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Statistical Representation of Distribution System
Loads Using Gaussian Mixture Model

Ravindra Singh, Student Member, IEEE, Bikash C. Pal, Senior Member, IEEE, and Rabih A. Jabr, Member, IEEE

Abstract—This paper presents a probabilistic approach for sta-
tistical modeling of the loads in distribution networks. In a distri-
bution network, the probability density functions (pdfs) of loads
at different buses show a number of variations and cannot be rep-
resented by any specific distribution. The approach presented in
this paper represents all the load pdfs through Gaussian mixture
model (GMM). The expectation maximization (EM) algorithm is
used to obtain the parameters of the mixture components. The per-
formance of the method is demonstrated on a 95-bus generic dis-
tribution network model.

Index Terms—Expectation maximization (EM) algorithm,
Gaussian mixture model, load profile.

1. INTRODUCTION

OLLOWING the significant development in business reg-
F ulations, technology evolutions, and various government
policies towards low carbon generation technology, the main
challenges before distribution companies are to improve their
operating efficiencies, develop new tariffs, and offer new ser-
vices to low voltage (LV) consumers without significant capital
burden. Since the loads of the LV consumers are unmetered, the
planning and operation of the networks requires to make use of
sample customer load profiles and apply modeling techniques
for greater asset utilization and increased automation. The ran-
domness of the customer load behavior merely indicates the ne-
cessity of statistics-based modeling approach.

The most common technique to model the loads is through
Gaussian distribution [1]. However, the single Gaussian as-
sumption is not justified for all the loads [2]. In [2], the research
work on statistical methods for load research data analysis con-
cludes that the statistical distribution of electric load variation
does not follow any common probability distribution function.

Several attempts have been made to model the loads
through various probability distributions [3]-[7]. Irwin et al.
[3] have fitted the Weibull distribution to consumer billing
data. Although the distribution was flexible enough to explain
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the distribution of energy consumption of the customers in
Northern Ireland, the analysis covers only the customer energy
and billing data. Seppala [4] has suggested log-normal distribu-
tion models. Reference [4] also proposed a model of customer
load confidence interval. The models were verified from hourly
load measurement data obtained from a Finnish load research
project.

Herman and Kritzinger [5] fitted various distribution func-
tions (Weibull, normal, Erlang, and beta) to grouped domestic
loads. As a result, they proposed the beta distribution function.
A similar research effort was reported by Ghosh ez al. [6] in dis-
tribution system state estimation problem. They validated var-
ious models such as normal, log-normal, and beta distribution
through chi-square goodness of fit test. Reference [6] concluded
that an appropriate model was system specific with clear prefer-
ence for the beta distribution because of its flexibility to adapt to
the skewness in the distribution. An improved model with beta
distribution was also presented in [7].

It can be concluded that there is no unique methodology to
model the load pdf. In general, the Gaussian modeling of the
load profiles appears to be a natural choice for various applica-
tions due to its simplicity as it can be completely described by
two moments (mean and variance). Although there are a host of
two parameter distributions, the Gaussian is preferable because
the analysis based on this distribution is well developed and re-
ported in the literature. Furthermore, many computational tools,
such as the state estimation function, can easily incorporate the
Gaussian pdfs.

In view of this, in our research, we have modeled the vari-
ability in the load distribution through Gaussian mixture model
(GMM) approximation. The advantage of GMM approach is
that different types of load distributions can be fairly represented
as a convex combination of several normal distributions with re-
spective means and variances. The problem of obtaining various
mixture components (weight, mean, and variance) is formulated
as a parametric estimation problem. The expectation maximiza-
tion (EM) algorithm [8]-[10] was utilized to obtain the solution.
The EM algorithm is a powerful tool in parameter estimation
problems. It is a general method of finding the maximum-likeli-
hood estimate of the parameters of an underlying distribution
from a given data set when the data are incomplete or have
missing values. The above formalism was applied to a 95-bus
UK Generic Distribution System (UKGDS) model. Section II
introduces the UKGDS network model and load profile calcula-
tions. GMM, EM algorithm, and further refinement through re-
duction techniques followed by simulation results are discussed
in Sections IIT and IV.
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Fig. 1. UKGDS: 95-bus test system model.

