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STATISTICAL STUDY
OF NAVIER-STOKES EQUATIONS, I

C. Foias *)

ABstracT. This article is devoted to the study of the evolution of the statistical
distribution in the velocity functional phase space associated with the initial
value problem for the Navier-Stokes equations. This approach yields a rigor-
ous mathematical treatment of turbulence in the framework of which existence
and uniqueness theorems are proved for the statistical distribution.

The article has its origin and its core in the joint research done by
G. Prodi and the author during 1968-1970 on these problems. Actually it
constitutes the first complete exposition of this joint research.

The paper contains 9 paragraphs, among which the first one discusses
in some detail the meaning of the present research while the second lists the
main prerequisits concerning the stationary and nonstationary solutions of
the Navier-Stokes equations (other facts concerning such individual solutions
are scattered, where they are necessary, through the paper).

In § 3 we first establish the basic equation (see Eq. (3.13;)) for the
evolution of the statistical distribution; then we construct, by an adequate
Faedo-Galerkin method, a solution of the initial value problem for our basic
equation (see Th. 1 in Sec. 3.2). Various improvements of this construction
are given in Sec. 3.3 (Th. 2), Sec. 4.1 (Prop. 1), Sec. 44 (Th. 2), Sec. 5.3
(Th. 4) and Sec. 5.4 (Th. 5). In Sec. 3.4, we prove that the usual individual
(weak) solution of the Navier-Stokes equations are precisely those solutions
of our basic Eq. (3.13;)) which are Dirac measure valued. The next § 4 is
devoted to the study of the energy relations for statistical distributions (see
for instance Cor. 2 in Sec. 4.1) and some compactness consequences of the
energy inequality (Th. 1 in Sec. 4.2). The § 5 constitutes one of the core of

*) Ind. dell’A.: Institut de Mathématique, Académie de la Rep. Soc. de
Roumanie, Calea Grivitei, 21 - Bucarest 12 - Romania,.

This is the first part of one article whose second part will appear in the next
issue of this Journal.
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our research. It contains the uniqueness theorems for the evolution of the
statistical distribution. These theorems are of two kinds (in a complete analogy
with the usual nonstatistic behaviour of the solutions of Navier-Stokes equa-
tions), namely: For plane flows if, for the initial statistical distribution, flows
with large kinetical energy have enough small probability to occur, then its
evolution is uniquely determined in the future (Th. 1 in Sec. 5.1.b) and Th.
3 in Sec. 5.2); for three dimensional flows, this uniqueness holds only for
the near future provided that moreover large enough energy vorticities have
probability 0 with respect to the initial statistical distribution (Th. 2 in Sec.
5.1). Let us also mention Th. 6 in Sec. 5.4.b) which essentially shows that the
evolution of the statistical distribution is uniquely determined under some
mild conditions.

In § 6 we study the stationary (i.e. time independent) statistical distribu-
tions showing that such distributions automatically occur in the study of the
time averages of individual solutions (see Th. 1 in Sec. 6.1.b) and Th. 2 in
Sec. 6.2.c) as well as Prop. 7 in Sec. 6.3.6)). For plane fluids, the stationary
statistical distributions are precisely the probabilities on the functional phase
space, invariant to the functional flow which corresponds in this space to the
initial value problem for the Navier-Stokes equations (see Sec. 6.2). Therefore
in the next § 7 we study in more detail such invariant probabilities, Qur main
results concern the position in the functional phase space of the supports of
the invariant probabilities (see Prop. 2 and Th. 2 in Sec. 7.2.6)) and an upper
estimation of the functional dimension of these supports (see Th. 3 in Sec. 7.3).
One should observe that these results are steps towards a rigorous mathemat-
ical proof that no fully developed turbulence exists for plane flows. Finally
we show that statistically, plane flows behave as a random point in an m-di-
mensional space (see Prop. 3 in Sec. 7.4.b) and Prop. 4 in Sec. 7.4.c)) where
the dimension m behaves similarly to the Reynolds number. In § 8 we give
a consistent mathematical foundation for the Reynolds equations based on
our basic Eq. (3.13)) (see Sec. 8.1). Moreover for the time independent Rey-
nolds equations we show that there exists a unique mean velocity majorizing
the amount of energy transfered from the mean velocity to the turbulent
fluctuations (see Sec. 2.4) and especially Th. 2). Finally in § 9, we establish
Hopf’s functional equation for turbulence as a consequence of our basic Eq.
(3.13)) (see Th. 1 in Sec. 9.1) and thus solve the initial value problem for
Hopf’s equation (see Th. 2 in Sec. 9.2.a) and Th. 3 in Sec. 9.2.b)).

§ 1. Introduction, comments and motivation.
1. In recent years much progress was made in some non linear

problems of the theory of partial differential equations, as illustrated
by Lions [1]. However many old problems in mathematical physics
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still have an incomplete rigorous solution in contemporary mathematics.
A striking example of this kind is given by the Navier-Stokes equations

(1.1) E;—L; —vAu-+{(u, grad)u=f— grad p, divu=0.

(Recall that u denotes the Eulerian fluid velocity, f the external body
force, p the pressure and v the viscosity while the density =1, u and f
are R™valued functions in (¢, x) belonging to an enough regular cylinder
[0, T] X Q of R*™; here QcR® and n is the so called dimension of
the fluid or that of the spatial variable x in (1.1).) Indeed, concerning
the initial value problem

(1.2) u/(t=0)=u, (given), u/3Q=0

for (1.1), the main question faced by Leray [2], [3] almost 40 years
ago (namely the existence of a unique solution u for ¢ in an interval
of time independent of the initial data uo) is, in case the spatial dimen-
sion n is =3, still without definite answer in spite of the researches
of many mathematicians.

On the other hand the experimental study of turbulence leads
rather to a statistical approach than to a deterministic one. Among
the first attempts of connecting turbulence with the Navier-Stokes equa-
tions was made by Reynolds [1] in the following way: Consider that
the velocity u is the sum of the velocity # of the mean flow and of the
fluctuation 8u of the velocity due to the turbulence. Then taking for-
mally the mean values in (1.1) one obtains the Reynolds equations

dz o _ e — Y — =
(1.3) 3 —vA%+ (7@, grad)z=f—(8u, grad)bu— grad p, divz=0,

where the additional term in the right member of the first equation (1.3)
represents the average of the forces corresponding to the turbulent
stresses due to the turbulent fluctuations of the velocity. Though these
equations are not causal and rather mathematically inconsistent, they
have been constantly used in the description of turbulent phenomena;
hence much work was done by mathematicians in order to build a
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framework in which (1.3) shall have a consistent meaning (see for in-
stance the survey by Kampé de Feriet [1]). Another more recent ap-
proach to turbulence was proposed by Hopf [3], consisting essentially
in a statistical mechanics, based on the Navier-Stokes equations instead
of the Hamiltonian canonical system, in which the basic equation con-
cerns the evolution of the characteristic function of the statistical distri-
bution of velocities. However, since no existence theorems have been
proved, this new statistical mechanics was developed more as a for-
malism in theoretical physics than as a coherent mathematical theory.

Finally let us mention that in 1960, G. Prodi proposed a measu-
re theoretical approach to the study of the Navier-Stokes equations
(1.1)-(1.2), with the purpose of establishing the uniqueness of the
solution » for all initial datae w in a set of total measure with
respect to certain measures suitably connected with the Navier-Stokes
equations (see Prodi [3], [4]). Though this program is not yet achieved,
the remark that the measures involved in these researches give a reson-
able coherent mathematical model for stationary turbulence was at the
basis of the present paper. We shall try now to give a brief account
of the contents and purposes of this article together with their possible
significance in the theory of turbulence.

2. Let us begin by remarking that the phase space for (1.1)-(1.2)
(i.e. the space of the initial data) is a real Hilbert space N of infinite
dimension '), while the initial value problem (1.1)-(1.2) becomes the
initial value problem for an equation of evolution in N of the follow-

ing type
(14) u'+Au+B(u, u)=g, u(0)=u,

where u is a N-valued function on [0, T], u’ is its derivative in ¢, g
is a given N-valued function while A is a positive selfadjoint operator
and B is a bilinear mapping of the domain 9D, of A into N. The equa-
tion (1.4) corresponding to (1.1)-(1.2) always has a solution (in a certain

1) For the meaning of the objects involved in this section, which are not
completely defined, see §§ 2-3.
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weak sense) satisfying
(1.5) u(-)eL=(0, T; NynIL¥0, T; NY)

where N! stands for the domain of the square root A” of A. If in the
equations (1.1) the space dimension # is =2, then this solution u is
uniquely determined by its initial data u and if S(¢) is the map uo > u(t),
then {S(¢)}:=0 possesses nice smoothness properties; in particular

(1.6) f D(S(Hu)dplu)

is a smooth function in ¢ for any (Borel) probability . on N and for
a suitably large class of real functionals ®(-) on N. Now statistical
mechanics postulates (with a very persuasive heuristic argument based
on the identification of probabilities to frequencies) that if p denotes
the probability on phase space N giving the statistical distribution of
the initial data, then the statistical distribution at the moment >0
must be given by the probability u. defined by

(1.7) e(0) =(S(H) ') (w Borel set < N).

Therefore (1.6) has to be equal to

(1.6") f D(u)dpu).

Using this identification, we establish that, for rather a large class of
real test functionals ®(-, -) defined on [0, T] X N, and vanishing for
t near T, the following equation holds

T

o0
0 N

T
+ f { f [(Au, D' (t, W)+ By, w), ®ut, w)] -dur(u)} dt=
0 N
T

= f‘I’(O, u)drp.(u)+f [ I(g(t), D(t, u))dp«t(u)] dt,
N 0 N
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where @', stands for the Frechet derivative of @ with respect to w.
Equation (1.8) (or rather some equivalent form of it which is valid for
a larger class of functionals ®) makes sense even if the functional flow
{S(#)} is missing. Therefore, (1.8) can be considered as the equation
of evolution for the statistical distribution . which for t=0 coincides
with w. This equation deserves to be studied for its own sake, inde-
pendently of the dimension n of the underlying domain Q in (1.1)<(1.2).

Our first main result will be (see Sect. 3.3) that if n=2, 3 or 4,
and, if the initial probability verifies

(1.9) f [ [2 disdua) oo
N

(| u| denotes the N-norm of u), then the equation (1.8) always has a
solution {y.} satisfying also the properties

f[ u P du(u)eL=(0, T) and f|A‘/2u| dp.(w)e LX0, T)YH.
N N

Moreover one can choose the solution {y.} to verify an energy inequality
(see § 4) which is stronger than that obtained by a formal integration
with respect to u of Leray’s energy inequality for individual solutions.
It is this strenghened version of the energy inequality which is useful
in the study of the solutions of (1.8). For instance it implies that if
the support of w is bounded in N then the support of y, is uniformly
(in #) bounded in N; moreover it plays an essential role in the proof of
the fact that the solutions of (1.8) (for a given p) form a convex
compact set in a convenient locally convex vector space; this suggests
that perhaps a well chosen strictly convex functional of {p.} may select
a unique natural solution. We shall illustrate this idea later on the
Reynolds equations.

The study of (1.8) presents, as one should expect, similar aspects
to that of (1.4) (ie. (1.1)-(1.2)), especially in what concerns the pecu-

1) It should be noted that |u| (the norm in N) is proportional to the kinetic
energy corresponding to the velocity u; therefore (1.9) means that the initial mean
kinetic energy is finite.



Statistical study of Navier-Stokes equations, I 225

Harity arrising in the passage from plane to spatial flows (i.e. from space
dimension n=2 to n=3).

Let us give a sample of this peculiarity. In case n=2, at least if
the support of the initial probability p. is bounded in N, the only solu-
tion of (1.8) turns out to be that given by (1.7) (see § 5). Therefore
if we start with initial data uo, the statistical solution p. with initial
value the Dirac measure &, concentrated in uo will be the Dirac measure
Ss(w, concentrated in S(f)uy . In the more interesting case n=3, any
individual solution u(#) with initial value wo yields a statistical solution
8.y with initial value 6., (see Sec. 3.4). Therefore if the uniqueness
of the initial value problem for individual solution fails in the case
n=3, the same will be true for the uniqueness of the initial value pro-
blem for statistical solutions, and even more, there would exist non-
Dirac-measure-valued statistical solutions corresponding to initial Dirac
measures. We dont’t know if, conversely, this kind of behaviour of the
statistical solution implies the non-uniqueness of the individual solutions.

Let us discuss more extensively the peculiarity of the three dimen-
sional case, relating it to the theory of turbulence. For us, unlike Leray
I2], [31, a turbulent non-stationary solution of the Navier-Stokes equa-
tions means a solution of (1.8) even if the initial date wp is determined,
ie. if u=38,,. This point of view agrees with that of Hopf [3] and
Batchelor [1]. Now turbulence may be produced at least in two ways.
The first one, depending on a high instability of the individual solutions,
can occur even with the uniqueness of the problem (1.1)<(1.2) (whose
proof in dimension n=3 is missing, perhaps, of the weakness of the
presently available mathematical methods). This is certainly the case for
the plane flows, as pointed out before; it is moreover consistent with
the fact that in this case

(1.10) fl u_—m |2 dut(u)éeczl{lujzdu(u)-l{iu—ulzdu(u)
N

where ¢, ¢ are constants and

(1.11) W)= fudp,f(u), Zizfudu(u)-
N

N
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Indeed, (1.10) permits a very great increase of the dispersion of y, in

a very small time even if the dispersion of w is very small, once large

initial mean energy [|u ?dp(u) is admitted. This kind of turbulence
N

is obviously possible in the three dimensional case too. However, in
the latter case we have in mind a second way by which turbulence may
occur and which would be without analogue in the present day physical
theories. More precisely, it is possible as pointed out before, that for
the solution {y.} of (1.8) with initial data p=3,, the measures y. shall
no more be of Dirac type for all uoeN. This would be an intrinsic tur-
bulence due, not to the impossibility of our precise determination of
the initial data but to the absence of our smooth description of motion,
on which the Navier-Stokes equations are based. In this description
turbulence may be also the reflection of molecular phenomena. Unhap-
pily we have been unable as yet to prove that this kind of intrinsic
turbulence exists.

In any case our definition of a turbulent solution for Navier-Stokes
equations permits a simple understanding of the Reynolds equations.
Indeed if u(f) is the mean velocity defined by (1.11) then an easy
computation gives

(1.12)  u(t) + Au() +Bu(?), u(t))=g— f B(u—u(t), u—u(t)dpu)

which obviously is the functional form for the Reynolds equations (1.3),
exactly as (1.4) is for (1.1)-(1.2). In this way we can consider that
solving our equation (1.8) one obtains explicit solutions for the Reynolds
equations. The compactness properties of the solutions {u.} for a given
p yield easily (see § 8) a unique mean velocity function w(+) on [0, t]
(for any te€[0, T)) such that

)

f‘ AI/ZLE 1 dt

[

shall be a minimum. In this way in the Reynolds equations the mean
velocity is uniquely determined (even if the turbulence {y} is not) by
a certain supplementary extremum principle.
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Our approach yields also solutions for the Hopf’s equation for
turbulence (see Hopf [3]). Indeed if {p.} is a solution of (1.8) then
it is easy to establish (see § 9) that the functional

oL, V)= f e Vdulu),

N

where (t, v)€[0, T) X N and (-, -) denotes the scalar product in N,
is a weak solution of Hopf’s equation. Thus our existence theorem, for
(1.8), gives an existence theorem for the Hopf equation, provided the
equation

O(v)= J e Vduu), for all veN,

N

determines a p. satisfying (1.9).

3. Special attention is paid in the paper to the stationary tur-
bulence, that is to the stationary (i.e. time-independent) solutions of
(1.8)Y). In dimension n=3, the results concerning stationary solutions
of (1.8) essentially coincide with those in Prodi [4]; we have not suc-
ceeded in going beyond them. In dimension n=2, however we prove
that the stationary solutions are exactly the invariant measures, i.e.
measures [L satisfying

(1.7) ) =pU(S(f) " 'w) (w Borel set —N),

and that they are carried by rather thin sets in N (see §§ 6-7). Moreover
we shall prove that the motion given in N by {S(¢#)} is from a proba-
bilistic point of view isomorphic to that of a random particle in R%,
where the number k behaves in the same manner as the Reynolds
number. A further justification of our way of regarding Reynolds equa-
tions is that if w(f)=S(f)u is any solution of (1.4) and u* is any cluster
point of the time averages

1) Of course in this case g will be taken independent of f.
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t

% fu('r)d-c for t— oo

0

then for a suitable invariant measure we have

u'= J udplu),

and obviously

Au*+B", u)=g— f B(u—u"*, u—u’)dulu)
N

which is the functional form of the time independent Reynolds equa-
tions. In this particular case there is a unique mean velocity #* minimiz-
ing | AY"|.

4. Some of the results of this paper were already announced by
Foiag [1] but this is the first time that they are published together
with their complete proofs. Of course many questions remained open
including unfortunately some of the most important ones such as that
of the existence of intrinsic turbulence.

Finishing this introduction we wish to mention another such que-
stion: Is there any physically meaningfully principle enabling us in case
n=3 to select a unique solution of (1.8)? Perhaps before answering
this question one has to understand what happens with the uniqueness
theorem for {u:} even in the case =2 once no boundedness condition
is imposed on the support of w.

« Acknowledgements. Most results of this paper were obtained
during the stays (January-March 1968; August 1970) in Italy (supported
by the Italian C.N.R., i.e. Centro Nazionale delle Ricerche) of the author,
which allowed the fruitfull collaboration with prof. G. Prodi.

As already stated, §§ 3-5 are the result of the joint research of
G. Prodi with the author. The lattere expresses his deep gratitude to
prof. Prodi for all he did concerning this research.,

Also the § 1-3 of the present English version of the paper were
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§ 2. Preliminaries on individual solutions.

1. We begin by recalling the basic notions and definitions as
well as the basic results on individual solutions of Navier-Stokes equa-
tions.

Let QcR" be a bounded domain and let L* denote the space of
measurable vector-valued functions u=(u, w2, ..., un)€R" defined on
Q such that

|ulp= l f(glui(x)z)"”dx < oo,
0

Let H' (I=1) be the space of those uel? which satisfy D*u=
=Dy, ..., D*u,)el? for all | a |<I. (Here D*=9%* +°n /3x¥ ... IxZn,
| @ |=ai+ ... + o, and the derivatives are taken in the sense of the
theory of distributions). The norm in H' will be the usual one:

Nulli=C = D[Ry~
lat=<t

Moreover we shall use the following notations:

(u, vVI=| X uwdx (u, vel?
P i=1
® Qu; dv;
_ ou: 0vi H!
((u, v)) nf D (u, veHY)

and

|ul=@, W=|ul), |vi=Wv, v)I?* (uel?, veH").
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Let ) be the space of those vector-valued functions u=(u;, u.,
vy Un) defined on Q such that w;€Co=(Q) (j=1, 2, ..., n) ({e. u; is a
C=-function with compact support in ), and that

divu= Z g—_o in .

We shall denote by N, resp. N', the closure of ® in L?, resp. H';
moreover for [>1 we shall put NN=N'nH'. Let D denote Friedrichs’
selfadjoint extension (in N) of the operator —A | ) where A denotes
the Laplace operator; note that D is the only selfadjoint operator =0
in N such that its domain 9 is contained in N' and satisfies D | 1} =
=—A| M. It is plain that actually

Dp12=N"' and | DYu|=]||u}| for ueN.

Moreover since £ is bounded, D! is compact in N. Consequently there
exists an orthonormal basis {w,} of N such that Dw,=X\.w. where
A.=0. By a suitable choice of the indices we can suppose that

Obviously M can be also defined by
A =sup {lul/|lull : ueN'}.

We shall denote by P, the orthogonal projection of N onto the sub-
space spanned by wi, wa, ..., w. (for m=0, put P, =0). These projec-
tions P.{m=0, 1, 2, ...) will play an essential role in the sequel.

For I=1 let us denote by N-! the conjugate space (N')" where
the duality extends that given by (u, v) (with veN'!, uel?). This means
that L? is identified with a subspace of N~! in such a way that the
value of uel? regarded in N/, in an element veN' is (u, v). For
veN' and ueN-' we shall keep the notation (u, v) for the value of u
in the point v. With this notations we can write

((u, v))=(Deu, v) for all u, veN!,

where D, is a linear continuous operator from N' into N-! extending D.



Statistical study of Navier-Stokes equations, I 231

2. We shall also consider the trilinear functional

=y [
b(u, v, w)= i;‘;l u; o, widx
4]

defined whenever the integrals make sense; in particular, this is the
case if u, weL* and veN', in which case we have also

(2.1) | bu, v, w)|=]ul [|v]l [wl.

In the sequel we shall always suppose that the dimension n<4. In

virtue of the following particular case of Sobolev’s imbedding theorem
2n

2.2) Hie L2 if n=3

Le for all 1<g<oo if n=2
(where the imbedding is continuous) we deduce from (1) the inequality
(2.3) [ b(u, v, w)|<c || ul|l-§vi]-llwl (u, v, weNH Y

i.e. b is continuous on N!. For n=2 or 3 we shall also use the follow-
ing obvious inequality

| b(u, v, W)I}

23 <lul, |gradv ]z |w]

| 6w, v, u)| P,

R AP
|grad v |,= { f [ i;’:l [5);;] dx} .
Q

In case n=2, the inequality (Ladyzenskaya [1]; see Lions [1],
Ch.1,86)

where

2.2 Lu o2 2| u |2 weNY

) Here ¢, denotes a constant not depending on u, v, w; in the sequel c,,
¢;, ... will denote similar constants,
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gives readily, by (2.1.),

23" b, v, w) |27 w2 u 2w [ w ]2 ] v ]

for all u, v, weN'. Finally let us remark that

(2.4) b(u, v, w)=—>b(u, w, v) (u, v, weNY

since this relation is immediate if u, v, we . In virtue of (2.3) there
exists e continuous bilinear map B of N! X N! into N-! such that

24) b(u, v, w)=Bu, v), w) (u, v, weN"Y),

With these notations, let us now recall the definition of a (weak)
stationary solution of the Navier-Stokes equations with right term fel?
independent of ¢. By definition, such a solution is an element ueN!
satisfying

(2.5) D.u+B(u, u)=Pf in N-1;

here P denotes the orthogonal projection of L? onto N. Obviously any
such solution satisfies the following energy equation

(2.6) vilulP=(f w.

A stationary solution always exists (Leray [1], Ladyzenskaya [2]; see
also Lions [1], Ch. I, § 7). If || u|| is sufficiently small (for instance
this is the case if v-'A["2| f| is small enough), then the solution u is
unique. In the case n=2 and if the boundary 92 of Q is of class C*
then for m large enough, P, is on the set S of all possible stationary
solutions (with a fixed f) a homeomorphic map from S into P.N; thus
S is a compact of N of finite dimension (see Foias-Prodi [1]).

3. To recall the fact concerning non-stationary solutions of the
Navier-Stokes equations let us introduce the following notations. For
a given Banach space B, we shall denote by L%(a, b; B) (1<p=< )
the usual Lebesgue space L? of the (classes of) B-valued functions de-
fined on (a, b), endowed with the usual norm. That is, fe L?(a, b; B)
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means that f is strongly measurable and that

b s .
| [iotwa]” it p<os

|| f Heeca, ;)=

L-ub | 10 ||s if p=oco
a<t<b

is finite. L, .(a, b; B) will denote the space of those functions g defined
on (a, b) such that g | (a1, b1)€ L?(a;i , bi ; B) for all intervals [a1, bi]c
c(a, b). If B=R, we shall write simply L”(a, b) and L{ (a, b).

