Hilbert space H . If we fix the target dimension d of the projected data, the
goal is to recover an optimal d-dimensional space V; such that the average squared distance
between a datapoint Z and its projection on V; is minimum. This quantity is called the
(true) reconstrucﬁon error and denoted R(V,). Using available data, this optimal subspace
is estimated by V; using the PCA procedure, which amounts to minimizing the empirical
reconstruction error. One of the quantities we are interested in is to upper bound the so-called
(true) excess error of Vd as compared to the optimal V,, that is, R(Vd) — R(V,) (which is
always nonnegative, by definition). Note that the bounds we obtain are only valid with high
probability, since R(V;) is a random quantity.

Our reference point is an inequality, here dubbed “global bound”, obtained by Shawe-
Taylor et al. (2005), taking the form

~ d
RVo) —R(Va) S ;trcg, M

where tr denotes the trace, and C; is a certain operator related to the fourth moments of
the variable. By the symbol < we mean that we are forgetting (for the purposes of this
section) about some terms considered lower-order, and that the inequality is true up to a
finite multiplicative constant. This inequality is recalled in Theorem 3.1, with some minor
improvements over the original bound of Shawe-Taylor et al. As a first improvement obtained
in Theorem 3.5, we prove that this bound also holds if the data is empirically recentered in
the PCA procedure (which is often the case, but was not taken into account in the above
bound).

Next, we prove two different inequalities improving on the bound (1). Both of them rely
on a certain quantity p(d, n), which depends on the decay of the eigenvalues of operator C),
and is always smaller than the right-hand side of (1). The first inequality, dubbed “excess
bound”, reads (Theorem 3.2)

R(Vy) = R(Vy) < Bap(d, n), )

where By < (R(V;) — R(V;_1))~!. The second inequality, dubbed “relative bound”, reads
(Theorem 3.4)

R(Vy) = R(Va) < VR(Va)p(d. n) + p(d. n). 3

It is valid under the stronger assumption that the variable Z has a constant norm a.s. : this
is the case in particular for kernel PCA when a translation invariant kernel is used. Typically,
we expect that (2) exhibits a better behavior than (1) for fixed d when n grows large, while
the converse is true for (3) (it will be better than (1) for fixed n and large d). To illustrate what
amounts to a possibly confusing picture, we plotted these different bounds on two examples
(details are given in Section 5). The result appears in Fig. 1. The conclusion is that, at least
when 7 is large enough, the best bound between (2) and (3) always beats the original bound
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Fig. 1 Comparison of the different (log-) bounds on the excess error in different settings. Left: power decay
of eigenvalues. Right: exponential decay of eigenvalues. Top: n = 107, bottom: n = 10'0. For details, see
Section 5 a final point

(1) (and this, by orders of magnitude). Finally, we show that all bounds except (2) have also
an empirical counterpart, by which we mean that we obtain bounds of a similar form using
purely empirical (hence accessible) quantities.

Finally, when the Hilbert space H is, additionally, assumed to be a kernel space with
reproducing kernel k, our results take a richer interpretation in terms of spectrum estimation
of a certain integral operator. Namely, it is known that R(V}) is exactly equal to the sum
of the eigenvalues of rank larger than d of the so-called kernel integral operator, while the
empirical reconstruction error R,(V,) is equal to a similar tail sum of the spectrum of the
kernel matrix of the data. This is explained in detail in Section 4.

2 Mathematical preliminaries

Our results revolve around orthogonal projections of a random variable taking values in a
Hilbert space H onto finite dimensional subspaces. Since the space H is infinite-dimensional,
the usual matrix notation used for finite dimensional linear algebra is inappropriate and the
most convenient way to deal rigorously with these objects is to use formalism from functional
analysis, and in particular to introduce the space of Hilbert-Schmidt operators on H endowed
with a suitable Hilbert structure. The present section is devoted to introducing the necessary
notation and basic properties that will be used repeatedly. We first start with generalities on
Hilbert-Schmidt operators on Hilbert spaces. We then define more precisely the probabilistic
framework used throughout the paper.

@ Springer



264 Mach Learn (2007) 66:259-294

2.1 The Hilbert space of Hilbert-Schmidt operators

This section is devoted to recalling some reference material concerning analysis on Hilbert
spaces (see, e.g., Dunford & Schwartz, 1963). Let H be a separable Hilbert space. A linear
operator L from  to  is called Hilbert-Schmidtif )., || Le; 12, = Zi,jzl (Lej, ej)* < 00,
where (¢;);> is an orthonormal basis of H. This sum is independent of the chosen orthonormal
basis and is the squared of the Hilbert-Schmidt norm of L when it is finite. The set of
all Hilbert-Schmidt operators on H is denoted by HS(H). Endowed with the following
inner product (L, N)us) = >_;» (Lei, Nej) = Zi,jzl (Lei, ej)(Ne;, e;), it is a separable
Hilbert space.

A Hilbert-Schmidt operator is compact, it has a countable spectrum and an eigenspace
associated to a non-zero eigenvalue is of finite dimension. A compact, self-adjoint oper-
ator on a Hilbert space can be diagonalized, i.e., there exists an orthonormal basis of H
made of eigenfunctions of this operator. If L is a compact, positive self-adjoint operator, we
will denote A(L) = (A;(L) > A,(L) > ...) the sequence of its positive eigenvalues sorted in
non-increasing order, repeated according to their multiplicities; this sequence is well-defined
and contains all nonzero eigenvalues since these are all nonnegative and the only possible
limit point of the spectrum is zero. Note that A(L) may be a finite sequence. An operator L
is called trace-class if ), (e;, Le;) is a convergent series. In fact, the sum of this series is
independent of the chosen orthonormal basis and is called the trace of L, denoted by tr L.
Moreover, tr L = )., A;(L) for a self-adjoint operator L.

We will keep switching from H to HS(7) and treat their elements as vectors or as operators
depending on the context. At times, for more clarity we will index norms and dot products by
the space they are to be performed in, although this should always be clear from the objects
involved. The following summarizes some notation and identities that will be used in the
sequel.

Rank one operators. For f, g € H\{0} we denote by f ® g* the rank one operator defined
as f ® g*(h) = (g, h) f. The following properties are straightforward from the above defi-
nitions:

If ® g lusan = 1fllx llglls s 4
trf®g¢ = (f 8w )
(f @ &%, A)usny = (Ag, f)n forany A € HS(H). (6)

Orthogonal projectors. We recall that an orthogonal projector in H is an operator U such
that U2 = U = U* (and hence positive). In particular one has

IUM)3, = (h, Uh)y < llhl3;s
(f®g", Unsny = (Uf, Ughn.

U has rank d < oo (i.e., it is a projection on a finite dimensional subspace), if and only if it
is Hilbert-Schmidt with
1Ulluso = V. (7)

rU =d. ®)
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In that case it can be decomposed as U = Z,d: | ¢ ® ¢}, where (¢;)_, is an orthonormal
basis of the image of U.

If V denotes a closed subspace of H, we denote by ITy the unique orthogonal projector
having range V and null space V. When V is of finite dimension, ITy 1 is not Hilbert-Schmidt,
but we will denote (with some abuse of notation), for a trace-class operator A,

(My1, A) :=trA — (Ily, A) . C))

2.2 Random variables in a Hilbert space

Our main results relate to a bounded variable Z taking values in a (separable) Hilbert space
‘H. In the application we have in mind, kernel PCA, H is actually a reproducing kernel
Hilbert space and Z is the kernel mapping of an input space X" into H. However, we want to
point out that these particulars—although of course of primary importance in practice, since
the reproducing property allows the computation of all relevant quantities—are essentially
irrelevant to the nature of our results. This is why we rather consider this abstract framework.

Expectation and covariance operators in a Hilbert space. We recall basic facts about random
variables in Hilbert spaces. A random variable Z in a separable Hilbert space is well-defined iff
every continuous linear form (e, Z), e € H is measurable. It has an expectation e € H when-
ever E || Z]| < oo and e is then the unique vector satisfying (e, f)y = E(Z, f)n, Vf € H.
We now introduce the (non-centered) covariance operator through this theorem and definition
(a shortened proof can be found in the Appendix):

Theorem 2.1. IfE IZ11? < oo, there exists a unique operator C : H — H such that

(f.Can=E[f Z)n(g. Z)n). VfigeH.

This operator is self-adjoint, positive, trace-class with tr C = || Z||? , and satisfies
C=E[Z®Z"].

We call C the non-centered covariance operator of Z.

Let P denote the probability distribution of Z. We assume Z, ..., Z, are sampled i.i.d.
according to P and we will denote by P, the empirical measure associated to this sample,
ie, P, = % >" 8z, With some abuse, for an integrable function f : H — R, we will at times
use the notation Pf :=E[f(Z)]and P, f := 13" | £(Z)).

Let us from now on assume that E [|| Z||*] < co. For z € H, we denote C, =z ® z* €
HS(H). Now, let us denote C; : H — H, respectively C, : HS(H) — HS(H), the non-
centered covariance operator associated to the random element Z in H, respectively to
Cz =Z7Z® Z* in HS(H). By a direct consequence of Theorem 2.1 we obtain that C; is
the expectation in HS(H) of C; = Z ® Z* while C; is the expectation in HS(HS(H)) of
CzRCy.