II. LOAD PROFILE CALCULATIONS

Load profiles were generated for a part of UKGDS model.
The system model comprises 95 buses, with 55 load buses and
two wind farms as sources of distributed generation (DG). Fig. 1
shows the schematic of the test system. The network and load
data for UKGDS were obtained from [11].

The U.K. generic distribution network project [11] identified
the following four types of consumers for developing generic
load profile index (LPI).

1) Domestic-Unrestricted (D/U)

2) Domestic-Economy (D/E)

3) Industrial (I)

4) Commercial (C)
The LPI for a particular class of consumer was defined as the
average half hourly power consumptions of several customers
across the entire network measured at the same time. This was
part of the load survey conducted in the UKGDS project [11].
The power was measured at a feeder of particular class of cus-
tomer and was normalized with respect to that feeder rating.
A half hourly normalized load profile was obtained. This half
hourly profile across all the measured feeder of this particular
category was averaged to generate a uniform LPI for a particular
class of customer. LPIs of four types of consumers were com-
puted in this way. The resulting LPIs are displayed in Fig. 2. The
annual maximum demand (kW) information for a type of cus-
tomer at a bus is known from the maximum demand indicator
(MDI) record in each feeder. The annual maximum demand thus
maps with the maximum value of the annual LPI.

Based on this information the real and reactive power load
profiles at sth bus were computed as follows:
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Fig. 2. Annual half hourly demand profile indices for various consumers.
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Fig. 3. Probability distribution of load at different buses.

where

half hourly time instances of the year;

real and reactive power loads at the ¢th bus
at time instant ¢;

P}J; ,(#) LPI value of the jth class of consumer at
time instant ¢;

P1J o annual maximum demand of the jth class
of consumer at bus 7;

& angle of average power factor of the jth
class of consumer;

N, number of consumer classes.

The typical power factors for all four classes of consumers
were taken as 0.95, 0.99, 0.98, and 0.90 lagging, respectively.

A. Distribution of Load Profiles

The density histogram of load profiles was generated for a
load bus by segmenting the range of the data into various dis-
joint categories known as bins. The computation of the relative
frequencies of each bin is fairly standard and the details can be
found in [12]. Some of the load distributions are displayed in
Fig. 3. It is clear that no single standard distribution model can
fit all of them. Fig. 4 shows that a nonstandard distribution can
be composed through a weighted combination of normal dis-
tributions. This takes us to the concept of GMM, which is dis-
cussed next.
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Fig. 4. Gaussian mixture approximation of density: dotted lines represent in-
dividual mixture components and solid line represents the resultant density.

III. GAUSSIAN MIXTURE MODEL

A Gaussian mixture (GM) pdf is a weighted finite sum of
Gaussian pdfs (Fig. 4). It is characterized by the number of mix-
ture components and the weights, mean, and variance (mean
vector and covariance matrix for the multivariate case) of each
component. Since a pdf must be nonnegative and the integral of
a pdf over the sample space of the random quantity it represents
must evaluate to unity, the mixture weights must be nonnegative
and the sum of all the weights must equal to one. For the multi-
variate case, the GM pdf model is given by

M,

Flaly) = wif(zlm;, 5)

=1

3

where M., is the number of mixture components and w; is the
We%§ht of the 7th mixture component, subject to w; > 0 and
>o5w; = 1. is chosen from the set of parameters I' =
{v:v={w,un,, 2,;}?1“1}, a member of which defines a GM.
Given a d-dimensional random variable z, with mean g, and
covariance ¥;, the density function of each mixture component
f(z|p;, ;) is a normal distribution given by
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Example: Mixture of Two Gaussian Components: Consider
that a probability density function is represented by a weighted
sum of two normally distributed pdfs. The resulting probability
density function will be
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Since integral of any pdf over the entire sample space gives the
total probability of distribution which is equal to one, the inte-
gral terms on both sides of (7) evaluate to unity. In this case, (7)
becomes

wy, + wy = 1. ®)
Equation (8) shows that the resultant density in (6) is the convex
combination of the two Gaussian densities. In this example, in
order to express a given probability density as a convex combi-
nation of two Gaussian components, we need to know the pa-
rameters {wy, ji1, pt2, 03, o3 }. The EM algorithm is an efficient
tool to obtain these parameters. The details of the EM algo-
rithm to obtain the mixture parameters to fit a distribution are
described next.