Concerning the Navier-Stokes equations, we shall suppose moreover
that the right term f(t, -)=(f«t, -), ..., }At, +)) belongs to [X0, T; L?).
By definition, a (weak non-stationary) solution of Navier Stokes equa-
tions (in (0, T) X Q) with initial value w,eN (see (1.1)(1.2)) is a
function

.7 u(-)eL*0, T1; NYnL=(0, T,; N)

for every T1€(0, T), satisfying the equation
T
(2.8) f[-—(u(t), V(1)) +W((ult), v(t)))+b(u(t), u(t), v(t))]dt=
0

T
=(uo, 10))+ f (f(H), v(B)dt
0

for all functions v(-) verifying the following conditions:
() w()eC(0, T); NY, ie. it is continuous from [0, T) to N?,
(i) v(-) is differentiable (in N) and its derivative v'(-) belongs
to LX0, T; N),
(iii) »(-) has compact support in [0, T).
Obviously, the integrals in (2.8) make sense. Note also that it is suf-

ficient to verify (2.8) for functions v(-) of the particular form o(:)v
with veN' and ¢(-) a real continuously differentiable function with
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compact support in [0, T). (Indeed if v(-) satisfies (i)-(iii), then v(.),
resp. v'(-), can be approached in C([0, T); N"), resp. LX0, T; N), by
the functions

t+e

wg(t):é J v(t)dt resp. w(t) (tefo0, TY

t

which for >0 small enough belong to Co!([0, T); NY), i.e. are N'-valued
continuously differentiable functions with compact support in [0, T).
Such functions can be approached in Coi([0, T); N') by sums of func-
tions of the form ¢(.)v indicated above.)

One has to point out the relation between (2.8) and (1.4). Put
vD.,=A. and vD=A. Then it is not hard to prove (in virtue of the
preceding remark) that u(-) is a solution in the sense of the above given
definition if and only if u(-) verifies (2.7) and as N-lvalued function
is an absolutely continuous function whose derivatives u’(-) verifies
a.e. (i.e. almost everywhere with respect to the Lebesgue measure) on
(0, T) the differential equation

29) u' ()Y + Aau(t) + B(u(t), u(t))=Pf(t)
and the initial condition
(2.10) (0 =uy .

The relations (2.9)2.10) are to be considered in N-1. Obviously in case
f(t) does not depend on t, a stationary solutions is precisely a solution
u(t) which does not depend on ¢

The basic result due to Leray [2], [3], Hopf [2] (see also Lions
{1], Ch. 1, § 6) is that for any initial data u,e N, there exists a solution
of the Navier-Stokes equations (i.e. satisfying (2.7) and (2.8) for any
v(-) with properties (i)-(iii), or equivalenty satisfying (2.7) and (2.9)-
(2.10)). Moreover this solution can be chosen in such way that the
following energy inequality holds

t
1
(2.12) 5 | u(t) ]2+vfl| u) |Pdr< % | w0 |+
0
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+ f(f(v), u(t))dx a.e. in (0, T).

In case n=2, any solution can be considered as belonging to
C([0, T); N) and satisfying the energy equation

(2.13) % | u(t) |2+vf ZG d‘c:% | uo [P+
i}
+ f (f(7), u(zx))dvw everywhere in (0, T)
0

(Prodi [2]). Moreover this solution is uniquely determined (Lions- Prodi
[1]; see Lions [1], Ch. I, § 6.2).

4. In the sequel we shall always suppose that the boundary 92
of Q is of class C*. This assumption implies, in virtue of a deep result
concerning the linearized Navier-Stokes equations (see Cattabriga [1]1),
Vorovich-Yudovich [1]), that the domain ®p, of D coincides with N?
and thus

(2.14) | ulwm=|Dul<ci'|u|n: for ueN.

In particular this inequality allows us to connect | grad u |, (which occurs
in (2.3")) with | D*u| for suitable o> 0. Indeed, the map D; (j=1, 2, ..., n)
being continuous

from N' into NcL?,
2_n
from N*=%9p into N! thus in L"?

for n=3, 4 by Sobolev’s inequality (2.2), we can deduce, using the
1y The particular case which interests us is the following: Let 89 be of class

Cl, 122 and let u€N!-2 (where N9=N). Then there exists v€ D, N N! such
that Dy = u.
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Interpolation Theory (see Lions-Peetre [1]), that D; will map continu-

ously the domain of the power %6+1—6 of D into L where

1 1 2n ™!
6—594— (n—2) (1—-9).
That gives
Lnt?
(2.15) |gradu |;<c; | D*  ** u]

1 g-2

a2 2
for any u belonging to the domain of D% and any g€ |2, n_—l%]
(n=3, 4). Let us note two particular significant cases of (2.15), namely

(2.15%) |grad u |g<c; | D**u|<cs | Du |'* || u ||V?
where ue®yp is arbitrary and

(2.15") q=3 if n=3"), q=§— if n=4.

We can supplement (2.15°)(2.15”) in case n=2 with
(2.15") |grad u |s<cs | Du |'2 || u||'? for ueDo

(see Foias-Prodi [1], p. 11). Using (2.15"") together with (2.3') one
obtains for any solution u(-) in dimension n=2 the following estimate

(2.16) ” U(t) “SCS (ltil'/%'— +1 ] CXP{CQ(I U Ize_Y]Vt_i_l)z}

for all t€(0, T), whenever f(-)eL>(0, T; L?). In case T= oo this obvi-
ously gives

(2.16") lim || w(t) || <cx
te> 00

1) See Propbi [4], [6].
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(where c; is a constant depending on Q,v, || f ||.=@. «; 1 but independent
of u(-)). For (2.16)(2-16") and other consequences of (2.15"") consult
Foias-Prodi [1]. In case n=3, the inequality (2.15"), leads to the exis-
tence of a unique solution u(-) with initial value u,e N' defined on an
interval [0, #()) of (2.9)-(2.10), where the end #uy) satisfies an ine-
quality

Huo)=c'«(|| wo [P+ 1)7%

¢’7 being a constant depending only on £, v and || f||z=w.7; 1 , where
f(+) is supposed in L=(0, T; L?) (see Prodi [4], [6]).

5. We shall finish this paragraph by pointing out that the initial
value problem for the Navier-Stokes equations can be considered as a
particular case of the following: Let A be positive selfadjoint operator
in a real Hilbert space N, let N? (2 =0, 1, 2) denote the domain of A*?
normed with (an equivalent norm to) the natural norm of Du/2 (ie.
u—| A% |) and let N=* be the dual space of N* the duality extending
that of N° to N°. Let moreover B(-, -) a bilinear map of N' X N! into
N-! which extends by continuity from N X N' and N' X N to N-2
and which verifies

(2.17) (B(ﬁ, v), v)=0

(whenever the left term makes sense). Let moreover f(-)eL¥0, T; N).
Then for any upeN there exists a function

(2.18) u(-)eL=(0, T; NynL¥0, T; NY,

which, if considered with values in N-%, is strongly absolutely conti-
nuous and such that

(2.19) w4+ Au(t)+Bu(t), u@))=f(t), ae.in (0, T)
and

(2.199) w0 =up .
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Here A. is the extension of A as continuous operator from N' to N-1,
The case n=2, enters in this abstract framework with the additional
property (see (2.3)).

2200 [ B, v), w)[=csul” |u|l2 vl [w]” || wl]l”

for all u, v, weN!. For the study of this abstract evolution equation
we refer to Foias [2]. In particular let us mention that if (2.20) is
valid then there exists a family of mappings {S(¢)Jo<i<r of N into N
such that the unique solution of (2.19)-(2.19") is given by S(:)u, and

(2.21) | S(t)uo—S(t)o | <o | uo— w0 | €xp (c10 | vo [)

for all wy, voeN; moreover S(f)u is continuous in (¢, w)e[0, T] X N
In case f(f) does not depend on ¢ we have obviously S(#)S(f)=S(t:-+¢t)
for all #, ,=0.

In the sequel any solution of (2.19) will be called an individual
solution of (2.19). Part of the results which we obtained on the statis-
tical solutions of Navier-Stokes equations will be valid also for the
abstract equation (2.19). Therefore the next paragraph will be devoted
entirely to the study of statistical solutions for an abstract equation
(2.19) with the properties which were given above and which obviously
are fulfilled by the Navier-Stokes equations, as plainly follows from the
facts presented in the other preceding sections of this paragraph,

§ 3. Statistical solutions and their existence.

1. Definition of a statistical solution. a) By a (Borel) measure p
on a real Hilbert space N we shall understand a countably additive
function defined on all Borel sets —N. Let us recall that the o-algebra
of all Borel sets in N is the smallest containing the open (or the closed)
subsets of N. Let S be a continuous map from N into N. Define

(3.1) W w)=p(S"'w) for all w Borel cN.

Plainly v is also a (Borel) measure on N. If @ is any real continuous
functional on N and if ® oS is p-integrable then obviously ® will be
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v-integrable and

(3.1) f(l)dv: {d)oSdu.

Let us now suppose that we are given the equation (1.19) with
all the properties listed in the last section of § 2, together with the
supplementary property (2.20). This will allow us to consider the family
{S(ty)o<i=r . Suppose now that we are given also a probability (Borel)
measure o on N (i.e. and w(N)=1) and that this probability p repre-
sentes the statistical distributions of the initial data of (1.19). Which
will be the probability p. representing the statistical distribution of the
individual solutions of (1.19) at the time ¢ if at the initial time =0
it was p? The natural definition is in this case

(3.2) plw)=p(S(t)"'w) for all w Borel cN.

The usual heuristic justification of (3.2) given in any text book of sta-
tistical mechanics is the following: Let us consider N initial possible
data with N sufficiently large, so that we might suppose that w(w) is
« approximatively » equal to the quotient N(w)/N, where N(w) denotes
the number of those initial data which belong to w. Denote by N{w)
the number of those data which in their evolution will belong to w at
the time ¢. Obviously

Niw) _ N(S(t)"'w)
N N

so that again supposing that p.(w) is approximatively equal to N{w)/N
we « obtain » (3.2).

The unpleasant feature of the definition (3.2) is that it is connected
with the equation (1.19), by the intermediate of {S(¢#)} which can not
be defined in case no supplementary condition on B (as for instance is
(1.20)) occurs. Therefore we shall establish an equation which is satis-
fied by {p.} defined as in (3.2) whenever {S(f)} exists but which shall
make sense even if this does not happen.

b) To this purpose let us remark that the energy inequality (2.12)
for the individual solutions u(-) leads to
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fu() P<cu|uw | for al 0<t<T,
(3.3) 3
f o) (2 dt=<cea | o -,
)
where for simplicity we have taken T< o and feL¥0, T; N-'). Now

in the particular case when u(#¥)=S(f)u the functions

(t, wo)—> | S(H)uo |?

(t, uo) = || S(Huo |I?

and
are obviously Borel functions on [0, T] X N. Therefore (3.3) gives
that

(3.4) f]S(t)u I dp;(u)Scnfl u P du(u) for all 0<t=<T,
N N

the left term being a Borel function in ¢, and

T

T
(3.4 f ( f Il St szp,(u)]dt= f [ f Il Stoyu Ilzdt)dw(u)s
N

0 N 0

SCIZfl u 2 dp(u).
N
In this way if

(3.5) f | P duw) < oo
N

condition which will be always imposed tu y. from now on, then (3.4),
(3.4") together with (3.1-1’) and (3.2), yield

(3.6) f | u P du.(u)eL=(0, T),

N

(3.67) f Il & | d.(wye LYO, T).
N
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Let us now consider a real functional ®(¢, u) defined for (¢, u)e
€[0, T] X N such that

3.7) ®(t, Put)=d(t, u) for all ¢, u,
and for a certain m=1, 2, ... (For the definition of P,. see Sec. 2.1).

Moreover let us suppose that ®(-, -) is Fréchet differentiable from
[0, T] X N into R with continuous differential ) and that

(3.8) |¥uUt, w)|<ci and | D't w) |<cutcis|ul for all ¢, u,
Cu, Cu, Ci5 being constants depending on @.

Let moreover u(-) be a solution of (2.19). Let us recall that w(-),
as function with values in N-%, is absolutely continuous (hence the

derivative u'(¢) exists in N-2, a.e. on (0, T)) and verifies (2.19); more-
over let us note that since w;, w,, ..., wneN? and

Pou=(u, wwi+ ... +U, wnIwm,

P.. can be extended, by continuity, into a continuous mapping (Pn).
of N-2 into N (even N?). Therefore in virtue of (3.7), ®(t, u(t)) is

1y Let us recall that a real function ®(.) defined in a neighbourhood of a
point #, of a Banach space B is called Fréchet differentiable in u,, if there
exists an element ®*;€B* such that

| D) — Blugg) — (0%, u—ug) | < O(|u—1uy))
where (v*, v) denotes the duality between B* and B, ie. (v*, v) =v*(v) for vE B,
v*€B* and
u—
u —0 for u->u,.
| —uy|

If this happens for all u—u, belonging to a subspace B’ < B we shall call ®
Fréchet B-differentiable in the direction of B’. In both cases @ is called the
Frechet differential of @ in u, and is denoted by @, (u)-

Finally let us note that if B—=X X Y then B*=X*X Y* and

(D;o' yo(xo s yo) = (q);’;o(xo B yO); q);o(xo 3 yo))
where the components constitute the partial Fréchet differentials.
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absolutely continuous in ¢ and a.e. on (0, T) we have

dd(t, u(t))

7 =@'(t, u@®))+ W), ¥'t, v))/v=u(t);

(3.9)

where the brackets represent the duality between N-? and N? since,
in virtue of (3.7), we have

(3.10) ' (t, u)=Pn®'p,u(t, Pmt)€PnN N

Using (3.9-10), as well as (2.19), (3.3) and (3.8), we obtain readily

I ‘%(D(t, u(t))l <|u'(t) |-2 | Pu®'ult, v)/v=u(t) 2+
+cutcs | ut) |+eois | u'(t) |-2=<
<cuteis | ut) |+ce | f(O) | +on | wt) [+es | ut) |- ] we) || <
<cotom|ul+ea(l+|u]) || w@ || (Where u=u(0)),

whence (by (3.3))

T

(3.11) (f

4 o, u(t))\dtﬁcz(wluoh-

T
12
-(Hfllu(t)ll’dt] =ca(l+|u ).
[

Using (3.5) we deduce

T
d
ffi ‘(Eq’(t, S(t)u)
N

By Fubini theorem, the function

dtdy(u) < oo,

¥:t— f(%(b(t, S(Hu)d(u)
N
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is Lebesgue-integrable on (0, T). Let r(-) be any function of class C'
with compact support in (0, T). Then, by (3.11),

T

fr(t) [f@(t S(Hu)dplu) | d

f[ fr(t)@(t u())dt ] dpdu) =

T

= f [ f 0 5 aa, u(t»dt] dia(s) = f OVt
N 0 0

so that

f (¢, S(thu)dpu)
N

is absolutely continuous and a.e. on (0, T)

(3.12) %fd)(t, S(t)u)du(u)——‘j j—t<1>(t, S(Oudi(u).
N N

On the other hand in virtue of (2.19) and (3.9) we have

(3.12') %dm, Sw =& [7], Su) )+

+(f(1) — AS(Hu—B(S(t)u, S(u), @'n(t, | SMu|)=
o[ t], SOw—v(Stu, o'nt, [SOu])N)—
—b(S(tyu, S(u, @', | SWu|N+f(1), @'nlt, | SHu ),

so that (3.12) can be written under the form

1) We shall use the symbol [J to indicate with respect to which variable is
the differentiation taken.
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%f(b(t, -)oS(t)udu(u)+f[—¢'n(m, ) o S(thu+
N N

+W(-, D, [ D) e S@Ou+b(-, -, ¥alt, |- ])eSHu)lduw)=

= f (0, ®'a(t, [~ 1) S(tudu(w),
N

and using (3.1") we can rewrite this relation under the form
d Ya ’
(3.13) ;17 fq)(t, U)dU:t(U)‘l" f["‘q) I(t’ V)+((u’ q) u(t; u)))+
N N

+bu, u, ¥, u))ldulu)= f (), @’u(t, w)dplu).
N

The noteworthy fact is that in (3.13) the system of maps {S(¢#)} does no
more occur but instead the equation (3.13) is written only in terms of
the measures y. and of the given abstract differential equation (2.19),
that is, in the case in which we are concerned, only in terms of the
Navier-Stokes equations and the functional spaces and operators asso-
ciated with them. To avoid technical difficulties we subject ®(-, -) to
the supplementary condition

(3.8) ®(t, -)=0 for t near T,

and integrate (3.13) with respect to t€(0, T), thus obtaining the equation

T

(3.13p f { f —'(t, u)+v((u, Out, u)))+

0 N

+b(u, u, ', u))]dut(u)}dt= f (0, w)du(u)+

N

T
+ f ﬂ(f(t), u(t, u))dut(U)l dt.
0 i
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The equation (3.13y) will be the basic equation which our study
concerns. Therefore we begin with a simple discussion of properties
connected with it.

¢) Let us define some new functional spaces, namely: C,, for =0,
will be the space of all real continuous functionals ®(-) on N such that

(3.14 2 lle,= sup L, <o

@4,; will be the space of all real continuous functional ®(-) on N! such
that

_lew]|

(3.14) [| ®C-) ”@1 1= sup 1+| ul-ll = ”

Moreover we shall put

(3.15)

L.=LY0, T; Co),
Ci=LX0, T; GCy.1).

A family {p.)o<i<r of positive Borel measures p, on N, will be called
basic?) if it satisfies the following conditions

(3.16) f (1+ u Py €L, T),
N

(3.16) f Il |FF du (w)e L0, T, )
N

(3.16") f ®(u)du (u) is measurable
N

1) The reason of this terminology is such family of measures will be at the
base of our research in the sequel.
2) Since ||u|}2= lim || P,u]|?? and || P, |]? is continuous on N we deduce
U300

that }] - ||2 is a Borel function from N to [0, ], hence the integral _[][ u |R dpu)
makes sense for all t€ [0, T] being perhaps « for some t.
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for any non-negative functional @ defined on N and weakly continuous
(i.e. continuous from N,.x to R, i.e. from N endowed with the weak
topology, to ). Plainly the family of measures defined by (3.2), once
(3.5) is valid, is basic (see (3.6-67).

A first remark to be made is that

(3.17) @;c@,,1 (with continuous embedding)
and
3.17) 1N is dense in £ .

The first inclusion is obvious, while for the second we have only
to note that, by (3.17),

(3.17”) L0, T; @)Ly

(with continuous embedding), the first space being obviously dense
in fz .

In virtue of the property (3.17°), any functional Fe&; , !), whose
restriction to £2n 1,1 is £2-continuous, uniquely extends to a functional
€L . The set of these functionals of £, will be denoted by £ i.,.
Obviously the extension map is a surjection of £f,., onto the set of
those functionals €£", whose restriction to £1,1n <2 is £1,1-continuous.
For Fefj,,, we can consider F(®) either for ®e£y,; or for ®ef;.

LEMMA 1. Let {}o<ti<r be a basic family of measures on N, Then

T
(3.18) F(@):f [ f ®(t, u)dut(u)]dt
0 N

makes sense for any ®(-, -) belonging to £z or $1.1, and is a linear
satisfying?)

1) £5 and £] | denote the dual space of £,, resp. £, ;.

2) Thus FELY | .
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L0, T)

(5.18) IFllgg< | [ (11 P
N

12

(3.181,1) Il Fllgr < ”f(1+l u Pydp. (w)
N

L, T)

12

LYo, T) )

: “ f (14| P ()
N

ProOF. Let ®(-) be any non-negative functional defined on N,
continuous from N to WR. The function ®.., defined by

D () =D(Prti) for ueN,

is weakly continuous on N, thus

om(-)= f Dn(u)dy. (1) (m=1, 2, ..)

N

are measurable functions in ¢ on (0, T). Letting m — o, we deduce
that their limit

(3.19) f D(u)dy. (1)
N

is measurable on (0, T). Now in virtue of (3.16") we have
(3.16™") tAN\NHY=0 ae. on (0, T

so that the preceding argument applies also to any nonnegative func-
tional @ defined on N and continuous from N' to IR. Plainly (3.16),
(3.16") will now imply that (3.19) is defined a.e. on (0, T) and is
measurable, for any ®e€®; or ®€C,,;. Thus it remains only to prove
(3.18;) and (3.18,)).

For (3.18;) we have only to note that

IF(d’)le[fl@(h u) | dpw)

0 N
r

= ﬂf”@(f, ) ez 1+ u Pydpaw)
0 N

dt<

dt=
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T
= [ 106, lles | [[1-+1 P | dr<
0 N

L(0,T)

T .
=[ [ 1w llesat ]| [ c+1upano
0 N

=1, ) llgy- f (14+] u Pds. ()
N

’
L, T)

while for (3.18;,;) that

T
| F@) | < f |0, u) | dudy) | di=<
0 N

T
=[] [how lewict+lul-llu i | dr<
0 N
T
= [ 100, ) llew 1+ Y+ w Iy | de<
0
! 1/2 12
< f 1o, e, | f <1+|u12du,(u>] [+ o) “ar<
N

lU(l-HuI’)du (u)

L*{0,T)

dt=<

172
: f o u@m[ f 1+l [P
N

oo | f A+l e ||

u Pdyp. (u)

- [ f I o, ->n’e,,,dt\ |[ a+1upascol;
0

> (0, T)

'llﬁf(lﬂlullz)du.(u) o o, )y,
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This finishes the proof of Lemma 1.

d) Let now G denote the space of all real functions @(-, -) defined
on [0, T] X N! and satisying the following conditions:

(i) ¢, w) is continuous in (¢, u)e[0, T] X N and verifies the
second condition (3.8),

(ii) ®(¢, u) is Fréchet N-differentiable in the direction of N,
i.e. there exists @, (¢t ,u)eN such that

ﬁ | D(u+v)—®—(D"ut, u), v)|—>0 for veN', |v|—0,

(iii) @ (-, | - |) is continuous from [0, T] X N' to N' and is
bonuded.

Let denote by Go the space of those funtions which were defined
after formulae (3.6-6"). A fuction of G will be called a test functional.
In virtue of (3.10). we have GocG. We shall call the functions of Go,
elementary test functionals.

LEMMA 2. Let {{L}o<i<r be a basic family of measures on N, let
H)eLXO0, T; N-Y) and let ®(-, -)€G. Then

T
(3.20) <p(<l>)=f{f[-—®'z(t, w)+v((u, '(t, W)+
S

b, u, D, W)= (D), Vil u»]dut(u)} dt
makes sense. Moreover if
(3.20") D.t, u) def =d(t, Pnu) for all (¢, uye[0, T] X N,
then ®,,€Go (for all m=1, 2, ..) and
(3.20") @(Dm) = (@) for m — .

ProoF. That ®,,€ o is obvious; also it is obvious that ®,—> @
pointwise. Moreover let us remark that for all m=1, 2, ...

(321) || (@)dlt, w) ||=|| P25, [PauD<|| @at, [Puul<cs,
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where cu is a constant depending on ®. Moreover (®n)'. is continuous
from (¢, wWe[0, T] X N to N! so that if

Yo, (t, W)= —(Pm)'(t, W)+ {u, (Pn)t, u))+
+b(u, u, (On)"t, W)—(f(2), (®m)ut, w)),
the function ¥e,(, -) is continuous from [0, T] X N to R and
(3.21%) | Yo, (t, u) |<cs+ca || wll4cos || u |[P4cae | /(8) [t
where cu—ocy are constants (depending on © but independent of ¢, u
and m). Using (3.16") we can easily verify that ¢(®,) makes sense for

all m=1, 2, .... Let us define also

(3.22) Yolt, W)= —d(t, w)+v((u, [, u)))+
+b(u, u, Du(t, w)—(f(t), ¥u(t, ©)

for all (¢, u)e[0, T] X N Since

| @t w)—(@m)ut, w) || ]| @(f, u)—Pu®u(t, w) ||+
+]} 8¢, w)—6(t, P.u) || where 8(t, W)=0"u(t, u),

we deduce by property (iii) of a test function that

(3.22") Vo, (t, 1) —> Yo(t, u) for all (¢, w)e[0, T] X N,
Moreover (3.21") shows that

(3.22") | ¥o,(t, ) |Scn(14|| u | +cu] f(B) |v-1,

so that applying Lebesgue’s dominated convergence theorem we obtain

that (3.20) makes sense and (3.20) is valid. Indeed for a value t€(0, T)
such that

f(l +” u Hz)dp«z(u)< oo and | 1 IN—1< o0
N
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by Lebesgue’s theorem we obtain that We(t, u) is p.-integrable and

(3.23) f Yo, (t, u)dudu) —> f Yo(t, wydpu) for m — co.