In the following we will study empirical counterparts of the above quantities and in-
troduce the corresponding notation: C; , = % Y"1 Z; @ Z; denotes the empirical covari-
ance operator while C, , = % Z;‘Zl Cz ® CZ. It is straightforward to check that tr Cy ,, =

1 2 1 4
S NZilPand tr Gy = 2300 (1 Z:)1*
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3 Main results
3.1 Framework for PCA in a hilbert space

For all of the results to come, we assume that we are dealing with a bounded random variable
Z taking values in H, i.e. IZ> < M a.s. This ensures that E||Z||* < co and hence the
existence of operators C; and C,. This is actually, of course, a much stronger hypothesis
than the mere existence of a fourth moment, but we will need it to make use of various
concentration theorems.

In this section we first recall the result obtained by Shawe-Taylor et al. (2002, 2005) for
which we give a proof for the sake of completeness. This is what we refer to as the “global
approach in the uncentered case”. We then present our two new contributions: (1) Faster rates
of convergence via the local approach in the uncentered case and (2) Study of the empirically
recentered case (global approach only).

In the case of “uncentered PCA”, the goal is to reconstruct the signal using principal
directions of the non-centered covariance operator. Remember we assume that the number d of
PCA directions kept for projecting the observations has been fixed a priori. We wish to find the
linear space of dimension d that conserves the maximal norm, i.e., which minimizes the error
(measured through the averaged squared Hilbert norm) of approximating the data by their
projections. We will adopt the following notation for the true and empirical reconstruction
error of a subspace V:

1 n
Ri(V)=~3 1Z; = y(Z)I* = Pa(Mlys, C7) = (Tys, Cr)
j=1

and
R(V)=E[|Z — Iy(2)|I’] = P(My+, Cz) = (Tly+, Cy).

Let us denote V; the set of all vector subspaces of dimension d of Hy. It is well known that
the d-dimensional space V; attaining the best reconstruction error, that is,

Vi; = ArgMin R(V),
VEV,[

is obtained as the span of the first d eigenvectors of operator C;. This definition is actually
abusive if the above Arg Min is not reduced to a single element, i.e. the eigenvalue A,(Cy) is
multiple. In this case, unless said otherwise any arbitrary choice of the minimizer is fine. Its
empirical counterpart, the space V; minimizing the empirical error,

V, = ArgMin R,(V), (10)
VeV,

is the vector space spanned by the first d eigenfunctions of the empirical covariance operator
C) .. Finally, it holds that R, (V) = Y _,_, A4i(Cy,,) and R(Vy) = >, L:(Cy).
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3.2 The global approach in the uncentered case
We first essentially reformulate a theorem proved by Shawe-Taylor et al. (2005), while adding

some minor refinements. The proof will allow us to introduce the main important quantities
that will be used in the results to come in the next sections.

Theorem 3.1. Assume |Z||*> < M a.s. and that Z @ Z* belongs a.s. to a set of HS(H) with
bounded diameter L. Then for any n > 2, with probability at least 1 — 3e¢,

IR(Vy) — Ru(V)| </ d trCj, + (M A L) i-{-Lﬁfz. (11)
n—1 ' 2n ni

Also, with probability at least 1 — 2e~%,

0< R(@)—R(Vd)5,/%trC§+2(M/\L)\/§, (12)

where C; = C; —C1 ® C{ and Cy,, = C2,, — C1, ® CY .

Comments. (1) It should be clear from the proof that the right-hand side members of the two
above inequalities are essentially interchangeable between the two bounds (up to changes
of the constant in front of the deviation term). We picked this particular formulation choice
in the above theorem with the following thought in mind: we interpret inequality (11) as
a confidence interval on the true reconstruction error that can be computed from purely
empirical data. On the other hand, inequality (12) concerns the excess error of V; with re-
spect to the optimal V. The optimal error is not available in practice, which means that
this inequality is essentially useful to study from a theoretical point of view the conver-
gence properties of f/\d to V; (in the sense of reconstruction error). In this case we would
typically be more interested to relate this convergence to intrinsic properties of P, not
P,.

(2) With respect to Shawe-Taylor et al. (2005), we introduce the following minor
improvements: (a) the main term involves C; = C, — C; ® C7 instead of C, (note that
tr(C; ® CY) = |ICy I, but we chose the former—if perhaps less direct—formulation for
an easier comparison to Theorems 3.2 and 3.4, to come in the next section); (b) the
factor in front of the main term is 1 instead of +/2; (c) we can take into account ad-
ditional information on the diameter L (note that L < 2M always holds) of the sup-
port of C7 if it is available. For example, if the Hilbert space is a kernel space with
kernel k on a input space X (see Section 4 for details), then L? = SUpP, ye 2((kz(x, x)+
k*(y, y) — 2k?*(x, y)); in the case of a Gaussian kernel with bandwidth o over a input
space of diameter D, this gives L? = 2(1 — exp(—D?/c?)) which can be smaller than
M=1.

Proof: We have

R(Vy) = Ru(Va) = (P = P)(Mgy, Cz) < sup (P = P)(Mys. Cz). (13)
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For any finite dimensional subspace V, we have by definition
(My:, &) =, — My, z®2") = [zI° — IMy@I° = My @I, (14)

which implies in turn that (ITy., Cz) € [0, M] a.s.

However, another inequality is also available from the assumption about the support
of Cz. Namely, let z, 7/ belong to the support of the variable Z; and let z,, 7’| denote
their orthogonal projections on V. Then z; ® z* is the orthogonal projection of z ® z*
on V+ ® V+*. By the contractivity property of an orthogonal projection, we therefore
have

lz®z" -7 @77 > lzo @z} —Z1L @77
.
> lze®zil =121 ® 2L
2 2
= [z lI” = 12’217

=My, 2@z -2 @),
so that we get in the end
My, C; =Co)| = |IC; = Col = L,

by assumption on the diameter of the support of Cz . Finally, we have |(ITy., C, — C,)| <
L A M. We can therefore apply the bounded difference concentration inequality (Theorem
B.1 recalled in the Appendix) to the variable supy,, (P, — P){Ily, Cz), yielding that with
probability 1 — ¢,

sup (P, — P)(Ily., Cz) < E[SUP (P, — P){(Iy, Cz)] + M A L)\/E- (15)
VeV, VeVy 2n

Naturally, the same bound holds when replacing (P, — P) by (P — P,).
We now bound the above expectation term:

VeV, VeV

1
E[SUP (Py — P)(Iy, Cz)] = IE3|:SUP <HV, ” E Cz — E[CZ’]>:|
1
< \/E]E[H; Ei Cz, —E[Cy] H}

1

1 :
< JEE[H; ZCZ, —E[Cz]

2]2
d
— /;\/IE[IICZ —E[C1IP],

where we have used first Cauchy-Schwarz’s inequality and the fact that ||ITy || = Jd, then
Jensen’s inequality. It holds that E[||C; — E[C2]II*] = SE[ICz — Cz|*], where Z' is an
independent copy of Z. Therefore, we can apply Hoeffding’s inequality (Theorem B.2 of the
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Appendix, used with parameter » = 2) to obtain that with probability at least 1 — ¢, the
following bound holds:

1 ) 3
E[|C; —E[C2]I*] < m ; ”Czi —Cyz, ” +L2\/;;

finally it can be checked that

1
52 Mz — €[ = 2wCan - CLa@ CF).
i#]

which leads to the first part of the theorem after applying the inequality v/a + b < Ja + Vb.
For the second part, the definition of V; implies that

0 < R(Vy) — R(Va) < (R(Vg) — Ry(V)) — (R(Va) — Ry (V).

The first term is controlled as above, except that we don’t apply Hoeffding’s inequality but
write directly instead

E[|Cz —E[C2]1 P11 =t (C: — C1 ® CT).

We obtain a lower bound for the second term using Hoeffding’s inequality (Theorem B.2 this
time with » = 1). This concludes the proof. d

3.3 Localized approach I: Fast rates

The so-called localized approach gives typically more accurate results than the global ap-
proach by taking into account the variance of the empirical processes involved. When the
variance can in turn be upper-bounded by some multiple of the expectation, this generally
gives rise to more precise bounds.

Interestingly, it turns out that we can obtain different inequalities depending on the function
class to which we apply the “localization” technique. In this first section we will apply it
to the excess loss class; in the next section we will obtain a different result by applying the
technique to the loss class itself.

A similar key quantity appears in these two different applications and we will define it

here beforehand:
(A,d,n) = inf Al dZA(C/) (16)
pla,a,n —%go ; ;/.>h A s

where we recall that C;, = C, — C; ® C} . As this quantity will appear in the main terms of
the bounds in several results to come, is it relevant to notice already that it is always smaller

than the quantity ,/ % tr C} appearing in Theorem 3.1. In fact, depending on the behavior of
the eigenvalues of ¢}, the behavior of p as a power of n can vary from n=2 ton~! (when c;
is finite dimensional). We give some examples in Section 5.