A. GM Parameter Estimation by EM Algorithm

The EM algorithm to obtain the parameters of the GM,
constructed by sampling from a given distribution, has been
adopted in various application areas such as target tracking
[13], clustering [14], and pattern recognition [15]. In the context
of power distribution load modeling, a version of the EM algo-
rithm is used to obtain «y in the circumstances when each f(z|y)
can be regarded as marginal distribution of a joint distribution
f(z,y|7y) involving an additional “auxiliary” variable y, i.e.

fmwz/}mwww. ©)

Let Z denote a set of N independent and identically dis-
tributed data samples, ie., £Z = {z1,22,...,zy} and
Y ={y1,¥2,...,yn} denote a set of hidden random variables
yi,suchthaty; € ¥ = {y : y = {1,2,..., M.}}. To put it
simply, each y; refers to a mixture component through which
an observation z; comes from.

The EM algorithm used in this paper maximizes the following
log-likelihood expectation:

Q(r.7") = Elln (F(Z. YWIZ.7)] (10)
where v° are the current parameters estimates that are used to
evaluate the expectation and v are the new parameters that are
optimized to increase Q.

The EM algorithm recursively generates a sequence of pa-
rameters y° = {w;,ujﬁj};il, s = 1,2,... that, in fea-
sible circumstances, converges to a maximizer of Q)(«y, ¥*) over
4 € T. One step of the recursion, yielding formulae for 45!
given ¥°, is
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where
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The steps to obtain (11)-(13) are briefly explained in
Appendix A.

f(ilzi,v*) =

(14)

IV. SIMULATION STUDY

The formulation of GMM is general, as it treats z as a ma-
trix of dimension d x IN. We first consider the univariate case in
which we have applied the GMM methodology to the UKGDS
model to obtain the mixture components for real and reactive
demands in all 55 buses. In the univariate distribution (d = 1),
the load at each bus was modeled as a GMM. This excludes
the correlation amongst the loads. We also applied the GMM
in the multivariate case by augmenting the loads at different
buses in z. The multivariate GMM incorporates the correlation
information. The GMM components at every bus were obtained
using the EM algorithm. The algorithm was coded in MATLAB
and run on a Pentium-IV PC, 2.99-GHz processor with 1 GB
of RAM. The EM algorithm was initialized using K -means
clustering algorithm available in MATLAB [16]. The algorithm
was terminated when the relative difference of log-likelihood
values [17] in two consecutive iterations is below a threshold.
(.e., [(Ly — Lp—1)/Ln—1| < thr). A threshold value of 0.001
was taken as the termination criterion. In the algorithm, the
number of mixture components (M.) was pre-specified. The
basis for choosing the M. is explained with the help of Table III
in Section IV-D.

A. Full Component GMM

Fig. 5 shows the distribution of various mixture components
in buses #1, #26, and #82. There can be a situation in which
a load can be represented by more than one Gaussian mixture
component. For example, a careful look at bus #82 load pdf sug-
gests that a 12-kW value can be solely captured by mixture com-
ponent #2, whereas a 25-kW value can be represented either by
component #1 or component #5 or by the weighted combination
of the both. Since a single Gaussian pdf is required in various ap-
plications, it is necessary to produce an equivalent Gaussian pdf
for the 25-kW load. There are several ways to achieve this. One
can select the pdf with the highest weight. However when the
weights are comparable with low overlap between the respec-
tive pdfs, both of them should be chosen. In the cases such as
25 kW, where the respective pdfs have significant overlap with
comparable weights, the equivalent mean and variance can be
generated by merging relevant components. A full component
merging to produce the overall mean and covariance is based
on the following equations:

15)

M,
j=1
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components.
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However, this generates a pdf with larger spread and does not
seem to offer preferential treatment to high density region. This
happens due to the presence of some pdfs having significantly
different parameters from the rest. A solution is through an im-
proved analytical approach to merging via mixture reduction.