N

Denote by Um(t) and () the integrals occurring in (3.23). We
have a.e. on (0, T)

Yl t) = Y1)

Moreover on (0, t) we have also
| () ISszf(l + || u [Hdudu)+ca | {(E) |n-1
N

where the right term is an integrable function (in #). Applying once

again Lebesgue’s theorem we infer that {(-) is integrable on (0, T)
and that

'f Undt)dt = f Y()dt.

This conclusion coincides with our claim.

e) We are now in the state to give our basic definition. A statistical
solution of the Navier-Stokes equations (or more generally of an abstract
evolution equation of the type described in Sec. 2.5) is, by definition, a
basic family of probabilities {p.}o<icr on N satisfying (3.13;) for all
test functions ®(-, -) which satisfy (3.8'). The probability v is called
the initial data and is subjected to condition (3.5), while the function

f(-) is called the right member') and is subjected to the condition
f(-)eLX0, T; N7Y).

REMARKS. 1. In virtue of Lemma 2 above in order that {.} be
a statistical solution it is sufficient (and obviously necessary) that

1) Recall that it represents the external body force.
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(3.13;) shall be satisfied only by all elementary test functions ®(-, -)
satisfying (3.8").

2. The above definition was chosen in such a way that in case
the space dimension n of the fluid is =2, i.e. in case the system
{S(£) Yo<:<r exists (in this case f(-)€ L0, T; N-Y), the family {p:Joci<r ,
defined by (3.2), yields a statistical solution of the Navier-Stokes equa-
tions. The important feature of our definition is that it does not involve
the existence of the system {S(f)}o<:<r thus it is valid also for the
case where the space dimension of the fluid n is =3 or 4 (remember
that our abstract scheme concerns the Navier- Stokes equations only
in dimension n=2, 3 or 4).

3. For ®€Go, it is plain that ¥e(-, -) as defined by (3.22) be-
longs to £1,1. The condition that the basic family {u..} be a statistical
solution of the Navier-Stokes equations can be obviously given the fol-
lowing equivalent form: Let Fe€S$i1;2 be the functional attached to
{We}o<t<r by formula (3.18). Then {uulo<:<r is a statistical of the Navier-
Stokes equations if and only if

(3.13u) F(¥o)= ftb(o, w)dp(u)
N

for all elementary test functionals ®€ Gy satisfying (3.8').
This equivalent definition will be very used in the sequel.

4. The study of the test functionals is of great interest in the
theory of statistical solutions of the Navier-Stokes equations. A very
significant progress can be achieved by enlarging the class of test func-
tionals in the basic equation (3.13;). Suppose for instance that for a
statistical solution the equation (3.13;) would remain valid whenever

it makes sense. But this is then the case with ®(¢, u)=%r(t) | u > where

r-)eCo= ([0, T)) is arbitrary. But such choices in (3.131) lead readily
to the energy equation

%f] u I’dut(u)+f[f|| u(=) |I? dp.,(u)}dv:
N 0 N
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=1 1upars [T fom, e s
N ) N

a.e. on (0, T). This would already be a very interesting fact concerning
statistical solutions. The main reason for which in our approach this
substitution for ®(-, -) is not allowed is that the Frechet derivative of

1 . sy . .
—2-| u [* is u which is not bounded in the N'-norm.

5. In connection to the preceding remark let us point out some
restritive properties of our test functionals:

Any test functional ®(-, ) can be extended to [0, T] X N
such that

(3.24) | ®(t, w)—0(t, v) [<cx||u—v ]|y
for all te[0, T], u, ve N-', where

(3.24") cn= Sup [|@ut, W] .

Moreover this extension is continuous from [0, T]1 X Nyex to R.

ProoF. We have for any s, t€[0, T] and u, veN' (using the
notations of (3.8) and (3.24")

1
(324" |, v)—D(s, w) |=] f @', [Bv+(1—0)u ), v—u)dd+
0

+f(p'D(E, u)d't} <csl|lu—vi|lya1+

s

+|t—s|(cutas|ul.

Taking s=¢ in (3.24”), we readily deduce that ®(¢, -) can be
extended by continuity to whole N~! (since N! is dense in N-!) and
that this extension will satisfy (3.24). For this extension, (3.24"') remains
valid whenever s, t€[0, T], veN-! and ueN. Since the imbedding
NcN-!' is compact, this extended version of (3.24”) shows that
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o, v) > D(s, u) if t—>s, v, ueN, and v —> u weakly in N.

6. One can easily deduce from the preceding remark that for
any test functional ®(-, -) we have (for its extension on [0, T] X N

(3.25) | ®(t, u)|<cw+cxo|ul for all (¢, u),

with some suitable constants cx—c» depending only on ®(., -). An-
other remark is that if a test functional @(-, -) satisfies ®(f, u)=0
for a certain t€[0, T] and for all u with || u|| enough large, then
actually ®(¢, -)=0 (i.e. ™(¢, u)=0 for all u). Indeed if ue N\N' there
exists ureN' (h=1, 2, ...) such that uv—>u in N and || un||—> .
Therefore ®(t, uy)=0 for enough large 4. By Remark 5., ®(t, ux) =
— O(t, u), thus O, u)=0 for all ue N\N' which is dense in N, so
that this implies ®(¢, ©)=0 for all ueN.

2. Existence of statistical solutions. a) The aim of this section is
to prove the following basic result.

THEOREM 1. For any initial data . satisfying (3.5) and any right
term f(-)eLX0, T; N-Y)there exists a statistical solution {y.lo<t<r Of
the Navier-Stokes equations (i.e. satisfying (3.13;) for all test functional
®(-, -) subjected to the condition (3.8")).

The proof of this theorem will be rather big and parts of it will
be used in the sequel to improve the above existence theorem.
The main part of the proof lies on the following

LEMMA 3. Let {{p{™ }occr} be a sequence of basic families of
(Borel) measures on N such that

(3.26) sup Lo )< oo,

U(l +| u Prdu. ()
N

(3.26") sup o, 1)< oo,

’ f (14| u |P)du.(u)
N

Let moreover F'™, m=1, 2, ... be the functional €X3 ,,, defined as in
Lemma 1 for {yw}={p{™ }. Let moreover FeS], be a w'-cluster point
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of {F™}=_ 1), Then Fe$3 .., , F is also a w™-cluster point of {F"™ };_,
in £ and there exists a basic family { }ocicw 0f (Borel) measures
on N such that (3.18) be valid for all ®(-, )eL*0, T; Co)?.

ProoF. Let ¢ and ¢’y be the suprema occurring in (3.26) and
(3.26"). By (3.18;) we have

(3.27) || Fem ||(,*2$031 for all m=1, 2, ...

Therefore for @€ L2n £1,1 we have
| F@) [<cu || @ lg,

and this shows that Fe£1,,, . We shall denote the extension, by con-
tinuity, to whole £; of our functional, also by F. On account of (3.27)
and the fact that $1,1n £z is dense in >, and since F is a w'-cluster
point in £5, of {F™}x_,, it is easy to verify that F is also a w'-cluster
point of {F™}=_, in £% too.

Since F can be considered in £%=(LY0, T; C2))" it is natural to
use the integral representation of the continuous linear functionals on
L'-spaces. However since @, is mot separable, one has to refer to a
more involved representation theorem (particular form a general theorem
of A. and C. Jonescu Tulcea [1]; see also Dinculeanu [1], §§ 10-13):

Let OR be a Banach space (which is not supposed neither separable
nor reflexive), let Fe(L'(0, T; 3R®))" and let A be a strong lifting of
L>(0, T)?). Then there exists a family {F.Jo<:<r " such that

1) Recall that a w*cluster point of a sequence {b*, }CB*, where B is a
Banach space, is a functional b*€ B*, which is in the w*-closure of the set {6tz s
for all k=1, 2, ... This means that for any finite set of elements b, b,, ..., b,
of B, ¢>0 and any k, there exists an m=k such that Ib*(bi)—b*m(b,-) |<e for
all j=1, 2, ..., I. The existence of a w*<cluster point F is a consequence of the
fact that in virtue of (3.18,-18; ,) and (3.26-26"), the sequence {F™}=_, is bound-
ed in £, (and also in £); indeed in B* any ball {b* |[|b"||gs=r} (with
r<oo) is w*-compact (see DUNFORD-SCHWARTZ [1], Ch. V, 4.2).

2) It is plain that any ®(., )€ LY0, T; @y belongs to £, so that the
assertion makes sense since F is defined on L0, T; @y).

3) Let us recall that a lifting A of L-(0, T) is an algebraic application of

L=(0, T) into the algebra of all measurable bounded functions (defined everywhere
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T
(3.28) Fx(-)= f Fix(8))dt for every x(-)eLX0, T; 3R),
0
(3.28") sup | F =111l

(3.28") ME (x)Xt)=F(x) for all te(0, T) and xeR.

In our case J=C; and the functional F is just the w"-cluster point
in £ =(L"(0, T; @2))") of {F™}_, with which we are concerned.

Our first aim is now to find for almost all te(0, T) a Borel
measure 14,=0 on N such that

(3.29) F(D)= f@(u)dut(u) for all ®eCo).
: N

We start by remarking that F™=0, ie. F"(®)=0 whenever
®ef, ©=0. Since F is a w'<cluster point in £ of {F™}z_, the
functional F will also be =0. Thus

T
(3.30) fr(t)Ft((I))dt::F(r X ¢)=0
0

(where r @ @ denotes the function defined by

on (0, T)) such that Ap€ ¢ for all p€ L*>(0, T) and
(*) =0 in L=(0, T) implies (h@)(©)=0 for all te(0, T),
**) o(1)=1 on (0, 7).
The lifting M is called strong if for any @eC([0, T]) we have (A@)(®) = o(f) for
all 0<s<T, where in the left side, @ is considered in L=(0, T). There exists
always a strong lifting of Le(0, T) (see DiNcULEANU [1], § 20, Sec. 2) and in
the sequel such a lifting A will be fixed. The property of A which will be
constantly used and which follows easily from (%) is that if for an everywhere
defined bounded measurable function we have (MP)(f) = {(f) everywhere and if
U(t)=0 ae. on (0, T), then Y(t) =0 everywhere.

1) Recall that @, C @,, thus F(®) makes sense for D€ C,.
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(r ® ©Xt, W)=r(ty®(u) (te(0, T), ueN))

whenever r(-)e L0, T), ®(-)€C; and r=0, ®=>0. By the arbitrariness
of r(-), (3.30) implies F(®)=0 a.e. on (0, T). Using (3.28”) and the
properties of the lifting we deduce F{®)=0 for all te(0, T). Thus for
any t€(0, T) we have F{®)=0 whenever ®&(-)eC,, ®=0.

Denote, for p=1, 2, ..,

(3.31) b,={u; ueN', ||ul|=p].

Then for any ®(-)e® (i.e. real continuous bounded functional
on N) we have

T
(3.32) | Fm(1 @ @) |< f [ f | D) | dui™(u) |dt<

f ‘ f | @) | dui™(u)+ f l<I>(u)|du$"”(u)]dt<

L N\bp
T

=<6up | @ Tea+1] @ g, f (N b, )dt,
14

0
But, using (3.26”),

G33) P f (N, )t < f [ f Il 2 [I? dusee) ]dt<03,

by

so that (3.32) gives

(332) |F™1Q®)|<cu-T- sup|<D(u)|+ ||(I>||c0

for all m=1, 2, ... Since 1 @@ (recall (1 ® ®)(¢, u)=1-D(u)= W u)
for all (¢, u)e(0, T) X N) belongs to £; we can deduce, from (3.32"),
the relation

(332 |F1 ® @) |<cn-T- supl¢(u)|+ II<I> |l @o

valid for all p=1, 2, .., and all ®(-)eC,.
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Let now o={®,};2; be a sequence of functionals ®.(-)e®@ such
that

(3.34) D1(u)=0(u)= ... =» 0 for all ueN.

Taking into account that b, is compact in N and applying the Dini
theorem we have that

sup | @,| =0 for r—> o0,
by
Since F,=0 we have
(3.34") F(D)=F{®;)= ... ZF(®,)= ... =0

for all t€(0, T), therefore by Fatou’s lemma can infer from (3.32”)
that

T T
f lim F(®,)d¢=lim f F@dr=1lim F(1 © 0) <] @ le
0 [1]

since this is valid for all p=1, 2, ..., it results

(3.35) lim F{(®,)=0 a.. on (0, T).

<> 00

In this conslusion the exceptional set depends on the sequence o.

We shall use this partial result to show that actually the exceptional
set can be chosen independent of o. To this purpose let us introduce
the function defined on N by

Q=

K q (distance in N of u to b,) if this distance is <

dp, f(u)= 1
1 if the distance is > C_I
i

Obviously d,, ,€@o for all p, g=1, 2, 3, ... For p, g fixed, let

1
otr=min {dp0, 51 Palr ]
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for all ueN and r=1, 2, ... Then ¢(-) and $.(-)=d, o(-)—0-) be-
long to Co. Moreover since

(3.36) | P || || Pronue || <[ ||

for all ueN (where || u || is taken = oo if u¢N"), the sequence {9, )=,
is increasing and

o) —> min {d,,, ,,(u),;izll ull? j =d,, (1)

for all ueN Thus the sequence {{,},~; satisfies (3.34). In virtue of
(3.35), there exists an exceptional set E, ,c(0, T) of Lebesgue mea-.
sure O such that

lim F(y,)=0 for all te(0, T)\E,,,

that is
(3.37) lim Fi(o)=FAdy,o) for all te(0, T\Ey,q .
But
W)= pizu Pl for all ueN
so that

1
Fdo) < SFd]| P |

for all te(0, T) and r=1, 2, ..., whence (by (3.37))

1 ..
(3.37) Fid, )< 2 lim Fd|| P,- ||*)
for all te(0, T)\Ep.q .
Let
(3.37") 0(t)= lim F(]| P,- ||,

where the limit exists (being perhaps also = o) because F, is =0 and
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thus, by (3.36), {F(|] P,- ||}, is non-decreasing in r, for all te(0, T).
Note now that

T
Pt @ 1 2= [| [ 12 dumdr<
6 N

T
< [[[huir s lase,
o N

for all m, r=1, 2, ...; since for a fixed r, 1 ® || P.- [|*€ £ and since
F is a w*cluster point in £% too, we infer that

T
th(Il P.-|Hdt=F(1 Q@ || P.- |P)Y=<c} for all r=1, 2, ...
0
Applying the Beppo-Levi theorem we deduce that

T

T
(3.37") f 8(H)dt=lim | FA]| P,- ||t <c}.
0 ’ 0
Thus if

E={t:1€(0, T), qt)=o0 }u( U Ep.a,

p,a=

the Lebesgue measure of E will be 0.
We shall show now that

(3.35") lim F(®,)=0 for all te(0, T)\E

and for all sequences {®,}2, =@, satisfying (3.34).
Indeed, if
€p, r=max P,
bp
and if for every woeb,, Oo={u:|u—uo|<sto} is a sufficiently small
ball such that
| ©(u) —®(uo) | <ep,» for all uely,
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then by the compactness of b,, there exists a finite number 0%, 0,
.., O of such balls such that

b,c0L0 U ... UOP =0.

Obviously 0 is an open neighbourhood of b, so that for ¢ sufficiently
large we have

{u : distance in N of u to b,< (17} cO0.

Therefore it is clear that we have
| @Auy | <2¢p, .+ || @ ||@qdp.o(w) for all ueN,
and for all r, p=1, 2, ... It results
0<FA®,) <t FA1)+]| @ ||, - Fidy, a)

for all p, r=1, 2, ... and all ¢te(0, T). For fixed p, by Dini’s theorem,
€,r—> 0 for r— oo, so that for t€(0, T\E,,, we have

. 1
(3.35") 0<lim F (o) =<|| ® ||, ;zﬁ(t).

For te(0, T)\E, the relation (3.35”) will be valid for all p=1, 2, ..,
and 0(f) is < oo, so that (3.35") results from (3.35”) making p—> oo .

We proved in this manner that for any te(0, T)\E, the functional
F,e @ satisfies Daniell’s condition; therefore by the well known theory
of the Daniell integral (see for instance Loomis [1], Ch. III, §§ 12-13)
it results that there exists a Borel positive measure y; on N such that
(3.29) is true; recall that this assertion is valid for all te(0, T)\E.

Let for k=1, 2, ...,

or)=r for 0<r<k and =k for r>k.

Then @(-)=¢u(1+|-)e€C and is =<1+|-[2€C. Therefore for
te(0, TO\E and all k=1, 2, ...
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[t +1uPaut=F@=Fa+1- p=I Fllerll 14+]-F e, =
N
=IIFlley =l F ll=cx.

Letting k—> oo and applying the theorem of Beppo Levi we obtain

(3.38) f(1+] u Pydudu)<cy for all te(0, T)\E.
N

The same argument can be applied to 1+|| P,- [|? instead of 14| - J*.
It leads to the conclusion

f(1+|| P |Pdudw) <|| F ||+06(¢t) for all te(0, T)\E
N

and all r=1, 2, ... Making r = « we deduce finally
(3.38) f (1] & [Pdu@)<|| F || +08() for all te(0, TH\E.
N

Let us define w,=0 for ft€E. Then (3.38) and (3.38") (because of
(3.37"")) show that the family {wJo<s<r satisfies the conditions
(3.16-16"). Moreover if @ is any weakly continuous functional =0
on N, then ®«(-) defined by

O (v)=min {D{(w), k} (ueN)

for all k=1, 2, ..., belongs to @y, thus, since

f O(w)dp(u)=F{®;) for all te(0, T\E,

N

the function in the first term is measurable in ¢. Letting k — oo, ®(u)
tends increasing to ®(u) (for all ueN). Thus applying the Beppo Levi
theorem we deduce that
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f@(u)du:(u):: lim f O (w)dpu) for all te(0, T)
N N

is a measurable function in 7. Thus {p.}o«<r is a basic family of mea-
sures on N. Finally if ®(-, -)eLY0, t; o) then (¢, -)eCo ae. on
(0, T), thus, by (3.29), ae. on (0, T)

Fa(t, - )= f O(t, w)dpdu).
LAt

Therefore (3.18) is valid for this ®(-, -) in virtue of the representa-
tion (3.28).
This finishes the proof of Lemma 3.

REMARK. If all measures pi™ (0<t<T, m=1, 2, ...) are proba-
bilities (i.e. if p™(N)=1 for all m and ¢) then in the basic family
{ Jo<i<r yielded by Lemma 3, for almost all te(0, T), the measures
W are probabilities.

Indeed if all measures p{™ are probabilities, then for any r(-)e
€LY0, T) we have

dt=

T
F™rQ 1= f‘ f(r X )¢, wdpi™ (u)
0 N

T T

= f r(Hp™(N)dt = f r(t)dt,
0

0

so that using the fact that r @ 1€£; we can infer

T

Fr® )= fr(t)dt.

0

But r ® 1 belongs even to LY0, T; Cy), thus

T

T T
f r(tyu(N)dt = f F((r @ 1)(t, -Ndt=F(r Q@ )= f r(t)dt
0

0 0
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for all r(-)eL¥0, T) so that
(N)=1 ae. on (0, T).
b) Lemma 3 can be completed with a less immediate remark,

given by the following useful

LEMMA 4. If in Lemma 3, the function | - |* is uniformly integrable
with respect to almost all p™ (0<t<T, m=1, 2, ..)") then (3.18) is
valid also for every ®(-, -) belonging to £, .

Proor. The hypothesis of uniform integrability yields us a func-
tion e(r) of re(1, o) such that

(3.39) e(r)—=>0 for r—>o
(3.39") f (14| u Pydpi™(u) <e(r)
{u:|u|zr}

for all r=1, almost all te(0, T), and m=1, 2, ...
Let now ®(-)e@; satisfy

(3.40) Ou)=0 for |u|=<r

for a certain r=1, and let p(-)e LY 0, T).
Then

T
| F(p @ @) |= ’f[fp(t)fb(u)d‘uf""(u) dt ' =

T
Ur(t) [ f D(u)dp{™ (u) dt' f [ o(®) | [ f | () | dpi™(u)

0 {u: |u|>r) uilu|zry

dt<

< J Lo |1l @ lle, [ f (1+] & Prdugm) | de <

{u:|u|zr}

!) This means that for any €>0 there exists an 0<r, <o such that

) |u2duu)<e for all m and almost all £
{uiueN, julzr }
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T

<A {| @ lle, j | o) | dt,

]

so that (since p @ @€f£2) we deduce that for the w'-cluster point F
in £ we have

T
[Flo ® @) |<e(r) || @ ”@zf [ o(e) | at
0

and this is valid for all p(-)e L0, T). This conclusion together with
(3.28) leads to

(3.40") | FA®) |<e(0) || @ || @,

ae. on (0, T). Using (3.28"”) and the properties of the lifting A we
deduce that actually (3.40") is valid for all te(0, T).

Let now @ be an arbitrary functional €@,, let te(0, T)\E (see
the proof of Lemma 3) and let for r=2

1 for |u|<r—1
(3.41) ouw)=14 0 for |u|=r
linear in | u | for r—1<|ul|=<r.

Then (1—9)PeC;, satisfies (3.40) and || (1—9)® ||e,<||®|le, -
Therefore in virtue of (3.40°) we have

(3.40") Fi(@®D) — F(®) for r—> oo .

But since ¢, #€® and t€(0, T)\E, we have also
Fpd)= (Pr(u)q)(u)dpd(u)
N

where the integral converges to [ ®(u)du(u). This can be shown in
N

the same way as (3.40”), using (3.38) instead of the uniform integra-
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bility. Thus (3.29) is valid for all @€, and consequently (3.28), with
x(+) of the form x(t)=®(¢, ), ®(., )eL=LY 0, T; ©,) coincides
with (3.18).

This finishes the proof of Lemma 4.

The above result does not assure that in the conditions of Lemmas
3 and 4, the relation (3.18) is valid also for all ®(-, -) of £;,1. There
is however an important functional of £;,; for which this is still true,
namely the functional ¥e(., -) defined by (3.22), in case ®(-, ) is an
elementary test functional. As we already remarked, the functional ¥,
belongs in this case to £1,1, so that if F is the functional yielded by
Lemma 3, then F(¥,) makes sense. With this remark we can pass to
the following supplement to Lemmas 3-4:

CoROLLARY. In the conditions of Lemmas 3 and 4, the formula
(3.18) (for the functional F yielded by Lemma 3) is valid for all func-
tionals ¥o(-, -) with ®€Gy.

Proor. Firstly note that @€ Gy implies that ®’«¢, -) is continuous
in ¢ from (0, T) to @, because for all f€(0, T) and ueN:

@t w)| _ call+|uP)? . cw
1+[uf = 1+[ul (I+fu [y

and
¢,t(t; u)zQ,f(t’ Pmu),

with a suitable constant cx» and integer m(=1, 2, ...) depending only
on ®@. Sencondly note that ®’,(¢, 1) is (see (3.10)) continuous and boun-
ded from (0, T) X N to N? This implies that the functions in ¢

(-, @alt, [-])) and (), @'t [-])

belong to L=(0, T; ©,). In this way
Yo(-, )=O(-, )+b(-, -, D'+, [-|)
where

@(-, )EL=(0, T; CHcL 0, T; C)=£,,
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so that by Lemma 4, to prove our corollary it is sufficient to show that

T

(3.42)  F(b(-, -, ®'(-, E))Z f[fb(u, u, Lt w)dulu) |dt.
0 N
Let denote by ¥(-, -) the functional occurring in (3.42) and let for
a k=1, 2, ... denote by ¥i(-, -) the functional defined by
(3.42")  Wult, W=b(Pwu, u, 't, w)=(B(Pwu, u), ®'(t, u)).
Since (B(u, v), w) is continuous in (u, v, w) e N' X N X N2 (see Sec. 2.5)

and P: is continuous from N into N!, it is clear that Wi(¢, -) is contin-
uous in ¢ from (0, T) into @, : therefore

dt

T
(3.42:) F(¥)= f | f Wu(t, wydpdu)y
0 N

for all k=12, ... Using also the fact that (B(u, v), w) is continuous
in (u, v, w)eN X N' X N? we deduce that

(3.42°) | W(t, u)—Vilt, u) |<cs|T—Pul-||ul]
for all (¢, uye(0, T) X N!,

where ¢33 is a constant depending on ®. In virtue of (3.42%) it results

T T
‘ f ! f W(t, wdudu) ;dt— f [ f Wit wdpdu)
0 N [1] N
T
Scasf[fl I—=Pou || u || dudw)
1] N
S 12

T
=<cCn { fl f I (I—Pu |2 dufu) dt }
0 N

where in virtue of Lebesgue’s dominated convergence theorem the first

“ls

dt<

12 { ;
dt} i [ulpdne
0
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integral tends to O for k> oo . In this manner to infer (3.42) from
(3.424), it remains to prove the convergence

(3.43) F(¥:) > F(¥) for k— oo .