In the first application, we will obtain a result showing an improved convergence rate (as
a function of n, and for fixed d) of the reconstruction error of V; to the optimal one, that is,
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a bound improving on (12). This however comes at the price of an additional factor related
to the size of the gap between two successive distinct eigenvalues.
Here is the main result of this section:

Theorem 3.2. Assume | Z||> < M a.s. Let (A;) denote the ordered eigenvalues with multi-
plicity of C\, resp. (u;) the ordered distinct eigenvalues. Let d be such that .y = j;. Define

i — Mg i]‘cf:lorxd>kd+1,
Ya = . ) 17
min(Lg_; — g, Bg — Mgr1)  Otherwise;
1
and B; = (E(Z, Z')*)? )/d_l (where Z' is an independent copy of Z).
Then for all d, for all & > 0, with probability at least 1 — e™% the following holds:
-~ 11M + 7B,
R(T) — R(Va) = 24p(B,d,m) + ~ L TBD, (1)

Comments. As a consequence of the earlier remarks about p, the complexity term obtained
in Theorem 3.2 has a faster (or equal) decay rate, as a function of the sample size n, than the
one of Theorem 3.1; this rate depends on the decay behavior of the eigenvalues.

Note that in contrast to the other theorems, we do not state an empirical version of the
bound (that would use only empirical quantities). It is possible (up to worse multiplicative
constants) to replace the operator C; appearing in p by the empirical C; , (see Theorem 3.4
below for an example of how this plays out). However, to have a fully empirical quantity,
the constant B; would also have to be empirically estimated. We leave this point as an open
problem here, although we suspect simple convergence result of the empirical eigenvalues
to the true ones (as proved for example by Koltchinskii and Giné, 2000) may be sufficient to
obtain a fully empirical result.

At the core of the proof of the theorem we use general results due to Bartlett et al. (2005)
using localized Rademacher complexities. We recall a succinct version of these results here.
We first need the following notation: let X’ be a measurable space and X1, ..., X,, a n-uple
of points in X; for a class of functions F from X to R, we denote

1 n
R F = sup — » & f(X),

fer o

where (g&;);=1.., are i.i.d. Rademacher variables. The star-shaped hull of a class of functions
JF is defined as

star(F)={Af | feF, xel0,1]}.

Finally, a function ¢ : Ry — Ry is called sub-root if it is nonnegative, nondecreasing, and
such that y(r)/+/r is nonincreasing. It can be shown that the fixed point equation v (r) = r
has a unique positive solution (except for the trivial case ¥ = 0).

Theorem 3.3 (Bartlett, Bousquet and Mendelson). Let X be a measurable space, P be a
probability distribution on X and X, ..., X, an i.i.d. sample from P. Let F be a class of
functions on X ranging in [—1, 1] and assume that there exists some constant B > 0 such
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that for every f € F, Pf* < BPf. Let Y be a sub-root function and r* be the fixed point
of Y. If ¢ satisfies

V() = BEx Ru{f € star(F)| Pf* <1},
then for any K > 1 and x > 0, with probability at least 1 — e,

6K x(11 4+ 5BK)
4 XUL+5BK)

VfeF, PffK_lP,,f—i-?r* . ; (19)
also, with probability at least 1 — e™™,
VfeF, P,,f§K+1Pf+6?Kr*+@. (20)
Furthermore, if fb\n is a data-dependent sub-root function with fixed point ¥* such that
Tur) = 2010V BIE.R,(f € star(F) | Py > < 2r) 4 SOV B HIDY =)

n

then with probability 1 — 2e™*, it holds that 7* > r*; as a consequence, with probability
1 — 3e™, inequality (19) holds with r* replaced by 7*; similarly for inequality (20).

Proof of Theorem 3.2. The main idea of the proof is to apply Theorem 3.3 to the class
of excess losses f(z) = (ITy:r — HVJL, C;), V € V,;. However, at this point already we find
ourselves in a quagmire from the fact that V;, the optimal d-dimensional space, is actually
not always uniquely defined in the case the eigenvalue A,;(C) has multiplicity greater than
1. Up until now, in this situation we have let the actual choice of V; € ArgMiny, ), R(V)
unspecified since it did not alter the results. However, for the present proof this choice does
matter, because although the choice of V,; has no influence on the expectation P f of the above
functions, it changes the value of Pf2, which is of primary importance in the assumptions
of Theorem 3.3: more precisely we need to ensure that Pf%> < BPf for some constant B.

It turns out that in order to have this property satisfied, we need to pick a minimizer of
the true loss, Hy € ArgMiny., R(V') depending on V. More precisely, foreach V € Vit
is possible to find an element Hy € V; such that:

R(Hy) = min R(H) = R(Vy), (22)
HeV,

and
E[(My: — My, C2)*] < 2B4E[(Mys — My, C2)], (23)
where B, is defined in the statement of the theorem. This property is proved in Lemma A.1

in the Appendix.
We now consider the class of functions

Fa={fv:x (Mys =Ty, Co) |V €V},
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where for each V € V,;, Hy is obtained via the above. We will apply Theorem 3.3 to the
class M~ F,. For any f € M~'F,, it holds that f € [—1, 1]; furthermore, inequality (23)
entails that Pf2 < M~'B,Pf.

We now need to upper bound the local Rademacher complexities of the star-shaped hull of
Fu. We first note that [Ty — HH¢ =y, — [y and |1y — g, > < 4d, where we have
used the triangle inequality and the fact that ||ITy I> = dim(V). Therefore,

Fa C{x > (I, C)|T € HS(H), |T'||* < 4d}.
Since the latter set is convex and contains the origin, it therefore also contains star(F).
On the other hand, for a function of the form f(x) = (I, C,), it holds true that Pf? =

E [(T', Cx)?] = (T, C,I") by definition of operator C,. Hence, we have

(g € star(M ™" Fy) | Pg® <r}) = M~ '{g € star(Fy) | Pg> < M*r}
CM x> ([,CH|ITI* <4d, (T, CoI) < Mr) =S,

The goal is now to upper bound EE. R, S,. For this we first decompose each function in this
setas (I', C,) = (I', C, — Cy) + (", C), so that

EE.R,S, < EE.R,S:, +EE.R,S>,.
defining the set of constant functions
Sty =M x> (T, C1) (T, CaT) < MPr}
and the set of centered functions
Sop =M x> (I.Cx = C) | IT* < 4d. (T (C2 — C1 @ CPT) = M°r},

note that in these set definitions we have relaxed some conditions on the functions in the
initial set S,, keeping only what we need to obtain the desired bound: for S, ; we dropped
the condition on ||I'|| and for S,.» we replaced C; by C; = C, — C; ® C}. Remark that this
last operator is still positive, since by definition

(I, CI) =E[(Cz, TV = E[(Cz, )P = (I, C1)> = (T, (C; ®C)T). (24

Bounding the Rademacher complexity of S, is relatively straightforward since it only
contains constant functions, and one can check easily that for a set of scalars A C R,

E[sup(aZe,-)]:%(supA—ian)E|: i|§
acA i=1

leading to
EE.R,S1, < M~'n™% sup{(T’, C1) | (I, GoT) < MPr} < |,
n

(sup A —inf A) /n,

| =

D e

=1

n
i=
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where we have used (24). To deal with the Rademacher complexity of S, ., we introduce an
orthonormal basis (®;) of eigenvectors of operator C}. Let I" be any element of HS(7{) such
that

ITI? =) (N, ®)* <4d, and ([, C50) = ) A(CH(T, @;)* < M°r.

i

Now, for any integer & < Rank(C}),

Y &I, Cz, — C1)
i=1

h n n
=> (T, q>,-><<1>j, > e (Cz - cl)> + Y (I, <1>j><c1>,, > ei(Cz - cl)>
j=1 i=1 i=1

j>h

2
h 1 n
M<r§ M(cg><;8f (Cz, =€), q>,.> )
1 2 172
+2<d ) <Ze; (Cz, —Cl),q>i>> ’ .

i>h+1 \ j=1

1/2

IA

where we used the Cauchy-Schwarz inequality for both terms. We now integrate over (&;)
and (Z;); using Jensen’s inequality the square roots are pulled outside of the expectation;
and we have, foreachi > 1,

2
EES<ZSJ' (Cz, — C1), ¢’i>
=
= EZ<CZ, — C1, &;)? = nE(®;, (C2y — C1 ® CY)®;) = n(®;, C;®;) = nki(Cy).
=

Because (25) is valid for any 4 < Rank(C}), we finally obtain the following inequality:

1
EE.R,S,, < — inf | /rh+2M~" |d § A(CY) | = o),
V=0 i=ht1

(where the extension of the infimum to & > Rank(C)) is straightforward). It is easy to see
any infimum of sub-root functions is sub-root, hence 1y is sub-root. To conclude, we need
to upper bound the fixed point of the sub-root function ¥ (r) = M ' B;(Wo(r) + «//n).