—p) (i —p)"]. (16
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TABLE I
PARAMETERS OF THE GMM COMPONENTS: THE HIGHLIGHTED COMPONENTS
ARE SELECTED FOR DELETION USING DISTANCE MEASURE GIVEN IN (17)

GMM C |

Bus No. Weight Mean Variance |

1 0.35 .12 0.53) (705.39 1163.28 465.28 ) (14326.16 24200.85 6420.11)

3 £0.20 0.71 0.10) (7.90 3.60 12.68) (1.60 1.01 1.82)

5 (0.13 0.08 0.51 0.28) (21,17 30.54 9.92 16.17) 8.12 550 2.76 4.99)

11 {0.20 0.71 0.09) (2.63 1.20 4.23) 0.18 0.11 0.20)

12 0.09 0.20 0.28 0.43) (4.24 2.63 0.90 1.39) ©.20 0.18 0.04 0.05 )

14 0.31 6.29 0.40) (13.03 19.37 2.62) (2.89 5.45 3.80)

22 {0.43 0.20 0.09 0.28) (8.33 15.77 2542 5.38) (1.92 6.41 7.86 1.63)

23 (0.09 0.51 020 0.21) (25.26 7.32 16.16 10.44) (3.61 1.84 5.72 1.80)

24 {0.26 0.08 0.50 0.16) (28.52 56.62 17.91 38.31) (16.90 19.78 8.24 28.36)

26 (0.20 0.16 0.20 0.10 0.34) | (39.19 2297 16.38 57.11 29.60) | (18.03 5.87 4.50 20.68 5.04)

28 (0.43 0.43 0.14) (7.36 13.13 23.04) (2.44 5.38 9.80)

33 0.09 0.71 0.20) (21.14 6.00 13.17) (5.07 2.81 4.45)

34 0.21 0.20 0.09 0.50) (10.44 16.16 25.26 7.32) (1.80 5.72 3.61 1.84)

36 (0.27 0.13 0.51 0.09) (30.79 39.36 18.78 56.64) (16.54 28.18 10.60 19.35)

42 {0.56 0.33 0.11) (9.39 16.68 28.72) (3.41 11,10 13.75)

43 0.44 0,13 0.43) (14.71 46.09 26.26) (9.77 39.22 21.51)

47 (0.89 0.71 0.20) (12.68 3.60 7.90) (1.82 1.01 1.60)

51 {0.33 0.56 0.11) (16,67 9.59 28.72) (11,10 3.41 13.75)

54 (0.20 0.21 0.51 0.08) (16,16 10.44 7.32 25.26) (5.72 1.80 1.84 3.61)

56 {0.71 0.20 0,09) (1.92 4.21 6.76} (0.29 0.45 0.52)

57 0.20 0.09 0.71) (4.74 7.61 2.16) (0.58 0.66 0.36)

60 0.09 0.71 0.20) (12.68 3.60 7.90) (1.82 1.01 1.60)

61 {0.71 6.20 0.09) (3.60 7.90 12.68) {1.01 1.60 1.82)

64 {0.48 0.08 0.19 0.25) (8.00 26.00 17.05 12.23) (1.55 4.70 6.08 2.93)

65 0.20 0.09 0.71) (15.81 25.37 7.20) (6.40 7.30 4.05 )

68 (0.20 0.09 0.71) (18.44 29.60 8.40) (8.72 993 551)

09 0.09 0.71 0.20) (11.84 3.3 7.38) (159 0.88 1.40)

73 0.09 0.71 0.20) (10.99 3.12 6.85) (1.37 0.76 1.20)

74 0.12 0.14 0.31 0.43) (52.00 23.70 14.82 34.78) (19.78 8.83 9.23 10.74)

75 0.71 0.09 0.20) (240 846 5.27) (0.45 0.810.71)

77 009 0.20 0.71) (4.23 2.63 1.20) (0.20 0.18 0.11)

78 0.20 0.09 0.71) (6.32 10.15 2.88) (1.02 1.17 0.65)

79 0.48 0.25 0.19 0.08) (15.99 24.46 34.10 52.01) (6.20 11.72 24.30 18.80)

82 (0.29.0.21 0.16 0.11 0.23) | (23.35 14.49 34.67 48.47 27.65) | (6.96 3.45 8.29 17.60 4.71)