To this purpose, note that

T

P @ —Po- |-l 0= [ | [1d—Poul 1l dutri
0 N

T 172 12
Sf[fl(l—l’k)u P dui"”(u)] -[fll u IIZduﬁm’(u)] dt<
[ N %

T
5{ ”fl (I—Puyu duﬁ””(U)]dt }1/2 Cii»
N

dt=

whence
[FA @ | I—P)- ||| - D |=cal F(A @ | I—Py) - P}

for all m, k=1, 2, ... Since
1Q|U—=P)-|-||-|| and 1@ |U—Pi)- PeLi1
we can infer that
FAQ|U—P)- ||| - ID=cu{FA Q[ I—Pu)- )},
and this for all k=1, 2, ... Taking into account (3.42";) we obtain
(3.43) | F(®)—F(¥0) | <chies{ FA @ | I—Py) - ) P72

But 1 ® | (I—P:) - ?€£: thus by Lemma 4 we have

T
FA® | (I—P)- P)= f | f | (= Pou | dyu) |t
0 N
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which as we already remarked converges to 0 for k> oo . Thus (3.43")
yields (3.43) and this finishes the proof.

REMARK. It is easy to verif that the conclusions of Lemmas
3-4 and of the corollary above, remain valid if the sequence {F™} is
replaced by a directed set {F®).

¢) We can now give the

PROOF OF THE EXISTENCE THEOREM (see Sec. 3.2.4)). We begin
by considering the differential system

(3.44,.) % +Atm+PuB(Um , Um)=Pnf in P.N.

This is one very wellknown Faedo-Galerkin approximation of (2.19),
which plays a basic role in the proof of the existence of individual
solutions for (2.19). For sake of completeness we shall give here the
properties of (3.44,,) which we shall need in the sequel. A simple com-
putation leads successively to

' 1dyp 2
(3.44') 5 gVt PV L um IP= 0, um),
t t
(3445, | ) [+ j Il ) |7 e <] n(0) [ +-c24 j Il 1) [l5-1d,
0 0

with a constant c¢u dependent only on v. In virtue of these relations,
(3.44,,) has for any up.€P.N a solution defined on whole [0, T] with
initial data up, . Obviously this solution is uniquely determined by uom
and satisfies (3.44,,—447) for all te[0, T]. Let S“Huon denote the
value in ¢ of this solution. It is easy to verify that S"(f)uo. is continuous
in (¢, uem) as function from [0, T] X P.N. Put

" (w)=wW(P; (wn P.N))

for every Borel set wcN. We obtain a Borel probability with support
in P.N. By (3.1") we have for any ®(-)e@, that
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(3.45) jQ(u)dp.‘"”(u): I(I)(Pmu)dpa(u).

N N

Put, for any m=1, 2, ... and te(0, T),
p{™(w) =™ ((S(#)) (w N P.N))

for every Borel set wcN. It is plain that one obtains a (Borel) proba-
bility on N with the supp u{™ in PN and such that (for all te[0, T])

(3.45") f S(w)dp{™(u)= f DS ()Pu)dplu)
N N

for every ®€@o; actually, using (3.1"), (3.44,.) and supp u{™ cP.N
one can verify that (3.45") is valid also for ®€C, or ®€Cy,,. Since
the right term in (3.45") is continuous in ¢ if for instance ®e@y we
can easily infer that {p{™ }ocs<r satisfies condition (3.16”). Moreover
integrating (3.44,,) with respect to p and taking into account (3.45"),
we obtain (using also Fubini’s theorem)

T
fl ufp duﬁ'"’(u)+vf ’ f” u [P dpf™(u) |dt<
N A
< fl u P dp™(u)+cs<
N

=< fl u P duu)+cs=cs,
N

where ci—cy are constants independent of te(0, T) and m=1, 2, ...
In this manner we verified that {p{™ }o<t<r is a basic family of pro-
babilities on N, and moreover that the sequence {{{1{™ Jo<st<r}m~; satis-
fies the conditions in Lemma 3. We shall show now that actually it
satisfies also the supplementary condition of Lemma 4.

Indeed, since by (3.44.,)

(3.44,) | St yiom |* < | tiom |2+ 5

where ¢y is a constant depending only on f(-) and v, for r=(cxn)'?
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in the same way as that one which led us from the Navier-Stokes
equations (2.19), in the case of dimension n=2, to (3.13;). For ®
fixed, if m is enough large we have P,®’,=®", in virtue of the condi-
tion (3.10) (namely this m has to be = than that one, depending on @,
which occurs in (3.10)). Thus we can write (3.13;,) in the following
manner

(3.13¢, appr.) F""’(‘I’o)=f<D(0, Pow)dulu) for all m=ms,

N

where mo is the integer depending on ®€Go which occurs in (3.10)
(or equivalently in (3.7)). Since ®(0, P.u)— ®(0, u) for m—> o=, by
(3.5) and (3.25) we can infer that

f @0, Pnu)du(u)— f (0, w)dp(u),
N N
for m —> oo ; consequently (3.13;,.per.) implies
Fm(¥e) - f 0, u)du)
N

which on its turn implies (3.13{;). This finished the proof of the exist-
ence theorem.

Before finishing this section let us mention that to obtain statistical
solutions with supplementary properties, we shall in the sequel return
to this proof and analyse it more completely.

3. Elementary properties of statistical solutions. a) We start by
noting that if (¢, u)=r(t)®(u) where r(-)eC=([0, T)) and ®(-) is
a real functional defined on N', then ®(-, -)eG, for all #(-), if and
only if ®(-) satisfies the following conditions.

(i) | ®(u) |<cu+cw|u| for any ueN' and some suitable con-
stants cp-ci» (depending on @(-));

(ii.) @(-) is Frechet N-differentiable in the direction of N!;
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we have
| S™()om | =7 only if | uwm |=VrP—cn

so that for all m=1, 2, ...

[u P duimw)= | | S™(®YPmts |* dplw) < | (cr+| Pt P)din(u) <

{u:|u|zn {u:) S0P, ujzr) (u: | S0P uzr)

< f(037+| Pru Pdp(u) < f(037+| u Pydpdu),

{u:|Ppyu|=Vri-cyl} {u:ju|z=vVri-cyx}

which in virtue of (3.5), converges to 0 for r— oo , and is independent
of m. So we can apply Lemmas 3 and 4 as well as their Corollary to
the present situation. We obtain a basic family of probabilities
{te}octer ') and a functional FEL] ;, connected as in Lemmas 3-4
and the Corollary, and such that F is a w"-cluster point in £ of the
sequence {F'™}x=_ £} ., corresponding to our sequence of basic fa-
milies {p{™}o<i<r (m=1, 2, ...). In virtue of the Remark 3° in Sec.
3.1.e) and the Corollary to Lemma 4 we have only to show that the
functional F satisfies

(3.131) F(¥o)= f‘I’(O, u)dpdu)

N

for all ®e%G, satisfying (3.8’). For a fixed m=1, 2, ... and for any
@(-)eGo satisfying (3.8’), we can pass from (3.44.) to

T
(3.13I,m) [{f[—q),l(t’ u)+v((us q),u(t’ u)))+
0 N

+b(u, u, Pn®(t, w))ldui™(u) } dt= f 0, Pnu)du(u)+
N

dt

T
+ f ‘ f (Pef(t), @'u(t, u))dpi™(u)
0 N

1) For those ¢ for which p, is not a probability replace p, by p. This alterates
the family of a set of Lebesgue measure O in (0, T) so all the other properties
are conserved.
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(ifi.) @’(-) is continuous from N' to N' and || ®'(-) || is bound.
ed ).
Such a functional ®(-) will be called a time-independent test func-

tional and the family of these functional will be denoted by ™.
If moreover

(1) =D(Pnti) for all ueN!

and a fixed suitable integer m=1, 2, .., ®(:) will again be called
elementary. The corresponding class will be denoted by G,

Plaintly the Remarks 5, and 6, in Sec. 3.1.e) can be also applied
to a ®(-)eG™, obtaining readily that ®(-) can be extended to a Lip-
shitz function to whole N-! whose restriction to N is weakly continuous;
®(u) can not be 0 for all || u|| large enough unless ®(-) is identical 0.

LEMMA 5. Let {p:loctcr be a basic family of probabilities on N,
let | be a probability on N satisfying (3.5) and let {(-)e L0, T; N-).
Then the following three conditions are equivalent:

(i) {weloct<r is a statistical solution of the Navier-Stokes equa-
tions with right term [(-) and initial data p (i.e. {p.} satisfies (3.131)
for all test functionals which verify (3.8")).

(ii) {1t }o<e<Tsatisfies the equation

(3.13m) f D(v, u)dp(u)+

N
T

+ f { f [—@'(t, w+w(u, ut, u))+b(u, u, ¥At, u))]ldudu) }dt:

0 N

- f B0, w)dyu) + f { [, @, u))dur(u)}dt
N 0 N

a.e. on (0, T), for every ®(-, -)€T.

(ii1) {w:)o<i<r satisfies the equation (3.131) for all functionals

1) Obviously the condition (i) is implied by the others.
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®(-, -) of the form &(t, u)= r(tYD(u) with reCo=([0, T)) and O(-)e
e?"ind.

(iv) {p)o<t<r satisfies the equation

(3.13w) fd’(u)dp«(u)+ f { f [v((u, @)+ b(u, u, @’(u))]du,(u)}dt:
N 0 N

T

f D))+ f { f o), <I>'(u))duz(u)}dt
N [1) N

a.e. on (0, T), for every ®(-)eG™,

Proor. It is obvious that

(ii) = (1) = (i)
(3.46)
(iv)

Multiplying (3.13wv) with —7(t) (r(-) belonging to Co=([0, T))), inte-
grating in < the resulting relation between 0 and T and efectuating
an integration by part in those terms which involve the integrals from
0 to <, we obtain easily (3.13;) with O(t, u)=r({)®(u); thus (iv) = (iii).
On the other hand replacing in (3.13;) the functional ®(-, -) by its
product with r(-YeCo=([0, T)) we get

T
- f r'(t)[ f O(t, u)dp(u)
0 N

T
+ f n?) {f[—dff(t, w)+v((u, Ot u))+bu, u, ult, u))ldp(u)
0 N

dt+

T
=H0) f 0, w)duu)+ f r(t){ f o), <1>',»<u»dut(u)}dt
N 0 N

and this is valid for all n(-)eCo=([0, T)) and ®(., -)€T. But for a
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basic family {p }o<i<r and a functional ®(-, -)€G, the functions

Po(t)= f @(t, u)dpu)
N
and

(Pl(t)=f[—d)’r(t, u)+V((u, q)"u(t, u)))+
N
+b(u, u, ¥, w)—(f(1), ®t, u))ldpu)

belong to LY(0, T), being related by the relation

T

T
—J r'(typo(t)dt + J Kt)yp:i(t)ydt=r(0) f 0, u)dplu)
0

valid for all r(-)eCo=([0, T)). Plainly this gives
T 1

(3.46") — f r'(t)[cpo(tH f oi(o)do

0

dt=r(0) f 0, u)dp(u)
N

for all reCo=([0, T)). This shows firstly that the derivative (in the sense
of the theory of distributions) of Y(-), where

W) =oo(t) + f(Pl(O')dO' for te(0, T),
)

is 0, thus {(-) coincides a.e. on (0, T) with a constant which on account
of (3.46") must be [ ®(0, u)dy(u). Thus we have verified that (i) = (ii).
The same argument applies for the implication (iii) = (iv).

For the remaining part it is sufficient to prove the implication

(3.46") (iii) = ().

Let ®(-, -)eT satisfy (3.8") and let r(-)eCo=(R). Define
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T
(3.47) @ = r)(¢t, uy= f(D(s, w)r(t—s)ds, for all (¢, W) e R X N!
0
and
m—1
@ * Nalt, W)= §¢('fn{~, u)r (t— %)for all (1, weR X N,

Since for any fixed t€[0, T] we have ®(¢, - )e 5™ (see Remark 6) in
Sec. 3.1.¢) for property (i.) of time-independent test functions), if the
condition (iii) of the lemma is satisfied, then (3.13;) is valid for (® * ),
for any m=1, 2, ..., whenever the support of r verifies the condition

(3.47") supp r(-)c=[—m, 0]
where 11>0 is such that

o(t, -)=0 for t>T—1.
Now
k+l

[} (@ * r)ult, u)—[(@ * Dm]’ult, W) ||< 2;; f @' (s, wr(t—s)—

m

, [ m kT
_‘Du(ic‘f, u)r(t— ';1—) ds<
- k
Zf ' (t, u)—D, ( T,u).~|r(t—s)|ds+
k=0 k
ki1,
+m§_:I P’ (ET u) r(t—-s)—r(t— !C—T) ds<®(m, u)4-0¢(m)
k=0 “ m ' m - ’ 4
T
where

0:i(m, u) and B(m) —> 0 for m—>
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and
| 8:0m, w)|=c% for all m and ueN

the constant depending on @ and r. Taking into account the fact that
{tte Jo<t<r 1is a basic family, it is obvious that to obtain (3.13;) for & = r
from its validity for (®=*r), by letting m —> - we have to note the
obvious fact that

[(®* )] dt, 1) > @ *r)dt, w) for all ¢, u
and
| [(@ * Nm])'dt, W) |<cotcalul,
where the constants ca-ca depend only on @ (see (3.25)) and r; indeed
these facts give also the convergence

7

(3.47") f { f [{(® * )wm]'dt, w)dpu) } dt—

b N
T
- f { f(‘b * rY 4, u)dp,,(u)} dt, for m—> oo .
[

In this manner, (3.13;) is valid for any functional @ % r given by (3.47)
with ®(-, -)eT satisfying (3.8") and r(-)eCo=(R) satisfying (3.47).
Let now p(-)€Co=(RR) be such that

(3.48) p(D=p(—1), p()=0 for all teRR

(3.48") supppec[—1, 1] and I. p(tYdt=1.,
r

Put rit):ép(é—) for all teR, €>0. Then for e<n r(.) satisfies
(347", hence (3.13p) is valid for ® *r. for 0<e<m. Letting €¢— 0,
the convergences

T

f { f [((u, (@ *r)'Lt, W) +bu, u, (@ =*r)ut, u)]ldudu) }dt-—>

0 N
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T
- f { f [((u, ®"Lt, WN+bu, u, ¥, w)ldpdu) }dt,
0 N

dt

T T
f [ f (D), (@ * r.)u(t, u))dpdu) ldt — f k f (K1), @' Lt, w)dudu)
0 N 0 N

are (as in the preceding case) direct consequences (via the Lebesgue do-
minated convergence theorem) of the fact that {}o<:<ris basic and

(@ * 1.)ult, W) —> @'(t, u) for e— 0 (te(0, T), ueN"),

[| (@ * rYu(t, w)||<cq
(>0, te(0, T), ueNY,

the constant ¢/, depending only on @(-, -). On the other hand by the
same Lebesgue theorem

f (@ * )0, u)dv«(u)-—>;— f ©(0, u)du(u)
N

N

because (by (3.48-48"))

(@ * rX0, u)—>%<1>(0, u) for all ueN!

| (@ * r )0, u) | <catcs|ul for all ueN'

with suitable constants cg-cs (depending only on @). It rests to obtain
instead of the analogous relation to (3.47”) the relation

T
(347" —-f[ f (@ * r.) dt, wydp.u) }dt—»
0 N

T
— f [ f @'(¢t, wdpu)
0 N

dt— ;— f (0, u)dplu).
N
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Or
(@ * r)'(t, u)=r{Y®0, u)+ f rdY®'o(| t—s|, wyds=
t-T
T
=r{Y0, u)+ f r,(t—s)<I>’D(E, u)ds,
0
where

T

f r{t—s)Y@'n ('|__sj , u)ds — ¥'(t, u)

for all te(0, T) and ueN'. Moreover it is easy to verify that the above
convergence is dominated in such a way that the Lebesgue dominated
convergence theorem can be applied and henceforth deduce that (3.47")
is valid in case

T
(3.49) f rs(t){ f ™0, w)dpdu) }dt»% f &0, u)dp(u).
N N

0

Here ®(0, -)eG™. Since (iii) = (iv) we have integrating (3.131y) with
()=, -),

T

frs(t) [fd)(o, u)d,p.t(u)]dt+
N

0
T t
+ f r;(t){ f { f [v((u, @0, )+
0 0 N

+ blu, u, ®.(0, w))]lduu) }do' }dt:

T

= f ra(t)[ f ™0, w)dyult) ]dt+
N

0
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T t
+ f r:(t){ f [ f (f(e), @"(O0, u))de(u)]dO' }dt
[1] ¢ N

from where, using again the fact that {, Jo<i<r is basic and (3.48-48"),
(3.49) follows readily.
This finished the proof of Lemma 5.

ReEMARK. In virtue of Lemma 5, for any solution {g:}o<:i<r, the
relation (3.131v) is, for every @(-)e %™, valid a.e. on (0, T). However
the exceptional set E(®) depends on the functional ®. We shall prove
now that for the statistical solution constructed in Sec. 3.2 the equa-
tion (3.13w) is valid for all t€(0, T)\E, where E is a fixed set of Le-
besgue measure 0, and all functionals ®(-)eG™ (i.e. the exceptional
set in (3.131v) does not depend on ®(-)eT™).

ProorF. Recall that except a set E of measure 0 we have (see the
notations in Sec. 3.2)

Fy(®)= f D(w)dp(u)

N

for all ®eC,>T™. The equation (3.13w) being for a fixed ®eT™
valid a.e. on (0, T), we have that

t

(3.13%,) F,(<I>)=f{ f [—Wu, )))—bu, u, ¥(u)+
] ‘N
(D), V) 1duu) }dt+ f Du)dpa)
N

a.e. on (0, T), where the exceptional set depends a priori on @. But the
right term is a continuous function of ¢ and the left term satisfies (3.28"),
so that applying the strong lifting property, (3.13;y) holds everywhere
on (0, T). Taking into account the remark made before (3.13f) we
infer readily that (3.13y) actually holds for any ¢ outside E and this
for every ®eG™.
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b) It is clear that the definition of a statistical solution {p}o<i<r
of the Navier-Stokes equation determines the measures {u.} a.e. on

(0, T), in the sense that any other family of measures {tteJo<r<r for which

te=u. for almost all t€(0, T), is also a solution with the same initial
data p of the Navier-Stokes equations with the same right term f(.).
In connection with this remark let us firstly prove the following:

LEMMA 6. For any statistical solution {y.}o<i<r with initial data
W of the Navier-Stokes equations the following conditions are equivalent:

(1) The equation (3.13m) holds for all ®(-, -)eT and all
te(0, T).

(ii) The equation (3.13wv) holds for all ®(-)eTC™ and all
te(0, T).

(k) For every ®(-, -)€G the function in t

(3.50) f O(t, u)dp(u)
N

is continuous on (0, T) and converges to [ ®(0, u)dp(u) for t ->+0
N

(kk) For every ®(-)YeG™, the function in t

(3.50) f D(u)dpdu)
N

is continuous on (0, T) and converges to | ®(u)dp(u) for t—+0.
N

ProoF. It is obvious that (i) = (ii), (k) = (kk) and that (in virtue
of the preceding Lemma 5) (i) and (k), resp. (ii) and (kk) are equivalent.
To finish the proof if will be sufficient to show that (kk) = (k). There-
fore suppose that (kk) is true, and let ¢(-)eC'(R) be bounded and
such that @(r)=0 for [r|<1. Then ¢(| Pn- )€ G™, so that

L0, 1)

for all te(0, T).

(3.51) f | Pt |)dpiu) < ” f (| Pt |)dp. (1)
N N
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Suppose that 0<¢(r)<r’—1 for r=1. Then (3.51) implies readily that

=Cu
L=(0,1)

f (| Pott |)dutd(us) < “ f | P dus (1)
N N

and by an approximation process we can deduce that
fIP,,,uKIZ dudu)<cu+2.
N

Making m—> o we obtain finally

(3.51") fl u P dp<cs for all te(0, T).
N

Let now ®(-, -)e%G and remark that since we have

(3.52) lim sup

t->t,

=<

f O(t, w)dpdu)— f O(to, w)dps(u)

t—ot,

< lim supfl O(t, W)—D(t, u)|dudu)=X,
N

where ¢, H€[0, T] and for £ =0 we put y,=p. But, with suitable
constants cs-cer (depending on ®(-, -)) and p>1,

| ®(t, w)—D(to, u) | dudw)< f (cos+car | u Ddpdu) <

{u: fu|zp} {u:|u|zp}
< C%‘:Cﬂ | u | o) < (cas+car)ess
{u:|ujzp}
so that
(3.52) A<lim sup f[ Ot, u)—0(t, u) | dpw)+ ('—;3 .
¢
b {u:|uj=<p}

Since ®(-, -) is continuous from [0, 7] X Nuwx to R and since
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{u:]u|=<p} is compact in Ny, the integral in (3.52") converges to 0.

Thus Xs%ﬁ for all p>1, hence A=0. This means that (k) is satisfied.

¢) Let us now prove the main result of this section 3.3, namely
the following

THEOREM 2. Suppose that the initial data p has a bounded support
in N. Then the statistical solution {y.)e<:<r , constructed in Sec. 3.2.¢),
has a uniformly (in t€(0, T)) bounded support in N and moreover one
can suppose that it satisfies the following condition:

(j) The function defined on [0, T) by

fcb(u)dua(u) for te(0, T), and ’(D(u)dp,(u) for t=0,
N N

is continuous for every real functional ®(-) weakly continuous on N
(ie. continuous from Nuwex to ).

REMARK. In virtue of Lemma 6, the solution satisfies (3.131r)
and (3.13w) for all te[0, T).

PROOF OF THE THEOREM. Suppose that the support
suppuc{u:ueN, |u|<r)
for a certain 0=<ro<oo. It is obvious that then
supp ™ c{u:uelN, |u|=<ro)

(see the proof of the existence theorem, given in Sec. 3.2.c)). On the
other hand in virtue of (3.44.), for ri="V cn+r#, we have

p™((u : ueN, |u|=nh)=p"(S"™ () {u:ueN, |u|=nh=
=u({u:ueN, | S™(tu|<n, |ul<rn)=
=u"™({u: uelN, |u|<nh=1,

so that for all m=1, 2, ... and t€(0, T) we have

supp pi™ c{u : ueN, |u|<n).
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Let now
®(u)=0 for |u|<r and =|ufP—r? for ju|z=n.

Then ®eC,;, ®;=0 and

T
F™(1 Q &)= J l fd)l(u)dp.ﬁ’”)(u) ]dt=0
o N

so that, since 1 ® ®1€£; we deduce
F(1 ® ®:)=0

But, by Lemmas 3-4, we have

T

F1Q d)= f{ f@x(u)dut(u)
N

0

dt,

whence

fd)](u)dp.t(u)zo a.e. on (0, 7.

N
so that, since ®(u)>0 on N\{u:ueN, |u|=<n}, we deduce
(3.53) supp i Bi={u:ueN, |u|=<rn}, ae. on (0, T).

Let now G(B;) denote the space of all weakly continuous real functionals
defined on B; and let E be the exceptional set —(0, T) occurring in
the Remark folowing Lemma 5. For any te(0, T)\E, let G.e(C(B))"
be defined by

G(®)= f D(u)dplu) = { D(u)duu)
Bl N

and for any s€E let G, be any functional belonging to

ﬂo(weak* closure in (C(By))* of {G:; te(0, TI\E, | t—s|<e}).
€©
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Since the ball of radius 1 is weakly-compact in (C(B1)) ", G, exists.