To obtain a bound, we solve r* < L\/rl_l&[{(h% + DVr*+2M7! Jd > j=ny1 2} foreach
h > 0 (by using the fact that x < A./x + B implies x < A% 4 2B), and take the infimum
over h, which leads to

B d B2
rr<8M7 [inf { =+ By [= >+ L),
h>0 n n i n
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We can now apply Theorem 3.3 at last, obtaining that for any K > 1 and every & > 0, with
probability at least 1 — e~¢:

E(1IM +7ByK)
VvV eVy,, Pfy < )
Va fv < 0

Pufv +24Kp(Bq, d, n) + (26)

K -1

We now choose V = ‘7d in the above inequality; we have R(Hy;,) = R(V,) and the definition

(10) of \7d entails P, fjy, < 0. Letting K — 1, we have a family of increasing sets whose
probability is bounded by e~¢, so that this also holds for the limiting set K = 1: this leads to
the announced result. |

3.4 Localized approach II: relative bound

We now apply the localization technique directly to the initial loss class. This gives rise to
a relative bound, where the bounding quantity also depends on the value of the loss itself:
the smaller the loss, the tighter the bound. Unfortunately, we were only able to prove this
result under the stronger assumption that the variable Z has a constant norm a.s. (instead of,
previously, a bounded norm). Here is the result of this section:

Theorem 3.4. Assume Z takes values on the sphere of radius ~/ M, i.e. 1Z1?> = M a.s.
Then for all d, n > 2, £ > 0, with probability at least 1 — 4e~¢ the following holds:

IR(Va) — Ru(Vi)

<c <\/Rn(%) (pn(M, d,n)+ M(“nﬂ) + pu(d, n) + w> 27)

where c is a universal constant (¢ < 1.2 x 10°). Also, with probability at least 1 — 2e75,

RV — R(Vy) < c <\/ R(V) (p(M, d.n)+ M%) + o(d,n) + M%) . @8

where c is a universal constant (¢ < 80), the quantity p is defined by (16), and p,, is defined
similarly by (16) where the operator C} is replaced by its empirical counterpart C, .

Comments. In contrast to Theorem 3.2, the behavior of the above inequalities for fixed d and
n tending do infinity is actually worse than the original global bound of Theorem 3.1. (The
order p(M, d, n)? as a function of n is typically between n=2 and n~ ¢ : some more specific
examples are given in Section 5.) On the other hand, the behavior for fixed n and varying d is
now of greater interest, since R(V,) goes to zero as d increases. If R(V,;) decreases quickly
enough, the bound is actually decreasing as a function of d (at least for values of d such that
the first term is dominant). This is the only bound which exhibits this behavior.

Proof: In this proof, ¢ will denote a real constant whose exact value can be different from
line to line. We start by proving the second part of the theorem. We will apply Theorem 3.3
to the class of functions M ~'G,, where G, is the loss class

Ga={gv x> (Ilys, Ci) |V € Vy} .
@Springer



Mach Learn (2007) 66:259-294 275

From Eq. (14), we know that Vg € MGy, g(x) € [0, 1], and therefore Pg2 < Pg, hence
the first assumptions of Theorem 3.3 are satisfied with B = 1.
Hence, we have

(g € star(M~'Gy) | Pg* <}
={g:x > AM'(Ix|* = (Ty, C:) |V € V4, Pg> <r,x € [0, 11} := L,.

The goal is now to upper bound EE, R, L, . For this we first decompose each function in
this set as

M='Ax ) = Ty, C)) = M~'A(Ix|1? = (TTy, C1)) + M~ (ATly, C; — Cy).

Notice that, since we assumed that ||x||> = M a.s., the first above term is a.s. a positive
constant equal to A(1 — M~YI1y, Cy)). Furthermore, the L, norm of any g € L, can be
rewritten as

_ 2
Pg* = M2 2P(Ix|* — (Iy, Cy)")

=221 —2M Ty, C1)) + M~ *(ITy, C>I1y)
= ( (1= MMy, €)Y + MMy, (C; — €1 ® CHAIy).

From the two last displays, we can write
EE. R, L, <EER,Li, +EE.R,L>,,
defining the set of constant functions
Li,=fxrcl0<c<r),
and the set of centered functions
Loy ={x+> M, Ci = C) | TP =d, ([, (C2 = C1 ® C)T) < M°r).

We can now apply the same device as in the proof of Theorem 3.2 to obtain that

IEIEf/‘,Rerﬁ],r =< \/Zv
n

1
EE,R,Ls, < — inf [ Vrh+M~" |d AiCH |
& \/E 1>0 j;rl J 2

and
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again following the proof of Theorem 3.2, we obtain by application of Theorem 3.3 that for
any K > 1 and every £ > 0, with probability at least 1 — e :

EM(11 + 7K)
YV e Vy, R(V) < e 1R,,(V) +12Kp(M,d, n) + ———m, (29)
— n
and similarly with probability at least 1 — e :
K+1 M1+ 7K
vV eV, R,(V) < + R(V)+ 12Kp(M,d, n) + EMAL+7K) (30)
n

We now apply (29) to ‘7‘1 and (30) to V; to conclude, using Rn(?d) < R,(V,), that with
probability at least 1 — 2¢~¢, for any K > 2:

R(Vy) — R(Vy) < 36(%R(Vd) + K(p(M, d,n)+ M%))

We now choose K = max(2, (p(M, d, n) + Mf—l)*% R(Vd)%) ; this leads to the conclusion of
the last part of the theorem.

For the first part of the theorem, we basically follow the same steps, except that we
additionally use (21) of Theorem (3.3) to obtain empirical quantities. It can be checked that
if ¢ is a sub-root function with fixed point »* and ¥; = ay(r) 4+ B for nonnegative «, 8 then
the fixed point ;' of ¥, satisfies rj < 4(a’>r* + B), see for example Lemma 4.10 of Bousquet
(2002). So, we can unroll the same reasoning as in the first part of the present proof, except
that the covariance operators are replaced by their empirical counterparts and we consider
directly the empirical Rademacher complexities without expectation over the sample. Finally
we conclude that for any K > 2, with probability at least 1 — 4¢~%,

YWV IRV = R(V)| < c<%Rn<v> + KM(pn(d, )+ %))

Using the union bound, we can make this bound uniform over positive integer values of K
in the range [2...n] at the price of replacing & by & 4 log n. We then apply this inequality
to V; and pick K = max(2, [(0,(M, d, n) + M E)=3 R(V,)?7), which, for any n > 3,
is an integer belonging to the integer interval [2. .. /n] since Rn(f/\d) < M. This leads to the
first inequality of the theorem. |

3.5 Recentered case

In this section we extend the results of Theorem 3.1 in a different direction. Namely, we want
to prove that a bound of the same order is available if we include empirical re-centering in
the procedure, which is commonly done in practice.

For this we first need to introduce additional notation:

zZ
Cz

Z —E|[Z] € Hy,
ZQ®Z* €eHS(H);
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Similarly, let us denote C, the covariance Operator associated to Z ; therefore, C; is the
expectation in HS(H) of C and satisfies C; = C; — E[Z] @ E[Z]*.

The quantities Z, C, already depend on P through the centering, so that we will define
the corresponding quantities for P, corresponding to an empirical recentering:

—~ 1 &
=Z—;;Zi,

C_'Z,n = Z ® Z*,

61,n=nilZn:C‘Z,-ﬂ:C],n_ _I)ZZ ®Z*
i=1

i#]

Note that the specific normalization for C , is chosen so that it is an unbiased estimator of
Cl, that is, |E [C_‘]’n] = Cl.

In this case the PCA algorithm finds the d-dimensional space minimizing the empirical
reconstruction error of the empirically recentered data:

W, = ArgMin - Z I1Z; — v (Z)I%,
VeV, j=

and W, is the vector space spanned by the first d eigenfunctions of C; ,. We also denote by
W, the space spanned by the first d eigenfunctions of C, which minimizes the true average
reconstruction error of the truly recentered data:

W, = ArigMinE(Z — Ty (2)]>.
VeV,

We will adopt the following notation for the reconstruction errors, true and empirical:

_ 1 LI ~ _
RV)=—= 3 1Zj = Mv(ZpI* = (My+, Crp).
j=1

R(V)=E|Z - ly(2D)II* = My, C1).

Again, the reason for the specific normalization of R, (V) is to make it an unbiased estimator
of R(V).
In this situation we have the following theorem similar to Theorem 3.1:

Theorem 3.5. Assume that | Z||> < M a.s. Then for any & > 1 and n > 10, with probability
greater than 1 — 5¢~%, the following inequality holds:

5

_ o~ o~ d
|R(Wd)_Rn(Wd)|f\/;tr(CZ.n_Cl,n(gC )+14M,/ —+2M ?
n#
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also, with probability at least 1 — 3e7%,

0 < R(W,) — R(W,) < \/5 tr(C; —Cr®Cy) + 17M\/g
n n

The proof of this theorem follows the same structure as for Theorem 3.1, but some addi-
tional ingredients are needed to control U-processes arising from the empirical recentering.
Note that the leading complexity term is the same as in Theorem 3.1: hence recentering in
kernel PCA essentially does not introduce additional complexity to the procedure. A minor
downside withrespect to Theorem 3.1 is that we lose the refinement introduced by considering
the diameter of the support of C.