83 0.09 0.71 0.20) (4.23 1.20 2.63) (0.20 0.11 0.18)

84 0.45 0.27 0.18 0.10) (389.58 272.70 543.83 796.50) (162646 1449.86 3884.44 6508.93)

B. Reduced Component GMM

The merging is based on the clustering algorithm that com-
bines mixtures into groups (clusters). The algorithm operates by
selecting the component with the largest weight as the principal
component for a cluster, and merging all components that are
within a certain distance of the principal component. The dis-
tance measure is defined by Salmond [18]:

WpW;

Dy ;= 7(”‘10 - ”’J')Tzzjl(”‘p - ”‘J')

Wy + w;

a7
where subscript “p” denotes the principal component. All the
mixture components, satisfying 1), ; < T'forj =1,2,..., M,
are merged together. The components which do not satisfy
D, ; < T are ignored. Threshold “I is determined by the
x>-test using a 99% confidence. The equivalent mean and
covariance of the merged components are given by

Wy = Zw]- (18)
J€T
1
P = —— > Wt (19)
W jeT
1 T
J

It is to be noted that because of the exclusion of some of the
components based on the above criterion, the summation of the
weights of the components within the cluster will not add to
unity. This has been accounted for by normalizing the mean and
variances of the cluster with w,,,.

Table I shows the parameters of GMM components. The
buses requiring mixture reduction are shown in Table 1. The
parameters of the components selected for deletion are high-
lighted.

The results of the full component merging and reduced com-
ponent merging to a single Gaussian pdf are displayed in Fig. 6.

x 102
3_5 SRET, P '...._ ..... | AUE i baa s b | a —O[igina] p.df
fome | E—e—",
z.‘ 2_5 SRS AERRRRIBIEE R SR U § 2 T R, NP EEVRRUEI e, SRR TR R ROTY NI 5 b L LA Y
= ’— |l
c s
5]
o 2 s 1
=
% 1‘5 - — kY SRR BT LA 0 AN s SR SRS e
Lo - b
£
a_ 1 ...... ol
0‘5 ...... -
2 600 800 1000 1200 1400
Load (kW)
(a)
007 : _' ?  [—Original pof
Bus # 26 L - = =Full component Gaussian
5 [ o e s B e | —— Reduced component Gaussian fit
2005}
@D
=
ekl
=]
=
3
o
F=]
2
o

Load (kW)
(b)

| —original pat
= = = Full component Gaussian fit
—— Reducad ian fit

Probability Density

Load (kW)
(c)

Fig. 6. Single Gaussian approximation of the load pdf with and without mixture
reduction.

It is seen that the mixture reduction algorithm provides a better
approximation of the original pdf. In Fig. 6, the merging of full
and reduced components to a single Gaussian pdf is demon-
strated for comparison purposes. In practice, a set of non-over-
lapping Gaussian pdfs is produced by merging the relevant com-
ponents and each pdf in the set statistically represents the range
of load (low, medium, and high).

C. Performance Comparison of GMM With
Other Distributions

To compare the performance of the GMM, a number of
distributions (normal, log-normal, beta, gamma) were fitted in
the load density histograms. The fitted distributions along with
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TABLE III
PERFORMANCE AT BUS #1 WITH INCREASING GMM COMPONENTS

[ M. || Chi-Square Goodness-of-Fit [ CPU time (s) | Tterations |

Load (kW)

Fig. 7. Probability distribution of load at different buses.

TABLE II
CHI-SQUARE GOODNESS-OF-FIT FOR VARIOUS DISTRIBUTIONS

Chi-Square Goodness-of-Fit
Bus No. || Normal | Log-normal | Beta [ Gamma | GMM
1 8649.02 | 1585.31 6610.62 | 3046.02 | 163.11
19 8204.74 | 18275.99 6653.73 | 12673.63 | 5093.15

GMM at buses #1 and #19 are displayed in Fig. 7. The GMM
offers to provide a better fit for the load density histograms as
compared to other distributions. To verify this numerically, the
x2-statistics which measures the goodness of fit was used. A
similar measure is used in [6]. The Chi-square goodness-of-fit
was obtained using chi2gof function available in MATLAB
[16]. Table II shows the Chi-square goodness-of-fit for various
distributions. A smaller value indicates a better fit. At both
buses, this value is smallest for the GMM, confirming the
GMM as best fit of all those considered.