By the Riesz-Kakutani representation theorem (see Dunford-Schwartz [ 1],

Ch. 1V, 6.3) there exists a Borel measure y1; on the metric compact space

B, endowed the Nyeu-topology such that Gs(d)):ﬁ[ @dp, . However
1

on B; the Borel sets with respect to the Nyei-topology coincide with
those with respect to the usual N-topology '), so that u is a Borel measu-
re on N. Obviously p, must be a probability. For s=0 put finally
to=. Let now ®(-)eG™. Then (3.131) is valid for all t€0, T)\E (see
the Remark following Lemma 5), therefore for t—> s, t¢ E, G/(®) must
converge. By the definition of G;, this limit is G{(®). In this way we
proved that for our new definition for t€E of the probability p. we
obtained that

f O(u)dpdu)

N

is continuous on [0, T] for every ®(.)eG™.
To finish the proof it will be sufficient to show that

A={®(-)| By : ®(-)eG™}
is dense in C(B;). This follows directly from the following useful

LEMMA 7. Let Bi={u; ueN, |u|<r} (with 0<ri< ) and let
C(B)) denote the algebra of all real weakly continuous functionals on
B, . Let moreover

So={D(-) | B:: ®(-)e T}
Then &y is dense in C(By) (normed by the usual sup-norm, i.e.

f @ llecan= StszQ(u) D.
HE 1

1) Firstly since the identical map N—> N, . is continuous, every « weakly »
Borel set (ie. Borel set with respect to the N, .-topology) is a «strongly» Borel
set (i.e. with respect to the usual N-topology). Conversely it is obvious that any
ball in IV is weakly closed, hence « weakly » Borel set. From here follows readily
that any strongly Borel set is also weakly Borel set. (See Probi [4].)
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Proor. In virtue of the Stone-Weierstrass theorem it will be suf-
ficient to prove that o is an algebra containing 1 and separating the
points of B;. Obviously 1€fy. Moreover if ®.(u)=(u, w.) then
©.(-)eBi since the eigenvector w. of D obviously belongs to N'. If
for u’, u”eB, we have ®,(u)=D.(u") for all m, since {wn} is a basis
of N it results u’'=u". Thus &, separates the points of B;. Let now
®(-)eTr and let m be large enough that

D(u)y=D(Pnu), ueN.
There exists a C'-function ¥(&; , &, ..., Em) defined on R™ such that
ay ¢\
leed v l=( = (5 ) )
is bounded on R™ and

(I)(u):‘ll((u, W1)9 ceey (u’ VM))9 uGN.

Let eC(R™) be 1 for || §||= \/Z.-Ei25n+%and =0 for || E||=n+1.
Put
Dy(u) =D(u((u, w), ..., (u, wn)) for all ueN.

The functional ®; belongs to Gi™® and coincides with @ on B;. Thus
if @ is any other functional €G!, we have

o)) =0(u)O®u) for all uebB,

and ®(-)0(-)eGi?. Since plainly o is a linear set, the preceding
remark shows that it is an algebra. This finishes the proof of Lemma 7
and thus also that of the theorem,

4. Individual solutions as statistical solutions. a) Let p. be a Dirac
measure 8, , ie.

A {1 if weA,
wA)= 0 if u¢A.

Suppose that the statistical solution given by the Theorem in Sec. 3.3.c)
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is formed by Dirac measures, i.e.
(3.54) [J.t(A)=5u(,) (OStS. T).

Then, for any ®e %™,

O(u(1)+ f[%(u(f), @' | u(t) | +buT), ult), @'o(|u(t)|)]dr=
0

=D(uo) + f (f(x), @] u(z) | ))d=.
0

Taking ®(u)=(u, v) with veN', we obtain that

t

‘ . 3
(u(t), v)+ f [v{(u(), v))+b(u=), ux), v)ldr= { (J(=), v)dr+(uo, v)
0 0

(for all veNY),

from where we deduce readily that {u(f) }o<i<r is an individual solution
of the Navier-Stokes equations with initial value uy. We shall prove
now also the converse fact, that is the following

PrRoOPOSITION. The individual solutions of the Navier-Stokes are
the statistical solutions which are Dirac-measure valued.

ProoF. Let {u(t))o<i<r be an individual solution of the Navier-
Stokes equations. We know (see Sec. 2.5) that u(-) is absolutely con-
tinuous if regarded as function with values in N-2 and that (see (2.9-9"))

(3.55) d%(u(t), )+ ((u(t), v)+bu(t), u(®), V)=, v)

for all ¢ outside a set ec(0, T) of Lebesgue measure 0, and this for all
veN?, Let now

(3.56) () =oi((u, vYp((u, v2)) ... oul(u, vi))

where @{-)€C{(R), v;eN?*(j=1, 2, ..., k). Plainly @€ G™. An easy
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computation shows that, outside £, we have

(3.56") dit@(u(t))+v<(u(t), o [ud N+

+b(u(t), u(®), 'o(| u(®) | N={®), Ol u®) )
and obviously
(3.56") O(u(0)) =0(uo) (where uy=u(0)).

Now it is easy to verify that ®(u(-)) is absolutely continuous thus
(3.56’-56"") yield

(3.56") O(u(T))+ { [W(u(t), O] u®) [N+
0

+b(u(t), w(t), O'g(]u(®) |)1dt=0(u)+

+J(f(t), O'q(|u(®) | )dt for all 0<<t=<T.
1]

It is clear that if (3.13w) holds for all ®eGiP¢ then it holds also for
all G4, We have thus to prove that (3.13y) holds for all ®eGi.
Suppose therefore that

(3.57) D(u)=®(Pru) for all ueN.

Let moreover p be such that (see Sec. 2)

(3.58) fu(t) |<p for all 0<¢<T.

By (3.57) we have a function ¢ defined on WR¥ of class C! such that
(3.57") D) =o((u, w), (1, wa), ..., (U, wy))

and such that

sup @' c(ris P2y oy [ 1]y s PO < 00

re
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all j=1, 2, ..., k. On
K,={r|reR, |ri|<p, =1, 2, .., k}
there exists a sequence of polynomials {pw(r1, ..., re}}e-y such that

(3.59) sxuplpm(n s ees TE)—O(P1, ooy 78) | =0 fOr m—oo
?

(3.59") 51;p|(pm)’g(r1, s T3l v T)=@' (1t vy |15 ]s ves 7Y | =
P

—0 for m—>eo,
and for any j=1, 2, ..., k. Consider

(3.57")  Ow(u)=pm(Y(u, w1)), (1, W), ..., YW(u, wx)))

where YeCo!(IR) and Y(r)=r for | r|<e. Then since ®m(x) is a sum
of functions ®(-) of the type occuring in (3.56"’} we deduce by linearity
that

(3.60) Dn(u(t))+ f [W(((®), (@m)'o([u@®) |+
0

+b(1(t)), w(t), (@m)'of| w(t) | ))]dt=Oum(uo) +

+ J.(f(t), (D)o | u(®) | ))dt  for allO<t<T.
0

Now in virtue of (3.58), (3.57°-57") and (3.59-59") we can pass to the
limit in (3.60) obtaining

(3.60") D(u()+ f [((u(t), @&'o((] u(®) [+
0

+b(u(t), u(t), &'n(]u@®) |)N]1dt=a(uo)+ f (f(®), ¥’ o] w(®) | )dt
0
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for all 0<<<T). This relation (3.60") coincides with (3.131) if we
define ., for 0<t<T by me=08. and w by u=2=8, . This finishes the
proof of our proposition.

ReMARks. 1) If for a given initial determined data wp there exists
two distinct individual solutions say {ui(t)}o<r<r and {uxf)}o<e<r , then
the statistical solution with initial data p.=38,, is on account of the pre-
ceding proposition also not unique, namely we have the distinct statistical
solutions u/ =8y and u/ =8, (t€(0, T)). However in this case
we have already the phenomenon which in the introduction was called
intrinsic turbulence. Indeed, for any fixed 0<0<1,

=08, + (1 — 0)Bu(1) 0<t<T)

will be a statistical solution with initial data w=8§,,, but which has
not an one-point support for all ¢, since otherwise u;(t)=wu,(¢) for all £>0.

2) It would be very interesting if intrinsic turbulence is always
connected with non-uniqueness of the individual solutions.

§4. The energy inequality and consequences.

1. For statistical solutions the useful analogue of the energy int-
quality (2.12) for individual solutions is not that one which can be ob-
tained by a « formal » integration of (2.12), i.e.

fn u | dp.,(u)]dt{ -
N

=ﬂg|u<t> |2+vfn () u2dw]du<u>5 fl%'”'“f
N 0 N

t

4.1) —;ﬂ uf dw(u)+vj
N

0

d=,

+f(f('r), u(-r))d'rl du(u)=}% f | u [ dpdu) + f [f(f(r), uydp(u)
0 N 0 N

where in the brackets {...} is indicate the formal integration leading, via
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(3.2), to the two extremal terms of (4.1). (Note that in case the space
dimension = is 2 this is already a proof that (4.1) is valid for the solution
given by (3.2)). For many reasons some of which will be seen below,
the statistical analogue of (4.1) seems to be the following relation

t

@2 3 [uupan+y [

N ¢

dt<

[¥aupiul due
N

<3 f 9l P+ f | f Y u P, u)dp«(u)]d‘c
N o 0N

which must be satisfied a.e. on (0, T) for any real-valued function ¢(-)
of class C! on [0, o) such that

4.2 0<{/(x)<cw< o for all xe[0, o);

here cy is a constant depending on .

We shall call (4.1) the energy inequality for statistical solutions,
while (4.2) will be called the strengthened energy inequality for statis-
tical solutions.

ProposiTION 1. The statistical solutions constructed in §3 satisfy
the strengthened energy inequality.

Proor. Let us return to the proof of the existence theorem of
Sec. 3.2.a) given in Sec. 3.2.c). Let ¥ be as in (4.2-2"). Then using
(3.44,,) we have

ld

2dt

FV(| tin(t) PHPmBUn(t), un(t)), tm(t))=
=W unl) PUPmf(®), un(t))

(| tm(®) P)+47(| ) PHum(®), Aun(t))+

whence (by 2.17))

1d
2dt
=U'(] unlt) PYHE), un(?)) on [0, T),

Y um(®) P+ ) P) 1| un®) |*=
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so that integrating with respect to ¢ and to u™ we obtain

dt=

f VPl [ e @)

4.3) f U(| u PYdpi™ (u)+v f

f U u Bdp™(u)+ f [ f (f(=), wdui™(w) |dx

for all te[0, T). Let p(-) be any function =0 in LY0, T). Then (4.3)
gives

T

4.3 -;— f [ ’ oA u |2)du5m>(u)]dt+

N

p(s)ds W u P || Pes |12 dul™ () ]d-cs

0 N =
T

s%( f o(f)dt f W u Pdp™ () + )

T T
+” f fp(S)ds (| u PYf(r), wydpi™(w) |dT
¢ N

in which k, m=1, 2, ... and all functions (on N X (0, T)) belong to
$2. Therefore the relation (4.3"), written for the functionals F™
(m=1, 2, ...) given by (3.18) with {u{™} instead of {p.}, will be con-
served for any w'-cluster point F € £ of {F‘™}. But such a cluster
point is of the form (3.18) with a statistical solution {w}. Therefore
we conclude that any statistical solution {u.:}o<r<r obtained in Sec. 3.2
will satisfy the relation

T
4.3 % f [fp(t)tll(l u Pdp(u) | dt+
0 N
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T

z\

f (p(s)ds)q» (up) || Pt | dui) | d

T
f p(dt ) ( W u P, )

0
T T
+ﬂ f ’ (p(S)ds tb(l XA, wdpe() |
0 T

for all k=1, 2, .. and p(-)eL¥0, T), p(-)=0. Letting k—> oo, we
obtain

7 t
fp(t) {;— fdl(l u |2)duz(u)+vf
0 N 0

- 3 [wtumas— [| [, wwiupmo]a } <
N 0 N

dv—

f VP || P dusear)
N

from which, the inequality (4.2) results readily.

ReMARk. If in (4.2) we put Y(x)=x for x=0 we obtain (4.1);
thus if {y:}o<t<r satisfies the strengthened energy inequality (4.2) it
satisfies also the energy inequality (4.1).

The statistical solutions satisfying the energy inequality or its
strengthened form have a certain number of interesting and useful sup-
plementary properties:

CorROLLARY 1. For any statistical solution {yp.}o<:<r with initial
data 1., satisfying the energy inequality (ie. (4.1)), we have

(4.4) ” f luPdp@| .. +v
4 L (0,T)

f I |1 s ()
N

L0, T)

SZf\u [ duw(u)+cs ,
N

where cx is a constant depending only on {(-), v and L.
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ProoF. The right term of (4.1) is less than

2 <

: f(fluldp«(u))zdr L=
° 0N

S%J'IuIzdp.(u)—i-Csx[-f(.{‘ulzdpq(u)>d‘r ]% <
N [} N

3 [1rasor( [1roras)
N 0

%lulzdu(u)+)f?2[f(fﬂuIIzdp,‘(u))d-c L=
l ch
2[ u P du)+ fl {nuwdu«u) by o

from where (4.4) can be easily obtained with co=c vIA[!

COROLLARY 2. Let f(-)eL=(0, T; N-Y). Then, for any statistical
solution {U«)o<i<r, With initial data p., satisfying the strengthened energy
inequality (i.e. (4.2)), we have a.e. on (0, T)

(4.5) fl ul dp,,(u)+vf lfl ul? duu) |de< J'| u > dudu)

iuiiul>r} (u:|ui>r} {u:fu|>r}

for all r=cs, where cs; is a constant independent of 1 and {pu}ocic
(ie. depending only on £, v and f(-)).

Proor. Let {(-) satisfy (4.2") and such that {{x)=0 for xe[0, ].
Then (4.2) gives ae.

f | & D) +2v f [ f WPl u | duda) ]dws
N 0 N

< Nf Wl u Iz)du(u)+26530 f \ Nf Il (| u
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t

sfq»(lu|2)du(u)+zc“ﬂf|ul-ll u ||¢'(Iu|2)dw(u)ld-cs
N N

r
0
t

< [ W b+ 35 [ | 10100 u Prttn |
N N

0

where css=|| f(-) ||t r;n-1) and  is the first eigenvalue of D (see
Sec. 2.1). Putting cs;=2v~'\\%cs; , we obtain that, for r=c¢s,

t

(4.6) f W u Pyduw)+v f [ f Y uP) | u |l duc(uy [dr<
N 0 N
< J (| u [du(u)
N

a.e. on (0, T). In particular (4.6) shows that
4.7 ftl)(l u Pydpu) < f\l}(l u Pdu(u) ae. on (0, T
. N N

for any () satisfying (4.2") and such that {(x)=0 for x€ [0, ], r=cs.
Let r=cs be fixed, and put

41k
o=k [00)dy (0=<x< )
where €¢>0 and
0 if <y<r
0.(9)= < linear if P<y<(r+ey
1 if (r+ep=<y.

Then in (4.7) we can replace {(-) by Ux(-); therefore letting k —> oo
we obtain also
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4.7) f 0.(| u Prdp(w) < f 0:(] u Prdw) ae. on (0, 7).
N N

Taking e=h~! (h=1, 2, ...) and letting h—> ~ we deduce easily that
(4.8) pl{u|ul>rD=sp{u:|u|>r} ae. on (0, T).

However the exceptional set w of those t€(0, T) for which (4.8) is not
valid depends on r, ic. w=w,. Taking w= Uw, where the union is
taken for all rationals r=cs we conclude that for t¢w, the inequality
(4.8) is valid for all rational r=cs, thus (using the fact that y, is a
measure) also for all r=cs . Let now

5 {0 if x<~?
(x)= x—r if x=r

and let Yi(-) be defined as above with 0.(-) replaced by 8(-). Intro-
ducing these {(-) (k=1, 2, ...) in (4.6) and letting k —> oo we deduce
that

t

fe(l u lz)dﬂx(u)+vf{f6'<(l uP) || u||? doeu) de<
N 0 N
Sfe(l u Hduwu) ae. on (0, T).
N

From this relation and (4.8) we obtain plainly the desired relation (4.5).

REMARK. It is obvious that the corollary 2 yields also the con-
clusion that if the initial data p has a bounded support in N then the
supports of u(0<¢t<T) are uniformity (in #) bounded in N; this result
was already obtained in the theorem of Sec. 3.3, without the hypothesis
that f(-)eL=(0, T; N-'). However this last assumption is obviously
verified if f{#)=f does not depend on t. In this case one can consider
those statistical solutions which do not depend on ¢, i.c. the stationary
statistical solutions. For them, Corollary 2 will yield an interesting
property (see Sec. 6.1).
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2. a) We shall now give the main consequence of (4.1) and (4.2).
For this recall that to any basic family of measures {p}o<t<r , formula
(3.18) associates a functional Fe£y ,, . We shall endow the set of all
statistical solutions with the topology induced, on the set of the cor-
responding functionals €£7,,, by the w*-topology on £;, . Obviously
in this way the set of all statistical solutions becomes a subset of a locally
convex space. Qur main result in this section is given by the following

THEOREM 1. Let f(-)eL>(0, T; N). Then for given initial data
U, the set of all statistical solutions satisfying the strengthened energy
inequality is a convex compact set.

Proor. Let 8™ denote the set of all statistical solutions with initial
data p satisfying the strengthened energy inequality. It is obvious that
this set is convex (as subset of £ ;.,). Thus the only fact to be proved
is that it is compact (as subset of £] ;).

We start the proof with the conclusions of Corollary 1 above,

namely that
}Ul u | du (1)
N

IUH u | du. ()

for all {pe)ocr<r €8, where csi-ss are constants depending only on w
(and naturally on Q, v and f(-)). By Lemma 1, the functionals F cor-
responding by (3.18) to {yc}ocs<r €8% form a bounded set (denoted
again by §®) in £7, , thus a subset of a compact set (the ball centred
in origin and of an enough large radius in £7 ;) in the w™topology of
£1 1. Therefore we have only to show that any F belonging to the w™-
closure in £, of 8% actually belongs to 8. For this we firstly note
that, as remarked at the end of Sec. 3.2.b), the Lemmas 3-4 and their
Corollary (in Sec. 3.2.b)) remain valid if the sequence {F'™} of func-
tionals considered in Lemma 3 is replaced by a directed set {F*}. Now
let o label the w*-neighbourhoods of F in’{},. For any a, choose an
F*e8™ belonging to that w*neighbourhood of F which is labelled
by «. Applying the extended version of Lemma 3 (Sec. 3.2), we obtain
a basic family {p.}o<i<r of Borel probabilities on N such that (3.18)

=<cs
L=, 1)

(4.9)

=Cs5,
L0, T)
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is valid for all ®(., -)eLX0, T; Co). To apply Lemma 4 (Sec. 3.2) we
have to show that for our family {{p.{*}o<t<r}e the function u—|u[?
on N is almost uniformly integrable. To this purpose let ¢>0 be given
and let 7. be such that

f u | duu)<e.

{u:|u=r, }

Obviously we may suppose that r.=cs; (see Corollary 2 in Sec. 4.1).
Then in virtue of (4.5), for {w}={u{} we have

| u P (u)<e a.e. on (0, T);

furju|zre}

this shows that the function |-|* on N is almost uniformly integrable
with respect to {{{1{®}o<t<r )}« . Corollary 1 in Sec. 4.1, shows (see also
Lemma 1 in Sec. 3.1.c)) that {F®)}, is bounded in £%, hence, since
£1,1n L2 is dense in £, that F is also a cluster point in the w*-topology
of £%. The Lemmas 4,5 and their Corollary (in Sec. 3.2.4)-b)) can be
applied to F, yielding a basic family of probabilities {ftr}o<c<r on N,
connected with F by the formula (3.18), valid for any ®€£; or @ of
the form ¥, with 0eGy. Now ¥,€$1,1 for any o€y and

FeX(¥)= J’ o0, w)dwu) for all «,
N

so that (since F is a w"<cluster point of {F*}, in £} ;)
F(¥,)= ftp(O, wydulu),
N

which is valid for all p€Go, whence {:}oci< is a statistical solution
of the Navier-Stokes equations with initial data i (see Remarks 1) and
3) in Sec. 3.1.e)). It remains to prove that {{.}o<c<r satisfies the strength-
ened energy inequality. For this, let pe LY0, T), p=0. Then the rela-
tion (4.2) for {.}={p®} gives
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T
(4.10) f o(t) [ ;- f W) u P |de+
0 f\ !
T T
| o oot Jwaup Pl dso |ar<
0 t N
r
S(J p(t)dt)(% fd'(lulzdu(u))+
o N
T T

dt

+[( [etrde ) [ o, wano
o i N

where k=1, 2, ... is arbitrary. Introducing the functional

T

Or.tt, 1= ot0M| u ) +>{ [ etordo J( ) | Pua |-

t

~(( fT plo)da )0, u )

which obviously (on account of the hypothesis on f(-)) belongs to £z,
the relation (4.10) can be written in the following form

T

(4.10') F“’(ek.p)s( f p(t)dt)( : f Wl u |2>du<u)>.
1] N

Since (4.10) is valid for all a«, and since F is a w'-cluster point of
{F*), in £ too, we deduce

(4.10) F@)< f oot ) 5 f W u P ).
0 N

The relation (4.10”) being valid for all pe LY(0, T), p=0, it results (via
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Lemma 4, Sec. 3.2.b)) that

t

(4.10") % f W u Pdpdu)+v f
N 0

dr<

f Y u P | Pt | disaleo)
N

S;’;_ftb(l u ) duu)+ fl f(f(v), u)dur(u)ld‘r
N ] N

ae.on (0, T), k=1, 2, ... Letting k — o« in (4.10”") we obtain readily
(4.2). This finishes the proof of the Theorem.
The same proof yields the following

PROPOSITION 2. Let {p'®} be a directed set of probabilities on N
such that

4.11) [(D(u)du(“’(u)—afCD(u)du(u) for all ®(-)eBi,
N N

4.11") f| u P dup®w)<e for all a,

{u:ueN, |u ‘?":)

where €>0, and r. is adequately chosen (i.e. | - | is uniformly integrable
with respect to {u™}). For any a. let {u{® }o<:<r be a statistical solution
of the Navier-Stokes equations with initial data p‘, satisfying the strength-
ened energy inequality, and let F™ be the corresponding (via (3.18)) func-
nal in £ 1,,. Let F be a w'-cluster point in £1 ,0f {F*®)}. Then F cor-
responds (via (3.18)) to a statistical solution {p.}o<:i<r of the Navier-
Stokes equations with initial data y, and satisfying the strengthened
energy inequality.