Proof: We have

|R(Wy) — Ry(Wo)| = [(Wy, €1 — C1.)| < sup [Ty, Cy — Cr)l.
VEVd

Denoting 1 = E [Z], recall the following identities:

Ci=Ci—p®@u and Cp,=Ci,— Z Z®Z;, 3D
(” - iz

from which we obtain

sup [(Ty+, Ci, — Ci)| < sup [(TTys, Cip — C1)

VeV, VeV
+ sup [{ My, p@pu* — > z;®Zz;)|. 32
vey, - 1) ij

It was shown in the proof of Theorem 3.1 that the following holds with probability greater
than 1 — 3e~¢:

sup |[(ITys, Cy, — Cy) |<\/7\/tr C2n—C1n®C1n +M,/ +2M\/_§4

|4 EV[I

so we now focus on the second term of (32). If we denote
G,y zn) =TTy, p @ u* — ﬁ Z,-# Zi ® z}), then we have for any i :

|G(Zl, ey Zn) — G(Z], ey Zig—1» Z iy Zighls -+« s zn)’
1
e ICESALERSEIERE)
4M
ZHZ’O Zm ZJH < T
J?élo
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Therefore we can apply the bounded difference inequality (Theorem B.1) to G, so that with
probability greater than 1 — ¢,

sup HL,M®M*— Z,®Z;

VEV(/< ! _l);

<E|sup My, n@u*— > z,®Z; +4M,/
VeV, ( _1) i#j

To deal with the above expectation, we consider Hoeffding’s decomposition (see de la Pefia
and Giné, 1999, p. 137) for U-processes. To this end, we define the following quantities:

Sy = ‘Eu\IJ) —Z( My, p® w*) — (My(Z;), )

Ry = sup ———— S My, 2® 25) — (Mya(Z), 1)
vey, nln—1) J i

—(MMy(Z), 1) + Ty, u @ u™)).

It can easily be seen that

E[Sup<nvau®u* _1)22 ®z*>]sE[sd]+E[Rd].

VEV,] 1751

Gathering the different inequalities up to now, we have with probability greater than 1 — 5¢7% :

_ _ d \/— 3
SUP|(HVL,C1,n—C1)|E\/;\/tr(cz,n—cl‘n@)c )+5M,/ +2M 5

VeV,

+E[Sq4] + E[R4].

We now bound from above the expectation of S; and R; using Lemmas 3.6 and 3.7 below,
which leads to

E|Z|?
E[S;] < 4—|| I <6M —S ,
N 2n

and

6
E[R] < —E|Z|? <3m ]2,
n—1 2n

where we have used the assumptions £ > 1 and n > 10. This leads to the first inequality of
the theorem. R
For the second part of the theorem, the definition of W, implies that

0 < R(Wy) — R(Wy) < (R(OWy) — Ry(Wa)) — (R(Wa) — Ru(Wy)) .
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For the first term, we proceed as above except we consider only one-sided bounds and, for
the main term, use instead the proof of the second part of Theorem 3.1. We thus obtain that
with probability at least 1 — 2¢~%,

_ o~ _ o~ d
R(W;) — R, (W,) < \/— tr (Cz -1 ® CT) + 15M\/§.
n n
As for the second term,
R(Wy) — Ry(Wy) = E[(Ty1, C1)] = (Mt Cuas

and we can write

<HW{]iaC_‘l,n — 1)Zg(z“z )
i#]

with
1
8(z1,22) = 5(11 — 22, Myt (21 — 22))-

whenever ||z;]|> and ||z2|* are bounded by M, we have g(z1, z2) € [0, M], therefore we can
apply Hoeffding’s inequality (Theorem B.2 with r = 2) to conclude that with probability at
least 1 — e~ %,

R,(Wyq) — R(Wy) < M\/g

Lemma 3.6. The random variable S, defined above satisfies the following inequality:

E[S;] < 4—]E”ZI|2
a] < N

Proof: A standard symmetrization argument leads to

E[S,] < EE, sup — Ze, My (Z;)), 1)
vey, N j=1

nvL (Z 8ij>‘
j=1

ig.izj

Jj=1

4
—=Etr Crp el
Vn

4
< -EE. lleell
n

IA

4
—EE, llell
n

IA
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where we successively applied the Cauchy-Schwarz inequality, the contractivity of an or-
thogonal projector, and Jensen’s inequality. Applying Jensen’s inequality again, and the faﬁ
that ||> = |E[Z]I* < E||Z||? yields the conclusion.

Lemma 3.7. The random variable R, defined above satisfies the following inequality:
6
ER; = —E|Z|*.
n—1

Remark. The proof uses techniques developed by de la Pefia and Giné (1999). Actually, we
could directly apply Theorems 3.5.3 and 3.5.1 of this reference, getting a factor 2560 instead
of 6. We give here a self-contained proof tailored for our particular case for the sake of
completeness and for the improved constant.

Proof: Let us denote (Z';) an independent copy of (Z;). Since Iy is a symmetric operator,
using Jensen’s inequality ,

1
E[Rs] < ——FE| sup W(Zi, 2y, 2;,Z;) |,
n(n — 1) VEW; Y e
where

f\/(Z,‘, Z,'/, Zj, Zj/) = (HVL, Zi ® Zj - Zi’ ® Zj - Zi ®Z;<’ +Zi/ ® Zj’)

Since fy(Z;, Zi, Z2;, Zj)= —fv(Zy, Z;, Z;, Zy)and fy(Zi, 2y, 25, Z)) = — fv(Z;, Z;v,
Zj, Z;), following the proof of the standard symmetrization, we get:

1
E[R)] < ——FE | sup ) s¢;fv(Zi,Zi,Z;,Z))
e P S I
Therefore,

2 *
E[R,] < "D E| sup > eiej(Mye, Zi @ Z3)

VeV, I#J
+E | sup Zss(H Z; Q7% 2 (A+ B)
- icjlys, Z; i = — ;
vev, i ! J nn—1)
for the first term above we have

A<E i AIT ,Zl' Z* =C,
=5 | S - 07

while for the second we use
B <E| sup — giei(llys, Z; @ Z%) | + E | sup My, Z; QZ;
[VEV,{ IX]: ! < J >} {VEVJ Xl:< ! >

=D+ E.
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We bound terms C, D, E by the following similar chains of inequalities where we succes-
sively use the Cauchy-Schwarz inequality, the contractivity of an orthogonal projector and a
standard computation on sums of weighted Rademacher:

2

C < E4E, sup =nE|Z|?;

E & Z;
VEV,]

i

=< EZE&‘

Zf;‘jnvL(Z])
J

Ze,-Zi
i

D < Ez zE, sup
VeVy

ZE,‘Z,‘

Z(‘?;Zi

i

ZSI‘H‘/L(ZJ'/)
J

<EzzE,

Z gy
J

2 2
= IE'Z,Z/IEE E, =nE ”Z”z 5

Zé‘iz,‘ Zé‘ijr
i J

E <Ezz sup Y Ty (Z)ll 1Zill <> Bz z1Zoll | Z;]| <nElZ]7.

vey, i

i

Gathering the previous inequalities, we obtain the conclusion. d

4 Kernel PCA and eigenvalues of integral operators
4.1 Kernel PCA

In this section we review briefly how our results are interpreted in the case where the Hilbert
space ‘H is a reproducing kernel Hilbert space (RKHS) with kernel function k. This is the
standard framework of kernel PCA. The reason why we mention it only at this point on the
paper is to emphasize that our previous results are, actually, largely independent of the RKHS
setting and could be expressed for any bounded random variable in an abstract Hilbert space.

In this framework the input space X is an arbitrary measurable space and X is a random
variable on X’ with probability distribution P. Let k be a positive definite function on X’ and
‘Hy the associated RKHS. We recall (see, e.g., Aronszajn, 1950) that H; is a Hilbert space of
real functions on X', containing functions k(x, -) for all x € H; and such that the following
reproducing property is satisfied:

Vf e Hy Vxe X (f, k(x,.)) = f(x), (33)
and in particular
vx’ y € X (k(x! )7k(y7)) :k(xay)

The space X can be mapped into H; via the so-called feature mapping x € X — ®(x) =
k(x,-) € Hy. The reproducing property entails that (®(x), (y)) = k(x, ¥) so that we can
basically compute all dot products involving images of points of X’ in H; (and linear com-
binations thereof) using the kernel k. The kernel PCA procedure then consists in applying
PCA to the variable Z = ®(X).
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‘We make the following assumptions on the RKHS, which will allow to apply our previous
results:

(A1) Hy is separable.
(A2) Forall x € X, k(x, .) is P-measurable.
(A3) There exists M > 0 such that k(X, X) < M P-almost surely.

Assumption (A1) is necessary in order to apply the theory we developed previously.
Typically, a sufficient condition ensuring (A1) is that X is compact and k is a continuous
function. Assumption (A2) ensures the measureability of all functions in H;. since they are
obtained by linear combinations and pointwise limits of functions k(x, -) ; it also ensures the
measureability of Z. It holds in particular in the case where & is continuous. Finally, assump-
tion (A3) ensures that the variable Z is bounded a.s. since ||Z|* = ||®(X)||*> = k(X, X).
Note that we also required the stronger assumption of ||Z I> = k(X, X) = M as. for The-
orem 3.2. Although this clearly is a strong assumption, it still covers at least the important
class of translation invariant kernels of the form k(x, y) = k(x — y) (where X is in this
case assumed to be a Euclidean space), the most prominent of which is the Gaussian kernel
k(x, y) = exp (= lIx — yII* /20?)).