D. Performance of GMM With Increased Mixture Components

Table III shows the chi-square goodness-of-fit values for the
GMM at bus #1 after termination of the algorithm with #2,
#3, #4, and #5 Gaussian components. A lower value of the
chi-square goodness-of-fit indicates better accuracy. For one
Gaussian pdf, the value of the chi-square goodness-of-fit is
very high (8649.02 in Table II). As seen from Table III, when
the number of components increases from 2 to 3 and 3 to 4, the
chi-square goodness-of-fit value decreases significantly. With
increase in number of components from 4 to 5, this decrease
is not very high, whereas computational efforts in terms of
CPU times and number of iterations are very high. Thus as
a trade-off, three components were selected for the GMM at
bus #1. The components for the GMM at other buses were
determined similarly.

E. Load Correlation Through Multivariate GMM

The results presented in the previous sections were obtained
by considering the load profile at an individual bus. This leads to
the univariate GMM, and thus, no information about the correla-
tions was obtained. However, the GMM algorithm presented in

2 052.65 12.88 4
3 163.11 33.81 8
4 61.13 94.75 18
5 47.17 200.61 26
2-dimensional GMM
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Fig. 8. Bivariate GMM approximation with four mixture components.

this paper is generic and also incorporates the multivariate dis-
tributions. In the multivariate case, the load profiles at different
buses are augmented together in z in order to capture the corre-
lations. In this case, the off-diagonal elements of the covariance
matrix ¥; (corresponding to the ith component) represent the
correlations. In this research, we augmented the real and reac-
tive power load profiles at all 55 buses and obtained the GMM
components. The GMM was represented by ten mixture compo-
nents. The covariance matrix of each component has dimension
of 110 x 110 which is difficult to show in this paper. However,
we have demonstrated the correlation between the real power
loads by considering the correlations in two and three loads in
buses which are close to each other. Fig. 8 shows the two-di-
mensional GMM which is obtained from the load profiles at
buses #33 and #34, respectively. The bivariate distribution was
modeled through four Gaussian components which in two di-
mensions are represented by black ellipses. Table IV shows the
parameters of GMM components. In the table, off-diagonal ele-
ments of each of the {X; }?Zl represent the correlation between
the loads at buses #33 and #34. Similarly the load correlations
between the buses #22, #23, and #24 were obtained, and re-
sults are presented in Table V. In the three-dimensional case,
a Gaussian component is represented by an ellipsoid.

V. DISCUSSION

The GMM technique and statistical representation of the load
based on the consumer load profiles can be very useful for var-
ious distribution system applications such as distribution net-
work planning [1], probabilistic load flow [19], load forecasting
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TABLE IV
MIXTURE COMPONENTS WITH CORRELATION AT BUSES #33 AND #34
CPU time: 168.72s, Number of iterations: 35, Likelihood value: 4.0225 X 105
~ 6G.0586 - 12.0030 - - 21.6750 ~ 5.3738
11 = (.38 = TP 2 = i = 5 = 14 = 5 =
wq = 0.3832, py = [ 7 1458 ] swg = 0.3233, py = [ 14,6331 ] ,wgy = 0.0670, ug = [ 25.8169 ] ,wy = 0.2265, py = [ 0.1446 ]
s, = 2.5526 2.0222 >, = 17.3008 16.7542 s, = 3.4871 2.7186 s, = 1.9364 2.0616
1= 20222 1.0003 |"*2 7 | 16.7542 17.4402 |"*3 T | 2.7186 2.3004 |**4 T | 20616  2.3052
TABLE V
MIXTURE COMPONENTS WITH CORRELATION AT BUSES #22, #23, AND #24
CPUJ time: 17.58 s, Number of iterations: 3, Likelihood value: 3.5617 X 105
8.5481 6.5088 16.0242 25.8241
wy = 0.2188, pu = 9.0205 Jwg = 0.4871, ug = 7.7851 Lwy = 0.2075, pug = 16.0006 |, wy = 0.0866, ug = | 25.2200
27.4467 17.8099 36.4170 55.6186
2.3407 2.0645 2.3764 3.6267 2.2787 2.2465 7.2342 5.8072 10.7451 5.6038 3.8896 12.2212
3 = 2.0645 3.3919 1.9322 , o = 2.2787 3.2504 2.3028 Xy = 5.8072 5.9038 11.3317 , By = 3.8896 3.8227 7.6954
2.3764 1.9322 11.7299 2.2465 2.3028 7.7021 10.7451 11.3317 31.4828 12.2212 7.6954 30.2006