REMARKS, 1) If all the measures u™ have their supports
cBoy={u:ueN, |u|=<n}, it is clear that (4.11’) is satisfied. Moreover,
in virtue of the Lemma in Sec. 3.3.c), (4.11) is equivalent with the
convergence ™ —>p in the w'-topology of C(By)*. Therefore the pre-
ceding Proposition yields in this case a kind of continuity of the (not
necessarily uniquely determined) map p — {th)ocr<r from C(Bo)* to

1.1 both endowed with the w*-topology.
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2) Let the initial data p in the Theorem be the Dirac measure
8w, where upeN. It is obvious that any Dirac measure valued stati-
stical solution of the Navier-Stokes equations with initial data po=38,, ,
is an extremal point of 8™ (i.e. the set of all statistical solutions with
initial data po=028,, , considered as a subset of £} ,). Is the converse
also true, i.e. is any extremal point of 8%, a Dirac-measure valued solu-
tion? If the answer to this question is « Yes », then the intrinsic tur-
bulence occurs if and only if there is no uniqueness for the individual
solutions of the Navier-Stokes equations with initial value wo.

b) Let us sketch the difficulties which occur in the study of the
converse question raised in the preceding Remark,

Let weN be fixed and let § denote the set of all (functionals
in £, corresponding to the) statistical solutions of the Navier-Stokes
equations with initial data p=38,, and satisfying the strengthened energy
inequality; & is considered as subset of £ ;. If {fte}ocr<r is such a
solution, then

4.12) suppmec{u: ueN, |u|=<nr)} ae. on (0, T

where ro depends only on w (and of course on £, v and f(-)), but not
on the solution. In virtue of Sec. 3.3.c), we can suppose that (3.131)
and (3.131v) are satisfied for all #€[0, T] and that the continuity pro-
perty (j) given in the Theorem 2, Sec. 3.3.c), is valid. Arguments used
in Sec. 3.3 show that we can suppose that (42) is also satisfied for

all t€[0, T]. If {p)o<i<ris not an extremal point of 8, then F= % F'+

-+ %F” where F corresponds to {p«jo<t<r, while F’, F” to other two

different statistical solutions {p }o<:<r , {1 Jo<t<r . Now taking ®eGir
and reL'0, T) we have

T
fr(t) [f@(u)dp.,(u)—% (d)(u)du,’(u)— %f@(u)dp/’(u)— ]dt:
0 N N

N

1 ’ 1 14 —
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whence (re L0, T) being arbitrary)
(4.12) f D(u)dydu)= f 5 @)+ f )W)
N N N

a.e. on (0, T). By the continuity condition (j) (already quoted) (4.12")
holds for all t€[0, T) and all ®eTiPd But the integrals in (4.12") are
taken in fact only over By, so that in virtue of Lemma 7 (in Sec. 3.3.c))
we have

r ., 1,
(4.13) ufl:: éut + Eut » te[os T]s

with adequate solutions {p}o<i<r and {t”}o<ter . It results p.' <2y,
for all te[0, T] so that

(4.13) e (w)= fS(t, u)du.(u) (w Borel setcN)

with a certain density 8(¢, u)=0, which must also verify

(4.13") J 5(t, W) =1 for all re[0, T1.
N

Taking into account (4.13), we can infer that
(4.13"") 0<<8(t, u)<2 ae. on N.

for all te[0, T]. Actually & is subjected to a very strong condition of
different nature, intimately related to the Navier-Stokes equations. To
justify this assertion let us suppose that for any test functional ®(-, -),
the function (¢, u) — ®(¢t, u) 8¢, u) is also a test functional. Writing
(3.13m) for this functional, we obtain (for all T€[0, T])

f ®(t, w)d(T, wdp.(w)+ f { f {[_d)"t(t, w+v((u, Out, w))+
N 0 N

+b(u, u, ®Lt, u))]d, u)duz(u)} dt+ f { f [—&4«t, W+
0 N
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+3((u, 8ut, u+bu, u, &t W)I(t, wdpu) }dt:

=0, uo)8(0, uo)+ [ { f (f(8), @"u(t, u)o(t, u)duiu) }dt+
0

+ f { f (f(8), &ut, w)O(t, u)dpdu) }dt-
0 N

Taking into account that {{’}o<i<r is also a solution with the same
initial data §,,, it results

T

(4.14) J{J[—S'r(t, w)+v((u, 8u(t, WN+bu, u, &ut, u)—
N

—(f(), &u(t, u)]¥(t, u)dw(u)}dtzo

for all test functionals @®(-, -) and all ©te€[0, T]. Obviously (4.14)
implies
(4.14) f [=&dt, W+ (u, &, W))+bu, u, 8Lt u))—

N

—(f(t): 8,u(t, U))](D(t, U)duf(u)::()

a.e. on (0, T). Let Eq(., ) denote the exceptional set in (4.14'), i.e. such
that (4.14") is valid for all t€(0, T)\Eqs(.,.). The space C(Bo), where
Bo={u:ueN, |u|<r)} is endowed with the weak topology, is sepa-
rable (since B, is metric and compact), therefore, in virtue of the

Lemma 7 in Sec. 3.3.c), there exists a sequence {®n(-)} c Gy dense
m=1

in C(By). Let E= qlem(,) . Then for any t€(0, T)\E we have

{[—S’I(t’ u)+V((u, S’u(t’ u)))+b(u’ u, 8,u(t, u))_
N

—(f@®), &dt, u)1@m(w)dpu)=0, m=1, 2, ...
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In virtue of (3.16") we may suppose that [ || u|Pdudu)<e for
N

te[0, T]\E, so that the function in the brackets [...] is y.-integrable.

It results that

f [...]Jow)dpu)=0
N

for all ®eC(By), so that

(4.147) —&(t, W+, &ut, W)+bu, u, &t, w)=
=(f(1), &u(t, u))

ur-almost everywhere in N.

In this manner & is subjected to satisfy (4.141). To solve (4.14))
in functionals & satisfying also the conditions (4.13”-13"") seems to be
extremely hard (if possible?).

3. The function u~> % | u]* on N' is obviously not a time inde-

pendent test functional; therefore we cannot replace the functional @
in (3.13v) by it. If however (3.131v) would be valid also for this par-
ticular functional, then since its Frechet derivative is u+~>u and b(u,
u, uy=0, we will receive

4.1 f—lul2 dw(u)+VI
N

f I | e | &

%flulzdu(uw
N

+ f l f D), wdidw) ] ac. on (0, T),

that is, the energy equation instead of (4.1). Unhappily this deduction
of the energy equation is not rigorous in our approach. Therefore we
shall now give some supplementary conditions for the validity of (4.1").

ProrosITION 3. Let {u:)oct<r be a statistical solution of the Na-
vier-Stokes equations with initial data ., satisfying the strengthened
energy inequality. Let n denote the space dimension (ie. the dimension
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of ), and let v denote the function

lul-lulf  if n=2,
1 5

(4.15) Y@=\ [nP-ulf i n=3,
| u|® if n=4.
Then if
4.15") f{fy(u)dut(u)]dt< oo,

in the strengthened energy inequality the equality holds, i.e. the strength-
ened energy equation

t

“4.2" —;—f&b{] u lz)dp-z(u)+vf dr=
N 0

f W u P || u | duw)
N

t

m ¢ &

is valid {(a.e. on (0, T)) for any function ¢ of class C' on [0, o) satis-
fying

42" [ V(E) |<css for all £€[0, ),

and for a suitable constant cs (of course, depending on ¢).

Proor. It is plain that for any function ¢ occurring in (4.2”) there
exists a sequence {Up)} c Co([0, «)) converging pointwise (on [0, o))
to ¢ and such that "

(4.16) | Unl&) | S csd148), | ¥'m(®) [<cw

for all E€[0, o) and m=1, 2, ..., where ca, cs are some suitable
constants (i.e. independent of m and §). In virtue of (3.16-16"), (4.16)
and of Lebesgue’s dominated convergence theorem, if (4.2”) holds for all
U (instead of ), m=1, 2, ..., then it holds also for ¢. Therefore it is
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sufficient to prove (4.2”) under the supplementary assumption that
$eCo™([0, =)). For such ¢, the functional ®; : u+> % (| Pu ) be-

longs to G for all k=1, 2, ... Therefore taking &= in (3.13w)
we obtain a.e. on (0, T)

%fll:(l P Pydp(u)+ f{f‘ll'(l Puu Py || Peu [P+
N 0 N

+b(u, u, Pku)]du:(u)}dt=

NI'—

f | P P)dpdu)y+ f{f‘ll'(l Puu PYH(1), Pruydyp.(u) |dx
o N

Here, except

(4.17) L= “fq/q Piu PYb(u, u, Pu)dp.(u) ]dt
0 N

all the other terms obviously converge {(a.e. on (0, T)) to the correspond-
ing terms in (4.2”) and this without any use of the assumption (4.15-15").
However to infer that (4.2”) is valid we must show that the integral
(4.17) tends to 0 while k—> . For this we shall use (4.15-15"). In
this aim, note that since b(u, u, ©)=0 we have

(417 VAP f [ f | b, u, U—Pou) | duuu) |dt
0 N

with a suitable constant ¢ (i.e., independent of © and k=1, 2, ..).
In virtue of (2.3) we have

(4.184) | b(u, u, A—=Pow) |<c || u|P | U—Pou|P<c|lulP=

=cry(u) in case n=4.
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If n=2, then by (2.3”) and (2.4) we have

(4.18) | b, u, 1—Pw) | <2 |u|-||u|l-]| (1 —Pu||<
<22 u|-|| u |P=2"y(u).

Finally if n=3, then using first (2.4) and Holder inequality
| b, u, 1—=Pou) |<co|ule-l A=P || |ul=<caluls|uls-ul]l,
where on account of Sobolev’s inequality (2.2) |u|s=<ca || u|| so that
(4.18%) | b(u, u, 1 —Pow) |<ce|lu|P-|uls

where co are suitable constants. To estimate |u|; note that N'=
=Dps:c LS and N=DpcL? so that the identical map will imbed con-
tinuously Dp/+ (in virtue of Interpolation Theory; see Lions-Peetre [1])

in L4, where ¢~ '= % 6714 ;— 2-'=3"' ie. g=3. Thus for ueN!

1 1 1 1

(4.19) | u s<ce | D¥u|=ce(D¥u, DY u)? =
Lo Lo
=ceD?u, u)? <ca||ull?-|ul?

so that (4.18%) and (4.19) give
1 5

(4.183) | B(u, u(1—Pou) |<ca|u|* || u||Z=cay(w)

where ca=cacCs and ce is a constant (i.e. independent of u). The rela-
tions (4.18,4) being valid for all ueN' and all k=1, 2, ..., a successive
application of Lebesgues dominated convergence theorem (which is per-
mitted in virtue of (4.15’)) shows that the integral in (4.17’) tends to
0 for k—> oo, since | b(u, u(1—Pw) |<allul|? ||U~Pdul|—0 for
k — oo. This finishes the proof of the Proposition.

COROLLARY. Let the space dimension n be =2, and let {}o<i<r
be a statistical solution of the Navier-Stokes equations satisfying the
strengthened energy inequality. Then, if the initial data p is with bound-
ed support in N, the solution {p.}ocicr satisfies the strengthened energy
equation.
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Indeed in this case, the support of y. is (a.. on (0, T)) uniformly
bounded in N (see the Remark at the end of Corollary 2 in Sec. 4.1),
so that with a suitable constant css we have, by (3.16"),

T
f [ f v(u)dyu)
o N

therefore the preceding Proposition yields the Corollary.

T
dt<ce f [ f ul? du,<u)]dt< 0o
[1] N

4, The energy inequality for individual solutions of the Navier-
Stokes equations obviously gives some a priori estimations for these
solutions. However the relations (2.16-16") are in fact also @ priori esti-
mations. We shall give now an analogue of these relations for the stati-
stical solutions.

THEOREM 2. Let {y.}o<t<r be the statistical solution of the Navier-
Stokes equations constructed in Sec. 3.2. Suppose that its initial data p
is carried by a bounded set in N' and that the right term f(-) of the
equations belongs to L=(0, T; N). (Recall that actually we note by f(-)
the « projection » on N of the external body forces in the classical ex-
pression of the Navier-Stokes equations). Then there exists a constant
r. such that

(4.20) pd{u:ueN', Jull<rh=1
for
(4.20") tel0, T] if n=2 and t€[0, t,] if n=3,

where t,>0 depends on .

Proor. We have, for some real r°,
(4.21) wlu:ueN, [lu||=rPhH=1.
Therefore for the measure p™ (see Sec. 3.2.c)), we have also

p({u: ueN', [|u||<r®N=p{{u:ueN, || Pu||<r’hH=
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p{u:ueN, ||u||<rh=1,

ie.
(4.21,) supp p™ PN n{u:ueN, ||ul|<rl).

The inequalities (2.16-16") conserve, of course, their validity for the
equation (3.44) instead of the Navier-Stokes equations (see for instance
Prodi [6] and Foias-Prodi [1]). For sake of completeness let us sketch
their proof: From (3.44.) by scalar multiplication in N with Du,, we
deduce readily

1d
(3.44)) 33 || % |24V | Dt <] f|-| Dtim | +]| &t , tm, Dm) | <
=<c | Dm |+ ttm |5 | grad tim | 20 | Dut |
-2
where ce=|| f(*) ||c"0,r; » and the bound for b(-, -, -) was taken

from (2.3"), where p=2 is arbitrary. Take p=4 if n=2 and p=6 if
n=3. Then

E 3 Lo
4.22) lulp= calul*|lull for ueN', if n=2,
cor || u || for ueN', if n=3,
(see (2.2) and (2.2")) and
(4.22") |gradu| ,, <callu H%| Du | for ueDp
-2

where cq.¢s are some suitable constants; therefore (3.44Y) yields

1
(4.23) L P+ | Dun P<ce | Dum |+
2 dt s
+eace | tm| ||t || | Dum |* <

=y(1+|| um |P*+v | Dun P

3-n

where y is constant (with respect to t€[0, T] and m=1, 2 ,..) and
is a non decreasing function y(-) of | u.(0)|. In case n=2, we deduce
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from (4.2%3)

@24) 14| undd) P<(1+]] um(O)H’)exp[‘r f A+ un) [P | <
[
<(1+]] um(0) Py for all te[0, T],

where, by (3.44.)), v:1 is a non decreasing function vi(-) of | um(0)]|.
In case n=3, we deduce from (4.23) that

(4.24) [ um®) IP<1+42 || um(0) ||? for 0<t=<t
where
’ — —1}_ 1 N,
(4.24 3) tO—Y 16 (1+” um(O) ”2)2 .
Put
— 0 % _% % 0\2 %
(4.25) rp=max {((r2+ D [vi(r,M )17, [142(,5717 )
and
’ — 0 _% -1 i _.}._____
(4.25) tZ——-Y(rZ )\:l ) 16 [1+(r20)2]2 .
Then
(4.26) ([ 8ty ||=]] unlt) |[ <12
whenever
(4.26") [ ull=]| um(O) || =7
and
(4.267) {OStST if n=2,
0<t=<t if n=3.

In virtue of (4.26-26"), if t is as in (4.26"") we have (see Sec.
3.3.0)Y

1) We will make the convention that ||u|j==e if u€N\INL
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w”({u:ueN, ||u]|>n)=
=uw™({u:ueP.N, ||ul|>r.h
=p™({u:ueP.N, ||ul|<rd, || S™(u||>r:}=

=u"(@)=0,
ie.
4.27) p™{u:ueN, Jul|>rh=0
whenever
0<t=<T if n=2,
4.27)

0<t<t, if n=3.

Let now ¢ : [0, ) [0, 1] be a nondecreasing continuous function
such that

(4.28) YE)=0 for 0<E<r?,

and let y:[0, T]+> R be the charactenistic function of [0, T] if
n=2 (i.e. x=1) or of [0, £] if n=3. Then ¥ @ ¢, where
@ : u> Y| Puue [P, belongs to £ for all k=1, 2, ... Moreover we have

T

Fo(y, @ )= f { f X (ODL)duns™ () ]dt=
N

0

dt=

= f x(1) [ f (|| Pz ||Hdpi™(u)

= f 10| [l Pa s e <

{u:|] Pku [1>rs?}

= fx(t) U | Pr |Hdul™(u) ldt—

{u:ueN, |lu|j>r}

on account of (4.27-27"). Since this conclusion is valid for all m=1,
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2, ... it results

dt=0

T
(4.29) f [ f X(O)Pu(u)dpu)
0 N

for any solution {g}o<:cr constructed in Sec. 3.2.c). Therefore

, _ [0, T] if n=2,

(4.29) f@k(u)dpd(u)—o a.e. on {[0, 6] i n=3
N

But ®,eGi™ and thus in virtue of the Theorem in Sec. 3.3, we may

suppose that the integral in (4.29°) is a continuous function of ¢, so that

3 [0, T] if n=2,
fcpk(u)dut(u)—o on {[o, t:] if n=3.
N

Letting k —> oo, we obtain finally that

N _ [0, T] if n=2,
@30 [WilulPdu=0 on {[0’ s

N
and for all non decreasing continuous functions ¢ : [0, o)~ [0, 1]
satisfying (4.28). Since there exists a non decreasing sequence {{;}5)
of such functions converging to the characteristic function of (r;, ),
the relation (4.30) yields

pd{u:ueN', |lull=rnh=1
for all te[0, T] if n=2 and all t€[0, ] if n=3. This concludes the

proof of the Theorem.

REMARKS. 1) In case n=2, T can be taken o without altering
the preceding theorem.

2) In case n=3, the relations (4.25-25") yield some (rough) esti-
mations for r, and % in function of r® (see (4.21)).
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§ 5. Uniqueness theorems for statistical solutions.

1. a) We shall devote this paragraph to the study of the unique-
ness of our statistical solutions. To avoid some technical in essential dif-
ficulties we shall suppose in the sequel that the right term f(-) of the
Navier-Stokes equations does not depend on t, ie. [(ty=f for all
te[0, T] where { is an element of N (ie. in particular such that all
preceding assumptions on f( - ) hold). Moreover we shall also often suppose
in this paragraph that the initial data p. has a bounded support in N.
This assumption avoids a difficulty which seems rather deep and is
therefore of quite a different nature than the first one. With this last
assumption we know that our statistical solutions satisfy the additional
properties of Theorem 2 in Sec. 3.3, as well as the strengthened energy
inequality, so that by the Corollary in Sec. 4.3, they satisfy also the
strengthened energy equation'). In particular we have also

(5.1) suppwec{u:ueN, |u|<n} for all te[0, T]

with some convenient constant r; and any solution {y.}o<t<T.
Fix t€(0, T). Let ®eG™ and put

(5.2) Woult, w)=d(S!w)
for
(5.2) weP,.N and 0<t<~.

Here §(™ =S¢) was defined in Sec. 3.2.c) and m=1, 2, ... Note that
since Paf(t)=P,f for all + we have obviously the semi-group property

(5.3) Simo S§ =8¢,
in fact for all a, $=0. Therefore

5.4) Yult, S™w)=d(S™w) for all weP,N

1) One can easily verify in this case the strengthened energy equation holds
for all t€[0, T] not only a.e. on [0, T].
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and all #€[0, «]. Differentiating with respect to ¢ we obtain

Yo [FT, S™v)+ ((\Pm)'m(t, 57 1),

dsimy ) _
\—ar )=
whence, by (3.44w),

(‘Pm)'t(t’ V)_((\I’m)lv(t’ V), AV+PmB(v’ V)—-me)=0

where v=S{ u runs over whole P.N. In this manner

(5.5) (Fn)'dt, VI—W(v, (¥m)'t, V)))—
—b(v, v, (¥n)'t, V))+(f, (¥m)s(t, v))=0

for all

(5.5) 0<t<< and veP.N.

(Here above we have used the fact that Pm(V.),=(¥.)’v). We can
supplement (5.5-5") with

(5.5 V.(t, wy=®(w) for weP,N.
Let us finally define the functional [®].. by
(5.6) [®](u)=Fu(0, Prt) =S Pu) for all ueN.

Our main aim in this paragraph will be to find some sufficient conditions
on {{kJo:<r for the convergence

[o@uirdsi— [ tolwduw -0
N N
for m — . We begin by putting
5.7) ®.(t, W=V (t, Pnu) for te[0, 7], ueN.
Obviously

(5.7) D,.(t, u)=®(P,u) and &0, u)=[P]~(1), ueN.
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Moreover it is clear that @.(-, -)€%o, i.e. is an elementary test func-
tional. Therefore we can write (3.13m) for ®©(-, )= ®u(-, -):

(5.8) f@(Pmu)dU«(u)'*‘ f{f[_((pm)’t(t; u)+
w ¢ N

(U, (@m)lt, W))+b(u, u, (Pm)ult, u))]dut(u)}dt=

T
0

= [101uwduw+ f { f f, (@)t 1)) }dt.
N b4

wn (5.8) we can replace (D) 'dt, V)=(¥.)(t, Pnv) with its value given
by (5.5), obtaining

(5.8) f O(Prmut)dpu) ~ f [@]m(w)dil)=
N N

= f{ f [(f, @m)u(t, W) —W(u, (Pm)'u(t, u)))—
0 N

—b(u, u, (®n)ut, u))]dw(u)}dt+

T

+ f{ I‘ [_(me, (\I’m),[!(t’ l Pmu |)+V((u; (‘Ilm)’D(t, l Pmu I)))+
{ N

0
+b(Puu, Puu, ¥'(t, | Pmt|))]1dudu) }dt.
But
(5-7”) (‘Dm),u(ts u)::Pm(\Ilm),D(t; I Pmu I)=(\I!m)’lj(t, | Pmu ')

so that (5.8") reduces to the relation

f D(Pu)dp-(u)— f [®]m(w)dp(u)=
N N
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= f{ f [6(Pmut, Pru, (@m)u(t, u))—bu, u, (On)(t, u))]ldudu) }dt,
0 N

whence

=<

(5.8”) UQ(Pmu)duf(u)— f [D]m(u)di(u)
N N

= / { / | B(Pmtt, Pmtt, (@m)'u(t, w))—b(u, u, (@m)u(t, u))| dpu) }dt

0

T

= r { f [ B(UI —Pm)u, Putt, (®m) (¢, u)) |+
5 N

0

1 b, =Pty @nalt, w) |Tdude) }dts
S f{ f[l b((I_Pm)u’ (q>m)’u(t: u); Pmu) l+
0 N

+] b(u, (@w)t, w), (I—Pmu)|1duu) }dt-
If n=2 by (2.1) and (2.2"), we have

B(u)=| b((I_Pm)us ((I)m)’u(t’ u): Pmu) l+
+| b(u’ (QM),u(t’ u), (I—Pm)u) IS-
<2 =Pt [ | A= Pt | 1) @ || (| Pt 21| Pt |12 +
Hultuh=
3 1 3 ,
=2%lul-[Jull* |l T=Pmu |[* ]| (@n)ult, W) ||,
while for n=3 we have, by (2.2) and (4.19),
Bu)<| U—Pu)u |3+ || (@m)lt, W) || (| Pt Js+| u |s)<

colu o1l A=Poyus [|E -1 @yt ) || 1] w ]
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with a convenient constant ce . Using these inequalities as well as (5.1),
we obtain from (5.8") the relation

=

(5.9) ' f DO(Pntt)dp-(u) — f [<I>]m(u)du(u){
N N

T

<cn [ f =Py [ 1] TN @nYult, ) | dusee)

0 N

dt,

valid for any t€[0, T] for which (3.13m) holds for all ®.,,, m=1, 2, ...;
in particular for any v€[0, T] if suppy is bounded in N. To exploit
(5.9) we must estimate

(5.9) | (@n)u(t, w) ||=l§‘;1<1>1 | (D%((Dm)'u(t’ ), v)|=

veN

= sup| (D} @nyut, w), v) = sup | (@aYutt, ¥, piy|=

vend veN?