For the computations in HS(H), the following equalities are available:

tr Co) = || Cow) ||HS(Hk) = k(x, x), (34)
(Cowy: Copus) = k2(x, ), (35)
(f, Cow8)m, = (Cowy> f ® & usnyy = f(x)gx). (36)

Note incidentally that (35) implies that HS(H;) is actually a natural representation of the
RKHS with kernel k2 (x, y) . Namely to an operator A € HS(’H}) we can associate the function

Fa() = (A, Com)ysgy, = (A PO, ), = (A - D))

with this notation, we have fc, ., = k*(x, ), and one can check that (33) is satisfied in
HS(H,) with the kernel k*(x, y) when identifying an operator to its associated function.

Finally, the trace of operators C;, C; ® CY and C3 ,, C1» ® CY , appearing in Theorems
3.1 and 3.5 satisfy the following identities:

s = wE[Com) ® Cix)] = E[[| Com|* ] = EIK*(X, X)I;

1 n

wCay = ;k%xi, Xo);

tr(Cy ® Cf) = IC11> =E[k*(X,Y)] (where Y is an independent copy of X),

1 n

* _ 2 X .

tr(C, ® C,) = - ;k (Xi, X))
4.2 Figenvalues of integral operators

We now review the relation of Kernel PCA to eigenvalues and eigenfunctions of the kernel
integral operator. Again, this relation is well-known and is actually central to the KPCA
procedure; we now expose it here to explicitly show how to formulate it in our abstract
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setting and how our results can be interpreted in that interesting light, although their initial
formulation was independent of it.

The intimate relationship of the covariance operator with another relevant integral operator
is summarized in the next theorem. This property was stated in a similar but more restrictive
context (finite dimensional) by Shawe-Taylor et al. (2002, 2005).

Theorem 4.1. Let (X, P) be a probability space, H be a separable Hilbert space, X be a
X-valued random variable and ® be a map from X to H such that for all h € 'H, (h, ®(.))
is measurable and E | ®(X)||> < oo. Let Co be the covariance operator associated to ®(X)
and K¢ : Ly(P) — L,(P) be the integral operator defined as

(Ko /)(1) = E[f(X){P(X), ®(1))] = / JO(P(x), (1))d P(x).

Then K is a Hilbert-Schmidt, positive self-adjoint operator, and
MKo) = M(Co).
In particular, K ¢ is a trace-class operator and tr(K¢) = E || (X)) = Zizl ri(Ko).

This result is proved in the appendix. Note that we actually have (®(x), ®(y)) = k(x, y),
so that K¢ is really the integral operator with kernel k. We chose the above formulation in
the theorem to emphasize that the reproducing property is not essential to the result.

Furthermore, as should appear from the proof, the theorem can be easily extended to
find an explicit correspondence between the eigenvectors of Ce and the eigenfunctions
of K¢. This is an essential point for kernel PCA, as it allows to reduce the problem of
finding the eigenvectors of the “abstract” operator C;, to finding the eigenfunctions the
kernel integral operator K , defined as above, with P taken as the empirical measure; K; ,
can then be identified (as in Koltchinskii and Giné, 2000) to the normalized kernel Gram
matrix of size n x n, Ky, = (k(X;, X;)/n); j=1,..,. This comes from the fact that L,(P,)
is a finite-dimensional space so that any function f € L,(P,) can be identified to the n-
uple (f(X;))i=1,..»; this way the Hilbert structure of L,(P,) is isometrically mapped into
R" embedded with the standard Euclidean norm rescaled by n~'. (Note that this mapping
may not be onto in the case where two datapoints are identical, but this does not cause a
problem.)

A further consequence of Theorem 4.1 and of the above remarks is the following identi-
fication of (positive part of) spectra:

MC1) = MK1);
MCrn) = MK10);
MCon) = MK2,n);

MCY) = MKy);

1 1
)\(Cén) = )‘-(CZ,n - Cl,n ® Cikn) = A((In - _1>K2,n <In - _1)> = }\(Kén)7
) , n n )

where K; denotes the kernel integral operator with kernel k and the true proba-
bility distribution P; K ,, K,, are identified to the matrices (k(X;, X;)/n); j=i
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notes the square n x n matrix whose entries are all ones; and K} is the kernel oper-
ator with kernel ka(x, y) = k*(x, y) — Ex[k*(X, y)] — Ey[k*(x, Y)] + Ex y[k*(X, Y)]. To
understand the two last identities of the above display, first note that C; — C; ® C} =
E [(CZ —E[Cz2)®(Cz—E [CZ])*] is the covariance operator for the variable C, =
Cz — E[Cyz]. The identities follow by (a) applying Theorem 4.1 to this variable (when P
is the true distribution or the empirical measure, respectively) and (b) some simple algebra,
omitted here, to identify the the corresponding operators (this is similar to Kernel PCA with
recentering, see, e.g., Scholkopf et al., 1999).
These identities have two interesting consequences:

e all quantities involving empirical operators appearing in the bounds of Theorems 3.1, 3.2,
3.5 can be computed from the finite-dimensional kernel matrices K, ,, K2 ,. In the last
section we had already obtained the expressions for the traces by elementary calculations;
further, the above spectra identities allow to identify also partial sums of eigenvalues
appearing in the bounds.

e The optimal reconstruction error R(V;) coincides with the tail sum of eigenvalues ) ;_, A;
of the integral operator K|, while the empirical construction error R, (174) coincides with the
tail sum of eigenvalues of the kernel Gram matrix K ,. Therefore, our results also allow to
bound the error made when estimating eigenvalues of K by the eigenvalues of its empirical
counterpart K ,. More precisely, minor modifications of the proofs of Theorems 3.1, 3.4,
3.5 result in bounds on the difference between these tail sums: global bound, relative bound
and global bound for the recentered operators, respectively. (However, note that Theorem
3.2 has no direct interpretation in this framework: it only focuses on convergence of the
reconstruction error.) Similar techniques apply also for dealing with partial sums ) . _, A;.
Approximating the integral operator K; by its empirical counterpart K , is known as the
Nystrom method (see, e.g., Williams and Seeger, 2000). We collect the resulting inequalities
in the following theorem.

Theorem 4.2. Assume (A1), (A2) are satisfied. Let Xy be the support of distribution P
on X ; assume Sup, .y, k(x,x) < M and SUP, yex, (kz(x, x) + k2(y, y) — 2k%(x, y)) < L2
Denote R(d) =) ;. ; (K1) and R,(d) = Y _;_; A\a(K1 ,).Then for any n > 2, either of the
following inequalitites holds with probability at least 1 — e

R() — Ru(d) < | LKy + (M A L) 2 (37)
n 2n
R(d) — R,(d) <,/ d trKﬁn—l—(M/\L),/i—l—L\/Efi; (38)
n—1 ' 2n ni
R 28 § .
(d) — Ry(d) = — T(M A L)R() — (M A L)g, (39)

R(d) — R,(d) > —\/g(M A L) <Rn(d) —(MAL) § > —(M A L);. (40)
n n n

3n

Under the stronger condition k(x, x) = M for all x € Xy, either of the following inequalities
holds with probability at least 1 — e~

< ; M\ |
(d)—R,(d) <c|,/R(d) p(M,d,n)—l—M; +p(d,n)+7 ; (41)
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+pu(d. n)—i—w .

R(d) — R,(d) < C<\/R,,(d)<p,,(M, d,n)+ M%ﬂ)

(42)

Comments. A consequence of this theorem worth noticing is that by combining (42) and (40)
applied to d, d 4 1 respectively (or vice-versa), we obtain a (fully empirical) relative bound
for estimating single eigenvalues. However the relative factor in the main term of the bound
is the tail sum of eigenvalues rather than the single eigenvalue itself. Also, similar bounds are
available for the partial sums ), _, A; ; however in that case the relative bounds lose most of
their interest since the “relative” factor appearing in the bound is then typically not close to
Zero.

Finally, using Theorem 3.5 inequalities similar to (37) and (38) can be proved for bounding
the difference between the sum of eigenvalues of the “recentered” integral operator K
withkernel k(x, y) = k(x, y) — Ex[k(X, y)] — Ey[k(x, Y)] + Ex y[k(X, Y)] and the sum of
eigenvalues of the recentered kernel matrix K n=U,— %I)K 1Ly — %1). The principle
is exactly similar to the above and we omit the exact statements.

Proof: Bounds (37), (38) are almost direct consequences of Theorem 3.1, and (41), (42) of
Theorem 3.2, respectively. More precisely, we kn/(zw that R(d) = R(Vy)and R,(d) = R, (Vd).
Theorems 3.1, 3.2 provide upper bounds for R(V;) — Rn(f/\d) (here we need only one-sided
bounds, hence the inequalities are valid with slightly higher probability), and we furthemore
have R(V;) < R(V,) by definition.