[20], customer billing [3], load management [21], state estima-
tion [6], system restoration, and distribution automation. For ex-
ample, most of the probabilistic load flow techniques are devel-
oped based on the assumption that the distribution of the load
is Gaussian. This assumption works well in transmission net-
works, whereas in distribution networks, different probabilistic
load distributions exist and representing them through single
Gaussian pdf cannot be justified. Furthermore, the large size
of the distribution network having various probability distribu-
tions at different buses makes accommodating them in a single
load flow formulation impractical. On the other hand, represen-
tation of loads through GMM provides a unique framework to
model the variability of distribution functions while retaining
the Gaussian distribution assumption.

The GMM-based technique finds another important applica-
tion in distribution system state estimation (DSSE). In distri-
bution systems, measurements are limited, and hence, a large
number of pseudo measurements are introduced in order to run
the state estimation algorithms. The most common algorithm for
the DSSE is weighted least squares (WLS) [22]. The WLS for-
mulation is based on the maximum-likelihood estimation theory
and utilizes the fact that the measurements are normally dis-
tributed. The GMM-based technique can be applied to model
the loads as pseudo measurements and the Gaussian compo-
nents of the pseudo measurements can be accommodated in
WLS formulation.

In the load forecasting based on the ARMA model [20],
the error component of the model can be represented through
GMM. In reliability studies, various probability of failure func-
tions irrespective of their distributions can be fairly represented
by GMM. In the billing process, the GMM can be utilized to
explain the energy consumptions of various class of customers.
In load management, where the load modeling methodology
allows the independent consideration of individual load compo-
nent use and response model, the proposed technology can be
adapted to the study of the load response evaluation for demand
side management control actions, cold load pick-up, etc.

In general, the proposed technique can be applied in hosts
of probabilistic-based power system analysis. However, our re-
cent research efforts have targeted its application in distribution
system state estimation [23]. In DSSE, the loads are modeled
as pseudo measurements and load information is obtained from
the load profile. If we choose a snapshot of load to perform the

state estimation, we also need the information about its vari-
ance. This information is obtained from the mixture component
corresponding to this load. A load can be associated with a par-
ticular Gaussian component in the mixture through data asso-
ciation by relative marginal density given in (14). This is done
by computing the relative marginal density of the load snap-
shot with respect to each component. The component with max-
imum density is identified as the representative of the load. If
several components have comparable marginal densities, they
can be merged together using the mixture reduction technique
described in Section IV-B. As seen from (14), the computation
of marginal densities with respect to each component requires
all the parameters of the GMM.

The performance of the DSSE using GMM is reported in [23]
where two approaches are demonstrated. One approach is based
on measurement correlation factor and the other is based on
GMM. The results in the paper confirm that the GMM perfor-
mance is better than that of the correlation-based approach.

The effect of correlation between the loads on the accuracy of
the estimates is significant [24]. In view of this, the multivariate
GMM must be used to generate the parameters of the Gaussian
components, which are useful for state estimation.

VI. CONCLUSION

An efficient approach based on the EM algorithm, to repre-
sent the loads statistically, is presented and theoretically justi-
fied. The advantage of the approach is that all the load pdfs irre-
spective of their distributions are represented by GMM approxi-
mation followed by the appropriate reduction. The performance
comparison of the GMM with various distribution indicates its
effectiveness for load modeling in various distribution system
applications.