= sup | @ [SEPwu]), (S [Pt ] P.D*v)|
viss D E————

veN?t

where we used (5.2) and (5.7), as well as the chain rule for differentia-
tions. Since Pe T cB™, we have

[| (¢, v)||<cn for all veN!

and a suitable constant ¢;; . Therefore from (5.9) we can infer

(59" (@) ult, W) || <cn sup | D—%[(S‘,’f’tl P.ulYn PmD%V] [

veN1

In this manner we arrived to the study of
(5.10) ()= [w])pz

where s=>0, w, ze€P,N are fixed. Differentiating (3.44,) with respect
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to w, we obtain

dn(s)
ds

+ An(s)+ PwB(S ™w, 1(s))+ PmB(1((s), S{™w)=0,
so that, by taking the scalar product (in N) with D~ 'n(s) we arrive to

61D 3210 (o) Py (o) <] bsgw, n(), Dm(s) |+

+| b(n(s), 87w, D~'(s)) |=| bS™w, D~'n(s), n(s)) |+
+| b(n(s), D~'n(s), ${w) |<2|n(s) || grad (D~"ns)) I%-I SMw |,

by (2.3"), where p=2 is arbitrary. By (2.15°-15""), the last term is
(with p=4 if n=2 and p=6 if n=3)

3—n n—1
<cn|n(s) |-| D) [F-| DD-mis)) [ - 8w | 7 || sw |'T
n—1

RIS 2 =
=cn|nE) |*-|D *ns) |*-] Sw |2 ]| S™w ||z <
=1 1(5) P | D H1s) P S PO | S [r-b.
In this manner, (5.11) can be given the form

3

(5.11%) ggl D~ 1(s) P<2cn|| S™w ”2(n—1)| Simyy l""")IID_%n(s) [2

where s<0 and ¢ is a suitable constant!). Integrating (5.11°) we
obtain

Yo p<|p7?

s

. exp(2c73 / | Sty |2(3—n). ” Sty Hz‘"‘”da)

0

(5.12) |D™ 0(0) |-

Putting w="P..u, z:PmD% v and s=<—t in (5.12) we arrive to the

") Depending only on v, f and .
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estimation

(5.9 |Sl|1<%| D—% [(Set | Pt | )';:P,,.Dir v]|<

veN?
-1

k1
sup | P,.v | exp( on fl S™P,u |2(3-n),“ Sf,“‘)Pmu ”2(n—l)do-)
veN?
[

|v]=1

which together with (5.9”) give

-t

(5.9%) || @n)u(t, w) || <cn- exp(c73 / | S¢M Pt [23-7 || SIIPu |21 do‘)-

0

Introducing (5.9'%) in (5.9), we finally obtain

=<

(5.13) }fd)(Pmu)dMu)— f[(D]m(u)dp(u)
N N
=<cnln [{f[” (I—Pn)u “5“ u “,22: v
¢ N

t—t
- exp ("’3' f | SEPpu PO~ | S Pt |20 d")]"’“‘(u)} &
0

We are now able to conclude these considerations with the follow-
ing basic

LEMMA. Let p. be with bounded support in N and let {y.)o<i<r
be any statistical solution of the Navier-Stokes equations with initial
data p, satisfying the supplementary properties given in the Theorem.
of Sec. 3.3. Let, moreover, @€ G and let [®]n be defined by (5.6).
Then the convergence

(5.14) f D(Ppu)dyu)— f [®]m(u)du) —> 0, for m—> o,
N N
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holds whenever

(5.142) n=2,
or
(5.143) n=3,

the initial data y. is carried by a bounded set in N' and = is sufficiently
small (ie. 0=<t=<<(p), where ®()>0 is a non increasing function
of ry=inf(r:r>0, u({u: eN, |Ju||>rH=0)).

ProoF. By (5.1) and (3.44a), | S u |*<cu+r? for all uesupp .,
o, te[0, T]. Now, consider first the case n=2. Then

=

(5.13,) ’ f(b(Pmu)dur(u)-— f [® ] m(u)dp(u)
[‘V N

<en [ { [a=paatt ) exo

0 N

cien+rd)-

-t

: J | S Pt |2 do

0

dp.;(u)}dt
where this last term is, by (3.44/), less than

Cn H f = Poyue |12 1] |1 - exp Lersl] Pt P4 coo)Tdnd) }dts
0 N

=cu f{ f || (I—Pum)u “% lu ”% - EXp [C‘Is(r12+c76)]dllt(u)}dt—<—
0

T

<en ”fu APy | || u ||*dp,,(u)]dt
0 N

the constants cu-cr depending only on f, v, Q and y, ie. being inde-
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pendent of m. For ueN' we have || (I—Pm)u||— 0 for m—> oo, thus

the last integral tends (in virtue of (3.16) and Lebesgue dominated con-

vergence theorem) to O for m —> oo. Therefore (5.14) follows from (5.13,).
Consider now the case n=3. Then

=

(5.133) ) f D(Pru)dp-(u)— f [®1(w)dplu)
N N

<ou { Jira=pau i1y} exp
[1] N

Take t(p) equal to the value #, given by (4.25"). Then in virtue of (4.243)
we have

Tt
on f H S Pmu ||* do dp,,(u)}dt.
0

|| S Puu |*<(142 || u | for all 0<oc<7(u)

so that the last term in (5.13;) is, for 0<t<<(w), less than

C1s flf ” (I—Pm)u ”& ” u ”% exXp
o 0w

T

s [{ Ia=Pou Bl exp Cst2 L 71t b

0 N

Rt 4
f(1+2 I u ||de
0

dudu) } dt<

T

SC74f{ f” I—Punu “é Jlu ”% -eC;’dug(u) }dt,
L

where in the last inequality we used the conclusion (4.20) of Theorem
2 in Sec. 4.4. Now we can conclude the proof as in the case n=2.

b) The preceding Lemma allows us to obtain two uniqueness
theorems for the statistical solutions of the Navier-Stokes equations.

THEOREM 1. Let n=2 and let p be with bounded support in N.
Then the statistical solution of the Navier-Stokes equations, with initial
data p., satisfying the supplementary properties given in the Theorem of
Sec. 3.3 is uniquely determined.
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ReEMARKS. 1) The statistical solution given by the formula (3.2)
(see Remark 2) in Sec. 3.1.¢)) plainly satisfies also the supplementary
properties fo the Theorem in Sec. 3.3. Therefore Theorem 1 above shows,
in fact, that (3.2) yields the unique statistical solution within the indi-
cated class, with initial data .

2) It is clear that Theorem 1 is a global (in #) uniqueness theo-
rem for the statistical solution. This is in perfect correspondence with
the case of individual solutions.

ProoF OF THEOREM 1. Let {{i}o<s<r and {i'tJocicr  two stati-
stical solutions of the Navier-Stokes equations satisfying both the pro-
perties given in the statement. By the preceding Lemma we have for
any ®eG and any ©€[0, T]:

r
f O(u)dp-(u)— J D(u)dp'(u)=
N N

=nm|fmwwmmw»3ﬁmmmmnmﬂ=
N N

M—>co

= lim =0

m-—»oc0

fmnwmw-thmmw
N N

that is

(5.15) f D(u)dp-(u)= fé(u)duﬁ(u)
N N

for all ©€[0, T] and
(5.15%) all ®eGM,

But the support of p.. is contained in a ball Bi={u :ueN, |u|<n)} for
some suitable real r;. Therefore in virtue of Lemma 7, Sec. 3.3, we
infer from (5.15) that

(5.15") f o(w)dp-(u)= f o(u)dy/(u)

B; B



Statistical study of Navier-Stokes equations, 1 323

for all v€[0, T] and
(5.15"") all peC(By).

Plainly (5.15”)-(5.15"") imply that, as measures on the metric compact
space B, (B: being endowed with the weak topology of N) p. and p’-
coincide. By the remark made in the foot note at page 285, pn(w)=1"{w)
for ani Borel set w of N included in B; .Since the supports of both mea-
sures are also included in B; we have finally that y.=p'. for all
1€[0, T1. This concludes the proof.

THEOREM 2. Let n=3 and let p be carried by a bounded set of
N'. Then the statistical solution of the Navier-Stokes equations with ini-
tial data p, satisfying the supplementary properties given in the Theorem
of Sec. 3.3, is uniquely determined on an interval [0, w(p)] where
T(r)>0 is sufficiently small (i.e. yu. is uniquely determined for all
0<~t=<T(p); here ©(y) is as in the preceding Lemma in Sec. 5.1.a)).

The proof of this theorem is identical with that of Theorem 1,
therefore we pass to the following:

REMARKS. 3) Theorem 2 is a local (in f) uniqueness theorem for
the statistical solution. This is also in perfect correspondence with the
case of individual solutions.

4) Both Theorems 1 and 2 contain as particular cases (on account
of Sec. 3.4) the basic (not the most elaborate) uniqueness theorems for
the individual solutions of the Navier-Stokes equations.

5) We can complete the preceding remark, by observing that Theo-
rem 1 has the following consequence: In the case of space dimension
n=2 there is no intrinsic turbulence. Indeed in this case for the measure
84 (whose support is ={up}) there exists a unique statistical solution
which has 8, as initial data, namely (see Remark 1) above) that given
by formula (3.2), ie. ge="0s(nu for all 0=<¢=<T. In case n=3, this
argument is no more valid because Theorem 2 is a local uniqueness
theorem.

¢) In dimension n=2, as pointed out in Remark 1) in the pre-
ceding section, there is a direct relation between p and .. namely, that
given by (3.2). Our purpose in this section is to exibit a similar connec-
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tion in dimension n=3 but in the particular case considered in Theo-
rem 2.

First for the smoothness of the exposition, we shall discuss in more
details some features of the individual solutions of the Navier-Stokes
equations in dimension n=3. (Remember that we are concerned with
the case when Qc R® is bounded with boundary of class C? and that
in the abstract form of the Navier-Stokes equations the right term f
does not depend on ¢ and belongs to N). An individual solution u(-)
will be called regular on [0, %] if its restriction u | [0, %] to this inte-
gral belongs to C([0, %]; N"). Since N'cL¢ (by Sobolev’s imbedding
theorem) we have C([0, t]; N)YcC([0, to]; L) L=(0, to; L) so that
by a uniqueness theorem for « some » individual solution (se Prodi [1]),
any other individual solution with initial data u(0) coincides with u(-) on
[0, to]. Therefore we can define the map T'(%) on those uoe N! for which
there exists an individual solution u(.) with initial value w,, regular
on [0, to], by T(to)uo=ult).

We shall prove now that for r>0 there exists an t, (for instance
that one determined by (4.25")) such that for any 0<t<#, T(t) is an
N'-continuous map from Bo'={u:ueN', ||ull=<r’} to N' and
|| S Puu—T(x)u || = 0 for m—> oo, uniformly on [0, t,] for any fixed
ueBy.

To this purpose note first that in virtue of (4.26-26") we get from
(4.23) the relation

1
L 4| S0Py P +v | DS{Pou <

=<cg | DS™Pu | +C¢s7cbs(rz)% DS{™Pu I%
where we used the fact that (see (4.26°-26"))
(4.26"") | SimPu||<r for all tel0, ], ueBy, m=1, 2, ...
It results

d
¥ | S¢Puu |[P+v | DS{™Pu P<c’

where, as above, m=1, 2, ..., t€[0, t.] and ueBy' are arbitrary, while
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c¢’o is a constant (depending on r2, thus on ). The last relation implies
123
(5.26) [10spaat ey
0

where m and u are again arbitrary and cq is a constant (depending on
¢o, r2 and v, that is on »° and v). But for a fixed u, the sequence
{S™P,u}s_, contains a subsequence {S“?P,; u)z, which converges
(strongly) in L*O0, T; N) to an individual solution u(-) on (0, T) with
initial value u (see Foias [2]; see also Lions [1], Ch. I, or Prodi [4]).
Since for ueBq (4.26") implies

t;
f| DP S Py u [P dt=cq for all k=1, 2, ...
0

and DP; is a bounded operator in N, we can easily infer that

Iz

f[DPku(t) Pdt<cg for all k=1, 2, ...
0

This implies (since | DPwu(to) | tends to oo, for k—> oo, if u(t))¢ Dp and
tends to | Du(to) | if u(to)€Dp)

s
(4.26Y) f[ Du(t) P dt=<cy, if u(0)=ueBy
0

Replacing {S"P,, u}z,by a suitable subsequence we can also suppose
that S{""P,,;u —> u(t) in N, a.e. on (0, T). Using (4.26"”) instead (4.26")
we can deduce in a similar way as above that

(4.26'") [ u(t) ]| <r: ae. on (0, t), if w(0)=ueBy'

Now u(-) is a function in N-! (see Sec. 2.3) an absolutely continuous
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function and satisfies in N-! equation

2.9) ‘% +vDu+B(u, u)=f
a.e. on (0, T). But on (0, ) we have (on account of (4.26Y-26Y)) that
a.e.

du
dt

p Y
<|f1+v|Du|+call | call u |} Du|?,

du
dar
as function in N and the above equation (2.9) holds in N, a.c. on (0, t,).
It results easily that for any ueBo' and I, k=1, 2, ... the function
|| Pi(u(-)—SPPw) ||? is absolutely continuous on (0, ;) and

hence that — e LX0, t, ; N); therefore u | [0, #.] is absolutely continuous

2 1 Pt — 5P = ()50 P,
DP(u(t)—S,"Pu))= —v | DPy(u(t)— S"Pw)) |*—
= b(u(t), u(t), DPH(u(O)—SPPu)+
+b(S{PPu, S"Pu, PDP(u(t)— S Pu))+

+(f—Pif, DP(u(t)—S{"Pw)), a.e. on (0, t2)
Integrating this equation and letting k —> o (which is permitted since

u(-)YeL=(0, t; NYnL¥0, t,; N?) (see (4.26"-26"") above)) we finally
obtain

SN S0P [= 1l w1+
+ f[—-v | D(u(<)—SPPw) P— b(u(=), u(x), D(u(z)—SPPw))+
]

+b6(8PPwu, SPPw, PiD(u(t)~—SPPu))+
+(f—=Pif, D(u(t)—SPPw))]d~, for all 1[0, .1,

Putting E()=u(t)—v(t), where v()=S" Pu, te[0, 1], the absolutely
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continuous function || &(-) ||* will satisfy the following differential ine-
quality (a.e. on (0, #))

ld
24t
+| b(v, v, (I—PODE) |+| f—Pf|-| DE|< 2| DE [+

NEIP<—v|DEP+]|bE, u, DE)|+]|blv, § DE)|+

1
+ S| f—Pif Peall € ll-ca [l I | Du | DE |+
3 3 3 3
+callv Il ca 1€ 11*) DE > +cuca | v |F - Dy 2| 1~ PoDE | <
<cli1+] Du ) I & [[+c8) Dy -] 1 —PoDE |+

1
+ 21— Pif P=ch(1+] Du ) || £ P+c8] Dy |2
| (I~PoDu |+ S| PP,

where (4.26™ and 26Y') were used. It results

[R303) ||25e7‘§70ft“+lbu(v> Dds .

I &) |+
2t 2 I '}
+5 =P +2067f|DV(1)l I(I—Pz)Du(T)ld-c],
11

whence using also (4.26Y)

) <t |11 I+ =P P ([ [0 —PoDute) e |
0

for all te[O0, #]. In this manner we have obtained

(4.26Y") || wlty—SPPw | <c | || u—Puw |+

+| f—Pyf I’+( J | {—P)Du(=) | dv )J"
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for all te[0, ;] and I=1, 2, ... Here ¢ is a constant independent of
t, and ueBy' (obviously depending on r). Letting ] — « and using the
Lebesgue’s dominated convergence theorem for the integral in (4.26'),
we finally conclude with

(4.26"™) ,Sup || u(t)—SPPw || -0 for I —> co.
<t<t,

Since S Pu is continuous as function in N!, (4.26"™) implies that
u(-)| [0, t:]JeC([0, #.]; N"). This proves that u(t)=T(t)u for all
te[0, t]. The conclusion being valid for all ueB,!, it remains only
to prove that T(f) is continuous from Bo' (endowed with the topology
of NY) to N'. To this aim repeating the argument used to arrive from
(2.9°) to (4.26""), we will firstly obtain for u(f)=T(Hu, v()=T()
where tel0, ], u, veBy!, the relation

1 ody e ) = —
3 dt”u v |P+v | D(u—v) P=—b(u, u, Du—v))+

+b(v, v, Dlu—v)<|blu—v, u, D(u—v)) |+| by, u—v, Dlu—v))|<
<callu=v | calluI*| Dul?| Dw—v) |+

3
teo || vl el u—v ¥ Dw—n) |* <
<c¥|u—v|P(Du|+1)+v]|Du—v)

whence
Il u(t)—v(t) [P=cgl| u(0)—v(0) |}

for all t€[O0, #]. Finally this means

(4.26™) | T —Teyw || < Vb || u—v ||
for
(4.26%) all te[0, ] and u, veBy'.

This concludes the proof of the above underlined statement. We are
now in state to complete Theorem 2 by the following
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THEOREM 2’. In the conditions of Theorem 2, we have y,(w)=
=w(T()'w) for all Borel sets wcN, whenever t is sufficiently small.

Proor. Let uw(Bo')=1 and let 7€(0, £.] be enough small for the
validity of (5.14) for all T€(0, 7). Thus letting m —> o= in (5.14) we
obtain in virtue of the underlined properties of (S} and {T(#)}

f (u)dp-(u)= f (T (Hu)dpu)
N N

for all ®eBi"d. Here the integrations actually can be restricted to By'.
Now for any Borel set wcN put

vo(@) = T(#) 'w)=p({u : ueN, T(x) is defined and T(T)uew))=
=p({u : ueBy, T(Tuew)).

Obviously By' is a Borel set in N and T(x) is a Borel map from By
(as Borel subset of N) to N. Indeed since closed balls in N' are Borel
sets in N so are also open balls in N! (hence any open set in N' is a
Borel set in N), T(+)'w is a Borel set in N, for any set w open in N.
Therefore the above formula defines a Borel measure in N. It is plain
that v.({u : ueN", || u || <r))=1. In this manner for a sufficiently large
ry we have

supp . Usupp v-cBi={u : ueN, |u|<n}.

Since

f@(u)du1(u)= fdl(u)dv,(u)
By B

for all ®e B¢ it results in the same way, as in the proof of Theorem 1
in Sec. 5.1.b), that p.=v-.. This conclusion holding for all ©€[0, o]
we finished the proof.

REMARK. It is clear that the conclusions of Theorems 2-2" hold
for any ¢ such that p. is carried for all ©€[0, ¢t], by a bounded set
in N, In this way the possible pecularity in dimension n=3 may occur
only at that time ¢ when any bounded set of N' is not of probability
u: equal to 1.
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2. Let us return to the case n=2, but suppose that p. has perhaps
an unbounded support in N. Then a estimate more accurate that (5.9)
is obviously

=

(5.16) l J O(Pu)dpu) — f [®]m(u)di(u)
N N

3 <
<2 [ulo ) apou 11 @0t )] di)
0

for = outside a set E(®) of measure 0 in [0, T]. Now in virtue of (3.44;")
and (3.44%) we obtain from (5.9")

(5.16") | @nmYult, u)||<cu-exples(t—iX1+|u Y]
so that (5.16) becomes

=<

(5.16") l f O(P,1)dp-(u) — f [®]m(u)dpdu)
N N
_<_c7(,-flf|u|-||ulli-|l (I—Pm)u IIJ"eXP [CW(T—-t)Iul“]dptx(u)}dtS
0 N
dt}’f :
dt} 3

for all Te[0, T]\E(®) and some convenient constants cw7 (independent
of w, {1} and ®). Let us suppose that for some §>0

<

s{ [t = dse
0 N

L3

{J‘L{I u [*-exp [2cn(t—1) | u {*1duduw)

T

(5.17) Jl f| u *-exp (8] u |YYdpdu)
N

0

dt< 0.
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Then for t€(0, 8(2cn)"H\E(®) we infer easily from (5.16”) that for
m—> oo,

(5.18) f(D(Pmu)duq(u)—— f[fp]m(u)dp,(u)—>0.
N N

Clearly from (5.18) it results that if {p' Jo<c<r is another statistical
solution (with the same initial data p) which satisfies (5.17), then

(5.19) { D(u)dp-(u)= f O(w)dy'(u)
v

N

for all ©€[0, T]\E«®), where 7>0 (being independent of ®), @ is
arbitrary in Gi"® and Eo(®)c<i[0, 7] is of Lebesgue measure 0. Let
po>0. By an argument used in the proof of Lemma 7 in Sec. 3.3, for
any PeGi™ NnCo there exists a ®e Bt such that u)==®u(u) for
u€Bo={u:ueN, |u|<py) and || ®o||@, <2||®|Bs]|| @ (Bs. For any
rational pp>0 choose a sequence {®y;}cBoua NCo verifying the last
relations (i.e.

[| @o [l@e=2 |l @ | Bo || e(8x)

such that {®;), is dense in C(Bo). The union of all these sequences
is countable, so that the union E of all Ef(®y) will be of Lebesgue
measure 0 in [0, To]. Suppose moreover that {u.} and {w';} satisfy the
relation (4.5), so that if pp=cx (see Corollary 2 in Sec. 4.1) we will
have for all T€[0, tw]\Eo the relation

(5.20) ' f Do(w)d p(u) +1"«(u) ]

N Bo

1
=52 || @o; | Bo || cc 8+
-2 fl u |? dudw).
N
From (5.19-20) we can infer rather easily that

‘ J o(uw)dp(u)— f o(u)dp’(u)
B, Be

1
< g“” o |l 8o
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: f | u |? dn(u)
N
for all
(5.21") 9€C(By), T€[0, t9]\Eo and rational po=cs .

Let w be a Borel subset of N. Then for a fixed ©€[0, 7o]\Eo there
exists a sequence {¢;} < C(Bo) such that 0<¢;<1 and

f | 95(U) = Xw A B. (@) | (=) +p/(u)) = 0.
Bo
Taking ¢=v; in (5.21) and making j— oo we obtain
4
(5.22) [ N Bo)—1"(w 0 Bo) | < o fl u [? duu).
N

Finally for pp—> oo, (5.22) yields pdlw)=p -(w). In this manner we
obtained that p.=p’; for all T€[0, tw]\Eo. Obviously we may suppose
that 7o¢ Eo . Repeting the same argument for the interval [<o, 27o] and
and so on we finally arrive to the conclusion that p.=u’., a.e. on
[0, T] so that, by the convention made in Sec. 3.3, the two solutions
{w:} and {p';} coincide.

In this manner we obtained the main part of the proof of the
following

THEOREM 3. Let n=2 and let v satisfy

(5.23) f exp 3| u [Hdulu)< o

N

for some 3>0. Then the statistical solution of the Navier-Stokes equa-
tions with initial data . and satisfying the strengthened energy inequa-
lity is uniquely determined (i.e. it is given by the formula (3.2); see the
Remarks 1) in Sec. 5.1.b)).

To conclude the proof we have to show that (5.23) implies (5.17)
with some suitable §>0. In this aim note that (4.2) yields readily that



Statistical study of Navier-Stokes equations, I 333

<

f[f\b’(l uP) |l ulp duf(u)]dts z%flll(l u P) dwu)+
1] N N

<

+|f|’[ [d/’(l ulP)lul dur(u)]dt_<_21v ftl»(lulz) du(u)+
N N

[

dt,

+| | v (cw)en+ % f[f\l/d u ) || u | dpu)
0o N

whence

G20 [| [wqup uip s ]d<? [odup duo+
6 N N

+cnd’(cw), ae. on [0, T],
where ¢ are constants large enough (independent of © and ). It is

easy to infer from (5.24) that actually (5.24) holds for =T and for
any YeC([0, o0)) such that {'=0. In particular for

|3
#
Y(E)= r eV dn <cge'™

0

T
dt.<_).;‘f
0

?
<Aty f‘x’(l u Pdu(u)+ A enez ™ <
N

we obtain

T

LI
” {eilu”ulzdut(u)
N

o

?
J.ei’um“ u || dudu) |dt<
N
Scwkf’v‘lfe”“"du(u)+0sx< o,
N

where cwns are some convenient constants.
This concludes the proof of Theorem 3.
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ReMArx. The Corollary in Sec. 4.3 conserves its interest only in
that case which is not covered by Theorems 1 and 3. Indeed, since for
n=2 the energy equation holds for the individual solutions (see (2.13)),
an integration with respect to p yields the energy equation for the stati-
stical solution defined by (3.2). But in the cases involved in Theorems
1 and 3, this it the unique statistical solution (with initial data p).
(Of course the quoted Corollary concerns the strengthened equation
but in this discussion this is not an essential fact.)

Concluding this section let us mention that unfortunately in dimen-
sion n=3 there seems not to exist an analogue to Theorem 3.

3. For individual solution in dimension n=3 there is a global
(in f) uniqueness theorem in case f=0 and the initial data uoeN' has
a sufficient small norm || w||. There is a perfect correspondent of
this theorem for statistical solutions, namely:

THEOREM 4.1) Let n=3 and f=0. There exists a constant cs (de-
pending only on Q and V) such that if
(5.25) w({u:ueN, ||ul||<cah)=1,

then the statistical solution {p.} of the Navier-Stokes equations (with
initial data p), constructed in Sec. 3.2, is uniquely determined (for all
tefo, TD.

Proor. In virtue of Theorem 2’ and the Remark following it, we
have only to show that if cs is sufficiently small then there exists an-
other constant cg such that

(5.26) TMu:ueN', ||u||<celc{u:ueN', ||ul|<ci}

for all +=0 (see the notations in Sec. 5.1.c)). By (4.26”") we have

tz

(5.27) fl DT(Hu P dt<cqy

0
for sufficiently small £>0.