Concerning the “relative” lower bounds (39) and (40), we start with the following fact:

R(d) — Ru(d) = R(Va) — Ru(Va) = R(Va) — Ru(Va) = (P, — P)(My,, Cz);
Consider now the function f : z — (Iy,, C;). Using the same arguments as in the beginning
of the proof of Theorem 3.1, we conclude that a.s. f(Z) € [a, b] for some interval [a, b] with

a>0and |a —b| <M A L. We now apply Bernstein’s inequality (Theorem B.3) to the
function (f — a) € [0, M A L], obtaining that with probability at least 1 — e~%, we have

Py = PYTLy,. C) = — BPY = g )
n 3n

P(f —a)* < (M A LXPf —a) < (M A L)Pf.

Now, note that

This proves (39). Inequality (40) follows by using the fact that x > 0 and x> +ax +b >0
witha > Oimplies x> > —b — a/—( A 0) (here applied tox = +/R(d) and the correspond-
ing terms coming from (39). |

5 Comparison of the bounds

Of interest is to understand how the different bounds obtained here compare to each other. In
this short section we will present two different simplified example benchmark settings where
we assume that the true distribution, and in particular the eigenvalues of C; and C,, are known,
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and visualize the different bounds. We do not consider here the bound for the recentered case
(Theorem 3.5) as it is, up to worse multiplicative constants, essentially equivalent to the
non-centered case of Theorem 3.1, as far as the bounding quantity is concerned.

We therefore focus on Theorems 3.1, 3.2, 3.4, more precisely on the excess error inequal-
ities bounding R(@) — R(Vy). (Since Theorem 3.2 only deals with this quantity, this is the
one we must consider if we want to compare the different theorems.) In general, we expect
the following general picture:

(1) The global bound of Theorem 3.1 results in a bound of order \/g .

(2) The excess bound of Theorem 3.2 will result in a bound that decays faster than the
global bound as a function of n for fixed d, but has a worse behavior as a function of
d for fixed n, because of the factor B; which will grow rapidly as d increases.

(3) The relative bound of Theorem 3.4 will result in a bound that decays slower than the
global bound as a function of n, but we expect a better behavior as a function of d
for fixed n, because the risk R(V,) enters as a factor into the main term of the bound.
Actually, we expect that this bound is the only one to be decreasing as a function of
d, at least for values of d such that the other terms in the bound are not dominant.

Example 1. For this first case we consider a case where the eigenvalues of C; and C, decay
as a power of n. More precisely, suppose that M = 1, R(V;) = >",_, 2:(C1) = ad™" and
D ing 2i(Cy) =a'd™ (with o, y > 0 and 2y > o — 1). In this case, we have p(A, d, n) <
(Amedman~ i) Adin~?, while By = O(d*).

Example 2. Inthis case we assume an exponential decay of the eigenvalues: M = 1, R(V,) =
digdi(C) = ae "¢ and D g Mi(Cr) = a’e™*¢ (with the same constraints on y, « as in
the first example). In this case, we have p(A, d, n) < (An~!(1 v log(A‘ld%n%))) A d%n‘%,
while B; = O(e??).

We display the (log-)bounds for R(Vd) — R(V,) for these two examples in Fig. 1, with
the choices o = y =4 for example 1, and o = y = 0.7 for example 2; we picked a =
I, =0.5,& =3, n e {107, 10'% for both cases. The bounds are plotted as given in the
text including the multiplicative constants; for the relative bound of Theorem 3.4 we strived to
pick the best multiplicative constant ¢ that was still compatible with a rigorous mathematical
proof. We included in the figure a plot of the (log-)optimal reconstruction error itself R(V;),
which allows to compare the magnitude of the bounds to the magnitude of the target quantity
(or, speaking with some abuse, the magnitude of the “bias” and of the bound on the “estimation
error’).

Note that our goal here is merely to visualize the behavior of the bounds, so that we do not
claim that the above choice of parameters correspond to any “realistic” situation (in particular
we had to choose a unrealistically high values for n to try to exhibit the trend behavior of
the bounds for large n despite the loose multiplicative constants involved). However, the two
above general behaviors of the eigenvalues can be exhibited for the Gaussian kernel and some
choices of the generating distribution on the real line, as reported for example by Bach and
Jordan (2002), so that we trust these examples are somewhat representative.

In both cases we observe, as expected from the above remarks, that the excess bound of
Theorem 3.2 gives a much more accurate result when d is small. Quickly however, as d
increases, this bound becomes essentially uninformative due to its bad scaling as a function
of d, while the relative bound of Theorem 3.4 becomes better. Finally, we can observe a
small region on the d-range where the initial global bound is better. This is mainly due
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to the worse multiplicative constants arising when applying the localized approach. As n
increases, the influence of these constants becomes less important and this region eventually
vanishes.

6 Conclusion and discussion

Comparison with previous work. Dauxois and Pousse (1976) studied asymptotic convergence
of PCA and proved almost sure convergence in operator norm of the empirical covariance
operator to the population one. These results were further extended to PCA in a Hilbert space
by Besse (1991). However, no finite sample bounds were presented. Moreover, the centering
of the data was not considered.

Compared to the work of Koltchinskii and Giné (2000), we are interested in non-asymptotic
(i.e., finite sample sizes) results; furthermore our emphasis is on reconstruction error for PCA
while these authors were focusing only on eigenspectra estimation. It is however noteworthy
that the recentered fourth moment operator C} appearing in our finite sample bounds also
surfaces naturally as the covariance operator of the limiting Gaussian process appearing in
the central limit theorem proved by the above authors.

Comparing with Shawe-Taylor et al. (2002, 2005), we overcome the difficulties coming
from infinite dimensional feature spaces as well as those of dealing with kernel operators
(of infinite rank). They also start from results on the operator eigenvalues on a RKHS to
conclude on the properties of kernel PCA. Here we used a more direct approach, extended
their results to the recentered case and proved refined bounds and possible faster convergence
rates for the uncentered case. In particular we show that there is a tight relation between how
the (true or empirical) eigenvalues decay and the rate of convergence of the reconstruction
error.

Asymptotic vs. non-asymptotic. A point of controversy that might be raised is the follow-
ing: what is the interest in non-asymptotic bounds if they give informative results only for
unreasonably high values of n, as is the case in our examples of Section 5? In this case,
why not consider directly the asymptotic results (e.g., central limit theorems) cited above,
which surely should be more accurate in the limit? The answer to this is that ideally, our goal
would be to understand the behavior of PCA (or of the eigenspectrum of the Gram matrix)
for a fixed (although, for the time, possibly large) value of n and across values of d. This
could, for example, help answering the question of how to choose the projection dimension
d in a suitable way (we discuss this issue below). As far as we know, central limit theorems,
even concerning the eigenspectrum as a whole, are not precise enough to capture this type of
behavior. This is illustrated at the very least in the fact that for any value of #, all empirical
eigenvalues of rank d > n are zero, which of course is always far from the “asymptotic
gaussian” behavior given by the CLT. In all honesty, as will appear more clearly below, our
bounds are also quite inaccurate for the “very high dimension” regime where d is of same
order as n, but might be interesting for intermediate regimes (e.g., d growing as a root power
of n). While we are still far from a full understanding of possible regimes across values of
(n, d), we hope to have shown that our results present interesting contributions in this general
direction.

The nagging problem of the choice of dimension in PCA. Even if we had a full, exact picture
of how the estimation error behaves for arbitrary (n, d), the choice of the projection dimen-
sion in PCA poses problems of its own. It is tempting to see the reconstruction error R(V)
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as an objective criterion to minimize and interpret Theorems 3.1 or 3.4 as a classical statis-
tical tradeoff between empirical 'model’ error R,,(Z]) (here the "'model’ is the set of linear
subspaces of dimension d) and estimation error (R(V;) — R(V})), for which explicit bougds
are provided by the theorems. The sum S, ; of these two contributions is a bound on R(V,),
which would suggest to select the dimension d minimizing S, 4 as the best possible guess for
the choice of the dimension. However, even if the bound S, ; presents a minimum at a certain
do(n) this whole view is an illusion: it is clear that, in this case, the true reconstructlon error
R(Vd) of the subspace selected empirically is a decreasing function of d (since Vy C Vd+1)
This emphasizes that the (true) reconstruction error is by itself not a good criterion to select
the dimension: as far as reconstruction error is concerned, the best choice would be not to
project the data at all but to keep the whole space; there is no “overfitting regime” for that
matter. This also shows, mmdentally, that for d > dy(n), bounding R(Vd) by S,.4 is totally
off mark, since S, 4 > S, ay(n) = R(Vd“(n)) > R(Vd) In other words, for d > dy(n) the bound
fails to capture any information additional to that obtained for d = dy(n) (this was also noted
by Shawe-Taylor et al., 2005).

Hence, an alternative and sensible criterion has to be found to define in a well-founded way
what the optimal dimension should be. Up to some point, the nature of the optimal choice
depends on what kind of processing is performed next on the data after applying PCA.
The further processing might suggest its own specific tradeoff between projection dimension
(which might result in some complexity penalty) and allowed error. Another, more “agnostic”
possibility, is to choose the dimension for which the “approximation error” R(Vy) and the
“estimation error” R(V,;) — R(V,) are approximately of the same order. (We expect in general
that the approximation error is dominating for low dimensions, while the converse holds for
high dimensions.) If we trust the relative bound of Theorem 3.4, a possible (empirical)
criterion would then be to choose d such that R,,(Vd) is of the same order as p,(M, d, n).
These different possibilities illustrate at any rate the interest of understanding correctly the
behavior of the estimation error across d for a given n.