APPENDIX A
EM ALGORITHM AND PROBABILITY DENSITY ESTIMATION

Given a measure space Z of incomplete data. Assume that
a complete data set exists D = (Z,)). An element of ) is
a vector which contains the labels of each element of Z (i.e.,
which mixture component spawned which samples). In view of
Section III-A assume a joint density function

f(z,ylv) = f(ylz,7)f(z]7) 1)
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Now, define a complete data likelihood as a function of the joint
density:

L(YZ,Y) = F(Z, V). (22)
The EM algorithm first finds the expected value of complete-
data log-likelihood In f(Z,Y|y) with respect to the unknown
data ) given observation Z and current parameter estimates y®.
That is, we define

QM. 7") = E[Wn(f(Z,YMZ,7%)]

- / In(F(Z,y}) F(y|Z,7°)dy.
yET

(23)

f(y|Z,4%) is the marginal distribution of the unobserved data
and is dependent on both the observed data Z and current
parameters.

The evaluation of the expectation is called the E-step of the
EM algorithm. The second step of the algorithm is called the
M-step, in which the expectation computed in the E-step is max-
imized by choosing

Y+ € argmax Q(1,7"). (24)
yer

arg maxyer Q(7,7°) denotes the set of values v € I' which
maximize (%, ) over I'. This set must be nonempty for the
M-step to be well defined. If this set is a singleton, then we have
s+1

= argmax Q(v,7"). (25)

el

fy

These two steps are repeated in recursion until convergence.
Now consider a Gaussian mixture model defined in (3). Also
define the vectory = (y1,y2,...,yn). If we know y, we have

]\T
= Z In (wyi f (2|, Byi))

In(f(Z2,ylv) (26)
Fly|Z.7") Hf yilzi, 7). 27)
By Bayes’s rule
s zi, yi|Y’ wyif (il By
flyilzi,v®) = / Jty ) = VZ/ (S . Sy)g - (28)
f(zz"y ) Zj=‘1 ’lUJf (Z7|[LJ,27)
Equation (23) in discrete domain takes the form
= > I (f(Z,yl) F¥12,7)
yeY
N
= ZZIH Wyi f(Zilthy;, Byi) H fyilzi, v°
y€T1 1 i=1
- ZZ ZZIH wuzf Zz‘/—"ym ’l/l))
Y1 yx 1=1
(29)

x Hf(yi\zm’)' )
=1
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After some complex algebraic manipulation, the above equation
takes the following simplified form:

M. N
¥) = Z Zln ('U)jf(zi\uj,zj)) f(lzi,7®)

j—li—l
= ZZID w] ]|Z17'Y)
j=11=1
+ZZln (zilmj, B5)) F(lzi,9%). (30)
7j=11¢=1

The parameters of the mixture components can be obtained
by maximizing the above expression using first-order (Kuhn
Tucker) conditions. Now we can mtroduce the Lagrange mul-
tiplier A with the constraint that Z ,w; = 1 and find w; as

follows:
9 M, N M,
e ZZIH w;)f(jlzi, ¥*) + A Zw]—l =0.
Wi 7=11i=1 j=1
(31)

Using the fact that Z?il f(jlzi,¥®) = 1, the above expression
results in

(32)

]\T
1 .
wy = Nz.f(j‘ziv'y )
=1

Taking the log of (4), ignoring any constant term (since they
disappear after taking the derivatives), the second summation
on the right-hand side of (30) becomes

ZZIH (zilw;, ;) f(ilzi,7°)

7=11i=1
M. Ny
~1
=53 (G (aer (27))
j=1i=1
1 ra o
)8 ) ) Fles ). 59
Let A be a square matrix, and then from matrix algebra, we have
X Ax; = tr(A Y, x;x] ). Defining (z; — p; ) (z; — ;)" =
P ;, the right-hand side of (33) can be written as
M. 4
> [gln (0 (5)) 30 67
1=
l - s
- Zf(:/lzm (57 P,) |- 6a

Taklng the derivatives of (33) and (34) with respect to K and
»t respectively, and setting them equal to zero, we get

i
Z%:l z; [ (J|z:,7")
3L Flilzi )
Sily £z, ) (@i — ) (2
iy f(ilzi )
Now the algorithm proceeds recursively from an initial starting
point. One step of the recursion of (32), (35), and (36) results in

uy = (35)

- #{;‘)T

% = (36)
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(11), (12), and (13), respectively. It should be noted that (36) is
derived using the facts 0 In(det(A))/0A = 2471 — diag(A~1)
and Otr(AB)/0A = B + BT — diag(B).
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