1) Suggested to us by M. SHINBROT.
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so that if u(-) is a regular solution on [0, %] we can easily deduce that
u(-)eL¥0, to; Dp). Using this fact we can prove without difficulty
that as function with values in N, u(-) is absolutely continuous and

du

at +vDu+B(u, u)=0,

whence (see the discussion preceding Theorem 2’ in Sec. 5.1.c))

Ldful?
2 dt

<callul-callul¥| Du P Du|<

+v | Du *=~b(u, u, Du)<

3
<cacs || u||?] Du IiSng, [l wll®+v | Du

Integrating this differential inequality we obtain

1
IOY

t
1 2
O SZCBO{“ ut) |Pdr<

<cs | u(0) P<culi!|| w(0) |2

where ¢ is a constant depending only on Q and v. Putting

1
Csz:( M )4 we have

2cu
u(0) ||
(5.28) | u(®) ||P< I 1 I for 0<t=<t.
—— 4
1= 5l O]

Hence if || u || <cg then for any ¢ for which T(f)u is defined we
shall shave

, (cm)?
(5.28") H THu HS ] =2(cu)l=cg

1—=

2

But T(#) is defined for te[0, ] if < is sufficiently small. In virtue
of (5.28"), || T(T)u || < thus T(¢) T(<)u is defined for t€[0, '] where
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¢’ can be chosen dependent only on ¢ . But T()T(x)u=T(t+)u. Sin-
ce || T(x'+u||<ci, , TOT(x'+7)u will be defined on [0, <], that
is T(t)u is also defined on [t++’, T+2+"]. Continuing this process, we
finally obtain (5.26), finishing our proof.

ReMARk. The preceding proof concerning individual solutions is
well known (see for instance Lions [1], Ch. I, § 6.7); we have given it
for sake of completeness.

4. a) Let again n=3 and p be with bounded support in N. Then
there exists an r such that

suppwec{u: ueN, |u|<r}=B
for any statistical solution {.}o<s<r with initial data w, constructed
in Sec. 3.2, and
Si™(supp wyc B
for all te[0, T] and m=1, 2, ... Let 9€L¥0, T) and ®eT™. Then
(using the notations of Sec. 3.2)

T

F™(e @ @)= f @(t)[ f Q(w)du™(u)
N

0

dt=

T
- f m(t)[ f DS u)du™(w) ]dt=
0 N

T
= fq)(t)[ { <I>(S§""Pmu)du(u)]dt,
) N

for all m=1, 2, ... Let {g;}2; be dense in L'(0, T) and (@}, < B
be such that {®:|B}g., is dense in C(B), where B is endowed with
the N-weak topology (see Lemma 7, Sec. 3.3). By Cantor’s diagonal
process we can obtain a subsequence {m;}2, such that {F")(@; @ Di}}2,
is convergent for all j, k=1, 2, ... Let our w'-cluster point F (see the
proof in Sec. 3.2.c)) be a w'«cluster point in £7; not only for {F™}z=_,
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but also for its subsequence {F®i’};z;. Then we obtain

(5.29) f oi(t) [ f@k(u)dut(u) 1dt F(o; @ @)= lim F"i)(@; Q Pi)=

im> 00

= lim <p,~(t>[ [ oustmop, uduw | a
N

0
for all j, k=1, 2, ... Now the integrals on N are actually only on B, so
that, using the special choice of the sequence {®:} we deduce that
(5.29) holds even if @ is replaced by any ®eC(B). Similarly, it holds
also if ¢@; is replaced by any @€ L0, T). Thus

T

(5.29") fcp(t)[f‘b(u)duz(u) dt=
N

0

T
= lim j o(f) [ f (I)(Sﬁmi)Pmiu)du(u)}dt
0 N

for all @(-)eLX0, T) and all real functionals ® defined on N and
N-weakly contimous on B. Let the(0, T) be fixed and wp, denote
the of those ueN' for which T{(f))uo is defined. Using the same techni-
que as in the discussion preceding Theorem 2" in Sec. 5.1.c) one can
verify that wy is open in N', thus wy is a Borel set in N. Suppose now
in (5.29%) that ®=0, ¢=0 and o(t)=0 for te(to, T). It results

(5.29") f q)(t)[ f O(u)dpu) ] dt=
° N

o

= lim (p(t)[ f D(Sim ’Pmiu)du(u)

1—> co

dt=

wo
to

= lim <p(t)[ f (S0P, u)du(u) |dt

1~ oo

we 0 Supp i
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Let us prove now that for any u€wp and t€[0, t], {S{":'P,,; } N-weakly
converges to T(#)u for i — oo. We start the proof by noting that in the
contrary case we find an t€(0, ] and a subsequence {m’;} < {m:) such
that {S{"VP,u} N-weakly convergent to an element u1eN, wi=T(t)u.
From this subsequence we can extract another subsequence {m;’} c{m’;)
such that Sﬁ’"?’Pm;' u converge (in N) a.e. on [0, %] to an individual
solution with initial data u (see Foiag [2], § 3), thus necessarily to
T(-)u. On the other hand the function S"™u in te[0, T] is N-weakly
continuous, uniformly in m=1, 2, ... Indeed for ve N' we easily deduce
from (3.44,-447)) that for 0<t,<t=<T, we have

(5.30) | (S5u, v)—(Si™u, v)|<
1, s R
e vl faiseu i+ sl L seul
LY
+H v (e—t)=

3
3
<c” ||v||U|| Sg'">u||2d-c+t2—t1]s
4

ty
1
SCW[(I usym|vd¢f(h—hr-+b—nls

21
<V || || (t—t0)?

where ¢ - ¢V are some convenient constants (independent of #, &z, m
and v). Since {Su :te[0, T], m=1, 2, ...} is bounded in N, the
above inequalities are sufficient in order that the desired uniform
N-weak continuity be valid. Using this continuity, we can in virtue of
Arzela-Ascoli theorem (see Dunford-Schwartz [1], Ch. 1V, 6.7) extract
a subsequence {m!”}c{m"} such that {S‘."‘l""’P,,.i"'u},-W';1 pointwise N-
weakly converges, uniformly on [0, T]; in particular on [0, %], the
limit must be T(-)u. But this limit has in # the value w;=T(#)u: Con-
tradiction. In this manner we have verified that for any uew, and
tel0, to] {S{")P,,;u} N-weakly converges to T(t)u, for i — eo.

We can therofore intertwine che limit and the integrals in the last
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term of (5.29”), obtaining

1,

f Q(f)\ f(b(u)dut(u)ldtz

Y 4

Zf@(t){f‘D(T(t)u)du(u)]dt::
0 wyp N supp

o

:fq;(t) lf(D(T(t)u)dp.(u) dt.
0 woe

This being valid for all pe L0, &), 9=0, we deduce

f Q(u)dpu)= f O(T(Hu)dwu)
N

wo

339

a.c. on [0, t]. But in virtue of the Theorem in Sec. 3.3, the left term
is continuous in ¢, while the second is obviously also. We can conclude

that

(5.31) [ D(u)dp(u) = f (T (to)u)dpw0).
N

wo

In (5.31), the first integral is actually only over B while the second only
over won supp P and T} supp p.) < B. Moreover @ is on B an arbitrary
function in C(B). Define v, on the Borel subsets of B (which are also

Borel sets in N) by

(5.31) Vilw) = Wo N T(to) 'w) =
=T (to) " 'w),

Then (5.31) can be written under the form

(5.31") f o(u)dp(u) = f Q(u)dvi(u)
B

B

w Borel set cB.
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for all peC(B). This implies that p.,(w)=>v,(w) for all Borel subsets
wc B, and consequently for any Borel set w in N we shall have

(W)= w N B)Y= v (wn B)=
=T (to) (@ N B)) =pT (t)"'w) N (T(to)'B))=
=T (t) ') — (T (f)~'w) N (T(to) " (N\B)))=
=w(T(to)"'w),

since T(to) Y (N\B) does not intersect supp .
In this manner we obtained the following theorem which improves
in case n=3 the theorems in Sec. 3.2-3.

THEOREM 5. Let the space-dimension n be =3, and let u have
a bounded support in N. Then among the statistical solutions (with
initial data ) constructed in Sec. 3.2-3, there exists one such that

(5.32) @) Z (T (1) 'w)

for all t€f0, T] and all Borel subsets w in N.
In the sequel such solutions will be called accretive.

REMARKS. 1) The condition that the support of p be bounded
in N is inessential. Indeed the following construction works for any
(Borel) probability p. on N, satisfying (3.5), and leads to an accretive
statistical solution {p.}o<r<r with initial data p and satisfying the
strengthened energy inequality:

Split p= ”lenp.‘"’ such that &,=0 (n=1, 2, ..), niz-:,,:l and
p™ (n=1, 2, _) have bounded supports in N. Let (ug")};<t<T be the
solution with initial data w™ provided by Theorem 5. Put w,= }E a1 ("
for all te[0, T]. 1t is easy to verify that {W;}o<icr has the n:ilesired
properties.

2) Since in whole the § 5 we have assumed that the right term
of the Navier-Stokes equations is time-independent, it is easy to show
(see for instance the beginning of § 6) that in Theorem 5 and Remark 2)
above we are allowed to consider [0, o) instead [0, T] with T < co.
We shall use below this permissibility.
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Taking into account the preceding Remark 1) and 2) and lightly
improving the proof of Theorem 5 we can also obtain the following
more involved

THEOREM 5’ Let n=3 and let u. be any (Borel) probability in N
satisfying the condition (3.5). Then there exists a statistical solution
{Ue}ocecr with initial data ., satisfying the strengthened energy ine-
quality and

(5.32) U (W) = P (T(t2— 1) w)

for all T=t:=t=0 and Borel sets w in N.
This theorem will be used in Sec. 6.2.¢).

REMARK. 3) Individual solutions, as statistical solutions are accre-
tive; actually they satisfy also the stronger condition (5.32") for all
L=>1t=0 and Borel sets w in N. Indeed if ., # and w as before are
fixed, and 8; =8, (w), O1=8u()(T(t2—t)"'w), then §;=1 if u(#) be-
longs to the domains of T(f—#) and T(f,—t)u(t1)€w; by the uniqueness
of the regular individual solutions we have u(f)=T(f,—t)u(t) €w, thus
8,=1, hence 8,=>86,, i.e. (5.32") is fulfilled.

b) It seems very reasonable to expect that for the solutions yielded
by Theorems 5 or 5°, a uniqueness theorem, less restrictive than Theorem
2 in Sec. 5.1.b), is valid. We shall give a sample of such loosened
condition.

THEOREM 6. Let n=3 and be a (Borel) probability on N satisfying
(3.5). Let moreover {p.}o<i<r be any accretive statistical solution with
initial data p. Then the condition

T

(5.34) ” f”ull“ duu) |dt< oo
0 N

implies

(5.35) wlw)=w(T(t)'w)

for all te[0, T] and Borel sets w in N, thus, in particular, the uni-
queness of {De)o<i<r.
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Proor. For ueN! let Hu) denote the supremum of those ¢ for
which T(H)u is defined. Put ®(u)=0 if Hu)=oco and w(u)=tuw)"' if
Hu) < oo; obviously #u)>0, so that w(u) is defined on whole N'. Since
for any real number &, the set {u:ueN', H{u)>E)} is open in N, (as
union of open sets), m(-) is a Borel function on N!, thus

f ™uw)dp(u)= f m(w)dp(u)
N

!

makes sens. Since {u,}o<i<z is accretive we will have for any te[0, T]

(5.36) f ™ T(to)u)dw(u) < f ™u)dp(u),
N

wo

where again wy denotes the domain of T(t), i.e.
wo={u:ueN', {u)>t}={u:ueN', u)'>n).

In virtue of (2.16”) we have

(5.37) fm(u)du:(u)ﬁc;‘ f(ll u |24 1%dpdu), telo, T],
N N

whence
T T

(5.37) f[fm(u)d.m(u)]dtﬁc;‘ ”f(ll u P4 1%dudu) |dt=c"7< oo,
0 N 0 N

by (5.34). Integrating (5.36) with respect to %,€[0, T] we obtain

dte<c'y,

T
ECT

0w

thus by Fubini’s theorem

inf (n(u) ~1, T}

dto
1—tomm(u)

(u) du(u)<c'7< 0,

{u:ue N1, n(u)>0} 6
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where the integrant is = oo whenever m(u)~'<T. Therefore necessarily
we have

(5.38) p({u:ueN, (u)>TH=1.
Since #€[0, T], the last relation implies
(5.38") Wwe)=1.

The relation (5.35) is an easy consequence of this last fact. Indeed if
t>0 is again fixed and wo has the same meaning as above, and if
(@) > (T (t)'w) for a certain Borel set w in N, then

1 =p(N) =11 @) + P N\ @) > p(T(t0) "'0) + 1l T(10) (N \w)) =
(T (1) "N)= (T (1) '"N)=p(we) =1,

that is: A contradiction! Therefore (5.35) is valid for all te[0, T]
and Borel sets w in N. The proof is complete.

REMARKS. 1) It is clear that if w(w) and #(u) conserves their
meaning as in the proof above, then the Theorem 6 holds true also in
the case when (5.34) is replaced by the weaker condition

T
(5.34") / [ / w)dyudu) |dt< oo,
0 N

2) During the proof of Theorem 6 we established also the fact that
(5.34") (hence (5.34) also) implies that except a set of p-measure 0,
for any uo there exists a regular (and unique) individual solution on
whole [0, T] with initial value u, (see (5.38)).

3) In virtue of Remark 3) in the preceding Sec. 5.4.a), Theorem 6
yields the following uniqueness theorem for individual solutions: Let
n=3; then for any weN there exists at most one individual solution
u(-) on (0, T) with initial data uo, such that

T
f” u®) |IPdt< oo.
0
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Howeyver in this case a much better result is known, namely (Prodi [1]):
Let n=3 and 3<p=<oo; if there exists an individual solution u(-) on
(0, T) with initial value uoeN such that

T »
f(l ult) | 55 dt < oo
0

then u(-) is the unique solution on (0, T) with initial value . It is
very probable that there exists a « statistical analogue » of this theorem,
which would present an obvious interest.

REFERENCES

AGMON (8S.)
[11 Lectures on Elliptic Boundary Value Problems (Van Nostrand), New York,
1965.

Bass (].)

[1] Solutions turbulentes de certaines equations aux dérivées partielles, C. R.
Acad. Sci. Paris, 249 (1959), 1456-1457.

[2] Sur Pexistence des solutions turbulentes des équations de I'hydrodynamique,
C. R. Acad. Sci. Paris, 252 (1961), 3392-33%,

BarcHELOR (G. K.)

[1] The Theory of homogeneous Turbulence, (Cambridge Univ. Press), Cambridge,
1967.

Boursaki (N.)
[1] Intégration. Ch. 5. Intégration des mesures. Eléments de mathématiques. (Her-
mann), Paris, 1967.

CATTABRIGA (L.)
[1] Su un problema al contorno relativo al sistema di equazioni di Stokes. Rend.
Sem. Mat. Univ. Padova, 31 (1961), 308-340.

CHoqUuEeT (G.)

[1] Lectures on Analysis. Vol. II. Representation Theory. (W. A. Benjamin, Inc.).
New York, 1969.

DincUuLEANU (N.)
[1] Vector Measures (Pergamon Press), London, 1967.



Statistical study of Navier-Stokes equations, I 345

Doos (J. L.)
[1] Stochastic Processes. (Wiley), New York, 1953.

DuBreiL-JacoTIN (M. L.)
[1] Sur le passage des équations de Navier-Stokes aux équations de Reynolds,
C. R. Acad. Sci. Paris, 244 (1957), 2887-2890.

Dunrorp (N.)-ScHWARTZ (]J. T.)
[1] Linear Operators - Part. I. General Theory (Inters. Publ.), New York, 1958.

Foias (C)

[1] Ergodic problems in functional spaces related to Navier-Stokes equations.
Proceedings Intern. Conf. Funct. Anal. and Rel. Topics. (Tokyo, April 1969),
290-304.

[2] Solutions statistiques des équations d’évolution non linéaire. C.I.M.E. Varenna,
1970.

Foias (C.)-Prop1 (G.)
[1] Sur le comportement global des solutions non-stationnaires des équations de
Navier-Stokes en dimension 2. Ren. Sem. Mat. Univ. Padova, 39 (1967), 1-34.

Grisvarp (P.)

[1] Le comportement asymptotique des valeurs propres d’un opérateur. Séminaire
sur les Equations aux dérivées partielles. (College de France, 1971), IV,
pp. 4.1-4.12.

HiLLe (E.)-PuirLrLips (R. S.)
[1] Functional Analysis and Semi-groups (Amer. Math., Soc. Coll. Publ.)), New
York, 1957.

Hinze (J. O.)
[1] Turbulence. An introduction and its Mechanism and Theory (McGraw-Hill,
Inc.), New York, 1959.

Horr (E.)

[1] A mathematical example displaying features of turbulence. Comm. Pure Appl.
Math., 1 (1948), 303-322.

[2] Uber die Anfangswertaufgabe fiir hydrodynamischen Grundgleichungen. Math.
Nachrichten, 4 (1951), 2-13-251.

[3] Statistical hydrodynamics and functional calculus. J. Rat. Mech. Anal., 1 (1952).
87-123.

Ho6rMANDER (L)
(11 Linear Partial differential Operators (Springer Verl.), Berlin, 1963.

Hunt (J. N.)
[1] Incompressible Fluid mechanics (Wiley), New York, 1964,



346 C. Foias

Ionescu TuLrcea (A)) and (C. T.)
[1] On the lifting property II. Journ. Math. Mech., 11 (1962), 777-795.

JacoBs (K.)
[1]1 Ergodic Theory (Aarhus Univ. Mat. Inst. Lect.), Aarhus, 1963.

Kampr£ pE FERIET (J.)

[1] Statistical mechanics of continuous media. Proc. Symp. Appl. Math., XIII
(1962).

KoLmocorov (A. N.)-Traomirov (V. M.)

[1] eentropy and e-capacity of sets in functional spaces, Uspehi Mat. Nauk, 14
(1959), 3-86.

KrrLyov (N.)-Bocoriusov (N. N.)

[1] La théorie générale de la mesure dans son application & ’étude des systémes
dynamiques de la mécanique non linéaire. Ann. of Math., 38 (1937), 65-113.

Kuratowski (C.)
[1] Topologie, vol. I (Panstw. Wyd. Nauk), Warszawa, 1958.

LADYZENSKAYA (O. A))

[1] Global solution of the boundary problem for Navier-Stokes equations in two
spatial dimensions. Doklady Acad. Nauk SSSR, 123 (1958), 427-429.

[2] The study of Navier-Stokes equations for stationary incompessible flows. Usp.
Mat, Nauk., 14 (1959), 75-97.

[3]1 Mathematical Theory of viscous incompressible flows. (Gordon & Breach
Sci. Publ)), New York, 1963.

Lanpau (L.)-LirsHIiTZ (E.)
[11 Mécanique des fluides, Physique Théorique, t. V1. (Ed. Mir), Moscow, 1971.

LEeraY (J.)

[1] Etude de divers équations intégrales non-linéaire et de quelques problemes
que posent I'hydrodynamique. J. Math. Pures et Appl., 9¢ série, 12 (1933),
1-82.

[2] Essai sur le mouvement plan d’un liquide visqueux que limitent des parois.
Journ. Math. Pures et Appl., 9¢ série, 13 (1934), 331-418.

[3] Sur le mouvement d'un liquide visqueux emplissant Vespace. Acta Math., 63
(1934), 193-248.

Lions (J. L))

[1] Quelques méthodes de résolution des problémes aux limites non linéaires
(Dunod-Gauth. Vill)), Paris, 1969.



Statistical study of Navier-Stokes equations, I 347

Lions (J. L.)-Macenes (E.)

[1] Problémes aux limites non homogénes et applications, vol. I (Dunod), Paris,
1968.

Lions (J. L.)-PeetrE (J.)

[1] Sur une classe d’espaces d’interpolation. Institut des Hautes Etudes Sc. Publ.
Math., 19 (1964), 5-68.

Lions (J. L.)-Probi (G.)

[1] Un théoréme d’existence et unicité dans les équations de Navier-Stokes en
dimension 2, C. R. Acad. Sci. Paris, 250 (1959), 3519-3521.

LoEve (M.)

[11 Probability Theory. (Van Nostrand Corp. Inc.), Princeton, 1960.

Loomis (L. H.)

[11 Ar Introduction to Abstract Harmonic Analysis. (Van Nostrand Comp., Inc.),
New York, 1953.

Markus (W. V. R)

[1] Similarity arguments for fully developed turbulence. Suppl. at Nuovo Cimento,
22 (1961), serie X, 376-384.

Masupa (K.)

[1] On the analyticity and the unique continuation theorem for solutions of the
Navier-Stokes equation. Proc. Japan. Acad., 43 (1967), 827-832.

MoNIN (A. S.)-YacLoM (A. M)

[1] Statistical hydrodynamics. The Mechanics of turbulence. Part 1 (Izd. Nauka),
Moscow, 1965.

[2] Statistical hydrodynamics. The Mechanics of turbulence. Part 11 (Izd. Nauka),
Moscow, 1967.

NEeLsoN (E.)

[1] Regular Probability measures on function space. Annals of Math., 69 (1959),
630-643.

NmouL (J. C. J.)

[1] A kinematic theory of M.H.D. turbulent shear flow (A new approach to the
Malkus theory of turbulence). Revue Roum. Math. p. et appl., 12 (1967),
1503-1514.

Osuxkov (A. M.)

[1] Statistical description of continuous fields. Proc. Geod. Inst. Akad. Nauk
SSSR, 1954, no. 24 (151), 342,



348 C. Foias

Propi (G.)

[1] Un teorema di unicita per le equazioni di Navier-Stokes. Annali di Mat. pura
e appl. (1V), 48 (1959), 173-182.

[2] Qualche risultato riguardo alle equazioni di Navier-Stokes nel caso bidimen-
sionale. Rend. Sem. Mat. Univ. Padova, 30 (1960), 16-23.

[3] Teoremi ergodici per le equazioni della idrodinamica, C.I.M.E., Roma, 1960.

[4] On probability measures related 1o the Navier-Stokes equations in the 3-di-
mensional case (Air Force Res. Div. Contr. A.P.61(052)-414. Technical Note
nr. 2 (1961)), Trieste, 1961.

[5] Résultats récents dans la théorie des équations de Navier Stokes. Les équa-
tions aux dérivées partielles (Colloques Intern. CNRS), Paris, 1962.

[6] Teoremi di tipo locale per il sistema di Navier-Stokes e stabilitd delle solu-
zioni stazionarie. Rend. Sem. Mat. Univ. Padova, 32 (1962), 374-397.

ReynoLps (O).

[1] On the dynamical theory of incompressible viscous fluids and the determina-
tion of the criterion. Phil. Trans. Royal Soc. London, 186 (1894), 123-161.

RoseN (G.)

[1] Functional Integration theory for incompressible fluid turbulence, The Phys.
of Fluids, 10 (1967), 2614-26-19.

Riesz (F.)-Sz.-Nacy (B)

[1] Lecons d’analyse fonctionnelle (Gauthier-Vill.-Akad.-Kiado).

RupiN (W)
[1] Fourier Analysis on Groups. (Inters. Publ.), New York, 1962.

SanNsoNE (G.)
[1] Equazioni differenziali nel campo reale. Parte 1. (Sc. Edizione), Bologna, 1948.

ScHLICHTING (H.)
[1] Boundary Layer Theory (4th edn. McGraw-Hill), New York, 1960,

SERRINT (].)

[1] Mathematical Principle of Classical Fluid Mechanics (Handbuch der Physik,
Band VIII/1, Strémungs Mechanik 1), Berlin, 1959.

VoKuan (K)

[1] Etude des fonctions quasi-stationnaires et de leurs applications aux équations
différentielles opérationnelles. Bull. Soc. Math. France, suppl. au no. de Juin
1966, mémoire 6.

Manoscritto pervenuto in redazione il 25 maggio 1972.