Finally, additional open problems include obtaining relative convergence rates for the
estimation of single eigenvalues, and nonasymptotic bounds for eigenspace estimation.

Appendix A: Additional proofs

A.1 Proof of Theorem 2.1.

For the existence of operator C and its basic properties, see, e.g., Baxendale (1976). We
proceed to prove the last part of the theorem. First, we have E||Z ® Z*|| = E|| Z I> < o0, so

that E[Z ® Z*] is well-defined. Now, for any f, g € H the following holds by the definition
of C and of the expectation operator in a Hilbert space:

(FE[Z2®Z"]|g)=E[(Z® Z". f ® ¢")| =EUZ. FY(Z.8)] = (f.Cg):
this concludes the proof.
A.2 Additional proof for Section 3

A key property necessary for the proof of Theorem 3.2 is established in the following
Lemma:
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Lemma A.1. Let and y,; be defined as in Eq. (17). For any V € Vy, there exists Hy € V,;
such that

R(Hy) = 1511613 R(H), (43)

and

E[(TMys — My C2)'] < 29 Ez.2[(Z, Z)4E [(My: — M. Cz)],

where Z' is an independent copy of Z.

Proof: Recall the following notation: let (A;) denote the ordered eigenvalues with multiplicity
of Cy, resp. (u;) the ordered distinct eigenvalues, and let d be the integer such that Ay = ;.

Let us denote W; the eigenspace associated to eigenvalue p; and W_,- = @{:1 W;. We
first assume d > 1 and denote k, £ the fixed integers suchthat Ay_y = (j_i, Ag—ey1 = ... =

ha = ... =dayk = g and Agpr1 = gy
Step 1: construction of Hy. Let (¢y, ..., ¢4—¢) be an orthonormal basis of del. Let VD

denote the orthogonal projection of W;_; on V ; in other words, the space spanned by the pro-
jections of (¢; )i <q—¢ on V. The space VD isof dimensiond — ¢/ <d — £;let(fi, ..., fi_e)
denote an orthonormal basis of V(). We complete this basis arbitrarily to an orthonormal basis

(fi)iza of V. .
Denote now V® = span{f;_s41, ..., fs}. Note that by construction, V® L W;_,. Let

W(;z) be the orthogonal projection of V® on W,. The space Wf) is of dimension £” < ¢

let ($a—e+15 - --» Gatrer—e) be an orthogonal basis of W‘?). We finally complete this basis
arbitrarily to an orthonormal basis (¢;)i—¢+1<i<a+k Of W;. Note that by construction, in
particular V® L span {¢g41, ..., Pasr}-

We now define Hy = span{¢;, | <i < d}. Obviously Hy is a minimizer of the re-
construction error over subspaces of dimension d. We have, using the definition C, =
E[Cz ® C31:

E[(My: — My, Cz)*] = Mgy, — My, CoMly, — HV)H5<H)

2
< Callasasrp 1T ey, — v s

= 2||Callus@sy(d — (v, Mg, Juseo)

d
= 2| C2llus@s ) (d - Z (fis ¢j>2> ;

i,j=1

and on the other hand, using the definition C; = EC:

d
E[(Tly: — gy, C2)] = (M, — Ty, C1) = Y (i — (£, C1fi)) .
i=1

We will decompose the last sum into two terms, for indices i smaller or greater than d — ¢,
and bound these separately.
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Step 2a: indices i < d — £. In this case we decompose f; = ngd—l<fi’ j)o; + gi, with
g € Wy . We have

(guclgt)<.ud”gt” —/'Ld< Z fls¢j >,

and

d— d—L{ d—{ d—{
Z f,,clf,>>Zx(1— fz,d)]) u( Z<f,-,¢_,->2)

j=1 i=1 j=d—t

—¢
=1

d
= (g1 — 1g) (d —{- AZ(fi,ij)z) .

Step 2b: indices i > d — £. In this case remember that f, L¢jforl<j=<d-{and
d+1 < j <d+ k. We can therefore decompose f; = Z i—a_esi(fis®j)0; + g with g/ €
Wi We have

Yo (find)) )

d
2
(81, C1g}) < g llgill” = mapy (
Jj=d—t+1

and

d d d
3 (Ai—<ﬁ,clﬁ>>=ud~<£— 3 <f,-,¢j>2>— > (s Cig)

i=d—(+1 i, j=d—t+1 i=d—l+1

d
z(w—wﬂ)(i— Z (ﬁs¢j)2)-
LJ

i, j=d—t+1

Finally collecting the results of steps 2a-b we obtain

d—t d
(My, — My, Cy) = min(ug_, — pug, MJ_MJ+1)( Z fi )’ Z <fiv¢j>2>
=1 i j=d—t+1
) -1 2
> min (g — ig» g — arr) Q1C2 DT E[(TTye — My, Cx) ]-

Finally, it holds that

”CQH%S(HS(H)) = EZ,Z’ [(CZ ® C5 s CZ’ ® C;)HS(HS(H))]
=Ez 7 [(Cz, CZ/>ﬁS(H)]
=Ez 2 [(Z.2)}].
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This concludes the proof of the Lemma when d > 1.If d = 1, the proof can be adapted with
minor modifications, essentially removing step (2a), so that in the final inequality only the
second term of the minimum appears. g

A.3 Proof of Theorem 4.1

It is a well-known fact that an integral kernel operator such as Ky is Hilbert-Schmidt if
and only if the kernel k(x, y) (here equal to (®(x), (y))) is an element of L,(X x X)
(endowed with the product measure). This is the case here since k(x, y) < |[P(x)|| | DY)
and E[|®(X)||> < oo by assumption. We now characterize this operator more precisely.

Since E|®(X)|| < oo, &(X) has an expectation which we denote by E[P(X)] € H.
Consider the linear operator T : H — L,(P) defined as (Th)(x) = (h, ®(x))y. By the
Cauchy-Schwarz inequality, E(i, ®(X))? < ||4|*E|/®(X)||>. This shows that T is well-
defined and continuous; therefore it has a continuous adjoint 7*. Let f € L,(P), then he
variable f(X)®(X) € ‘H has a well-defined expectation since f and ||®| are in L,(P).
But for all g e H, (T*f, g)yn = (£ T8 1,py = E[(g, f(X)P(X))3] which shows that
T*(f) = E[®(X) f(X)].

We now show that Co = T*T and K¢ = TT*. By definition, for all h,h' €
H, (h,T*Th'Yy =(Th,Th') =E [(h, O(X)) (K, <D(X))]. Thus, by the uniqueness of
the covariance operator, we get Co = T*T. Similarly, (TT*f)(x) = (T* f, ®(x)) =
E[({f(X)D(X), P(x))] = f FO){(P(y), P(x))dP(y) so that K¢ = TT*. This also implies
that K is self-adjoint and positive.

We finally show that the nonzero eigenvalues of 77* and T*T coincide by a standard
argument. Let E,(A) = {x, Ax = ux} be the eigenspace of the operator A associated with
. Moreover, let A > 0 be a positive eigenvalue of Ko = 77" and f an associated eigen-
vector. Then (T*T)T* f = T*(TT*)f = AT* f. This shows that T*E,(TT*) C E;,(T*T);
similarly, TE,(T*T) C E,(TT*). Applying T* to both terms of the last inclusion im-
plies T*TE,(T*T) = E,(T*T) C T*E,(TT*) (the first equality holds because A # 0). By
the same token, E,(TT*) C TE,(T*T). Thus, E,(T*T) =T*E;(TT*) and E,(TT*) =
T E;(T*T); this finally implies dim(E; (T*T)) = dim(E; (TT*)). This shows that A is also an
eigenvalue for C¢ with the same multiplicity and concludes the proof.

Appendix B: Concentration inequalities

Some concentration inequalities used all along the paper are recalled here for the sake of
completeness.

Theorem B.1 (McDiarmid, 1989). Let X1, ..., X, be n independent random variables tak-
ing values in X and let Z = f(Xi, ..., X,) where f is such that:

sup  |f(xq, e x) — Fx, LX) <6, Y1<i<n,
X1y Xy, X[ €EX

then

P[Z —E[Z] 2 &] < e 2/ Citted),
@ Springer



Mach Learn (2007) 66:259-294 293

and

PE[Z]—-Z >&] < oKt A

Theorem B.2 (Hoeffding, 1963). Let 1 <r <nand Xy, ..., X, be n independent random
variables. Denote

1

U= Xis ooy Xi).
n(n—l)...(n—r+l)i1;irg( " )

Ifg has range i La, b then
P[U — By [>]1] < e~2M/m18/=a)*
and

P[Ey [—]U > 1] < e 2m/r/(¢-ar,

Theorem B.3 (Bernstein’s inequality). Let f be a bounded function. With probability at

least 1 — e,
26Pf2 00
(P =P)(f) =y —— ; f % 44)

and with probability at least 1 — ™%,

2
(P = P)f) =y —— ZSPf —”f3”n°°§~ (45)
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